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INVERSE OF THE SQUARED DISTANCE MATRIX OF A COMPLETE
MULTIPARTITE GRAPH*

JOYENTANUJ DASt AND SUMIT MOHANTY#

Abstract. Let G be a connected graph on n vertices and d;; be the length of the shortest path between vertices i and j
in G. We set d;; = 0 for every vertex i in G. The squared distance matrix A(G) of G is the n x n matrix with (4, )" entry
equal to 0 if ¢ = j and equal to d?j if ¢ # j. For a given complete t-partite graph K, no,... ,n, ON N = 22:1 n; vertices, under
some condition we find the inverse A(Kpn; ng,-- ,n;) ' as a rank-one perturbation of a symmetric Laplacian-like matrix £ with
rank(£) = n — 1. We also investigate the inertia of L.
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1. Introduction and motivation. Let G be a connected graph on vertices 1,2,...,n and d(i,j) be
the length of the shortest path between vertices ¢ and j. We set d(i,7) =0 for ¢ = 1,2,...,n. The distance
matrix of a graph G on n vertices is an n x n matrix D(G) = [d;;|, where d;; = d(i, j). In the literature, the
Hadamard product D(G) o D(G) is called the squared distance matrix of G and is defined as A(G) = [d;].
Thus, A(G) is a real symmetric matrix, and the eigenvalues of A(G) are real.

Before proceeding further, we now introduce a few notations. Let I,, and 1,, denote the identity matrix
and the column vector of all ones, respectively. We use 0,,x, to represent zero matrix of order m x n. We
simply write 1, I, and 0 if there is no scope of confusion with respect to the order. Further, J,,x, denotes
the m x n matrix of all ones, and if m = n, we use the notation J,,. Given a matrix A, we write A’ to
denote the transpose of the matrix A. For a symmetric matrix A, the inertia of A, denoted by In(A), is the
triplet (n4(A),ng(A),n_(A)), where n;(A),np(A), and n_(A) denote the number of positive eigenvalues
of A, the number of zero eigenvalue of A, and the number of negative eigenvalues of A, respectively.

A well-known result is due to Graham and Pollak [9]; if T is a tree with n vertices, then the determinant
of the distance matrix D(T) is given by det D(T) = (—1)""!(n — 1)2"2. Thus, the determinant does
not depend on the structure of the tree but only on the number of vertices. Later in [10], the inverse of
D(T) is obtained by Graham and Lovéasz as a rank-one perturbation of the Laplacian matrix of T'. These
two results invoke significant interest, and several extensions and generalizations have been obtained (e.g.,
see [2, 6, 15, 18]). Given a graph G, the primary objective of these results is to define a matrix £ called
Laplacian-like matrix satisfying £1 = 0 and 1*£ = 0 and find the inverse of the D(G) as a rank-one
perturbation of L.
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In [3, 4], Bapat and Sivasubramanian first studied the squared distance matrix of a tree. To be specific,
Bapat and Sivasubramanian proved a formula for the determinant of the squared distance matrix A(T') of a
tree T in [3]. Later, in [4], they obtained the inverse A(T)~! (whenever it exists) as a rank-one perturbation
of a matrix and also computed the inertia of A(T'). Bapat, in [4], studied the determinant and the inverse
of the squared distance matrix of a weighted tree. In [7], Das and Mohanty studied the squared distance
matrix of a complete multipartite graph K, n,.... n,. To be precise, in [7], authors first computed the inertia,
energy of A(Kp, ny. n, ). Next, for fixed values of n and ¢, they discussed the existence and the uniqueness
of graphs for which the spectral radius and the energy of A(K,,, ny,... .n,) attained its maximum and minimum
value. In [13], Mahato and Kannan obtained the determinant and the inverse of the squared distance matrix
of a tree with matrix weights. In [12], Howell, Kempton, Sandall, and Sinkovic gave an alternative proof to
obtain the inertia of the squared distance matrix of a tree due to Bapat and Sivasubramanian in [4] and also
studied the inertia for a unicyclic graph. In the literature, the spectral properties and the inverse of complete
multipartite graphs have been studied with respect to the distance matrix and the adjacency matrix (e.g.,
see [6, 8, 14, 16]).

In this article, we obtain a Laplacian-like matrix £ with rank(£) = n — 1 for a given complete multi-
partite graph K, n, ... n, and prove that the inverse of A(Ky, ny.... n,) (Whenever it exists) is a rank-one
perturbation of £. In this process, we find a few interesting recurrence-type relations involving ni,na, - -+ , ns.
We also observe a few properties of £, compute the In(£) if det A(Kp, ny - n,) # 0, and give a conjecture
about the In(L) if det A(Ky, ny, .n,) = 0.

This article is organized as follows. In Section 2, we prove a few preliminary results that are necessary for
the subsequent sections. In Section 3, we compute the inverse of the squared distance matrix A(Ky, ny. e ny)
(whenever it exists). Finally, in Section 4, we obtain a few properties of £ and investigate the inertia In(L).

