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FLAG-SHAPED BLOCKERS OF 123-AVOIDING PERMUTATION MATRICES*

MEGAN BENNETT!? AND LEI CAO*

Abstract. A blocker of 123-avoiding permutation matrices refers to the set of zeros contained within an n x n 123-forcing
matrix. Recently, Brualdi and Cao provided a characterization of all minimal blockers, which are blockers with a cardinality of
n. Building upon their work, a new type of blocker, flag-shaped blockers, which can be seen as a generalization of the L-shaped
blockers defined by Brualdi and Cao, are introduced. It is demonstrated that all flag-shaped blockers are minimum blockers.
The possible cardinalities of flag-shaped blockers are also determined, and the dimensions of subpolytopes that are defined by
flag-shaped blockers are examined.
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1. Introduction. Let n be a positive integer and let P,, be the set of n x n permutation matrices
corresponding to the set S, of permutations of {1,2,...,n}. A permutation o of {1,2,...,n} contains a
123-pattern provided it contains an increasing subsequence of length 3 and, otherwise, is 123-avoiding. In
terms of the n X n permutation matrix P corresponding to o, P contains a 123-pattern provided the 3 x 3
identity matrix I3 is a submatrix of P.

If Aisan nxn (0,1)-matrix, then A is 123-forcing provided every permutation matrix P < A (entrywise
order) contains a 123-pattern; the matrix A thus blocks all 123-avoiding permutations, in that every 123-
avoiding permutation matrix has at least one 1 in a position of a 0 of A. The set of zeros contained in a
123-forcing matrix A is called a blocker of 123-avoiding permutation matrices. A blocker B is minimum if
removing any element from B makes it no longer a blocker. If there does not exist a blocker D such that the
cardinality of D is less than the cardinality of B, then B is minimal. Thus, all minimal blockers are minimum.
123-forcing matrices and blockers of 123-avoiding permutation matrices have been previously investigated in
[3, 2, 1].

Denote the n x n matrix of all 1's as J,. We define the cyclic-Hankel decomposition of J, into n
permutation matrices by starting with row 1 and cyclically permuting it as for circulant matrices but in a
right-to-left fashion, rather than the left-to-right fashion. We call these permutation matrices cyclic-Hankel
permutation matrices or cyclic-Hankel diagonals. The cyclic-Hankel decomposition is illustrated for n = 6
using letters a, b, c,d, e, f below:
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[ alblc|d|e]|f]
blec|dlel|f]|a
cldlel|flal|b
d flal|b]|c
fla|b|lc|d
| flalb|c|d]|e |

LEMMA 1.1 (Lemma 2.2 in [3]). The number of 0’s in an n xn 123-forcing (0, 1)-matriz is at least n. An
nxn 123-forcing (0, 1)-matriz with exactly n 0’s contains exactly one 0 from each cyclic-Hankel permutation
matriz.

One particular importance of all blockers with exact n zeros is the L-shaped blockers, a set of n adjacent
positions denoted L, (s,r), where s corresponds to the width of the blocker, r corresponds to the height, and
r+s=n+1. Clearly, an n x n (0,1)-matrix A with a row or column of all 0’s is 123-forcing, since there
do not exist any permutation matrices P < A. If the zeros are not contained in one row or one column,
L-shaped blockers must contain either the (1,n) or (n,1) position. In [3], it was shown that all blockers
with exact n zeros can be obtained from L-shaped blockers by shifting some zeros along the cyclic-Hankel
diagonals. The following examples illustrate these results.

