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GROUP INVERSE FOR THE BLOCK MATRIX WITH
TWO IDENTICAL SUBBLOCKS OVER SKEW FIELDS*

JIEMEI ZHAO? AND CHANGJIANG BU#$#

Abstract. Let K be a skew field and K™*™ be the set of all n X n matrices over K. The
purpose of this paper is to give some necessary and sufficient conditions for the existence and the

representations of the group inverse of the block matrix (g g) under some conditions.
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1. Introduction. Let K be a skew field, C be the complex number field, K"*"
be the set of all m x n matrices over K, and I,, be the n x n identity matrix over K.
For a matrix A € K™*™, the matrix X € K™*" satisfying

APXA=AF XAX =X, AX =XA

is called the Drazin inverse of A and is denoted by X = AP, where k is the index
of A, i.e., the smallest non-negative integer such that rank(A*) = rank(A**1). We
denote such a k by Ind(A). It is well-known that AP exists and is unique (see [2]).
If Ind(A) = 1, AP is also called the group inverse of A and is denoted by A*. Then
A* exists if and only if rank(A) = rank(A?) (see [1, 3, 11-14, 24, 25, 29]). We denote
I — AA! by A™.

The group inverse of block matrices has numerous applications in matrix theory,
such as singular differential and difference equations, Markov chains, iterative meth-
ods and so on (see [12]-[14]). For instance, Y. Wei et al. studied the representation of
the group inverse of a real singular Toeplitz matrix which arises in scientific computing
and engineering (see [29]); in [25], S. Kirkland et al. investigated the representation
of the group inverse of the Laplacian matrix of an undirected weighted graph G on
n vertices; and in [24], G. Heinig studied the group inverse of the Sylvester transfor-
mation ¢(X) = AX — X B, where A € C™*™ and B € C™*"; utilizing the theory of
Drazin inverse, the differential equation Az’ + Bz = f is studied in linear systems,
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where A, B are both n X n singular matrices and f is a vector-valued function (see
[13]); in [3], R. Bru et al. gave the general explicit solution which is obtained when
the symmetric singular linear control system satisfies the regularity condition.

In 1979, S. Campbell and C. Meyer proposed an open problem to find an explicit
representation for the Drazin inverse of a 2 x 2 block matrix (é g), where the blocks

A and D are supposed to be square matrices but their sizes need not be the same (see

[12]). A simplified problem to find an explicit representation of the Drazin (group)

inverse for block matrix (é g) (A is square, O is square null matrix) was proposed

by S. Campbell in 1983. This open problem was motivated in hoping to find general
expressions for the solutions of the second-order system of the differential equations

Ex"(t) + Fa'(t) + Gz(t) = 0 (t > 0),

where FE is a singular matrix. Detailed discussions of the importance of the problem
can be found in [11]. Until now, both problems have not been resolved. However,
there have been some studies about the representations of the Drazin(group) inverse
under certain conditions (see [4-10, 15-23, 26, 27]). For example, the formulae of
Drazin(group) inverse of an operator matrix under some conditions are investigated
in [18] and [19]. The representations for the Drazin(group) inverse of the sum of
several matrices are given in [15] and [17]. In particular, J. Chen et al. [15] presented
the representation of the group inverse of M = P+ Q 4+ S, where PQ = QP = O,
PS = SQ = O, P and Q! exist. Some conditions for the representations of group

A B) are listed below:

inverse for block matrix ( cD

(i) A* and (D — CA*B)*? exist [18].
(ii) D=0, A= B =1y, 1, C € C?[10].
(iii) D=0, A, B, C € {P, P*, PP*}, P € C"*", P? = P, P* is the conjugate
transpose of P [9].

(iv) C =0, A and D are square matrices over K [8].

(v) D=0, A=B= A% A Ce K™ [4].

(vi) D=0, A= B, rank(C) > rank(A4), 4, C € K™ [5].

(vii) A is invertible and (D — CA~!B)# exists; D is invertible and (A — BD~1C)*
exists; B or C is invertible, where A, B, C € K™*" [6].

(viii) D = O, A = ¢1 B+ ¢3C, where non-zero elements ¢; and cg are in the center
of K; D=0, A= B*C!, where k and [ are positive integers [7].

In order to further solve the problem proposed in [11], in this paper, we give the
sufficient conditions or the necessary and sufficient conditions for the existence and

the representations of the group inverse for block matrix ( é g) (A, B € K™") when
A and B satisfy one of the following conditions:

(1) B* and (B™A)* exist;
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(2) B and (AB™)* exist;
(3) BF exists and BAB™ = O;
(4) B* exists and B"AB = O.

2. Some Lemmas.
LEMMA 2.1. Let A € K™*". Then A has a group inverse if and only if there exist

nonsingular matrices P € K™*™ and Ay € K"™" such that A = P ( él g ) p!