2. Some preliminary results. Let A be an n X n matrix. Let A(¢ | j) be the submatrix obtained by
deleting the i*" row and the 5" column and for 1 < 4,5 < n, the cofactor c(i, ) is defined as (—1)**7 det A(i |
7). We use the notation cof A to denote the sum of all cofactors of A and state the following result.

LEMMA 2.1. [1] Let A be an n X n matriz. Let M be the matriz obtained from A by subtracting the first

row from all other rows and then subtracting the first column from all other columns. Then

cof A = det M(1]1).

The following is a standard result on computing the determinant of block matrices.

PROPOSITION 2.2. [17] Let Ay1 and Asg be square matrices. Then

An | O

det
A21 A22

= det Ay; det Asa.

We will prove a lemma, which will help us to compute the cof A(Kp, ny, ny)-

LEMMA 2.3. Let Cp, be an m x m matrix of the following form:

n1 —4(77,1 — l) —4(77,1 — 1) e —4(77,1 — 1)
n2 2(712 — 2) —nN2 ce —no
Cm — ns —ns3 2(7’L3 — 2) e —ns

Nm, —Nm, —Nm, o 2(nm — 2)
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The determinant of the above matrix is given by:

m m

det Cy, = Z n; H(Snj —4)
i=1 =1
i

Proof. Adding the first column to all the remaining columns of C,, yields the following matrix:

n —-3n1+4 —-3n1+4 --- —-3n1+4
U») 3712—4 0 0
ns 0 3713—4 0
N, 0 0 e 3ng, —4

Now, expanding along the first row, we get

m

m m
det C,, = H3n3—4 + (31 — 4) n [[3n; —4) |,
j=2 j=2

=2 i=
J#i

and the desired result follows. O

Let A(Ky,nyn,) be the squared distance matrix of the complete ¢-partite graph
Ky ng g Then A(Ky, n,... n,) can be expressed in the following block form:

4(Jn1 _Im) Jn1><n2 Jnlxn,,
anxnl 4(Jn2 _I’ﬂz) Jn2><nt
(2.1) A(Kpy ng e ny) = . :
Jntxnl Jntxnz 4(Jnt _Int)

Throughout this article, we assume that the vertices of A(Ky, n,,... n,) are indexed as in equation (2.1).

THEOREM 2.4. Let A(Kp, ny.m,) be the squared distance matriz of the complete t-partite graph
Kning,omy ON N = 22:1 n; vertices. Then, the sum of the cofactors of the squared distance matriz is

given by:
t t
cof A(KnhHQ,-“ ,nt) = (_4)11—75 Z L H(?)n] - 4)
i=1 =1
i

Proof. For complete t-partite graph Ky, n, ... n, Wwithn; = 1forall 1 <14 <t, we have Ky, n, ... n, = K¢.
Then, A(K;) = D(K;) = J, — I,, and the result is true as cof A(K;) = cof D(K;) = (—1)'"'t. For
other cases, without loss of generality, let n; > 1 and M be the matrix obtained from A(K,, ny,... n,) by
subtracting the first row from all other rows and then subtracting the first column from all other columns.
Then the block form of the matrix M(1|1) is given by:

74(Jn1—1 +]'711—1) *4J(n1—1)><n2 74J(n1—1)><nt
_4Jn2><(n171) 2Jn2 - 4In2 e _Jn2 XT¢

_4Jnt><(n171) _Jntan 2Jnt _4Int
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First, for each partition of M(1]1), we subtract the first column from all other columns and then add all the
rows to the first row. Further, we shift the first column of each of the t-partitions to the first ¢ columns and
repeat the same operation for the rows. Then, the resulting matrix is of the following block form:

C.| o
* ‘ _4In—(t+1) ’
where
747L1 74(711 — ].) 74(711 — ].) s 74(TL1 — ].)
_4n2 2(’[’L2 — 2) —MNo e —Ng
C~'t — —477,3 —ns3 2(713 — 2) s —ng
—4Tlt —nNy¢ —T¢ e 2(7’lt — 2)
Using the Proposition 2.2 and Lemma 2.3, the result follows. 0

We now recall a result that gives a formula to obtain the determinant of A(Kp, ny,.o n,)-

THEOREM 2.5. [7, Corollary 3.5] Let A(Ky, ny,.. n,) be the squared distance matriz of complete t-partite
graph Ky, ny,... n, ON N = 22:1 n; vertices. Then, the determinant of the squared distance matrixz is given

by:

t t t
det A(Kn, g, ny) = (=4 Z T H(3nj —4) |+ H(3ni —4)
i=1 i=1 i=1
i

The following result discusses the cases in which the determinant and the sum of the cofactors of the
squared distance matrix of K, p,.... n, are zero.

