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TOKEN GRAPHS OF CAYLEY GRAPHS AS LIFTS*
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Abstract. This paper describes a general method for representing k-token graphs of Cayley graphs as lifts of voltage
graphs. This allows us to construct line graphs of circulant graphs and Johnson graphs as lift graphs on cyclic groups. As an
application of the method, we derive the spectra of the considered token graphs. The method can also be applied to dealing
with other matrices, such as the Laplacian or the signless Laplacian, and to construct token digraphs of Cayley digraphs.
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1. Introduction. A considerable amount of research in algebraic graph theory has been devoted to
constructions of larger graphs from smaller ones, enabling the determination of properties of larger graphs
in an algebraically controllable way from properties of the smaller graphs. Although examples of such
constructions abound, we will focus only on two of them, namely, the token graph construction and the
lifting construction. They turn out to be related interestingly, and before an explanation, we offer an
informal description of the two constructions.

Given a graph G = (V, E)) on n vertices, its k-token graph F}(G) has a vertex set consisting of all the (Z)
configurations of k indistinguishable tokens placed in different vertices of GG, and two vertices are adjacent
if one is obtained from the other by moving one token along an edge of G. These graphs were also called
symmetric kth power of a graph by Audenaert, Godsil, Royle, and Rudolph [2], and k-tuple vertex graphs
in Alavi, Behzad, Erdés, and Lick [1]. Token graphs have applications in physics (quantum mechanics)
and in the graph isomorphism problem (because invariants of the k-token Fj(G) are also invariants of
G). For more details, see again [2]. Some properties of token graphs were studied by Fabila-Monroy,
Flores-Penaloza, Huemer, Hurtado, Urrutia, and Wood [11], including the connectivity, diameter, clique
and chromatic number, and Hamiltonian paths. In particular, the connectivity of token graphs of trees was
studied by Fabila-Monroy, Leafos, and Trujillo-Negrete in [12].
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For an intuitive description of the lifting construction, think of a graph G (a base graph) endowed by
an assignment « of elements of a group I' on arcs of G (a wvoltage assignment). The pair (G, «) gives rise
to a lift G, a larger graph that may be thought of as obtained by ‘compounding’ |T'| copies of G, joined
in-between in a way dictated by the voltage assignment. A general necessary and sufficient condition for a
graph H to arise as a lift of a (smaller) graph is the existence of a subgroup of the automorphism group of
H with a free action on vertices of H; see Gross and Tucker [14]. Lifts have found numerous applications in
areas of graph theory that are as versatile as the degree/diameter problem on the one hand and the Map
Color Theorem on the other hand. In the first case, the diameter of the lift can be conveniently expressed
in terms of voltages on the edges of the base graph. Besides its theoretical importance, this fact can be used
to design efficient diameter-checking algorithms, see Baskoro, Brankovi¢, Miller, Plesnik, Ryan, and Siran
[3]. In the context of the degree-diameter problem, we address the interested reader to the comprehensive
survey by Miller and Siréii [16]. Other prominent examples of applications also include the use of lift graphs
in the study of the automorphisms of G* and in Cayley graphs, which are lifts of one-vertex graphs (with
loops and semi-edges attached).

The surprising way the two constructions turn out to be related is based on the observation that auto-
morphism groups of k-token graphs of Cayley graphs admit subgroups acting freely on vertices and, hence,
they can be described as lifts of smaller graphs by voltage assignments. This enables one to link the study
of k-token graphs, Cayley graphs, and lifts in a novel way by introducing a general method to represent
k-token graphs of Cayley graphs as lifts of voltage graphs. In particular, these result in representations of
line graphs of circulant graphs and Johnson graphs as lift of smaller graphs, with voltages in cyclic groups.
As another application of this method, we derive the spectra of the token graphs considered and generate
infinite families of graphs with given maximum degree, and eigenvalues contained in a certain interval.