ExaMmpPLE 1.2. For n = 6, one possible L-shaped blocker is

1{1]o]olo]o
111110
1{1f1l1]1]o
L6(4’3>:111111
t{1]1]1)1]1
111|111 |

Every permutation matrix P < Lg(4,3) contains one of the two 1’s from row 1, one of the three 1’s from
column 6, and then necessarily one of the 1’s from the 2 x 3 submatrix formed by rows 2 and 3, and columns
3,4, and 5, as given by the Frobenius-Kénig theorem [5], thereby resulting in a 123-pattern. Thus, A is a
123-forcing matrix; equivalently, A blocks all 6 x 6 123-avoiding permutation matrices. Another example of a
123-forcing matrix with 6 0’s obtained from Lg(4, 3) by shifting some zeros along the cyclic-Hankel diagonals
is

R lRr|R|~R|O]|~

e =)

el e L =N =]

0
1
1
0
1
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The main purpose of this paper is to characterize 123-forcing matrices (equivalently, blockers of 123-
avoiding permutation matrices) A with 0’s in certain shapes. We now briefly summarize the content of this
paper. In Section 2, we define flag-shaped blockers of 123-avoiding permutation matrices and show that
they are minimum blockers. In Section 3, we give all possible cardinalities (number of zeros) of an n x n
flag-shaped blocker of 123-avoiding permutation matrices and propose a conjecture that any n x n minimum
blocker of 123-avoiding permutation matrices contains at least n zeros and at most rs zeros, where |r—s| <1
and r + s = n + 1. In Section 4, we explore the dimensions of the subpolytopes of a 123-avoiding polytope
determined by a flag-shaped blocker.

2. Defining Flag-Shaped Blockers. A flag-shaped blocker of an n x n matrix is a set of adjacent
positions, denoted B,,(m,t), in the following form.

The blocker is composed of two parts, the “pole,” shown in green, and the “flag,” shown in red. The
“pole” is a (n—t) x 1 submatrix contained in the m** column, where 1 < m < n. The “fag” is an (n—m+1) xt
submatrix with consecutive rows and columns contained in row 1 to row n —m + 1 and column m — ¢t to
column m — 1, where ¢ is the number of unoccupied rows below the blocker. We require the height of the
pole to be greater or equal to the height of the flag, hence 0 < ¢ < m — 1. Note that B, (m,t) has cardinality
n+t(n —m).

Since the 123-avoiding property is preserved when we take the transpose, take the Hankel transpose,
or rotate the matrix by 180°, a flag-shaped blocker is still a blocker if it is reflected across the main or
Hankel diagonal or rotated 180° about the center of the matrix. Thus, without loss of generality, we will
only consider the case where flag-shaped blockers are oriented in the same manner as the figure above, unless
stated otherwise.

Interestingly, these flag-shaped blockers can be considered generalizations of L-shaped blockers, which are
introduced in [2], as an L-shaped blocker with m = n is a flag-shaped blocker. Furthermore, the flag-shaped
blockers B, (m,m — 1) are special types of blockers given by the Frobenius-Konig theorem. Thus, L-shaped
blockers and certain cases of Frobenius-Konig blockers are both special cases of flag-shaped blockers.

Starting with Lemma 2.1, we first prove that B,,(m,t), the set of positions arranged in a flag-shape, are
blockers, then we show they are minimum blockers in Lemma 2.2 and Theorem 2.3. In the following proofs
and examples, we will utilize the cyclic-Hankel decomposition with red positions denoting blocker positions,
unless specified otherwise.
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LEMMA 2.1. Let Q be a set of positions of an n x n matriz. If Q is a flag-shaped blocker B, (m,t) with
cardinality n +t(n —m), where 0 <t <m —1 and 1 <m < n, then Q is a blocker of all n x n 123-avoiding
permutation matrices.

Proof. Without loss of generality, we consider a 10 x 10 matrix with the flag-shaped blocker B, (7, 3) for
illustrative purposes, though the general proof follows in the same manner.

We know that if there exists a 123-avoiding permutation matrix that does not intersect (), then it must
contain one of the positions in yellow submatrix in the below matrix.

alblcl|d|e|flg|h|i]|]j
blcld|le|flg|lh|i|jl|a
cldle|flg|h|i|j|lal|b
dle|flglh|i|j|lalb]|c
el flglh|i|jlal|b|c|d
flglh|i|jlal|lb|c|d]e
glhli|jlalblc|d]|ellf
hli|jlalbl|lc|d flyg
iljlal|lb|lc|d flglh
_jabcdef hi_

We also know that at least one of the green positions in the above figure must be used to construct
the permutation matrix, as the set of green and red positions forms a blocker given by the Frobenius-Konig
theorem, which intersects every permutation matrix.

