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GENERALIZED SCHUR COMPLEMENTS OF MATRICES AND
COMPOUND MATRICES*

JIANZHOU LIUT AND RONG HUANG?

Abstract. In this paper, we obtain some formulas for compound matrices of generalized Schur
complements of matrices. Further, we give some Lowner partial orders for compound matrices
of Schur complements of positive semidefinite Hermitian matrices, and obtain some estimates for
eigenvalues of Schur complements of sums of positive semidefinite Hermitian matrices.
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1. Introduction. Many important results for compound matrices and Schur
complements of matrices have been obtained in [2,3,9,10]. Recently, Smith [11], Liu
et al. [5,6], Li et al. [4] obtained some estimates of eigenvalues and singular values
for Schur complements of matrices. Liu and Wang [7], Wang and Zhang et al. [12]
obtained some Lowner partial orders of Schur complements for positive semidefinite
Hermitian matrices respectively. Wang and Zhang [13] obtained some Lowner partial
orders for Hadamard products of Schur complements of positive definite Hermitian
matrices. Liu [8] obtained some Lowner partial orders for Kronecker products of Schur
complements of matrices. In this paper, we study Schur complements of matrices and
compound matrices.

Let C, R and R, denote the set of complex, real, and positive real numbers
respectively. Let C™*"™ denote the set of m x n complex matrices. Let NN,, denote the
set of n x n normal matrices. Let H,, denote the set of n x n Hermitian matrices, and
let HZ(H; ) denote the subset consisting of positive semidefinite (positive definite)
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Hermitian matrices. For A € C™*", the rank of A is denoted by r(A). Denote by A*
the conjugate transpose matrix of A. For A,B € HZ, write B > Aif B— A€ HZ.
The relation ”>” is called the Léwner partial order. For A € C"*", we always arrange
the eigenvalues of A as [A1(A)| > -+ > |A\,(A)|. For A € C™*", denote the column
space of A by R(A).

Let k be an integer with 1 < k < n. Define
(1.1) Qrn={w={w1,...;wp}:w; €Rand 1 <w; < -+ <w < n}.

Given a matrix A = (a;;) € C™*™. Let k and r be integers satisfying 1 < k < m
and 1 < r < n, respectively. If & € Qgm and 8 € Qpn, then A(a, 8) denotes the
k x r matrix whose (4, ) entry is aq, g,. If o is equal to 3, A(a|a) is abbreviated to
A(e). Let A € C™*" | = min{m,n}, k € L = {1,2,...,l}. We denote by Ci(A)
the kth compound matrix. Let all the elements of Q) ,, be ordered lexicographically;

”<” denotes the lexicographical order. Let Q, ., = {ai|z =1,..., ( )} satisfy
r
a1 R ag < 0 <A, ) Define a mapping o : o(q;) = 4; it is a one to one

correspondence. We denote o(«) by jo if @ € Q. If @ € Qpy and 5 € Qg ., then
Aj. j, denotes the (ja,js) entry of Cy(A).

Let A e C™ ™. If X € C"*™ satisfies the equations
(1.2) (i) AXA=A, (i) XAX =X, (iti) (XA)*=XA, (iv) (AX)" = AX,
then X is called the Moore-Penrose (MP) inverse of A.

Let AcC™" o CM,3CN,a =M—a, and 8 =N — 3. Then

’ ’ ’

(1.3) Al +(a,B) = A, ) = A(d, B)[A(ev, B)] T A(er, ')

is called the generalized Schur complement with respect to A(a, 8). If A(a, ) is a
nonsingular matrix, then A/ (a, 8) = A/(a, ) is called the Schur complement with
respect to A(a,B). If @ = 3, we define A/ (o, ) = A/+a and A/(a,8) = A/
respectively. In [1], Ando shows that if A, B € HZ, then

(A+B)/a > A/a+ B/a,
and
A7 Ja > (A)a)=.

In this paper, we provide some similar results for compound matrices of the Schur
complements of positive semidefinite Hermitian matrices and obtain some estimates
for eigenvalues.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 21, pp. 12-24, October 2010

14 Jianzhou Liu Rong Huang

2. Some formulae for compound matrices of generalized Schur com-
plements of matrices. In this section, using properties of compound matrices and
M P inverses, we obtain some formulae for compound matrices of generalized Schur
complements of matrices.

