Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 21, pp. 28-42, October 2010

CHARACTERIZATIONS OF JORDAN DERIVATIONS ON
TRIANGULAR RINGS: ADDITIVE MAPS JORDAN DERIVABLE AT
IDEMPOTENTS*

RUNLING AN' AND JINCHUAN HOU#

Abstract. Let 7 be a triangular ring. An additive map § from 7 into itself is said to be Jordan
derivable at an element Z € T if §(A)B + Ad(B) + d(B)A+ Bé(A) = 6(AB+ BA) forany A,Be€ T
with AB+ BA =Z. An element Z € T is called a Jordan all-derivable point of 7T if every additive
map Jordan derivable at Z is a Jordan derivation. In this paper, we show that some idempotents
in 7 are Jordan all-derivable points. As its application, we get the result that for any nest N in a
factor von Neumann algebra R, every nonzero idempotent element @ satisfying PQ = Q, QP = P
for some projection P € N is a Jordan all-derivable point of the nest subalgebra AlgN\ of R.
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1. Introduction. Let A be a ring (or an algebra) with the unit I. Recall that
an additive (or a linear) map ¢ from A into itself is called a derivation if §(AB) =
d(A)B + Ad(B) for all A,B € A. As well known that derivations are very important
both in theory and applications, and were studied intensively [4, 5, 10]. The question
under what conditions that a map becomes a derivation attracted much attention
of mathematicians (for instance [5, 7, 8, 10, 12]). We say that a map § : A — A
is derivable at a point Z € A if §(A)B + Ad(B) = 6(AB) for any A,B € A with
AB = Z, and such Z is called a derivable point of A. It is obvious that an additive
(or a linear) map is a derivation if and only if it is derivable at all points. It is natural
and interesting to ask the question whether or not an additive (or a linear) map is a
derivation if it is derivable only at one given point. If such a point exists for a ring
(or an algebra) A, we call this point an all-derivable point of A as in [7, 8]. It is quite
surprising that there do exist all-derivable points for some algebras. For instance,
Xiong and Zhu in [12] proved that every strongly operator topology continuous linear
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map derivable at the unit operator I between nest algebras on complex separable
Hilbert spaces is an inner derivation. Hou and Qi proved in [8] that the unit [ is an
all-derivable point of almost all Banach space nest algebras without the assumption
of any continuity on the linear maps.

Besides derivations, sometimes one has to consider Jordan derivations. Recall
that an additive (or a linear) map § from a ring (or an algebra) A into itself is called
a Jordan derivation if §(A?) = §(A)A + AS(A) for all A € A, or equivalently, if
0(AB + BA) = 6(A)B + Aé(B) + 0(B)A + B(A) for all A,B € A in the case that
A is of characteristic not 2. In this paper, following [13, 14], we say that an element
Z € Ais a Jordan derivable point, if §(A)B+ Ad(B)+6(B)A+ Bé(A) = 6(AB+ BA)
for any A, B € A with AB + BA = Z; we say that an element 0 # Z € A is a Jordan
all-derivable point of A if every additive (or linear) map from A into itself Jordan
derivable at Z is a Jordan derivation. We mention that, in [9], J is said to be Jordan
derivable at Z if §(A2%) = §(A)A + AS(A) whenever A? = Z. Clearly, this definition
of Jordan derivable map at a point is weaker than the former one.

The following example shows that the zero point is not a Jordan all-derivable
point of any ring.

Example 1.1. Let § : A — A be a Jordan derivation. Define an additive map
p: A— Aby ¢(A) =0(A) + ZA, where Z belongs to center of A. It is obvious that
o is Jordan derivable at 0 but it is not a Jordan derivation. Thus 0 is not a Jordan
all-derivable point of A.

However, there do exist Jordan all-derivable points for some algebras. For in-
stance, the unit I of a prime algebra is a Jordan all-derivable point (see [1]). In
this paper, we discuss maps between triangular rings (or algebras) that are Jordan
derivable at some given point.