This paper is structured as follows. In Section 2, there are some notation, the formal definitions, and
the known results. In Section 3, we construct line graphs of circulant graphs and Johnson graphs as lift
graphs on the cyclic group. Applying this method, we derive the spectra of the considered token graphs in
Section 4. Finally, in Section 5, we explain how to extend our results in the following directions: computing
eigenspaces, working with the universal matrix instead of the adjacency matrix, and dealing with digraphs.

2. Preliminaries. Let G be a graph with vertex set V(G) = {1,2,...,n} and edge set E(G). If
necessary, we consider every edge {u,v} as a ‘digon’ formed by the arcs (or directed edges) a* = (u,v) and
a” = (v,u). For a given integer k such that 1 < k < n, the k-token graph Fy(G) of G is the graph in which
the vertices of Fi(G) correspond to k-subsets of V(G). Two vertices are adjacent when the corresponding
subsets’ symmetric difference are the edge’s end-vertices in E(G). In particular, notice that F}(G) = G and,
by symmetry, Fi.(G) = F,—(G).

Moreover, Fj(K,,) is the Johnson graph J(n, k). For example, Fig. 1 shows the Johnson graph J(5,2) =
F5(K5), with vertex labels {4, j} = ij.

In general, the Johnson graph J(n, k), with k < n — k, is a distance-regular graph with degree k(n — k),
diameter d = k, and for j = 0,1, ...,d, intersection parameters

bj=(k-jn-k=j), ¢=j

with eigenvalues

Aj=(k=34)(n—=k—=3)—1J,



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 40, pp. 433-445, May 2024. I L

435 Token graphs of Cayley graphs as lifts

FIGURE 1. The Johnson graph J(5,2).

()5

For more information about Johnson graphs, see Godsil [13].

and multiplicities

In our study, some infinite families of line graphs appear. Concerning their spectra, recall that if a
k-regular graph G with n vertices and m edges has the spectrum

sp(G) = {k, Al
then its line graph L(G) has spectrum
sp(L(G)) = {2k — 2, (k — 2+ M)l (k= 2 4 \g)[mal, —olm=nly,

The graphs with the least eigenvalue not smaller than —2 are completely identified in three categories: the
line graphs of bipartite graphs, the generalized line graphs, and a finite class of graphs arising from root
systems, see Biggs [4], and Cameron, Goethals, Seide, and Shult [5].

Let G = (V, E) be an undirected graph with loops and multiple edges allowed. Every edge e = {u,v} € E
is made up of two opposite arcs, say a¥ = (u,v) and a= = (v,u). Let I be a group. An (ordinary) voltage
assignment on the graph G = (V, E) is a mapping o : E — I' with the property that a(a™) = (a(a®))™! for
every pair of opposite arcs a™ and a~. Then, the graph G together with the voltage assignment « (that is
commonly referred to as ‘base graph’) determine a new graph G, called the lift of G, which is defined as
follows. The vertex and arc sets of the lift are simply the Cartesian products V¢ =V xI"and E* = E x T,
respectively. Moreover, for every arc a € E from a vertex u to a vertex v for any u,v € V (possibly, u = v)
in G, and for every element g € I', there is an arc (a,g) € E® from the vertex (u,g) € V to the vertex
(v,g9a(a)) € V*. Notice that if two parallel arcs or loops of G receive the same voltage, then G has also
parallel arcs or loops. For example, a base graph for the Johnson graph is also shown in Fig. 2.

The interest of this construction is that, from the base graph G and the voltages, we can deduce some
properties of the lift graph G®. This is done through an important matrix associated with G. When the group
I' is Abelian of rank r, say I' = Z,,, X -+ X Z,,, every entry of such a matrix is a polynomial in r variables
z1,..., % with integer coefficients. So it is called the associated ‘polynomial matrix’ B(z) = B(z1,...,2).
Thus, if in G there is an arc from v to v with voltage (j1,...,J), for j; € Z,, and i = 1,...,r, the entry



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 40, pp. 433-445, May 2024.