The yellow submatrix in the upper right corner shown in the figure below will always contain more rows,
n —m + 1, than columns, n — m. Thus, it is necessary that we use at least one position from the green
submatrix in the upper left corner in the figure below to construct the permutation matrix.

_abcdefghzj_
blcld|e|flg|h|i|jl|a
cld|e|flg|h|i|jlalb
dle|flglhl|i|jlal]b]|c
el flglh|i|jla|b|c|d
flglhl|li|jlalb|c|d]e
glhli|jlalblec|d|ellf
hli|ljlalbl|lc|d flyg
iljlal|lb|lc|d flglh
_jabcdef hi_
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However, this means the permutation matrix constructed cannot be 123-avoiding without intersecting
the blocker, as at least one element from each of the yellow submatrices below must be utilized when
constructing a permutation matrix that does not intersect @. Thus, @ is a blocker.

a|blc|dle|flg|h|i]|J
blcldle|flg i1j|a
cldlel|flg|lhl|i|j|lalb
dle|flglhl|li|jlal|b]|c
el flglhl|li|jla|b|c|d
flglh|i|jla|b|lc|d]|e
glhl|i|jla|blc|d|el|f
hli|jlalbl|lc|d flyg
iljlalblc|d|e|flglh
_jabcdef hz_ O

We now show that flag-shaped blockers B, (m,t) are minimum blockers.

LEMMA 2.2. For any element b in the first row of a flag-shaped blocker B, (m,t) of all n xn 123-avoiding
permutation matrices, there exists at least one 123-avoiding permutation matriz that intersects the blocker
at most once at b.

Proof. Without loss of generality, we consider a 10 x 10 matrix with the flag-shaped blocker B,,(7,3) for
illustrative purposes, though the general proof follows in the same manner.

Recall that if a blocker is minimum, then removing any position will no longer make it a blocker. To
prove that all the blocker positions in the first row are necessary, we need to show that a 123-avoiding
permutation matrix can be constructed using any of the positions of the blocker in the first row.

We start by considering the first m — ¢ — 1 columns of the matrix, the first three columns in the matrix
below. We can begin constructing the 123-avoiding permutation matrix that only intersects the blocker in
row 1 by utilizing the highest positions, going from northeast to southwest and starting at row 2. These are
the three green positions in the figure below.

—abc defghzj-
blcld|le|flg|h|i]|j|a
cldlellflg|h|i|j|lalb
dlie|fllglh|i|jlal|b]|c
el flgllh|li]|jlal|b|c|d
flglh|i]jla|b|cl|d]|e
glhlilljla|b|lec|d|e|f
hliljllal|lb|c|d flyg
iljlallblc|d flglh
_jab cldlelf hi_
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Next, we will consider the last n —m columns. We can use positions from these columns to construct the
123-avoiding permutation matrix, starting with the most northeastern position in the row below the lowest
position used in the previous step.

_abcdefg hzj_
blcld|le|flglhl|li|]j]|a
cldle|lflg|h|i]|j|lalbd
dlie|flglh|i|jllal|b]|c
el flglh|i|jlal|b|c|d
flglhl|li|jlalb|cl|d]|e
glhli|jlalblcl|d|e]|f
hli|jlalbl|lc|d flyg
iljlal|lb|lc|d flglh
_jabcdef hi_

Exactly, n —t — 1 out of n columns have been accounted for, and elements in these columns that we use
to construct the 123-avoiding permutation matrix will never intersect the blocker since there are no positions
of the blocker in these columns. This implies that there are exactly n —t — 1 rows in the matrix that pose
no issues when constructing the permutation matrix.

Now, all that is left to consider is row 1 and the last ¢ rows of the matrix, for a total of ¢t + 1 rows. By
definition, the last ¢t rows contain no positions of the blocker, so it is always possible to use ¢ positions from
northeast to southwest for the portion of the 123-avoiding permutation matrix in these last ¢ rows.