THEOREM 2.6. Let G be a complete t-partite graph K, ny ... n, OB N = 22:1 n; vertices and A(G) be
the squared distance matriz of G. If h = |{i : n; = 1}|, then the following results hold:

t t 1
(1) det A(G) =0 only Zfi —i—% <h< 3 + 3 Furthermore, let t = s+ h such that n; > 2 for 1 <i<s
andn; =1 for s+1<i<t=s+h. Then, det A(G) = 0 if and only ifhfl:z
i=1
Furthermore, let t = s + h such that n; > 2 for 1 < i < s and

n;
3ni — 4.

t t

(#3) cof A(G) =0 only z'fz < h< 3
ni=1fors+1<i<t=s+h. Then, cofA(G):Oifandonlyifh:Z
i=1

Uz

3’1’Li—4'

Proof. By Theorems 2.4 and 2.5, it is easy to see that det A(G) and cof A(G) are nonzero if n; > 2 for
1 <4 <t. Thus, det A(G) and cof A(G) are 0 only if some of the n;’s are 1. Let t = s+ h and ny,ng, -+ ,ny
be positive integers such that n; > 2for 1 <i¢<sandn;=1for s+1<i<t=s+h.

Now substituting n; = 1 for s +1 < ¢ <t = s+ h in Theorem 2.5, the determinant of the squared
distance matrix A(G) is given by:
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det A(G) = (—4)"1 Z <n [ - 4)) + H(Sni —4)

Since n; > 2 for 1 < i <'s, so [[}_;(3n; —4) > 0. Thus, det A(G) = 0 if and only if h — 1 = Z

i=1

n;
377,1' —4.

t—h 4 1 e 1
Further,h—l—zm - ,Z ET— T+3 3n2—4 WthhlmplleSthatZSni_4:

1=

S

t+3 . _ - 1 s t—h t+3 t—h
_ i> < < , < =—=—-. 77_7
h 1 Usingn; > 2for1 <i <s,wehave( < E,l 342 2 Therefore, 0 < h 1 >

t 3 t 1
and hence 1 + 1< h < 3 + 7 This proves part (7).

Next, substituting n; = 1 for s+ 1 < ¢ <t = s+ h in Theorem 2.4, the sum of the cofactors of the
squared distance matrix A(G) is given by:

cof A(G) = (—4)" 7t [(=1)" g <n : (3n; — >+ )= 1hH 3n; —4)

J#%

et e 3t T -

Since n; > 2 for 1 < ¢ < s, cof A(G) = 0 if and ouly if h = E 3 1 Moreover, arguing similar
n; —
i=1
2 1 t
=5 E = h— —. Using n; > < i <s,
to part (i), h s _4 yields that ET— h 1 Using n; > 2 for 1 < i < s, we have

1 s t—h t t—h t t
0< E <3 5 implies that 0 < h 1S 5 and hence 1 <h< 5 This completes the

proofi ]

3. Inverse of A(K,, n,..n, ). In this section, we first find the inverse of the squared distance ma-
trix A(Kp, ny,n,) as a rank-one perturbation of a Laplacian-like matrix subject to the condition that
cof A(Ky, ny, n,) 7 0. Notice that by [6, Lemma 4.13], it is known that cof A(K,, ny.... n,) 7 0 is a neces-
sary condition to present the inverse of A(K,,, n, ... .n,) (Whenever it exists) as a rank-one perturbation of a
matrix. Next, whenever it exists, we provide a formula for the inverse of A(K, n,,... n,). Before proceeding
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further, we introduce a few notations useful for the subsequent results. Let n; € Nfor 1 <+¢ <t and t > 2,
and we denote

t
S H (3n; — 4),
B t
(3.2) ®7; = ¢n17n2»"‘ni—17ni+17“‘1 H (3nk —
k=1
ki
t
(I)m = (I)n17n2-,“‘n7:—17n7:+17-" 1, M, T I I 3nk -

=1 j=1
i
t t
(3.3) \Ifﬁ\i = \I’nl)n27...m71,m+1}... ne — ng H(Z’ml — 4) s
fiw i

t t
\Ijm = \Ilnlan27'"ni—lqni+l,'“»nj—lunj+1,“'-,nt = E Nk H (B —4) ],

k=1 1=1
k#i,j l#1,5
and
(3 4) 97117“2,"' e = Prynoye e F Wy ng,o nes
@nAi = (I)nAi + \Iani.

Next, we state a few identities based on the notations from equations (3.2)—(3.4) and are useful for our
subsequent calculations. The proofs of these identities are mostly computational and hence omitted (for
details of the proofs, see Appendix A).

LEMMA 3.1. Let n; € N for 1 <i <t andt > 2. Then, we have the following identities:

(a) Onyng,eny = (3 — 4) Dz Z 1y P

(b) Gnhnz,...’ = (3n; —4)0m; + nZ<I>A.