C. Dalf6 et al. 436

uv of B(z) has a term of the form 2I* - .. zJr (see examples with 7 = 1 and 7 = 2 in the following sections).
Then, the whole (adjacency or Laplacian) spectrum and eigenspaces of G* can be retrieved from B(z). More

precisely, Dalf6, Fiol, Miller, Ryan, and Sirén [7] proved the following result.

THEOREM 2.1 ([7]). Let R(n) be the set of nth roots of unity, and consider the base graph G = (V, E)
with voltage assignment o on the Abelian group T' = Zy, X -+ X L. If € = (24y)uev is an eigenvector of
B(z) and z; € R(n;) with eigenvalue A, then the vector ¢ = (¢(uj))(uj)€\/"‘ with j = (41,...,4r) €T and
components ¢ wi) = z{l - zirx, is an eigenvector of the lift graph G corresponding to the eigenvalue \.
Moreover, all the eigenvalues (including multiplicities) of G* are obtained:

spG* = U sp(B(z)).

z1€R(n1),...,2-€ER(n,)

For more information on lift graphs and digraphs, see Dalfé, Fiol, Pavlikova, and Sirdn [8], and Dalfé, Fiol,
and Siran [10].

3. Johnson graphs as lifts of voltage graphs. In this section, we show that the Johnson graphs
with some given parameters can be obtained as lifts of base graphs on cyclic groups.

3.1. Johnson graphs J(n,2) as lifts. We begin our study by considering the 2-token graphs of the
complete graph K, where n is an odd number. These graphs correspond to the Johnson graphs J(n,2) or
line graphs L(K,).

THEOREM 3.1. Let n be an odd number, n = 2v+ 1. Then, the Johnson graph J(n,2) is a lift of a base
graph G with v vertices with voltages on the group Z,,.

Proof. As representatives of the vertices of J(n,2) (2-subsets of Z,), that is, vertices of the base graph
G, we choose {0,:} with ¢ = 1,2,...,v. To determine the voltages, we consider the vertices adjacent to
{0,4} in J(n,2) in terms of the representatives. Note that {0, 4+ 1} = {0,v} — v means that, when v is
subtracted (mod n) from both elements of {0, v}, we get {—v,0} = {0, +1}. Then, we obtain the following
adjacencies:

{0,i} ~ {0,1},{0,2},...,{0,i — 1},{0,i + 1},{0,7 + 2},...,{0, v},
{0, v+1+4}={0,v—j}—(v—yj), for j=0,1,...,v—1,
{i,1+k}={0,i—(1+k)}+(1+k), for k=0,1,...,i—2,
(3.1) {i,i+h}={0,h}+1i, forh=1,...,v,
(3.2) {i,i+v+r}={0,v—r+1}—(v—i—r+1), forr=1,...,v—1i.

Now, let us see that the constructed base graph G = (V, E) with voltages a : E — Z,, forms a lift G*
that is isomorphic to F»(K,,), under the isomorphism ({0,i},¢) — {g,9 +i}. To this end, assume that, in
G, the vertex {0,:} is adjacent to {0, 7} through an arc with voltage ¢t € Z,,. This means that, for some r,
one of the following equalities hold:

(Z) {T7i} = {0’]}+t: {t7t+.j};
(i) {0,0+7r}={t,t+ 75}

Then, in G¢, the vertex ({0,4},9) — {g,9 + i} is adjacent to the vertex ({0,j},9+t) — {g+t,g+t+j}.
To prove that, in F(K,), a vertex adjacent to {g,g + i} is {g +t,g +t + j}, we distinguish the possible
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FIGURE 2. The Johnson graph J(5,2) and its base graph on Zs. The thick line represents the edge with voltage 0.