A0

andAﬂ=P< o o

) P~1, where rank(A) = r.

Proof. Theorem 2.2.2 of [28] holds over the complex number field and also over
skew fields. O

LEMMA 2.2. [7] Let A, G € K™*", Ind(A) = k. Then G = AP if and only if

AFGA = AR, AG =GA, rank(G) < rank(A").

A B

L A 2.3. Let M =
EMM 3. Le <BO

>, S =B"AB™, A, B € K™*".

(i) If B* and (B™A)* ewist, then S* and M?¥ exist.
(ii) If B exists and BAB™ = O, then M?* exists if and only if (AB™)* exists.

Proof. Suppose rank(B) = r. Applying Lemma 2.1, there exist invertible matrices
P e K™ and By € K™*" such that

— B O -1 t— Bl_l o -1
B_P<O O>P and B_P< 0O O P

A A
As Ay
and Ay € K(=r)x(n=r),

Let A=P ( ) P~ where Ay € K™, Ay € K™*("=7) Ay € K(n=r)xr

(i) Because (B™A)* exists, we have rank(B™ A) = rank(B™A)?, that is,

rank(As Ag) = rank(A4 Az A2).

Since rank(As A4) = rank(A4(As A4)) < rank(A4) and rank(As A4) > rank(Ay),
we have rank(As A4) = rank(Ay).

So there exists a matrix X € K~ ")*" such that A5 = A,X.
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ELA

Hence, rank(A,) = rank(A42), i.e., A% exists. Noting that

S = BTABT

O 0]
- P(O IM)

A As
As Ay

_ o O -1
- (g o)

we see that S? exists. Since

Ay Ay By O
rank(M) = rank g? ng g g
O O O O
= 2r + rank(Ay)
and
A+ B* AB
rank(M?) = rank( BA B2
312 + AsAs Ay Ay
2
= rank AZAg jg
0 0
by Az = A4 X, we get
B O O
2
rank(M?) = rank 0 Jg BO%
O 0O O

and

rank(M) = rank(M?),

i.e., M¥ exists.

(i) If BAB™ = O, then Ay = O, thus AB™

A, O By O

B As Ay O O

rank(M) = rank B. O O O
O O 0 O

=rank

)

0
0
B}
0

SO0

)(6 2, )r

O O B O
O Ay O O
By O O O
O O 0 O

A%? — ABB*A+B%* O
0 B?

0

0

o |

0

= 27 + rank(A43),

SO OO0

)
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= 2r + rank(Ay)
and
A%+ B? AB A? - ABB*A+B? O
2y _ —
rank(M?) = rank( BA B2 > = rank( 0 B )

B O O O B O O O
~ pank AA3 A3 O O | rank O A% O O
B o O B} O | O O B} O
o o 0O O O O O O

= 2r+ rank(A?).

As (AB™)* exists, we get rank(A4) = rank(A?%). Thus rank(M) = rank(M?); that
is, M* exists, so the “if” part holds. Now we prove the “only if” part.

Since M* exists if and only if rank(M) = rank(M?), rank(A4) = rank(A?), i.e.,
(AB™)* exists. O

LEMMA 2.4. Let A,B € K™", S = B"AB™. Suppose B* and (B™A)* exist.
Then St exists and the following conclusions hold:

(i) BTAS*A = BT A;
(ii) BTAS* = S¥AB™;
(iii) BS* = S*B = B*S* = S*B* = O.

Proof. Suppose rank(B) = r. Applying Lemma 2.1, there exist invertible matrices

P e K" and B; € K"™" such that B = P( lél g )P‘l and

Bl O
f 1 1

Let A= P 4 42 ) p1 Ghere A, € K77, Ay € KrX0m) Ay € Kn=r)xr
Az Ay
and Ay € K(n—r)x(n-r)

From Lemma 2.3 (i) and the proof of Lemma 2.3 (i), we get S* exists and

0o 0
f=p Pt
S <0 Aﬁ)

0O O O O A A
; ™ FA— 1 2 -1
i) mrasta=r( A4><o,43>(,43 L
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10) o) .
=P A AR Ay Ay P
By A3 = A4 X, X € K("~")%" we have
0O O
™ b - -1 _ pm
BT AS*A P(A3 A4>P B A.
O O
i) BTASt =P P~ =StAB™.
(é) ( 0 AA )
P-l=0.

By O O O
0 O o A
Similarly, we obtain S*B = BiS* = SiB% = 0.0

(iii) BS* =P (

LEMMA 2.5. Let A, B € K™". If BAB™ = O, B* and (AB™)? exist, then
(a) A(AB™)*AB™ = AB™;

(b) A(AB™)f = (AB™)*AB™;

(¢) B*AB™ = O, (AB™)¥B = O, B(AB™)* = 0.