The triangular rings were firstly introduced in [2] and then studied by many
authors (see [3, 11]). Let A and B be two unital rings (or algebras) with unit I; and I
respectively, and let M be a faithful (A4, B)-bimodule, that is, M is a (A, B)-bimodule
satisfying, for A € A, AM = {0} = A =0 and for B € B, MB = {0} = B = 0.
Recall that the ring (or algebra)

X W

T—Tri(A,M,B)—{[ oy

}:XeA,WeM,YeB}

under the usual matrix addition and formal matrix multiplication is called a trian-

Lo 0 } and has a

gular ring (or algebra). Clearly, T is unital with the unit 7 = [ 0 I
2

nontrivial idempotent element P = [ Lo 0 } which we’ll call the standard idempo-

0 0
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tent.

Let T = Tri(A, M, B) be a triangular ring, and let § : 7 — T be an additive
map. In Section 2, we show that, every additive map ¢ Jordan derivable at 0 has
the form of 6(T) = 7(T) + 6(I)T if T is of characteristic not 2, and §(I) belongs to
the center of 7, where 7 : T — T is an additive derivation (see Theorem 2.2.). This
reveals that, though zero is not a Jordan all-derivable point, in some situation, the
converse of the fact presented in Example 1.1 is true. Particularly, this is the case
for the additive (linear) maps between nest algebras AlgN on Banach space X that
are Jordan derivable at zero if there is a N € N is complemented in X (Corollary
2.3). In Section 3, under some mild assumptions on 7, we show that the standard
idempotent P is a Jordan all-derivable point of triangular rings 7 (see Theorem 3.1).
As a application of this result, we get that every nontrivial idempotent operator P
with range in a Banach space nest A is an additive Jordan all-derivable point of the
nest algebra Alg/N (see Corollary 3.3). Section 4 is devoted to the study of the additive
maps Jordan derivable at the unit /. Under some mild assumptions on 7, we show
that, the unit I is an additive Jordan full-derivable point of 7 (see Theorem 4.1). As
its application, we obtain that I is an additive Jordan all-derivable point of Banach
space nest algebra Alg\ if there is a N € N is complemented in X (see Corollary
4.2). As a consequence of above results, we obtain that every nonzero idempotent
element Q satisfying PQ = Q, QP = P for some projection P in a nontrivial nest N’
of a factor von Neumann algebra R is an additive Jordan all-derivable point of the
nest subalgebra Alg\ of a factor von Neumann algebra R (see Corollary 4.4).

In this paper, the center of an algebra 4 will be denoted by Z(A).

2. Additive maps Jordan derivable at 0. In this section, we characterize
additive maps between triangular rings that are Jordan derivable at 0. To prove the
main result, we need the following lemma.

LEMMA 2.1. Let T = Tri(A, M, B) be the triangular ring, and assume that the
characteristic of T is not 2. Let § : T — T be an additive map which is Jordan
derivable at zero 0, then

(i) §(E) = §(E)E+ES(E)—d(I)E and §(I)E = ES(I) for any idempotent E € T ;
(ii) S(N)N + N§(N) =0 for all N € T with N? = 0.

Proof. Tt is enough to check (i), (ii) is obvious. For any idempotent E € T, from
E(I - E)+ (I — E)E =0, we have §(E(I — E) + (I — E)E) = §(E)(I — E) + BES(I —
E)Y+06(I-E)E4+(I—E)§(E) =0, thus 26(FE) = 26(E)E+2E§(E)—6(I)E — E6(I).
Since the characteristic of 7 is not 2, by multiplying F in this equality from left and
right sides respectively, we have 2E6(E)E — ES(I)E = §(I)E = Eo(I). O
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The following is our main result in this section.

THEOREM 2.2. Let A and B be unital rings and M be a faithful (A, B)-bimodule,
and let T = Tri(A, M, B) be the triangular ring. Assume that, the characteristic of T
isnot2,6:T — T is an additive map with 6(I) € Z(T). Then ¢ is Jordan derivable
at 0 if and only if there is a derivation 7 : T — T such that §(T) = 7(T) + §(I)T for
alTeT.