cases: If in (i), r =t and i =t + j, then {g+¢t,g+ ¢+ j} = {g+t,g+i}; on the contrary, if r =t + j
and ¢ = ¢, then {g +i,g+t+ j} = {g+t,¢g+i}. Similarly if, in (i7), ¢t = 0 and i + r = ¢t + j, then
{g+t,g+t+ji}t={g,9+i+r}; and, finally, if t+j =0and i +r = ¢, then {g+t,g+t+j} ={g+i+rg}.
Thus, in all cases {g +t,g+ i} or {g+i+r g} is a vertex adjacent to {g,g + i}, as claimed. O

COROLLARY 3.2. The entries of the row {0,i} of the polynomial matriz B(z), associated with the base
graph G of Theorem 3.1, are given by the sums of the elements of the columns of the following array:

(1) 2 - (-2 (-1 (G @GE+1) ... wv=1) (v
1 1 cee 1 1 0 1 . 1 1
1 1 1 1 1 1 1 1
z 22 Zi72 2171 z'i, 27,+1 Zufl PL

Ziml pi2 22 z 0 L ,1,-,1 L

2" 2zt 2zt 2zt z* 2 s Z 2zt

Proof. This is a consequence of the adjacencies of the vertices {0,4} in J(n,2), in terms of the represen-
tatives, given in the proof of Theorem 3.1. For example, notice that in such adjacencies, we have

{0} ~ {3, 2i} = {0,i} + 2

between some of the items in (3.1) if 2¢ < v, or those in (3.2) if 2 > v + 1. Then, the ({0, 4}, {0,4})-entries
of the diagonal of B(z) are z' + Z; for i = 1,...,v, that is, the sum of the elements in column (z) of the
array displayed in boldface.

EXAMPLE 3.3. Forn =15 and 7, the corresponding polynomial matrices are, respectively:

(33) B(s) = z41 1+z+1+5%
. 14+2z+1+22 2+ % 7
and
z+1 l+z4+42i+% 1+2+5+ %
(3.4) B(z)=| 1+z+1+422 2+ % 1+1+224+ %

1+1 422423 142+ 5 +23 B+ %
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Then, forn =15 andn =7, the Johnson graphs J(n,2) = Fy(K,,) are a lift on the cyclic group Z,, of the
base graphs shown in Figs. 2 and 3. In the case of J(5,2), the vertices are labeled as a 2-token of Ky, with

vertices 0,1,...,4, and as the lift of the corresponding base graph with voltages on Zs (thick lines correspond
to voltage 0).

FIGURE 3. The base graph of J(7,2). The thick lines represent the edges with voltage 0.

Moreover, from the matrices (3.3) and (3.4), we obtain the spectra of J(n,2) forn =5 and n =7 shown
in Tables 1 and 2.

TABLE 1
All the eigenvalues of the matrices B(w"), which yield the eigenvalues of the Johnson graph J(5,2) = F»2(Ks).

’ w = ei%ﬂ, z=w" ‘ Aril o Ar2

sp(B(w’)) 6 -2

sp(B(w')) =sp(B(w")) | 1 =2

sp(B(w?)) =sp(B(w?) [ 1 -2
TABLE 2

All the eigenvalues of the matrices B(w"), which yield the eigenvalues of the Johnson graph J(7,2) = F»(K7).

’ w=eF z=w" ‘ Arl o Ar2 Ars
sp(B(w?)) 0 -2 =2
sp(B(w!)) =sp(Bw®) | 3 -2 -2
sp(B(w?)) =sp(B(w®)) | 3 -2 -2
sp(B(w?)) =sp(Bw')) | 3 -2 -2

3.2. Line graphs of circulant graphs as lifts. In the following result, we show that, in fact, the
polynomial matrix B(z) (associated with J(n,2) with odd n) contains information about the polynomial
matrices of the line graphs of circulant graphs, which are Cayley graphs of the cyclic group Z,,, with generators
within the interval [—(m — 1), m — 1].