So far, the 123-avoiding permutation matrix being constructed is disjoint from the blocker. However, the
last element of the permutation matrix must come from row 1. This element will intersect the blocker, so there
exists a permutation matrix that intersects the blocker at most once, as shown in the following examples,
where the yellow positions represent the intersections of the blocker and the 123-avoiding permutation matrix.

alblc|d|e|flg|h|i]|]J alblc|d|e|lflg|h|i]|j
blc|dlel|fl|g i1j|a blcld|e|flg|h|i|jla
cld|e|flg|h|i|j|lalb cld|le|flg|h|i|j|lal|b
dlie|flglhl|i|j|lal]b]|c dle|flglh|i|jlal]b]|c
el flglh|i|jlal|b|c|d el flglh|i|jlal|b|c|d
flglhl|li|jlalb|c|d]e o flglh|i|ljlalb|lc|d]e
glhlil|ljlal|lblec|d]|e]|f hli|ljlal|blc|d|el|f
hli|ljlalbl|lc|d flyg hli|jlalbl|lc|d flg
i|jlalblcld|e|flg|h iljlal|lb|lc|d flglh
| J|a cld|el|f hz_ _jabcdef h?ﬁ_
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Thus, for any element b in the flag-shaped blocker that resides in the first row of an n x n matrix,
there exists at least one 123-avoiding permutation matrix that intersects the blocker at most once at b. By
definition, this means that every element of the blocker in the first row of the matrix is a necessary position
of the blocker. O

THEOREM 2.3. Let @ be a set of positions of an n x n matriz. If Q is a flag-shaped blocker B, (m,t)
with cardinality n + t(n —m), where 0 <t < m —1 and 1 < m < n, then Q is a minimum blocker of all
n X n 123-avoiding permutation matrices.

Proof. Without loss of generality, we consider a 10 x 10 matrix with the flag-shaped blocker B,,(7,3) for
illustrative purposes, though the general proof follows in the same manner.

By Lemma 2.2, every element of @) in the first row of the matrix is necessary for the minimum blocker,
so we can consider the following matrix.

(alb]clafelsloln]s]]
blcld|le|flg|h|i|jl|la
cldlelflg|h|i|jlallbd
die|flglhl|i|j|lalbl|c
e|lflglhli|jlal|b|cl|d
flglh|i|glalb|lc|d]e
glhli|jlalblc|d|el f
hlil|jla|b|c|d fllg
itljlal|blcl|d flgllh
| Jla|blc|d|elf hili |

We can use the green j to attempt to construct a 123-avoiding permutation matrix, allowing us to focus
on the 9 x 9 submatrix at the lower left corner. In this submatrix, we have another flag-shaped blocker.
By repeating the above steps, we can show that all the blocker elements in row 2 must be included in the
minimum blocker. This process of reducing the size of the flag-shaped blocker can be repeated until we are
left with an L-shaped minimal blocker, all positions of which are necessary. Thus, all positions of ) are
necessary. Since removing any element of () makes it no longer a blocker, @ is a minimum blocker. ]

3. The Cardinality of Flag-Shaped Blockers. Flag-shaped blockers have a cardinality of n only
when m = n or m = 1. More generally, the cardinality of a flag-shaped minimum blocker is given by the
expression n—+t(n—m), where 0 <t <m—1and 1 < m <n. With this expression, we are able to determine
which cardinalities can and cannot be achieved by a flag-shaped blocker.

THEOREM 3.1. Let n,m, and t be nonnegative integers, such that 0 <t <m —1 and 1 < m < n, and
let p:=n+t(n—m), wheren <p <n+([5] —1)(n—[F]). There exists a flag-shaped blocker B, (m,t)
with cardinality p if and only if p—n <m —1 or if p—n is a composite number.

Proof. = Suppose there exists a flag-shaped blocker with cardinality p. If p — n is a prime number
greater than m — 1, then this implies that t(n —m) is also prime and greater than m — 1. However, ¢t(n —m)

can only be prime if either ¢t =1 or n —m = 1. The requirement that ¢(n —m) > m — 1 prevents either case
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from occurring. Thus, p — n = t(n — m) cannot be prime, a contradiction. This implies that if there exists
a flag-shaped blocker with cardinality p, then either p —n < m — 1 is true or p — n is a composite number.