LEMMA 2.1. Let A € C™*"™, Then

(2.1) Cr(AT) = [(Cr(A)]™.

Proof. By properties of compound matrices, we have

Cr(A) = CL(AAT A) = Cu(A)Ci(AT)Cr(A),

ii Cr(AT) = Cp(AT AA™) = CL(AT)Cr(A)Cr(A),
. k(A+ A) = ck (A+)Cy(A),
iv. Cl(AAY) = Cr(A)Cr(AT).

Thus, by equations (i)-(iv) of (1.2), we easily get that Cy(AT) = [Ck(A4)]". O

LEMMA 2.2. ([4]) Let A € C™*™ be partitioned as

(2.2) A= ( Au iz ) :

Agr Ao
where
A
r ( A; ) =r(A11,412) = (A1),
and
Az \ - +
" ay )T 7(A21, Agz) = r(Ag2 — A2 AT Ara).

Then

(2.3) At = Al + AL ARST A A, A ALST

— 5+ Ay AT, St ’

where S = A22 - A21A?—1A12.

LEMMA 2.3. Let A € HZ be partitioned as (2.2) with
T(A) = ’I’(All) + T(AQQ).

Then (2.3) holds.
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THEOREM 2.4. Let Ac C™*" o M,BCN,a =M—aand 8 = N—p. Set
1 <k <min{|M — «f,|N — 8|}. Suppose that the following conditions are satisfied:

(2.4 r(i&??f>==NAWCH%AWCQ)=NAWCH»
(2.5) P05 ) = e 8. Al 8) = r(a/ (o )

’

@@r(qmmﬂﬂ>=mmm¢ﬁm@mmmm=d@mwﬁﬂh

’

CL(A) (. 6)
@”T<iwm®

> = 1(Cl(A)(7,6), Ck(A)(7,0)) = r(C(A)/+ (7, ),
where 4 = {jyla’ C o, || = ko' € Qum}, & = {jz|8 C B, |B] =k B €
Qin}s and’y—{l,Z,...,< TZ >}_~/, 5_{1,2,...,< Z >}_5’.

Then

(2.8) CilA/ (o, B)] = Ci(A)/+(7,0).

Proof. For A € C™*"_ there exist permutation matrices P € C™*"™ and Q €
C™*™ such that

PAQ—( ’

Let

o ={1,2,...,|},8 ={1,2,...,|8},a=M-d,

— By ={12,. WL ={1,2,.... |5}

™
Il
=



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 21, pp. 12-24, October 2010

16 Jianzhou Liu Rong Huang

Thus, by (2.3), (2.4) and Lemma 2.2, we have

(2.9) (AT (), 8] = A/ (e, ).
By (2.5), (2.6) and Lemma 2.2, we have
(2.10) {[CL(A)]F (7,6 ) = Crl(A)/+(7,9).

Therefore, from (1.3), (2.8) and (2.9), it follows that
Ci[A/ (e, B)] = Ok[(PAQ)/+(~ B)]

= G{(PAQ)* (@, )"} (by (28))
= {GW(PAQ) (@, B)}F (by (1.3))
= {Ci[(PAQ)T ]( )}

= {[Ck(PAQ)IT (7,0} (by (1.3))

= Cr(PAQ)/+(7, ) (by (2.9))
= Ck(A)/+(7,0). o

COROLLARY 2.5. Let Ae C"™*", o C N and a =N-—a. Setl1<k<mn-— la].
If A, A(a), and A(a') are nonsingular respectively, then

(2.11) Cr(A/a) = Cr(A) )y
where v = {jo?k;l ca, |o?| =ka € Qrnt andy=1{1,2,..., < Z )} -~

In a manner similar to the proof of Theorem 2.4, we obtain the following result
by using Lemma 2.3.