THEOREM 3.4. Let n be an odd number, n = 2v + 1. Let B(z) be the polynomial matriz of the Johnson

graph J(n,2) & Fy(K,) = L(K,), with rows and columns indezed by {0,1},{0,2},...,{0,v}. Let B'(z)
be the principal submatriz of B(z) with rows and columns indexed by {0,a1},{0,az2},...,{0,as} with 1 <
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a; < ag < -+ < as < v. Consider B'(z) as the polynomial matriz of a base graph on Z,, with m > n.
Then, the lift graph defined by B'(z) is isomorphic to the line graph L(H), where H is the circulant graph
Cay(Zp,; tay, ..., *as).

Proof. Reasoning as at the beginning of this section, notice that the representatives of the vertices of
L(H), as vertices of the base graph, can be chosen as 0ay,0as,...,0as. Then, the reasoning is completely
similar if we ‘replace’ the elements 1,2,... by a1, as,... Indeed, the vertices of L(H) adjacent to {0, a;},
written in terms of the representatives, are

{0,a;} ~{0,a1},{0,az2},...,{0,a;—1},{0,a;41},...,{0,as},
{0,—as} ={0,as} —as,...,{0,—a1} = {0,a1} — ay,
{ai,a; — a1} ={0,a1} + (a; — a1), {ai,a; — a2} = {0,a2} + (a; — az),. ..
{ai,a; —ai1} ={0,a;1} + (a; — ai—1),{ai, a; — aiy1} = {0, a1} + (@i — aip1), .-
{a;,a; —as} ={0,a,} + (a; — a,),
{aj,a; + a1} ={0,a1} + a4, ..., {as,a; + as} = {0,as} + a;.

Therefore, the entries of the row {0, a; } of the polynomial matrix B’(z) are given by the sums of the elements
of the columns of the following array:

(@) (a2) - (ai-1)  (ai)  (@ip1) ... (as—1)  (as)

1 1 e 1 0 1 e 1 1
1 1 1 1 1 1 1
Za1 Za2 o 201 293 2%+ 1 o 2Ts—1 Zas
aj—ay a;—az ai—ai—1 L ... L 1l
z% z% ZH T 0 oEEEE Z95-a;  Zas—a;
2%i 2%i e Z%i z%i 2% e 2%i 2@

These correspond to the entries of the row indexed by {0, a;} of the principal submatrix B’(2) of B(z),
as claimed. 0

For instance, if B(z) is the polynomial matrix of the base graph of Fig. 3 and B’(z) = B(z), the spectra
of the graphs obtained by different values of m are

e m =T: {10,316 201} (strongly regular graph J(7,2) = Fy(K;) = L(K7)).

e m = 8 {10,441 2B —2l6} (walk-regular graph isomorphic to the line graph of Cay(Zg;+1,+2,
+3)).

e m =9: {10,4.88012 4 2652021 1.468[2 —2[*81} (graph isomorphic to the line graph of Cay(Zg; +1,
£2,43)).

Moreover, the (2, 3)-submatrix B’(z) of the same matrix B(z), that is,

35) B/(z) = 2+ L 1+14+22+%
1+z45+28 S+ L

corresponds to the base graph of L(H) with H = Cay(Z,; £2,+3). Then if, for example, we take m = 12,
the eigenvalues of B’(z) with z = B forr =0,...,11, yield

sp(L(H)) = {6[1], 316 o1l ql2), _2[12}}.
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3.3. Johnson graphs J(n, k) as lifts. The following result is a generalization of Theorem 3.1 for
k> 2.

THEOREM 3.5. If n and k(< n — k) are relatively prime integers, then the Johnson graph J(n,k) is a
lift of a base graph G with v = (2) /n vertices with voltages on the group Z,,.