(¢) Wnying, e = (31 — 4) Vi +n; @

(d) Z nkq)nl ng (371] - 4) ni,ny + Tl](I)n“n].
k¢1

Let G = (V, E) be a complete t-partite graph Ky, n, .. n, 00 7= Y_'_, n; vertices such that the vertex
V is partitioned into ¢ subsets V; for 1 <14 <t and |V;| = n;. Let A(G) be the squared distance matrix of G.
Using notations in equations (3.2)—(3.4), by Theorem 2.5, we have det A(G) = 0 if and only if O, py,... n, =0

and by Theorem 2.4, we have cof A(G) = 0 if and only if ¥y, 1, ... n, = 0. With the above notations and
observations, we define a few parameters useful to find the inverse of A(G). If cof A(G) # 0, then we define
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the constant and an n-dimensional column vector v as follows:
detA(G) _ ®7L17"27"' st

(3.5) T of AG) T TUnymgmy
and
(3.6) v(v) = \I/nn — (2; G ) , where v € V.

Next, we define the Laplacian-like matrix £ satisfying £1 = 0 and 1!*£ = 0 with respect to the squared
distance matrix A(G) with cof A(G) # 0 as follows: Let £ = [Lyy]uvev, Where

1 i—1 .
ST {n 5 @ﬁ\i+(ni—3)\pﬁ;:| =a; ifu=wvandu,vel
1 1 .
(3.7) Low=4————|=O0;5+Vs| =0 if w # v and u,v € V;,
2\11711’”2,-“,711: 2" '
1 .
— O =y ifu#v,ueV;andv eV
Wn17n2,-<~,nt B

In view of equations (2.1) and (3.7), the product of matrices £ and A(G) is given by LA(G) =
[(‘CA(G))uv]u,veVy where

t
)bi+ZNkCik if u=wvandu,veV
ok
(3.8)  (LA(G))up = { dai +4(n; = 2)b; + anclk if uvand u,v €V,
k;£1
a; + (n; — 1)b; +4(n CU—Fanczk ifu#v,ueV,andveV;.
k#l]

LEMMA 3.2. Let G be a complete t-partite graph Kp, ny,... n,- Let A(G) be the squared distance matriz
of G and cof A(G) # 0. Then A(G)v = A, where A and v are defined in equations (3.5) and (3.6),
respectively.

Proof. Let G = (V, E) be the complete t-partite graph K, », ... n, OD N = Z;:l n; vertices such that
the vertex V is partitioned into ¢ subsets V; for 1 < i < t and |V;| = n,;. Let n = A(G)r. We will show
n(v) = A for all v € V. For v € V;, we have

n(v) = 4(n; — 1)‘I’n - Z Mg

n1 no,---,N¢
k;&z
t
1
= |Bni —)Pm + > Py
M1,M2, Nt —
— @n17712 ne A
\I,n1;7l27 SNt

This completes the proof. 0
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LEMMA 3.3. Let G be a complete t-partite graph Kp, ny,... n,- Let A(G) be the squared distance matriz
of G and cof A(G) # 0. If L is the Laplacian-like matriz defined in equation (3.7), then LA(G) + I = v1?,
where v is as defined in equation (3.6).

Proof. Let G = (V, E) be the complete t-partite graph K, 5, ... n, OD N = Z;:l n; vertices such that
the vertex set V' is partitioned into ¢ subsets V; for 1 < i < ¢ and |V;| = n;. We will use equations (3.2)—(3.4),

identities of Lemma 3.1, equation (3.8), and consider the following cases to complete the proof.

Case 1: Let u = v, where u,v € V; for 1 <i <'t.

t
(LA(G) + Duw = 1+4(n; — 1)b; + Y ngcip

kti
n; — 1 \I/»ﬁ\

—1- T e 4 20n]

\Ijnl’n%“'w”t \Ilnl”fLQg“',nt
=) U+ 0+ U
a \Ilnl,ng,*“,’nt
-1 [(Sni - 4)\11737, + ’Ili(bﬁ;] — &5

Wit ngee e

=1-—2=— % = s =v(u).

\I/nl,n27---7nt \I]Tbl,nz,"' yTt

Case 2: Let u # v, where u,v € V; for 1 <i < t.

t
(LA(G) + Dy = 4a; + 4(n; — 2)bi + Y npcin
k=1

ki
_ (ni —1)Oz; +2(n; —3)Vs (0 —2)O7 +2(n; — 2)¥7; L+ U
Uy msee ma Wt s s Ut maee e
O 4+ [2(n; —3) —2(n; —2) + 1]V
B Ut noee g
O — ¥ O
A A v(u)
Case 3: Let uc Vyand v €V for 1 <14, <t with i # j.
¢
(LA(G) + Dy = ai + (n; — )bi + 4(n; — ey + Y npcan
i
_ (ni = 1)05; +2(n; = 3)Vs; (0 —1)O5; +2(n; — 1) Vs
- TR - AW, g e
4(nj - 1)(I>m (Snj - 4)‘?@
Y naee my W mg, e
U 4(n; 1)@7”,1” (3n; — 4)\I/m

\Iln17n2;"';nt \I/nl,n27---,nt \Ilnhnz,»--,nt
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U~ (3nj — 4)\I/m + njq)m} + (an — 4)(1)m
= — u +
\Pnl’nz,'”,nt \I/nlﬂzwwnt
U~ U+ O O
_ mi 4 T Om i = v(u).
qj”ly”Qv“'ant \Ilnlyn27"'7nt lpnla"LZf"vnt
This completes the proof. 0

We now show that if A(K,, pn,,... n,) is invertible, then we find the inverse of the squared distance
matrix A(Ky, n,. n,) as a rank-one perturbation of a Laplacian-like matrix £ subject to the condition that
cof A(Kp, ng, e my) # 0.