2 aCNando =N—a. Set1 <k <n-—lal
Suppose that the following conditions are satisfied:
r(4) = r(A() +r(A()),
r[Cr(A)] = r[Cr(A) (V)] + r[Cre(A) (v )],

THEOREM 2.6. Let A € HZ

where ' :{jo?wl ca,la|=ka €Qun},v= {1,2,...,( Z )}—7/. Then

(2.12) Cr(A/+a) = Cr(A)/ 4

COROLLARY 2.7. Let A€c H>, a C N and o' = N — . Set 1 <k <n-—|a

Then "
(2.13) C(A/a) = Cr(A) /7,

where FY, = {j&/|07 C Oé,,|07| = k,O;/ € Qk,n}) Y= {1725"'7 < Z )}_’Yl
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3. Some Lowner partial orders for compound matrices of sums of ma-
trices. In this section, we obtain some Lowner partial orders for compound matrices
of Schur complements of positive semidefinite Hermitian matrices. Further, we obtain
some estimates for eigenvalues of Schur complements of sums of positive semidefinite
Hermitian matrices.

LEMMA 3.1. ([2, p. 184]) Let A,B € H,,. Then
(3.1) M(A+B) > ZJrrjnagq {Ni(A) +X;(B)}.
LEMMA 3.2. (i) Let A€ H,k € N andr € R. Then
(32) Ci(A") = [Cre(A)]".
(i) Let A€ HZ,k € N andr € Ry. Then (3.2) holds.
Proof. Since A € H,, there exists an unitary matrix U such that
A =Udiag(A(A), ..., \(A)U*

where A\;(A) >0 (i =1,2,...,n). Thus

Cr(A") = Cp[Udiag(A[(A4), ..., AL (A))U7]
= C(U)Cy[diag(A] (A)v"'a/\rz(A)][Ck( )"
= Ci(U)diag([A1(A4) ... (A" - Pkt 1(A4) - A (A)])[Cr(U)]
= {Ck(U)diag()\l(A) Ak(A)s - A1 (A) - A (A) [Cr (U]}
:{Ck(U)Ck[diag(/\l(A) AR (A ))][ k(U]
= {Cr[Udiag(A1(A), ..., A (A)U"]}"
= [Cr(A)]"

In a manner similar to the proof of (i), we obtain (ii). O
LEMMA 3.3. Let A, B€ HZ k€ N. Then

(3.3) Cr(A+ B) > Cx(A) + Cx(B).

Proof. Since A, B € HZ, we have

(3.4) Ci(A+ B) = Ch(A% A% + B3 B?)
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It is not difficult to show that there exist X and a permutation matrix U such that

(3.5) Cl(A%, B%)] = (Cy,(A%),C(B?), X)U,

. n 2n
WhereXls(k>><[<k>—
3

Therefore, by (3.3) and (3.4), we have

LEMMA 3.4. Let AB€ HZ,A> B and k € N. Then
(3.6) Ck(A) > Ck(B)
Proof. Lemma 3.3 ensures that

Cr(A) =Cy[B+ (A—-B)] > Cp(B) + Cr(A— B) > Cr(B). O

THEOREM 3.5. Let A B€ HZ, « C N, and o = N —a. Set 1 <k <n—|al.
Suppose that the following conditions are satisfied:
(3.7) r(A) = r(A(@)] +r[A(a)], r(B) =r[B(a)] +r[B(a)],

r[C(A)] = r[CL(A) N +r[Cr(A) ()], r[Cr(B)] = r[Ch(B)()] +r[Cr(B)( )],
(3.8)

where ' :{jo?wl ca,la|=ko €Qun} andy = {1,2,...,( Z )}—7/. Then

(3.9) Chl(A+ B)/+a] > Cr(A4)/47 + Ci(B)/17.