Proof. As before, the proof consists of identifying the representatives of the orbits (that is, the vertices
of the base graph) and defining their ‘weighted adjacencies’ (the voltages). Since the procedure to find the
latter is the same, we only need to show the former. Now, the representatives of the orbits correspond to
distinct necklaces with k black beads (representing the k chosen elements of Z,) and n — k white beads
(corresponding to the remaining elements of Z,). Thus, two necklaces are equivalent if a given rotation of
the other can obtain one. Moreover, if ged(n, k) = 1, all the orbits have n elements, as required. These
correspond to ‘aperiodic’ necklaces (not consisting of a repeated sequence), also called Lyndon words, see
Ruskey and Sawada [19] for an efficient algorithm to generate them. ]

For example, to deal with J(7,3) = F5(K7), and using the simplified notation ijk for {i,7j,k}, we
can take the representatives 012, 013, 014, 015, and 024. (That is, of each equivalence class, we take the
lexicographical smallest sequence). Then, the adjacencies of 012 (the others are similar) in terms of the
representatives are

012 ~ 013, 014, 015, 016 = 012 — 1,
123=012+1, 124 =013+ 1, 125 =014 + 1, 126 = 015 + 1,
023 = 015 + 2, 024, 025 = 024 — 2, 026 = 013 — 1.

The 5 x 5 polynomial matrix, indexed by the above representatives, is

241 1+z+1 1+z 1+ 2+ 22 1+2%
1+z+2 0 T+1 423 1422428 241428
(3.6) B(z) = 1+1 1+z+% B+ % 1+1+23 1+ % ;
1+i4+ % 1+5+5% 1+24+ % 0 24+ 55 +2°

1+22  z4+3+% 142 1+2+% 2+ %
27

giving, for z = e¢* 7 and r = 0,1,...,6, the eigenvalues of J(7,3) = F3(K7) shown in Table 3.

TABLE 3
All the eigenvalues of matrices B(w™), which yield the eigenvalues of the Johnson graph J(7,3) = F3(K7).

’ w=eT, 2 =w" ‘ A1 Ar2 Aps ‘
sp(B(w°)) 12 o 3
sp(B(w')) =sp(B(w°)) | 5 0F -3
sp(B(w?)) = sp(B(w?)) 5 okl 3
sp(B(w?®)) =sp(B(w*) | 5 0# -3

4. Token graphs of Cayley graphs. Let I' be a group of n elements. For some k, with 1 < k < n,
consider the set I'®) whose elements are the (Z) k-subsets v = {¢g1,...,9x} with g; € T'. A k-set decomposition
A®) of T is a partition of I'*®) into r = (Z) /n classes A, ..., A, with n elements each, such that each class
A; is a translation of some a; € A; (with a; being a ‘representative’ of the class) by I'. That is, A; = ;T In
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other words, the classes are the orbits (with the same order n) obtained when I' acts on the representatives
ayq,...,a,. Thus, a necessary condition for a group I' to have a k-set decomposition is that n must divide
(Z) For instance, this is the case when dealing with the Abelian group Zs, 11 X Zo, 11 and k = 2 since, then,
with n = (2u + 1)(2v + 1), we have that the number of classes is r = (3)/n = 251 = pw + p+ v. In this
case, a possible choice of the r 2-sets representatives, of the form {(0,0), (¢,7)} = {00,45}, is as follows:

{00,0n} {00,1n} {00,2n} ... {00,mn} {00,m+1,n} ... {00,2m+ 1,n}
{00;01} {00;11} {00;21} ... {00,.m1} {OO,m.—i— 11} ... (00, om 41, 1}
{00,10} {00,20} ... {00, m0}

Thus, in particular, the group I' = Z3 X Z3 has the following 2-set decomposition with four orbits having
representatives a = {00,01}, 8 = {00,10}, v = {00,11}, and § = {00,21} (above, in boldface). The
elements of the same orbit are indicated by the same Greek letter as their representative. For instance, the
orbit of & = (00,10) has elements (00, 20), (10,20), (01,11), ... (see Table 4).