Proof. The “if” part is obvious. Assume that ¢ is Jordan derivable at 0. Define
7(T) = 6(T) — 6(I)T. Then 7 is still additive and Jordan derivable at 0 as §(I) €
Z(T). Also, 7(I) = 0. By Lemma 2.1, we get 7(F) = 7(E)E + E7(E) for any
idempotent E € T. Thus, without loss of generality, we may assume §(I) = 0 and
§(E) = §(E)E + ES(E) for any E € T with E? = E. Next we show that § is a
Il 0

derivation. Let P =
erivation. Le {0 0

] be the standard idempotent.

Because 9 is additive, for any X € A, W € M, Y € B we can write

5 { X w ] _ [ 51(X) +o11(W) + 111 (Y)  912(X) + 012(W) + 112(Y)
0 Y 0 022(X) + w22 (W) + 122(Y)

0ij : A— Aij, pij - M — Aij, iy - B— Aij, 1 <i <j <2, are additive maps with
A1 = A, A1a = M and Ase = B (These notations will also be used in the proofs of
Theorem 3.1 and Theorem 4.1).

Now §(P) = §(P)P + P§(P) implies that

o) o) T i) = sy pae) = [ 20 2ul) ]

which forces that d11(I1) = d22(f1) = 0. Thus

§(P) = [ 8 512(2[1) } and 6(I — P) = [ 8 _513(11) ]

For any X € AandY € B, let T = [i)( g]andS: [O 0]. Then
TS+ ST =0and

0= (TS +ST) = §(T)S + T5(S) + 6(S)T + S5(T)
(2.1) Xmi(Y) + ()X 612(X)Y + X72(Y) ]
0 522(X)Y + Y82 (X)

Let X = I in (2.1), we get

(22) 7’11(Y) =0, 7’12(Y) = —512([1)Y forall Y € B.
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Similarly, let Y = I5 in (2.1) we have

(23) 622(X) =0, 512(X) = X&lg(Il) for all X € A.

For any X € AW € M, let T = [
TS+ ST = 0. By (2.2)-(2.3), we have

X XW]andS_[O w

. Th
0 0 0 —12} e

0= 8(TS+ST) = 8(T)S +T8(S)+5(S)T + S8(T)
(2.4) _ pr1(W)X + X (W) G }
0 —2p022(XW) |’

G =011 (X)W 4+ Xp12(W) = p12(XW) + 011 (X W)W + X W oo (W) + 011 (W) XW +
W(pQQ(XW).

Taking X = I, we get
(2.5) ©11(W) = @aa(W) =0 for all W e M.
Now by (2.4), it is easily seen that
(2.6) 012(XW) = 611 (X)W 4+ Xp12(W) forall X € A, W e M.
For any X1, X2 € A and W € M, it follows from (2.6) that

1 (Xn X)W + X1 Xop12(W) = @12(X1 XoW) = 611(X1) XoW + X1 @12(XoW)
= 011 (X 1) XoW + X1011(Xo)W + X1 Xop12(W),

and thus, using the fact M is a faithful (A, B)-bimodule, we see that
(2.7) 011 (X1X2) = 011(X1) X2 + X1611(X2)

holds for all X7, X5 € A.

For any W € M,Y € B, considering T' = Lo w and S = 0 WY we
0 0 0 -Y
get
(2.8) P12(WY) = 012(W)Y + Wrpa(Y),

T22(Y1Y2) = 122(Y1)Y2 + Yi722(Y2)
forall W e M, Y7,Y; € B.