Proof. By [8, Theorem 3.1], it follows that
(3.10) (A+B)/ya> A/ a+ B/ a.
Thus, by (3.5), (3.9), (3.2), (3.6), (3.7) and (2.13), we conclude that

Crl(A+ B)/+a] > Cr(A/ra+ B/ra) (by (3.5) and (3.9))
> Cy(A/+0) + Cu(B/+a) (by (3:2)
= Cr(A)/+v+ Cr(B)/+~. (by (3.6),(3.7) and (2.13)). 0
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COROLLARY 3.6. Let all assumptions of Theorem 3.5 be satisfied. If A—B € HZ,
then

(3.11) Crl(A = B)/+a] < Ck(A)/+v — Cr(B)/+7-

Proof. Since A — B € HZ, Theorem 3.5 ensures that
Cu(A)/ 17 = Cr(A/ ya) = Ci[(B + (A = B))/ 10
is at least
Ci(B/10) + Cil(A— B)/+a] = C(B)/ 17 + Ckl[(A - B)/al,
which means that (3.11) holds. O

THEOREM 3.7. Let all the assumptions of Theorem 3.5 be satisfied. Then

Ed

(3.12) H [(A+ B)/.a

is bounded below by the maximum of

k k
H (A/+a) +H/\n la|—t+1(B/+a)
and
k k
[T - ta—t1(A/ 1) + T M(B/ ).
t=1 t=1

Proof. Theorem 3.5 and (2.13) imply that

d(A+ B)/+alM{CHI(A + B)/+al} > MICh(A/+a) + Ci(B/+a),

HEa—

which is bounded below by the maximum of
M[(Cr(A/ )] + /\( " )[Ck(B/+a)]
and

/\( ne el )[Ck(A/M)+/\1[(Ck(B/+04)],
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and hence by the maximum of

k
H (A/ ) —|—H)\n la|—t+1(B/+a)

and

H)\n |a| —t+1 A/+OZ +H)\t B/+O[ a

t=1

REMARK 3.8. In a manner similar to the proof of Theorem 3.7, we get the
following result

k k k
(3.13) H/\n—|a\—t+1[(A+B)/+Oé H)\n la|—t4+1(A/+a) +H/\n—|a\ t+1(B/+a).

t=1 t=1

THEOREM 3.9. Let B € HZ, L ={1,2,...,min{m,n}},a C L, and o' = M —a,
B =N—a. Set1<k<|L—al| IfAeC™ " satisfies conditions (2.3)-(2.6) and

(3.14) R[A(a, )] € R[A(a)],
then
(3.15) Crl(ABA*)/1a] < [Cr(A)/+9]Ck(B)(6)[Cr(A) /1],

wherey' = {jgla’ Co,|a/| = ko' € Qrm}, 6 ={jzl8 CB,I8]1=k B € Qum},

and’y—{l,Q,...,( )} 5, 5_{1,2,...,(2)}—5'.

Proof. Using (3.13), in a manner similar to the proof of [10, Theorem 3] and [9,
Theorem 2 |, it follows that

(3.16) (ABA%)/1a < (A/+0)B@')(A/ )"
Thus, from (3.15), (3.5) and (2.7), we obtain
Crl(ABA®)/1a] < Cr[(A/+)B(B)(A/+)"] (by (3.15) and (3.5))
= Ci(A/+a)Ci[B(S NCk[(A/ )]
= [Cu(A)/+7Cu(B)(3)[C(A)/47]" (by (2.7)). O

THEOREM 3.10. Let all assumptions of Corollary 2.7 be satisfied, and 0 <[ < 1.
Then

(3.17) Cr(A'Ja) > [Ck(A)/A]'.
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Proof. By [13], for 1 <t < 400, we have
(3.18) Ale)) < [A ()7

1
t

Replace A with (A~1)¢ in Egs. (3.17), and let [ = }. Then

(3.19) (AYHa') = (A"H(a) < [A7H )"
It is known by [3, p. 474] that for B € H.”,
(3.20) B () = (B/a)™".
Thus, by (3.18) and (3.19), we get
(3.21) AlJa > (A)a)l.
Therefore, from (3.20), (3.5), (3.1), and (2.12), we have
Ci(A'/a) > C[(A/a)'] = [Ch(A/a)) = [Ck(A)/4). O

4. Some Lowner partial orders for compound matrices of Schur com-
plements of two types matrices. Let A € C"*". Then
A AT A— A*

Sa= .
g 74 2

(4.1) Hy
In this section, we study compound matrices of Schur complements of complex square
matrices that are either normal or have positive definite Hermitian part.