<Forn—m=1,p=n+tand 0<t<m-—1,so
n<p<n+m-—1
0<p—n<m—1,

and all conditions on p,n,m, and t for a flag-shaped blocker, as defined in Section 2, are met. This means
that when p —n < m — 1, there does exist a flag-shaped blocker with cardinality p.

Now, suppose that p — n is a composite number. If n —m > 2 and ¢ > 2, then p —n = t(n — m) must
be a composite number such that 1 < m < n and 0 < ¢t < m — 1. All conditions on p,n,m, and ¢ for a
flag-shaped blocker are satisfied, so there does exist a flag-shaped blocker with cardinality p. 0

Since we know the range of cardinalities for flag-shaped blockers, we briefly expand our view to consider
all minimum blockers, not simply flag-shaped blockers. Because all minimal blockers are minimum blockers,
the lower bound for the cardinality of a minimum blocker of an n x n matrix is n, as each letter of the
Hankel-cyclic decomposition must appear at least once in the blocker. Determining the upper bound is more
complicated, since the shapes of all minimum blockers have not yet been fully characterized. Nonetheless,
we provide the following conjecture for the upper bound of the cardinality of all minimum blockers and show
that flag-shaped blockers can achieve this upper bound.

CONJECTURE 3.2. The upper bound for the cardinality of a minimum blocker of all n X n 123-avoiding
permutation matrices is v X s, where |[r —s| <1 and r+s=mn+ 1.

There exist minimum flag-shaped blockers with exactly r x s positions. These can occur when an adjacent
set of positions forming a blocker given by the Frobenius-Konig theorem, such that |r — s| < 1, is placed at
the northwest or southeast corner of a matrix, since these blockers are special cases of flag-shaped blockers,
as described in Section 2. The upper bound can also be expressed in terms of only m and n by denoting

n n

m=[%]and t =m —1=[%] — 1 for a maximum cardinality of n+ ([§] —1)(n — [§]).

ExaMPLE 3.3. Minimum blockers of 10 x 10 matrices with cardinality r X s = 30.

-abcdefghzj_ -abcdefghzj_
blc|d|e|flg 117 a blc|d|le|flg i1J|a
cldle|flglhl|i|j|lalb cldle|flglhl|li|j|lalb
die|flg|h|i|jlalb]|ec dle|flg|hli|jlalb]|ec
el flglh|i|jlal|lb|c|d und el flglh|i|jla|b|c|d
flglh|i|jla|b|lc|d]|e flglh|i|jla|b|lc|d]|e
glhli|jlalblc|d|ellf glhli|jlalblc|d]|el|lf
hlit|jlalblc|d|el|flyg hlit|jlalblc|d|el|fl|g
iljlalblcld|le|flglh iljlalblcld|e|flgl|lh
| J|a cdefghz_ | J|a cldlel|f hi_
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Furthermore, we are able to determine which cardinalities are unable to be obtained by flag-shaped
blockers by using the sieve of Eratosthenes to find all values of p — n that are prime, where m —1 <p—n <
rs—nand |r —s| <1.

The last thing we will prove in this section is that Conjecture 3.2 is true for the n = 3 case. That is, we

can show that the upper bound of a minimum flag-shaped blocker of a 3 x 3 matrix is X s =2 x 2 = 4.

Proof. Let A be a 3 x 3 (0,1)-matrix avoiding 123-permutation. If the permanent of A is 0, then A
contains a rectangular r x s zero submatrix with r + s = 4. According to Frobenius-Koénig theorem, any zero
not in the r x s submatrix is not necessary, so a minimum blocker of A at most contains four zeros when
r=s=2.

If the permanent of A is nonzero, then A contains three 1’s on the diagonal.

If there is a pair of 1’s symmetric with respect to the diagonal, we can construct a 123-avoiding permu-
tation matrix by replacing the two 1’s on the diagonal by the pair of 1's.