THEOREM 3.4. Let G be the complete t-partite graph Ky, ny. ... n

n, and A(G) be the squared distance
matriz of G. If det A(G) # 0 and cof A(G) # 0, then

1
A(G)il = *E + XI/I/t,
where L is the Laplacian-like matriz defined in equation (3.7), XA and v are defined in equations (3.5)

and (3.6), respectively.

Proof. Using Lemma 3.2, we have v'!A(G) = A1!, which implies that v2!A(G) = Avlt. By equa-
tion (3.5), det A(G) # 0 if and only if A # 0, and hence using Lemma 3.3, we get LA(G) + I = vt =

1 1
Xl/z/tA(G). Therefore, A(G)™! = —L + Xw/t. ]

We conclude this section with the result that gives a block matrix form for the inverse of A(Kp, ny . n,)s
whenever it exists.

THEOREM 3.5. Let G be a complete t-partite graph Kp, pn,y ... n, and A(G) be the squared distance matriz
of G. If det A(G) # 0, then the inverse in t x t block form is given by A(G)™! = [X;;], where

304 + P 1 e
——ri M) g — 1, ifi=j,
(G o i<

)

(3.9) X;; =

—
i,

— I, xns if i # j.
Onyng.omy T i

Proof. Let A(G) = [A4j] be the t x t block form of the squared distance matrix of G in equation (2.1)
and X = [X;;] be a ¢t x ¢ block matrix, where X,; is defined in equation (3.9). Consider the block matrix
Y = A(G)X = [Y;], where YV;; = Z;zl A Xy; for 1 < 4,5 < t. We will use equations (3.2)—(3.4) and

identities of Lemma 3.1 to show that Y = I to complete the proof.

Case 1: Fori=j; 1 <i <t

s+ O : Qi
Yii = (Ju, — I.)) K%) T — Ini:| = L N A
k=1

enlan27“'7nt

T1,M2,0 Mg
ki
t
307 + On; 304 + 05 P
n1,mn2, Nt n1,Mn2, 0 N k=1 n1,m2, Nt
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B t

nk<I>

IL
AS

_ _3711‘@5; Jrnifl)ﬁ; B 3@717 + (I)n’\i 1 Jni Jr[m B o Jni
9”17”2,'"#% @ﬂlfﬂz,“' yMt i k=1 97711;77427"'7774
k#i

_ _37%67@ + niq);;i B 3@7; + CI);L\Z, B 1_ Jni " Ini B o Jni
L @n17n2,"'77’bt ®n1)77f27"';nt i @nhnz:"',nt

_ _3ni@a +n; Py - 305 + P 7 1_ T, + I, — O — O T,
L 97"4177742,"'77'% eﬂlfﬂzr“,nt i 67117“2:""%5
(31,0~ i O 30+~ b~ O~ — O~

— T n; +nz ng ng + ni ng ng 1:| Jnl +Ini
L Gnhnz,-",nt @nhnz,"-,m 9”1,712’---’%

_ [Bni =40 +ni®m; — Oy ing.e- n] I+ Lo =T
L 9"1777«2,“'17%

Case 2: Fori #j;1<i,j <t.

T r 304 + O 1
- ni,n; nj nj
YYZ] - 4(‘]”1 - Inl) _6 Jnixnj:| + Jnixnj |:<4@ Jnj — Zjnj
Mn1,M2, Ny n1,M2, Nt
t —
nE,nj
- 6 J’I’Lank Jnk X1
k=1 T1,M2, 0,1
ki,

t
_ [ i A% (05 + 0m) 1} J i
— | - 7 ni Xng — N XN

9"1”12"” s enl’”%”' Mt 46“177127"' Tt 4 k=1 67117“2:"' Mt
k#i,5

t
B 3nz@m 4(bn/7¢,_n\j 371]@@ + TLj(I)ﬁ? 1 J nkq)m T
= _@ +@ + 10 _Z ng Xng o niXn;

n1,Mn2, Nt Mn1,M2,0 N mn1,n2, ,Ng re1 n1,M9, Mt

k#j
_ (3ni — 4)@@ 371]@,’1‘; + njfl’@ 1:| J n; 7
— | - 7 niXmn; i XN

@nl’n%'“vnt 46”1,”2;“,7% 4 @nwm SNt
B @,ﬁ; n 3nj@nf; + nj(I)T’L; - 9”1,7127"' Mt \IJT/L; :| J
— | - T X1
@”17”2»"' >Nt 46"1%2,'" st @"1 N2, Nt
B @.ﬁ\j 3nj@ﬁ; -+ ’le(p.ﬁ; — @7117,127... e @ﬁ; — @ﬁ; :| J
= | — - i XM
L 97117”27“‘77% 4@7117712,"',% @n17”2="'a”t
_ [Bny = 905 + 1% ~ Oy _
— 4@ J’ﬂiX’n]‘ - OniX’n]"
n1,M2,0 Ny
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In the next section, we will discuss a few properties of the Laplacian-like matrix £ defined in equa-

tion (3.7) and also investigate the inertia In(L).