TABLE 4
The elements of the same orbit are indicated by the same Greek letter as their representative in the group I' = Z3 X Zs.
The boldface indicates the representatives.

00 10 20 01 11 21 02 12 22
00 a o B v 6 B 6 ~
10 a 6 B v v B 9
20 o B 5 v B
01 a o B v 6
11 a 6 pf v
21 v 6 B
02 a o«
12 «
22

THEOREM 4.1. Let T be a group with order n. For some generating set S = {+tay,...,+as} of T,

consider the Cayley graph G = Cay(T',S), and its k-token graph Fy(G) for some k. If T has a k-set
decomposition, then Fi(G) can be obtained as the lift of a base graph H with r = (Z) /mn vertices and voltages
on the group T'.

Proof. As in the case of cyclic groups, the vertices of H are labeled with the r representatives of the

k-set decomposition. Now to fix the voltages, we reason as before: If vertex a = {1, aq, ..., ax} is adjacent
to, say, & = {aa;,aa, ..., a;} for some a; € S, there must be some g € T' and 3 € A®) such that o’ = Bg.
Then, the arc in H from a to 8 has voltage g. O

Let us show an example with the 2-token graph of Cay(T', S) with I' = Z3 xZ3 and S = {%(1,0),£(0,1)},
see Fig. 4.
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(1,0)

FIGURE 4. The Cayley graph Cay(T",S) with I' = Z3 x Zz and S = {£(1,0),£(0,1)}.

TABLE 5
The eigenvalues of the 2-token graph of Cay(T', S) with I' = Z3 X Z3 and S = {£10,£01}.

[ r\s | 0 1 2 \
0 | 7.12,1.34,-1,-3.13 3.78, 1.54, —1, —3.13 3.78, 1.54, —1, —3.13
1 | 3.78,1.54, —1, —=3.13 2, 0.56, —1, —3.56 2, 0.56, —1, —3.56
2 | 3.78,1.54, =1, =3.13 2, 0.56, —1, —3.56 2, 0.56, —1, —3.56

a = {00,10} ~ {00,20} = o + 20, {00, 11} = ~,{00,12} = & + 12,
{20,10} = a + 01,{01,10} = 6 + 10, {02, 10} = ~ + 02.
B = {00,01} ~ {00, 11} = ~,{00,21} = §,{00,02} = B + 02,
{10,01} = & +10,{20,01} = v + 20,{02,01} = B+ 01.
v = {00,11} ~ {00,21} = &,{00,01} = 3,{00,12} = & + 12, {00,10} = a,
{10,11} = B + 10, {20,11} = & + 20,{01,11} = a + 01, (02, 11) = & + 11.
& = {00,21} ~ {00,01} = 3,{00,11} = ~, {00,22} = ~ + 22, {00,20} = a + 20,
{10,21} =~ + 10,{20,21} = B + 20, {01,21} = o + 21, {02, 21} =  + 21.

Then, the (two variables) polynomial matrix of the 2-token of the ‘toroidal mesh’ G = Cay(T, {£01,
£10}) is

y+y? 0 1+ 2?2 y +y2?
By, 2) = 0 z+ 22 1+ 2 1+y
’ 1+ 2 1+y 0 1+ 9% +yz +yz?
P4z 1+ 1+y+122 + 222 0

s2

5, and 7,5 = 0,1,2, the obtained (approxi-

s 27

With the 9 possible pairs of values (y, z), for y = e!5" | 2z = ¢!
mated) eigenvalues are shown in Table 5.

In the general case, when the group I' is not necessarily Abelian, we proceed as follows. If G = (V, E)
is the base graph with voltage assignment « : E — T, its ‘base matrix’ B(G) has entries B(G)y, =
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alar) + -+ - + a(a,) € C[['], where ay,...,a, are the arcs from u to v, and B(G) = 0 if (u,v) ¢ E. Then, if
p € Irep(T") is a unitary irreducible representation of I', with dimension d, = dim(p), the d,n x d,n matrix
p(B(QG)) (where p acts on the elements of I') plays the same role as the polynomial matrix B(z) with a
given value of z. To find the spectrum of the lift G, we apply the following result, which can be seen as a
generalization of Theorem 2.1.