Now we are in a position to check that § is a derivation. For any

- X1 W1 o X2 W2
T—[O Yl] and S_{O }/2:|€T7
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where X1, Xo € A, W1, W5 € M and Y1,Ys € B by (2.2)-(2.5), on the one hand we
have

X1Xo XiWo + WY,
5(TS) = 5[ ; Ty
B [ 011(X1X2) X1 Xo012(11) — 012(11)Y1Y2 + @12( X1 Wa + W1Y3) }
B 0 T22(Y1Y2) '
On the other hand,

5(T)S + T48(S)
[ en(Xy) Xqdi2(lh) — d12(11)Y1 + p12(W7) ] { Xo Wy }
o L 0 TQQ(Yl) 0 }/2
4 [ X, W } { 011(X2)  Xod12(11) — 012(11)Y2 + 12(W?) }

L 0 Y1 O 7'22(}/2)
[ (X)X + X1611(X2) G ]
- 0 To2(Y1)Y2 + Yi72(Y2) |’

where G = X1X2012(11) — 012(11)Y1Ya + 011 (X1)Wo + Xip12(Wa) + 012(W1)Ya +
Wita2(Y2). By (2.6)-(2.8), it is obvious that §(T'S) = §(T)S + T6(S) holds for all
T,S € T, that is, § is a derivation. O

COROLLARY 2.3. Let N be a nest on a complex Banach space X such that
there is a N € N complemented in X, and let AlgN be the associated nest algebra.
Assume that ¢ : AlgN — AlgN is an additive map with 6(I) € CI, then § is Jordan
derivable at 0 if and only if there exist a derivation T and a scalar A € C such that

5(A) = 7(A) + M\A for all A € AlgN.

Proof. Since N € N is complemented in X, there is a bounded idempotent
operator P with range N. It is easy to check that P € AlgA. Denote M = (I—P)(X),
and let A = PAlgN|n, M = PAlgN|y and B = (I — P)AlgN|y. Then M is
faithful (A, B)-bimodule, and AlgN = Tri(A, M, B) is a triangular algebra. Thus
this corollary follows immediately from Theorem 2.2. 00

In [6], Gilfeather and Larson introduced a concept of nest subalgebras of von
Neumann algebras, which is a generalization of Ringrose’s original concept of nest
algebras. Let R be a von Neumann algebra acting on a complex Hilbert space H.
A nest N in R is a totally ordered family of orthogonal projections in R which is
closed in the strong operator topology, and which includes 0 and I. A nest is said to
be non-trivial if it contains at least one non-trivial projection. If P is a projection,
let Pt denote I — P. The nest subalgebra of R associated to a nest A/, denoted by
AlgN, is the set of all elements A € R satisfying PAP = AP for each P € N'. When
R = B(H), the algebra of all bounded linear operators acting on a complex Hilbert
space H, Alg\ is the usual one on the Hilbert space H.
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If A is a nest in a factor von Neumann algebra R, then N+ = {P1: P € N}
is also a nest, and AlgN+ = (AlgN)*. The von Neumann algebra Alg\ N (Alg\)*
is the diagonal of AlgA and denoted by D(N). Let R(N) denote the norm closed
algebra generated by {PRP+ : P € N}. It follows from [6] that D(N) + R(N) is
weakly dense in AlgN, and that the commutant of Alg\ is CI.

Taking a non-trivial projection P in N, it is easily seen that AlgN is a trian-
gular algebra with the standard idempotent P. Thus from Theorem 2.2, we get a
characterization of additive maps Jordan derivable at zero between nest subalgebras
of factor von Neumann algebras.

COROLLARY 2.4. Let N be a non-trivial nest in a factor von Neumann algebra
R, and let AlgN be the associated nest algebra. Assume that § : AlgN — AlgN is an
additive map. Then § is Jordan derivable at 0 if and only if there exist a derivation

7 of AlgN and a scalar A € C such that 6(A) = 7(A) + A for all A € AlgN.

Proof. Let § : AlgN" — AlgN be an additive map Jordan derivable at 0, it follows
from Lemma 2.1 that

(2.9) 0(I)E = E§(I) for all idempotents E € Alg\.