4. A few properties of the Laplacian-like matrix. For a complete t-partite graph Ky, n, ... n,
on n = Zﬁ:l n; vertices, it is known that 0 is an eigenvalue of the Laplacian-like matrix £ defined in
equation (3.7). In the next result, we prove that 0 is a simple eigenvalue and also compute the cofactor of

any two elements of L if det A(G) # 0.

THEOREM 4.1. Let G = (V,E) be a complete t-partite graph Ky, n,.... n, 00 1

n .
> i1 n vertices

with cof A(G) # 0. If L is the Laplacian-like matriz defined in equation (3.7), then rank (L) = n — 1.

Furthermore, if det A(G) # 0, then the cofactors of any two elements of L are equal to

(-1

cof A(G)’
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Proof. Let G = (V, E) be a complete t-partite graph Ky, n,.... .n, 0L 0 = Y | n; vertices with cof A(G)
# 0. By equation (3.7), we have that Laplacian-like matrix £ is a symmetric matrix and £1 = 0 and
1¢£ = 0. Thus, 0 is an eigenvalue of £ and 1 is a corresponding eigenvector. Furthermore, £ and A(G) are
symmetric matrices, and 1 is an eigenvector of LA(G) corresponding to the eigenvalue 0.

Let x be an eigenvector of LA(G) corresponding to the eigenvalue 0, that is, xX* LA(G) = 0. Assume that
x is not in the span of {1}. By Lemma 3.3, we have x'(LA(G) +I) = x'v1* and hence using x'LA(G) = 0,
we get x! = x'v1*. Which is a contradiction to our assumption. Therefore, rank(£) = n — 1.

Next, let det A(G) # 0. Then, by Theorem 3.4, we get A(G)™! = —L£ + +vv'. Thus, using the
determinant property det(A + uv?) = det(A) + vtadj(A)u, we have

det(A(G)™!) = det(—L) + %Vtadj(fﬁ)z/.

_1\n—1
Using rank(£) = n— 1, we have det(A(G)™!) = %I/tadj(fﬁ)l/ = %

matrix and £1 = 0, using [1, Lemma 4.2] the cofactors of any two elements of L are equal, say, ¢. Then,

vtadj(L)v. Since L is a symmetric

_1\n—1 _ n—lC _ n—lc 2
(4.10) det(A(G)™1) = %I/t(a])u = %l/tJV = % (Z z/(v)> :

veV

Using equation (3.6), we have

N
—
=

I

M1,Mn2, Nt

Sl (Ee)

veV veV i=1 veV;
1 t
\Ilnlyn27"'ant i—1
1 t t
(4.11) = Wiznin(snj —4)=1.
n1,M2,0 N 5 j=1
i

(~1)"!

m' This completes the proof.0

Substituting equations (3.5) and (4.11) in equation (4.10), we get ¢ =

We now calculate a few eigenvalues of the Laplacian-like matrix L.

PROPOSITION 4.2. Let G be a complete t-partite graph Ky, n,,...n, 00 N = Z:‘L:l n; wvertices with
cof A(G) # 0 and L be the Laplacian-like matriz defined in equation (3.7). Then, the following holds:

1
(1) = is an eigenvalue of L with multiplicity at least n — t.
(@) If h=1|{i:n; =1} and h > 2, then 1 is an eigenvalue of L with multiplicity at least h — 1.
Proof. Let G = (V, E) be a complete t-partite graph Ky, n,.. n, on n = Y.._, n; vertices such that the
vertex V is partitioned into ¢ subsets V; for 1 < i <t and |V;| = n;. Suppose h = |{i :n; =1} and t =s+h
such that n; > 2for1 <i<sandn;,=1fors+1<i<t=s+h.

Let e(p, q) be an n-dimensional column vector whose p'* entry is 1, ¢ entry is —1 and 0 otherwise.
Suppose the vertices of G are indexed as in equation (2.1). Consider the set of column vectors
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g:{e(lﬂj)|]:2v7n1}U{e(n1+17n1+3)|]:27 un2}

s—1 s—1
k=1 k=1

i—1 i—1

Let & ={e(1,5) | j=2,---,n1} and & = {e (an—l—l,an—i-j) |[j=2,---,n;}fori=23,...,s.
k=1 k=1

Then £ = U;_,&;. Using the definition of £ as in equation (3.7), it is easy to see

(4.12) Lx=(a; —bj)xforallxe&;1<i<s.