There are three pairs of elements and we just need to block one element in each pair, so a minimum
blocker has cardinality 3. O

4. The Polytope Generated by 123-Avoiding Permutation Matrices. One of our motivations
for studying blockers of 123-avoiding permutation matrices is to gain a better understanding of the polytope
generated by 123-avoiding permutation matrices, denoted ,(123), whose dimension is (n — 1)2. In [4],
Brualdi and Cao show that each minimal blocker of n x n 123-avoiding permutation matrices determines
a facet of ,(123), and a face of Q,,(123) lives in dimension (n — 1)? — 1. We seek to learn more about
the dimension of the faces of €,(123) determined by flag-shaped blocker. The dimension of a face of
,,(123) determined by a minimum blocker is equivalent to the number of linearly independent 123-avoiding
permutation matrices that intersect the blocker exactly once, and no more. We present an inductive argument
to find a more precise upper bound for the dimension.

LEMMA 4.1. Given a flag-shaped minimum blocker B, (m,t) of all n x n 123-avoiding permutation ma-
trices with m = n — 1, there is a t x 1 submatriz of adjacent positions containing the (n,n) position that
cannot be used to construct a 123-avoiding permutation matrix that intersects the blocker exactly once.
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Proof. Consider an n X n matrix containing a flag-shaped blocker such that m = n — 1. Our claim
is that the elements at the intersection of column n and the last ¢ rows cannot be used to construct any
123-avoiding permutation matrix that intersects the blocker exactly once.

Suppose we use any position from the intersection of column n and the last ¢ rows to attempt to construct
a 123-avoiding permutation matrix that intersects the blocker exactly once. Now, consider the submatrix
formed by deleting the column and row in which this position resides. We must utilize t — 1 additional
positions from the last ¢ — 1 rows of the submatrix to attempt to construct a 123-avoiding permutation
matrix. The specific positions we use are not important in this case, so long as they do not form a 123-
pattern with the first position we chose from column n.

We can now delete the last ¢ — 1 rows from the submatrix. Notice that the new submatrix is not square,
as it has ¢t — 1 more columns than rows. No matter which ¢t — 1 columns we delete to form an (n—t) X (n —t)
submatrix, we can never construct a 12-avoiding permutation matrix in this submatrix without intersecting
the blocker more than once. This is due to the fact that the remaining flag portion of the blocker will always
form at least an (n —m + 1) X 2 submatrix with at least two blocker positions on each full diagonal of the
(n —t) x (n — 1) submatrix. Thus, this (n —¢) x (n — 1) submatrix must contain a 12-pattern. However,
this 12-pattern paired with the position from column n forms a 123-pattern. Thus, we cannot construct a
123-avoiding permutation matrix using any position from the intersection of column n and the last ¢ rows.O

THEOREM 4.2. Given a flag-shaped minimum blocker B, (m,t) of all n x n 123-avoiding permutation
matrices, there is a t X (n —m) submatriz of adjacent positions containing the (n,n) position that cannot be
used to construct a 123-avoiding permutation matriz that intersects the blocker exactly once.

Proof. Define p := n — m. Lemma 4.1 describes the case where p = 1. Now, suppose that when
2 < p < k, there are pt positions that cannot be used to construct a 123-avoiding permutation matrix that
intersects the blocker exactly once.

Suppose p = k + 1. Consider any of the ¢ positions of an n X n matrix in the intersection of the nth
column and the last ¢ rows. In order to construct a 123-avoiding permutation matrix using any of these
positions, a necessary condition is that we can construct a 123-avoiding permutation matrix in the submatrix
obtained by deleting the row and column the position that intersects the blocker only once resides in.