Proof. Suppose rank(B) = r. Applying Lemma 2.1, there exist invertible matrices
P e K™ and By € K™*" such that

_ B 0 ., g Bi' 0 ,_,
B=P < o O > P and B* =P o o P~
_ A1 A2 -1 TXT rx(n—r) (n—r)xr
Let A=P A A P~ where Ay € K™7", As € K , A3 e K
3 4
A O

and Ay, € K(»=")x("=7) By BAB™ = O, we get A= P P~1. Then
As Ay

A O O O 0O O
T\ T _ 1 -1
wamgap(49)(9 9 (4 0 )

—P(O o )Pl_AB’T.

O A

A O O O O 0
b) AAB™) =P ! pPl=p P!
(b) A(AB") (A3 A4><O Aﬁ) <0 A3A4>

= (AB™)*AB™.
B' O O O
f T 1 -1 _

o mam—r( %9V (9 9 Yo

Similarly, we have (AB”)”B =0, B(AB”)ﬁ =0.0



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 21, pp. 63-75, October 2010

69

3. Conclusions.

A B
B O
(B™A)* exist. Then M* exists and

THEOREM 3.1. Let M = ( ), where A, B € K™™. Suppose B* and

Mt — ( Unn U2 )

Uar Us
where
Un = S+ (S*A-1)BB*AB™AS* — (S*A — I)BB*ABT;
U12 = Bﬁ_SﬁABﬁ;
Uy = B'—BfAS* + BYA(S*A—I)BB*AB™ — B*A(S*A — I)BB*AB™ AS*;
Uy = B'AS'AB! — BYABY;
S = BTAB".

Proof. The existence of M* and S* have been given in Lemma 2.3 (4).

Ui Ure )
Let X = . Then
( Uar U
AUq1 + BUsy  AUjqg + BUss Ui1A+UsB UplB
MX = dXM = ,
( BUy, BU. ) a ( UsiA+UsB Un B )

We prove X = M*. Applying (i)-(iii) of Lemma 2.4, we get the following iden-
tities:

AUy, + BUy = AS* + A(S*A — I)BB*AB™AS* — A(S*A — I)BB*AB™ + BB*
— BB*AS* + BB*A(S*A — I)BB*AB™ — BB*A(S*A — I)BB*AB™ AS*
= BB* 4+ B"AS* + B"A(S*A — I)BB*AB™AS* — B"A(S*A — I)BB*AB™

W BrAS* + BB,
and
UpA+UsB = S*A+ (S*A—I)BB*AB™AS*A — (S*A — I)BB*AB™ A + BB*
— S*ABB?
W stAB™ 4 BB
@ prASt 4 BB
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Hence,

AUy, + BUyy = U1 A+ UqaB.
AUy + BUsy = AB* — BTAS*AB* — BB AB*
@ AB! _ B"AB' - BB!AB!
pu— O7
UnB =SB+ (S*A—I)BB*AB™AS*B — (S*A — I)BB*AB™B
= S'B+ (S*A—I)BB*AB™AS*B
@ 0.
Therefore, AU 5 + BUso = Uy B. Similarly, we can get

BUyy = Usi A+ Use B = BB*AB™(I — ASY),
BU,5 = Uy B = BB".

# T AGH
Consequently, MX = XM = ( BB*+ B™AS 0] ) .

BB*AB™(I — AS*) BB?
It is easy to compute

BB! + BT AS! o) A B A B
MXM_(BBﬁAB”(I—ASﬁ) BB”)(B 0)‘(3 o)‘M'

Suppose rank(B) = r. By Lemma 2.1, there exist invertible matrices P € K™*"

By O _ Bl 0O _
rXT 1 f 1 1
and B; € K suchthatB-P( )P andB—P( )P .

Let A — p( 4 A Pl where A; € K™, Ay € K= A5 €
Az Ay
K(n—r)xr and Ay € K(n—r)x(n—r)'
U1 U12>
rank(X) = rank
(X) (U21 Uso
St + (S*A—I)BB*AB™AS* — (S*A — I)BB*AB™ (I — S*A)B*
= rank
Bf 0]
O O B* O
ok (ST BEesTABRN | O 4] O 0O
B Bf O B Bf'* 0o O O
O O 0 O

= 2r 4 rank(A%) = 2r 4 rank(A,) = rank(M).

From Lemma 2.2 , we get X = M*. O
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Now we present an example to show the representation of the group inverse for a
block matrix over the real quaternion skew field.