For 1 <i < s, we have

1 n; — 1 1 1
i —b; = I i — 3)W— — | Y5> U
“ ' Q\I}nl,nz,”' Nt L 2 6“1 * (n1 3) nl:| * Q\Ijnl,nz,"w’ﬂt [26"1 * m:|
1 M
= |2 I i — 2 \I/A}
2\IITL177127"' N 2 @m * (n ) "
1

= o | %+ o U+ — 2) U |

21’”1,”27“' e~ 2 ’ * 2 ' - (n ) !
S S ST ST
B 4\:[/711,77«27“‘ n¢ e " e 4

s

1 1
Thus, from equation (4.12), we get Lx = X for all x € £, and hence 1 is an eigenvalue of £ with multiplicity

at least |€| :ini—s. Sincen; =1fors+1<i<t=s+h, n—t:ini—t:im—s. This proves
part (i) i=1 i=1 i=1
To prove part (ii), let us assume h = |{i : n; = 1}| and h > 2. Let & = {e(s +i,t) :i=1,2,...,h — 1}.
For s+ 1< i< t= s+ h, using the definition of £ as in equation (3.7), we have
Lx = (a; —¢ip)x for all x € £

Since ny = 1, @57 = (3ny — 4)@r5; = —P77;. Thus, for s +1 < i <t = s+ h, we have

Uzess

1 ni—l 1

i — Cit = Oz i =3V | — P
e Tl R el I
1
- [V — 20—
Q\I]nl:n27"' yMt [ B ni7nt:|
1
=— | -VUp — O —
q]77‘177’L2;"';77/t [ " ni’nt]
S I S Y
W"17n21“'1nt " "
1
=—[Bn; —4) V7 + 1,05 = 1.
\Ilnlyn%“'ant
Hence, £x = x for all x € g , and this completes the proof. ]

Given a real symmetric matrix M of order n x n, we use the following convention where the eigenvalues
of M are in decreasing order:

(4.13) AM(M) > X (M) > - > N1 (M) > A (M).
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We now state the Weyls inequality that gives interlacing inequalities of a rank-one perturbation to a real
symmetric matrix.

THEOREM 4.3. [11, Corollary 4.3.9] Let A and B be real symmetric matrices of order m X n with
eigenvalues ordered as in equation (4.13) such that B = A + aat, where « is a column vector. Then,

AM(B) = A1(A4) > A2(B) > A2(A) = -+ > Aa(B) = An(4A).

In the following theorem, we compute the inertia of the Laplacian-like matrix £ subject to the condition
det A(Kpy ny, ) # 0.

THEOREM 4.4. Let G be a complete t-partite graph Kp, n, ... n, onn =y ., n; vertices with cof A(G) #
0 and L be the Laplacian-like matriz defined in equation (3.7). Then, the following holds:

(¢) If n; > 2 for 1 <i<t, thenIn(L) = (n—t,1,t—1).
() Lett=s+handh={i:n;=1}. Ifn; >2 for1<i<sandn; =1 for s+1<i<s+h, then

. t Uz
(n—s—l,l,s) th—1>2m,
(4.14) In(L) = i=1

n;
(n—s,1,s—1) ifh71<z .
i1 377,1'—4

Proof. Let G be a complete t-partite graph K, s, ONM = Z?:l n; vertices and n; > 2 for 1 <4 <t¢.

1,12,
From the proof of [7, Theorem 4.1], it is known that —4 is the only negative eigenvalue of the squared distance

matrix A(G) with multiplicity of n — ¢t and In(A(G)) = (t,0,n — t). Thus, if det A(G) # 0, —1 is the only
negative eigenvalue of A(G)~! with multiplicity of n —¢, and In(A(G)~!) = (¢,0,n —t). Furthermore, under
the assumption det A(G) # 0 and cof A(G) # 0, using Theorem 3.4, the inverse of A(G) can be written as:

1
A(G)il = 7;6 + Xl/l/t.

Therefore, using the fact that 0 is a simple eigenvalue of £ due to Theorems 4.1 and 4.3, we get

Ae—1(=L) 2 M(AG) ™) 2 Me(=L£) 2 X1 (A(G) ™) 2 A (L),
(+ve) (+ve) (0) (-ve) (-ve)
that is, Ay(A(G)™) > 0 and A\41(A(G)™!) = —1 < 0 implies that A\;(—=£) > 0 for 1 <i <t — 1, \(-L) =
0 and A\;(—£) = —1 for t +1 <i < n. Hence, In(—£) = (t — 1,1,n — t), and this proves part (i).

Lett=s+hand h = |{i:n; = 1}| withn; > 2for 1 <i<sandn; =1for s+1 <i < s+h. From part
n;
3ni—4

() of Theorem 2.6, det A(G) # 0 if and only if h — 1 # Z . Similar to part (i), we prove part (i)
i=1

1
using 0 is a simple eigenvalue of £ and the form A(G)™! = —L£ + Xw/t.