Since the set of finite linear combinations of projections in D(N) is norm dense in
D(N), we have from (2.9) that

(2.10) 5(I)D = D§(I) for all D € D(N).

On the other hand, it is clear that P+ PSP+ is an idempotent in Alg\ for all P € N
and S € R. Then by (2.9), we can obtain that §(I)PSP+ = PSP1§(I). Since the
linear span of {PSPL:S € R,P € N} is norm dense in R(N), we have

(2.11) S(I)R = R6(I) for all R € R(N).

Since D(N)+R(N) is weakly dense in Alg\, we have from (2.10)-(2.11) that §(I1)A =
A4(I) for all A € AlgN. Thus §(I) = Al for some complex number A. Now this
corollary follows from Theorem 2.2. 0

3. Additive maps Jordan derivable at the standard idempotent . In this
section, we show that the standard idempotent P is a Jordan all-derivable point of
the triangular ring (or algebra) 7.

THEOREM 3.1. Let A and B be unital rings with units Iy and I, respectively,
and M be a faithful (A, B)-bimodule. Let T = Tri(A, M, B) be the triangular ring
and P be the standard idempotent of it. Assume %Il € A, and assume further for
every A € A, there is some integer n such that nly — A is invertible. Then § : T — T
is an additive map Jordan derivable at P if and only if § is a derivation.
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Proof. Only the “only if” part needs to be checked. We use the same notations
as that in Section 2. Since ¢ is Jordan derivable at P, we have

d11(ly) d12(1h) — §(P) = 5(P)P + P3(P) = [ 2611(11)  612(11) ] '

0 d22(I1) 0 0
Thus
(3.1) 011(I) = 022(11) = 0.
—1
For any invertible element X € A, let S = [ )O( 8 } and T — [ XO 8 ]

Then ST + TS = 2P, and so

[ 8 25120(11) } _ { 10'5 X512(X71)J(;X71512(X) ]7

where E = 511(X)X71 + X71511(X) + 511(X71)X + X(Sll(Xil). Therefore

(3.2) S X T+ X (X)) + (X HX + X6 (XY =0.

(3.3) X012(X™H + X71615(X) = 2610(11).

X1 0

X 0
LetS—[O O]andT—[ 0 I

SO

]. Then ST 4+ T'S = 2P, and by (3.2)-(3.3)

|: O 2512([1) :| o |: T11(IQ)X+XT11(IQ) 2512([1) —|—512(X)—|—X7'12(12)
0 0 - 0 2022(X)

Thus we get 522(X) =0, T11(IQ)X + XTll(IQ) =0 and 512(X) + X7’12(IQ) =0.
Letting X = I, we have

(3.4) 111(I2) =0, 72(l2) = —012(11), 12(X) = X012(I1) and d22(X) =0

for all invertible elements X € A. For every X € A, by assumptions nl; — X is
invertible for some integer n, thus it is easy to check (3.4) is true for all X € A.

L W
0 0

L, 2w

ForanyWEM,letS_[ 0 I

2P, and by (3.1) and (3.4) so

[ 8 25120(11) ]

]andT—{ }ThenST—FTS—

_ [ =201 (W) —donu(W)W — AW oo (W) + Wraa(I2) + 2012(11)
0 Q@QQ(W)
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Thus
(35) @11(W) = 9022(W) =0 and T22(I2) =0.

ForamyYEB’,letS’—{IO1 3} ade_[IO1 8} Then ST + TS = 2P.

By (3.1) we get

|: 0 2512([1) :| _ |: 2T11(Y) 2612([1)-}-612([1)}/-1-7'12(}/) :|
0 0 0 0 '

Thus

(36) Tll(Y) =0, 7’12(Y) = —512([1)Y forall Y € B.

ForanyYeBandWeM,letS:[Iol _W;Wy]ande[Iol V([)/]

Then ST + T'S = 2P. By (3.1), (3.5) and (3.6),

|: 0 2612(11) ] _ [ 0 2512(11)4-9012(W)Y+WT22(Y) —9012(WY) :|
0 0 0 0 '

Thus we have
(37) 9012(WY) = (plg(W)Y + WTQQ(Y) for all W S M, Y € B.