EXAMPLE 3.2. Let the real quaternion skew field K = {a + bi + ¢j + dk}, where
a, b, c and d are real numbers. Let M = ( 4 B ), where A = ( 00 ) and

B O 0 k
i
B= )
(0 5)
By computation, B* and (B™A)* exist, and Bf = ( _S _é >7
0 1
u:
s=(o 1)

By Theorem 3.1, M? exists and Uyp = ( 0 ! ), Uip = ( - _‘(7) ), Uy =

0 —k 0
0 1 —i —j
—i 0 0 0 0 —k 0 0
= Mt =
(00>’U22 <o 0>’S° i 0 0 0
0 0 0 0

THEOREM 3.3. Let M = ( 4 B ), where A, B € K™ ™. Suppose B* and

B O
(AB™)* exist. Then M* exists and

Ui Up )
M* = ( :
Uar Us

where
U = S* + S*AB™"ABB*(AS* — I) — B"ABB*(AS* — I);
Uiy = B — S*AB* — S*AB™ABB*(AS* — I)AB* + B"ABB*(I — AS*)AB";
Uy = BY — BFASY,
Uy, = B*AS*AB* — BYABY,
S = B"AB™.

Proof. The proof is similar to that of Theorem 3.1. O

A B ), where A, B € K™". Suppose B* exists

T 3.4. Let M =
HEOREM e ( B O

and BAB™ = O. Then

(i) M* exists if and only if (AB™)? exists.
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(ii) If M*¥ exists, then

U 14
ﬁ:
M (Bn _BuABﬁ>’

where
U = BTA(B*)? — (AB™)*AB™A(B*)? + (AB™)%;
V = — B"A(B*)?AB* + (AB™)*AB™A(B*)?AB* — (AB™)*AB* + B*.

Proof. (i) The existence of M* has been given in Lemma 2.3 (ii).

g U 14
(73) Let X = ( Bt _piapt ).Then

= (A0 DAV AT car— (VA rP U ),
We prove M X = XM by Lemma 2.5.
AU + BB* = AB™A(B*)? — A(AB™)*AB™ A(B*)? + A(AB™)* + BB*
@ ABTA(B!)? — AB"A(B)? + A(AB™) + BB
= A(AB™)* + BB".
UA+VB = B"A(B*)?AB™ — (AB™)*AB™ A(B*)?AB™ + (AB™)*AB™ + B*B
© (AB™)AB™ + B'B

Y AAB™) 1 BB,

Thus,

AU 4+ BB*=UA +VB.
AV — BB*AB* = — AB™A(B*)?AB* + A(AB™)*AB™ A(B*)?AB* — A(AB™)* AB*
+ AB* — BB*AB*
@ _ A(AB™)! AB + B"AB!
UB = B"AB* — (AB™)*AB™ AB* + (AB™)*B
Y BT ABt — A(AB™)!AB* + (AB™)!B
9 _ A(AB™)AB* + BTAB*.

Hence, AV — BB* AB! = UB. Similarly, we can obtain

BU = B*AB™ = O, BV = B*B.
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Consequently,

.. ( A(AB™) + BB* —A(AB™)!AB*+ BT AB*
MX =XM = ( o st .

Applying Lemma 2.5, it is easy to compute

o\t g _ T\t f ™ f
wixay— [ AAB™ + BB —A(ABT):AB! + BTAB A B
o BB! B O

A B
= =M.
(5 0)
Suppose rank(B) = r. Applying Lemma 2.1, there exist invertible matrices P €
K™ "™ and By € K"*" such that

- By O ,_.1 . Bit 0 .,
B_P(O O)P andB—P( o o )P

A A
As Ay
and A, € K(m=m)x(n=7) Then

U Vv U B
rank(X)—rank< Bt _piApt >—rank< B O )

Let A=P < > P! where A; € K"™*", Ay € K"*("=") A3 ¢ K(n=7)x7

O O Bt

0
B (AB™)! B\ o A o0 o
= rank ( Bt o )= rank B 0 0 o

o O O O
= 2r + rank(A%).

Since rank(M) = 2r + rank(A4), rank(X) = rank(M), thus X = M¥ by Lemma
2.2.0

EXAMPLE 3.5. Let M = (A B),whereA— (1 18”) and B =

B O ) o
(O 0),2—\/—1.

By computation, B* exists, BAB™ = O and B = ( o )

From Theorem 3.4, M* exists, U = ( 8 - >, V= < 0 0 ) and —BfAB!
i
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_(1+z‘

0

THEOREM 3.6. Let M = (

141

0 ),then Mt =

A B

B O >, where A, B € K™*". Suppose that B*

exists and B™"AB = O. Then

(i) M*¥ exists if and only if (B™A)* exists.

(ii) If M*¥ exists, then

where

U Bt
u:
M ( V —B!AB! )

U = (B"2AB™ — (B*)2AB™A(B™ A)* 4+ (B™ A)%;
V = — B*A(B*)?AB™ + B*A(B*)>AB™ A(B™ A)* — B*A(B™ A)* + B*.

Proof. The proof is similar to that of Theorem 3.4. 0
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