THEOREM 4.1. Let all assumptions of Corollary 2.5 be satisfied. If (A+ A*)(a) €
H \ZI’ then

| det A|
det Hy

2k
(12) ok<A+A*>/~ysck[A/a+<A/a>*1s[ } (A + A") /.

Proof. By [9, Theorem 7 and Theorem 8|, we have

(4.3) [TEZ{’E] [4/a + (A/a)'] < (A+ A%)/a < Afa+ (A/a)".
Thus
(4.4) (A+ A% /a < AJa+ (A)a)* < [%} (A+ A%/
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y (4.3), (3.5) and (2.10), we get that

Lifﬁﬂ (A+A*>/a} (by(4.3) and (3.5))

@MM+MMM§@{[

det H 4

| det A
det H 4

= [t AT g+ e

2k
] Ci(A+ A7)/ (by (2.10)),

and

CrlA/a+ (A/a)*] = Cp[(A+ A™)/al
=Cr(A+A")/~. 0

THEOREM 4.2. Let A € N,, « C N and @ =N—a. Setl <k<n-— la].
Suppose that the following conditions are satisfied:

’

S3) =r[Sh (a)] r[Si(a ],

[C(H2)] = r[Ch(HZ)(7)] + r[Cr(H A)('YI)]
r[Ck(SH)] = rlCr(SD) ()] + rC(SH) ()],

where ' :{joﬂ&l ca | =k €Qunt,v= {1,2,...,< Z )}—’yl. Then

(4.5) Cx[(AA*)/1a] = [Cr(HA)? /7 + (= 1)*[Cu(Sa)]?/ 47

Proof. Since A € N,,, we have
(4.6) HpS4=S4Hy.
Noting that S% = —S4, by (4.6), we obtain

AA™ = (Ha+ Sa)(Ha+ Sa)" = (Ha+ Sa)(Ha + S3)

(4.7) = H3 + HaS% + SaHa + SaS% = H3 + SaS3.
By (4.6), (3.9), (3.5), (3.2) and (2.11), we have

Cr[(AA")/ o] = Cx[(HZ + SaS%)/+a] (by (4.6))
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> Cr[H% /v + (SaS%)/+a] (by (3.9) and (3.5))
> Cr(H3/+ ) + Cr[(SaSh)/+a] (by (3.2))

= Cx(H3)/+7v + Ck(SaSh)/+v (by (2.11))

= [Cr(H)?/+7v + Ck(=52) [+

= [Cr(HA)? /47 + (=D)*[Ck(Sa)?/ 17 a

THEOREM 4.3. Let all the assumptions of Corollary 2.5 be satisfied. Suppose
A € N, is nonsingular and each of Ha and S is nonsingular. Then
(4.8) Crl(AA") ™" fa] = [Cr(Ha — SaHZ'Sa)) 7 /v
(= D)MCR(Sa — HAST HA)] 2/,

Proof. Since A € N,,, we have A~' € N,, . Further

Hp = %(A‘l +(A7H")
%A_l(A—l—A*)(A_l)*)

= (AT H A

= [(Ha+Sa)*H;'(Ha+ Sa)] ™!
= (HA — SAHglsA)‘l.

Similarly, we have

1
Sa-1 = 5(14_1 — A_l*) = (SA — HASXIHA)_I.

Thus, in a manner similar to the proof of Theorem 4.2, we obtain (4.8). O

5. Conclusions. We have obtained some formulae for compound matrices of
generalized Schur complements of matrices. Using these results, we studied some
Lowner partial orders for compound matrices of Schur complements of positive semi-
definite Hermitian matrices. If A, B € HZ, we extend some results in [1] and show
that

Crl(A+ B)/+a] = Cr(A)/+7 + Cu(B)/+
under some restrictive conditions, as shown in Theorem 3.5, as well as
Cr(A'/a) > [Cr(A) /7]

if A € H>, as shown in Theorem 3.10. In addition, we provide some results for

n

compound matrices of Schur complements of complex square matrices that are either
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normal or have positive definite Hermitian part. We obtained some estimates for

eigenvalues.
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