For any Y1,Ys € B, by (3.7) and the fact M is a faithful {A, B}-bimodule, it is easy
to check that

(3.8) To2(Y1Y2) = T22(Y1)Y2 + Yi722(Y2).
. . X w
For any invertible element X € A and W € M, let S = 0 o0 |

1 y-lyiy _ v -2
T_{X XOW = XTW hen ST 4+ 75 = 2P, and by (3.1)-(3.5) so

0 I

0 0

|:0 2612([1)
0 O

] — 5(2P) = §(S)T + S6(T) + 8(T)S + T5(S) = [ 0 F } ,
where F' = —611(X)X_1W — 611(X)X_2W + (,012(W) — Xleg(X_1W)
— Xp12(X2W) + X o1a(W) 4 0 (X~ HW.

Thus we get

511(X)X_1W + 611(X)X_2W — (plg(W) + Xgolg(X_1W) + Xlez(X_2W)

B9) X1 (W) + 60 (X)W
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X W X' —Xx—w
Let § = { 0 0 and T = 0 0 . Then ST + TS = 2P, and

by (3.2)-(3.5) so

[ 8 25120(11) ] =25(P) =0(9)T + S6(T)+6(T)S + T5(S),

which is equal to

[ 0 2512(11) — X(pu(XﬁQW) — 511(X)X72W + 511(X71)W + X71<P12(W)
0 0

Thus XQO12(X72W) + 511(X)X72W = 511(X71)W + X719012(W), together with
(3.9), we have

(3.10) O12(XTIW) = X Lo (W) — X161 (X)X W

For any invertible elements X1, X, € A, from

X1 Xop12(W) — X1 X611 (X5 ' X7 X1 X0 W = ¢12(X1 X W)
= Xip12(XoW) — X161 (X7 ) X1 X W
= X1 Xop12(W) — X1 X261 (X5 )Xo W — X161 (X, 1) X1 Xo W,

hence X1 X611 (X5 ' X7 1) X1 Xe = X1 Xo611 (X5 )Xo + X161 (X 1) X1 Xo and
o (Xo X7 = o (X D)X+ X (X
for all invertible elements X7, Xo € A, that is § is a derivation on 4. Thus
S X hH =-X"top(X)x .
This equality together with (3.10) implies

P12(XW) = Xp12(W) 4+ 011 (X)W,

3.11
(8-11) 011(X1X2) = 011(X1) X + X011 (X1).

for all X1, X5 € A and for all W € M.
Now by (3.1)-(3.11) and using similar arguments as that in the proof of Theorem
2.2, it is easily checked that ¢ is a derivation. O

Similarly, we can prove P = { 00 ] is a full-derivable of T, and hence we get

0 Ip
the following theorem.

THEOREM 3.2. Let A and B be unital rings with units Iy and I, respectively,
and M be a faithful (A, B)-bimodule. Let T = Tri(A, M, B) be the triangular ring.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 21, pp. 28-42, October 2010

38 R. An and J. Hou

Assume that, %12 € B,, and, for every B € B, there is some integer n such that
nly — B is invertible. Then 0 : T — T is an additive map Jordan derivable at Py if
and only if ¢ is a derivation.

From Theorem 3.1 and Theorem 3.2, we have the following corollary.

COROLLARY 3.3. Let N be a non-trivial nest on a complex Banach space X and
AlgN be the associated nest algebra, and let § : AlgN — AlgN be an additive map.
Then ¢ is Jordan derivable at a nontrivial idempotent P with range P(X) € N if and
only § is a derivation.

COROLLARY 3.4. Let N be a non-trivial nest in a factor von Neumann algebra
R, and let AlgN be the associated nest algebra. Assume that 6 : AlgN — AlgN is
an additive map. Then ¢ is Jordan derivable at an idempotent element Q satisfying
PQ = Q and QP = P for some nontrwial projection P € N if and only if § is a
derivation.