However, the (n — 1) x (n — 1) submatrix we obtain contains a flag-shaped blocker (perhaps with more
blocker positions than necessary) with p = k. Then by the induction hypothesis, there are kt positions we
cannot use to construct a 123-avoiding permutation matrix in the (n —1) x (n — 1) submatrix that intersects
the blocker only once. We also know there are ¢ positions from the intersection of the last column and the
last ¢ rows that we cannot use to construct a 123-avoiding permutation matrix. Thus, there are a total of
kt+t = (k+ 1)t positions we cannot use to construct a 123-avoiding permutation matrix that intersects the
blocker only once. Then by mathematical induction, we have shown that there are pt = (n — m)t positions
of an n X n matrix that we cannot use. Thus, there is a ¢t x (n — m) submatrix at the lower right corner
of the matrix from which we cannot use any positions to construct a 123-avoiding permutation matrix that
intersects the blocker exactly once. 0

EXAMPLE 4.3. To illustrate Theorem 4.2, consider the flag-shaped blocker B10(8,3). We are unable to
construct a 123-avoiding permutation matrix that intersects the blocker once, and no more, using any of the
yellow positions.
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[ alb]cldle flglh|i]|j |
blcld|le|flg|h|i|j|la
cldle|flg|h|i|j|lal|b
dle|flglhl|i|jlal]b]|c
el flglh|i|jlal|lb|c|d
flglhl|li|jlal|lb|lc|d]e
glhli|jlalblc|d]|ellf
hli|jlalbl|lc|d flg
iljlal|lb|lc|d flglh
| J|a blcld|el|f h|i |

The permutation matrix consisting of all i’s is the only 123-avoiding permutation matriz using the yellow
i. Clearly, this intersects the blocker twice. Thus, we can focus on just the yellow f or one of the yellow g’s
or h’s to illustrate the issue that arises when attempting to use any of these positions to form a 123-avoiding
permutation matrixz. Without loss of generality, we will consider the h in the last column.

We can delete column 10 and row 9 since we do not have to use another position from either in our
construction of a 123-avoiding permutation matriz. We also know that we will use one position from row 8
and one from row 10 for the permutation matriz, so we can focus on the 7 x 9 submatrix formed by deleting
the last t = 3 rows and the last column.

_abcdefghz j_
blcld|le|flg|h|i|jl|la
cldlelflg|h|i|j|lallbd
die|flglhl|i|jlalbl|ec
el flglh|i|jlalb|cl|ld
flglh|i|jlalb|lc|d] e
glhli|jla cldl|ellf
hlil|jlalb dlel|fllg
117 |a dlel|flgllh
| J|a cldle|flg|h]|li ]

We can delete the two columns in which the positions we use from rows 8 and 10 reside. However,
notice that there are no two columns we can delete to form a 7 x 7 submatriz in which we can construct
a 12-avoiding permutation matriz that intersects the blocker exactly once. For example, suppose we utilize
the e in row 8 and the f in row 10 for the permutation matriz. The submatriz formed by deleting all rows
and columns that already contain a position of the 123-avoiding permutation matriz we are attempting to
construct follows.
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[ alb|lc|dle flyg 1
blcld|e|flgla
cldlel|flg|lalb
dle|flglal]b]|c
flglal|lb|c|d
glalbl|lc|d
i alblc|d|e]|f ]

The h from row 9 of the original matriz is completely below and to the right of this 7 x 7 submatriz,
so the only way we can complete the n x n 123-avoiding permutation matriz is to construct a 12-avoiding
permutation matriz in this submatriz. However, this is only possible if we take the Hankel diagonal of the
submatriz, but we intersect the blocker twice by doing so. Thus, it is impossible to construct a 123-avoiding
permutation matriz using the h in the (9,10) position without intersecting the blocker more than once. The
same process can be used to show that none of the remaining positions in the t X (n —m) submatriz at the
lower right corner of the matriz can be used to construct a 123-avoiding permutation matrix intersecting the
blocker only once. 0

Using Theorem 4.2, we can determine the upper bound for the dimension of a face of Q,,(123).

THEOREM 4.4. A flag-shaped minimum blocker B, (m,t) of all n x n 123-avoiding permutation matrices
determines a face of 0, (123) with dimensions at most (n —1)2 + 1 —t(n — m).