THEOREM 4.2 ([10]). Let G = (V,E) be a base graph (or digraph) on n vertices, with a voltage assign-
ment « in a group . For every irreducible representation p € Irep(T'), let p(B) be the complex matriz whose
entries are given by p(B(G)y,v). Then,

26" = U d-splp(BO)).

pElrep(I)
5. Further results. The results of the previous sections can be extended in the following directions.

5.1. Johnson graphs J(n, k) with even n. Theorem 3.1 can be extended to Johnson graphs with
n even, but, in this case, we need a generalization of voltage and lift graphs. The authors have studied this
in [9] by introducing the concepts of combined voltage graphs and factored lifts. The key idea is to also give
‘voltages’ to the vertices. More precisely, each vertex of the combined voltage graph is endowed with a coset
of a given subgroup. See Fig. 5 for the case of J(4,2) (octahedral graph).

(u,{0}) (u{1})
Q

+1 -1
u i w(u)={0}

Al ( |
v w(v)={0,2}

FIGURE 5. A combined voltage graph for the Johnson graph J(4,2).

5.2. Computing Eigenspaces. The results of Theorems 2.1 and 4.2 are based on the fact that every
eigenvector of the base graph G yields an eigenvector of the lift G%. Thus, although not shown in the
examples, the eigenspaces of our constructions can also be computed.

5.3. Universal matrix. As it was shown by the authors in [8], from the base graph G with a voltage
assignment, we can associate a polynomial-type matrix representing the so-called universal adjacency matrix
of the lift G*. The universal adjacency matrix U of a graph, with adjacency matrix A, is a linear combination,
with real coefficients, of A, the diagonal matrix D of vertex degrees, the identity matrix I, and the all-1
matrix J; that is, U = ¢1A + oD + c3I + ¢4, with ¢; € R and ¢; # 0. Thus, as particular cases, U
may be the adjacency matrix, the Laplacian, the signless Laplacian, and the Seidel matrix (see, for instance,
Haemers and Omidi [15]). Then, our method also gives the eigenvalues and eigenspaces of such matrices.
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5.4. Dealing with digraphs. As commented in the preliminary section, a graph is a type of digraph
in which two opposite arcs constitute each edge. In fact, this paper’s results and argumentation can be
generalized naturally to digraphs. For instance, the vertices of the k-token digraph Fj(G) of a digraph
G = (V,A), on n vertices, can be represented by k indistinguishable tokens placed in different vertices of
G. One vertex of Fi(G) is adjacent to another one (forming an arc) if the latter can be obtained from the
former by moving one token along an arc in A.

Of course, when dealing with digraphs, the eigenvalues and eigenvectors are not necessarily real, but
this does not affect the procedure for obtaining them. For example, the 2-token digraph of the directed cycle
C5, shown in Fig. 6, can be constructed as a lift of the base digraph on Zs, with vertices 01 and 02 and
three arcs: (01,02) with voltage 0; (02,01) with voltage +1; and the loop (02,02) with voltage —2. Then,

the polynomial matrix is
0 1
B(z) = .
@=(2 1)
2

By taking z = ¢*" 5", for r = 0, ..., 4, the eigenvalues of B(z) yield all the eigenvalues of F5(C5). Namely,

1.618, 0.5 £1.5404, 0.5 +£0.363%, —0.618, —0.191 £ 0.58847, —1.309 £ 0.951 3.

01

01
41 02

12
10 +1

24
34 23

FIGURE 6. The 2-token digraph of the directed cycle Cs (with arcs 0 -1 — 2 — 3 — 4 — 0) and its base digraph. The
thick line represents the edge with voltage 0.
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