S
Let h —1 > Z 3nm T From [7, Lemma 4.4 and Theorem 4.5], \;(A(G)) > 0for 1 < i < s+1,
— 3ni —

Ai(A(G)) < 0 for s+2<i< n, and In(A(G)) = (s +1,0,n —s — 1). Using 0 is a simple eigenvalue of £
and Theorem 4.3, we get
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As(=L) 2 Ass1(A(G) 1) = A1 (L) = Ass2(A(G) 1) = Asya(—L),
(+ve) (+ve) (0) (-ve) (-ve)

which implies that In(—L) = (s,1,n — s — 1). Hence, In(L) = (n —s—1,1,s).

Next, let h — 1 < Z i From [7, Lemma 4.4 and Theorem 4.5], \;(A(G)) > 0 for 1 < i < s,
i=1

371,; - 4
Ai(A(G)) <0 for s+ 1 <i<n, and In(A(G)) = (s,0,n — s). Using Theorem 4.3, we get

Xs-1(=L) = X(A(G)TH) 2 As(=£) 2 A1 (A(G) ™) = Ay (—L).

(+ve) (+ve) (0) (-ve) (-ve)
Hence, In(£L) = (n — s,1,s — 1). This completes the proof. 0
COROLLARY 4.5. Let G be a complete t-partite graph Kp, n,..n, on n = Y . n; vertices with

cof A(G) # 0 and L be the Laplacian-like matriz defined in equation (3.7). If det A(G) # 0, then the
following holds:

(7) 1 is an eigenvalue of L with multiplicity n — t.
(#4) If h=1|{i:n; =1} and h > 2, then 1 is an eigenvalue of L with multiplicity h — 1.

Proof. Let G be a complete t-partite graph K, py.... n, O N = Z?:l n; vertices. We complete the proof
by considering the following cases.

Let n; > 2 for 1 <4 < t. From the proof of part (i) of Theorem 4.4, it is follows that } is an eigenvalue
of £ with multiplicity at most n — ¢t. Thus, the result follows from Proposition 4.2.

Next, let t = s+ h withn; > 2for 1 <i<sandn; =1for s+1<i<t=s+h. From part (ii7)
of [7, Lemma 4.4], —4 is an eigenvalue of A(G) with multiplicity n — ¢ and —1 is an eigenvalue of A(G)
with multiplicity » — 1. Therefore, the result follows from the interlacing of eigenvalues of A(G)~! and —£
arguments used in the proof of Theorem 4.4. 0

We conclude the article with a conjecture. Given a complete t-partite graph Ky, n, .. n,, Dy part (i) of
S

the Theorem 2.6 det A(Kp, n, ... m,) = 0 if and only if h — 1=

i , where t = s + h with n; > 2 for
i1 3’[’Li —4
1<i<sandn; =1fors+1 <17 <t=s+h. Based on the examples encountered during the preparation of
this manuscript, we believe the following holds true. If det A(Ky, n,,... n,) = 0 and £ be the Laplacian-like

matrix defined in equation (3.7), then

(¢) i and 1 are the only positive eigenvalues of £ with multiplicity n — ¢ and h — 1, respectively.

(#4) The inertia In(£) = (n — s —1,1, ).
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Appendices.

A. Proof of the Lemma 3.1. Let n; € N for 1 < ¢ <t and ¢t > 2. We complete the proof with
repeated application of equations (3.2)—(3.4). Thus,

@nlan27"' e = Pryng e me Vg noyeeny
t t
= (3ni — )0 + > | [ (3ny —
k=1 j=1
;&

t
= (3ni — )0 + > mry.
k=1

This proves part (a) of the lemma. Similarly, to prove part (b),

@”11"27“' e = ®n11n27"' N + \Ilm,nm'“ SNt

t t

= (3n; —4)P7; + Z H 3n; —
k=1 i=1
;é
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t t t
= (3ni — )P+ Bni —4)> e [ Bny—4) | +n: [[3ny —4)
ot oy i
t

= (3n; — )0 + (3ni — Vs +n; [[(3n; — 4)

=1

J#i

= (3ni —4) (; + Vi) + ni Py
= (Sni — 4)@;; + niq)ﬁ;.

Next,

k=1

t t
\I/nl,nzr Z U H 3n] — 4
:

t t t

=@ni—4)> [ [ Gny—4) | +n [ Bn; —4)
o Sk gt

This establish the part (c). Finally, to prove part (d),

t
Vs = E P

fik
t t t
=@Bn;—4) ) [n H B —4) [ +ni [] B —4)
kl;ql; ’;ﬁl J k Il¢:717

= (37’),] — 4)\Ifm + nj<I>

—
ni,n]‘

This completes the proof. 0



	Introduction and motivation
	Some preliminary results
	Inverse of (Kn1,n2,@let@token ,nt)
	 A few properties of the Laplacian-like matrix
	References
	Proof of the Lemma 3.1