4. Additive maps Jordan derivable at the unit . In this section, we will
show that the unit I is a Jordan all-derivable point of 7.

THEOREM 4.1. Let T = Tri(A, M, B) be a triangular ring, where A, B are unital
rings of characteristic not 3 with unit Iy and Iy respectively, and M is a faithful
(A, B)-bimodule. Assume that %Il € A, %Iz € B, and for any X € A and Y € B,
there are some integers ny and no such that n1ly — X and nolys — Y are invertible.
Then § : T — T is an additive map Jordan derivable at the unit I if and only if § is
a derivation.

Proof. The “if” part is obvious. To check the “only if” part, assume that ¢ is
Jordan derivable at I. We use notations as that in Section 2. It is obvious from
I? = I that §(I) = §(1%) = 6(1)I + I6(I) = 26(I), hence §(I) = 0. Thus

(41) 511([1) -‘1-7'11(]2) =0, 512([1) -‘1-7'12([2) =0 and 522(]1) -‘1-7'22([2) =0.

For any invertible element X € A, Y € B, let S = [ )0( 3 } and T =

Xt 0
0 Y-t

]. Then ST + TS = 21, and so

0= 8(21) = §(S)T + S5(T) + 5(T)S + T5(S) = [ Cu(X,Y) Gu(X,Y) } |

0 G2(X,Y)
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where

Gll(X, Y) = 611(X)X_1 +X(511(X_1) +611(X_1)X +X_1511(X)
+T11(Y)X_1 + XTll(Y_l) + 7'11(Y_1)X + X_lTll(Y);

G12(X,Y) = 012(X)Y 1+ 7m2(YV)Y 1+ X7pp(Y 1) + X612(X 1)
—|—512(X71)Y—|—7'12(Y71)Y+X717'12(Y) +X71512(X);

Gou(X,Y)= 1Y Y +Y ' (Y) + m2(Y)Y L + Yoo (Y1)
622(X)Y_1 + Y522(X_1) + 622(X_1)Y + Y_1522(X).

Letting X = % and Y = I, and applying (4.1), we have 4611([1) + 4711 (L2) +
Tll(Ig) = Tll(IQ) = 0. Thus 611([1) = Tll(Ig) =0. Similarly, Considering GQQ(X, Y) =
0 and letting Y = 1—22 and X = I, it is easily check that de2(l1) = T22(I2) = 0. Letting
Y = IQ in Gll(X, Y) = O, we get

(4.2) XX T+ X (X )+ (X HX+X16,(X)=0
for all invertible elements X € A. Taking X = I in G22(X,Y) = 0, we get
(4.3) Too(Y)Y L4 Yoo (V1) 4+ 7o (Y HY + YV hra(Y) =0

for all invertible elements Y € B. From (4.2)-(4.3) and G11(X,Y) = G22(X,Y) =0,

we have

(4 4) Tll(Y)X_l + XTll(Y_l) + T11(Y_1)X + X_lTll(Y) =0,
’ 0

622(X)Y_1 + Y522(X_1) + 522(X_1)Y + Y_1522(X) =

Letting X = & and X = I; respectively in (4.4), we get 711 (Y) + 711 (Y1) =0
and 711 (Y) + 411 (Y1) = 0, thus 3711(Y) = 0. As A is of characteristic not 3, we
must have 711 (Y") = 0 for all invertible element Y € B. Similarly, we have d22(X) =0
for all invertible element X € A.

Taking Y = %IQ, Y = I, and Y = 21, respectively in G12(X,Y) = 0 and from

27’12([2) +X§12(X_1) +X_1512(X)
= —2612(X) — 2X7‘12(IQ) — %612()(71 — %XﬁlTlg(Ig),
= —512(X) —X7'12(IQ) —512(X71) —X717'12(12)
= —%512()() — %XT:[Q(IQ) — 2512(X71) — 2X717-12(12)7

and thus we get
(4.5) 012(X) = X612(f1) for all invertible element X € A.
Similarly, Letting X =2, X = 1; and X = %Il in G12(X,Y) = 0, we have

(4.6) T12(Y) = —d12([1)Y  for all invertible elements Y € B.
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Now, by replacing X and Y with invertible elements n1I; — X and nols — Y, it is
easily checked (4.5)-(4.6) and

(47) 522(X) =0 and Tll(Y) =0
hold for all X € A and Y € B.

For any invertible element X € A and Y € B, and for any W € M, let § =
X XWwW X' —wy!
[ 0 v ] and T = [ 0 y-1 } Then ST +TS = 2I. By (4.2)-(4.3) and
(4.5)-(4.6) we get

Hi1 (X, W,Y) Hp2(X,W,Y)

0=26(2I)=6(S)T + S5(T) +8(T)S + T5(S) = { 0 Hor(X,W,Y) |’

where

Hy (X, W, Y) = o (XWX =X (WY ™) — o (WY DX 4+ X Loy (XW)
Hos(X, W,Y) = 0oa(XW)Y ' = Yiooa (WY 1) — o (WY ™Y + VLo (XW)
Hig(X,W,Y) = =511 (X)WY L+ 1o (XW)Y 1 + 512(X)Y T + 2 (V)Y !
—p12(WY ™Y + 610X Y + 12V HY + X Lo (XW)
FX70(X) + X (V) = WY (V) — o (XW)WY !
—XWear(WY ™) —ouu (WY HXW — WY oo (XW)
F61 (X THXW 4+ X7o(Y ™) — Xpa(WY 1)
+ X0 X+ X W (Y — X W (WY 1),

Taking X =21 and Y = I in H11 (X, W,Y) =0 and Haa(X,W,Y) = 0 we get

(48) @11(W) =0 and (pgg(W) =0.

Letting Y = %2 and Y =I5 in Hi2(X,W,Y) =0 and by (4.5) and (4.8), we have

P12(W) = X o12(XW) = 011 (X )XW = =2601 (X)W + 2012(X W) — 2X 012(W)
= =0 (X)W + p12(XW) — Xp12(W)

Thus
(4.9) P12(XW) = Xp12(W) + 611 (X)W
for all invertible elements X € A and any W € M. Similarly,

(410) P12 (WY) = (plz(W)Y + WTQQ (Y)
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for all invertible elements ¥ € B and any W € M. Considering ni1l; — X and
naly — Y, we get (4.9) and (4.10) hold for all X € A, W € M and Y € B. By the
same arguments in section 3, we get that

011(X1X2) = 011(X1) Xo + X1011(X2),

4.11
(4-11) T22(Y1Y2) = T22(Y1)Y2 + Y1722 (Y2).

for all X1, X5 € A and for all Y7,Ys € B.
From (4.1)-(4.11) and from the proofs of Theorem 3.1, we obtain ¢ is a derivation.O
From Theorem 4.1 and by similar arguments as that in section 3, we obtain

COROLLARY 4.2. Let N be a nest on a complex Banach space X such that there
is a N € N complemented in X, and let AlgN" be the associated nest algebra. Then
§ @ AlgN" — AlgN is an additive map Jordan derivable at I if and only if 6 is a
derivation.

COROLLARY 4.3. Let N be a non-trivial nest in a factor von Neumann algebra
R and AlgN be the associated nest algebra. Then § : AlgN" — AlgN is an additive

map Jordan derivable at I if and only if 0 is a derivation.
By Corollary 3.4 and Corollary 4.3, we have

COROLLARY 4.4. Let N be a non-trivial nest in a factor von Neumann algebra
R, and let AlgN be the associated nest algebra. Assume that § : AlgN — AlgN
is an additive map. Then 0 is Jordan derivable at a nonzero idempotent element @
satisfying PQ = Q and QP = P for some projection P € N if and only if § is a
derivation.
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