Proof. Suppose there are a linearly independent permutation matrices that intersect the blocker exactly
once and that do not use any positions from the ¢ x (n — m) submatrix at the lower right corner below
and to the right of the flag-shaped blocker. It is possible to find ¢(n — m) linearly independent permutation
matrices (which do not intersect the blocker exactly once according to Theorem 4.2), each of which uses a
unique position of the ¢ x (n — 1) submatrix. These t(n —m) permutation matrices are linearly independent
from one another and from the a linearly independent permutation matrices found earlier. Thus, we have
a total of a + t(n — m) linearly independent permutation matrices, and this total cannot exceed the total
number of linearly independent permutation matrices of an n x n matrix, which is (n — 1) + 1. Therefore,
the number of linearly independent permutation matrices that intersects the blocker exactly once, given by
a, is

a<(n—17>%+1—t(n—m).

We have shown that there are at least t(n — m) positions of an n x n matrix that we cannot use
to construct a 123-avoiding permutation matrix that intersects a minimum flag-shaped blocker exactly
once. It is important to note that not all flag-shaped blockers will define a face of Q,,(123) with dimension
(n—1)2+1—t(n —m). However, there exist flag-shaped blockers that do define a face with precisely this
dimension. Before describing these blockers, we first note an important aspect of row and column blockers.

LEMMA 4.5. For each minimum blocker of all nxn 123-avoiding permutation matrices that are composed
of an entire row or column of an n X n matriz, there exist (n — 1)2 + 1 linearly independent 123-avoiding
permutation matrices that intersect the blocker exactly once each.

Proof. Every n X n permutation matrix must intersect a row or column blocker exactly once. The
polytope ©,,(123) lives in dimension (n—1)%+1, so there must exist the same number of linearly independent
123-avoiding permutation matrices. ]
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THEOREM 4.6. A rectangular flag-shaped blocker Bn(m,m — 1) of all n x n 123-avoiding permutation
matrices determines a face of Q,(123) with the mazimum dimension (n —1)2 4+ 1 —t(n —m).

Proof. We use induction on p := n — m, starting by showing that when p = 1, it is possible to find
(n—1)2+1—t-1 linearly independent 123-avoiding permutation matrices that intersect the blocker exactly
once. For illustrative purposes, we consider a 10 x 10 matrix with the flag-shaped blocker B,,(9,8) while
describing the general proof. Additionally, notice that ¢ = m — 1 for all rectangular flag-shaped blockers,
and m = n — 1 when p = 1, so we are looking to construct (n — 1)2 + 1 — (n — 2) - 1 linearly independent
123-avoiding permutation matrices.

Using the (1,n) position, there are (n —2)2? + 1 linearly independent 123-avoiding permutation matrices
that intersect the blocker exactly once. This is because the (n — 1) X (n — 1) submatrix obtained by deleting
the first row and last column contains [(n — 1) — 1]2 + 1 such permutation matrices according to Lemma 4.5.

[(alofeldle[slo]n]ills]
blcld|le|flg|h|i|jl|la
cldlelflg|h|i]|jlallbd
dle|flg|h|i|jlal]bl]lc
el flglh|i|jlal|lb|cl|ld
flglh|i|jlalb|lc|d]e
glhli|jlalblc|d|elf
hli|ljlalbl|lc|d filg
itljlal|lblcld|le|flgl]h
| jla|blc|d|elf hiili ]

Using the (2,n) position, there are an additional n — 1 linearly independent 123-avoiding permutation
matrices that intersect the blocker exactly once, which are obtained using the n — 1 blocker positions in
the first row. The 123-avoiding permutation matrices corresponding to each position will contain a unique
position of the matrix, making them linearly independent from one another. For example, consider the
123-avoiding permutation matrix obtained by using the yellow e from the blocker in the example below.

_abcdefghzj—
blc|dle|flg|lh|i|j]|a
cldle|lflg|h|i|j|lal|b
dle|flglhl|li|jlal]b]|c
el flglh|i|jlal|b|c|d
flglh|i|jlalb|lc|d]|e
glhli|jlalblc|d|el|f
hli|jlalbl|lc|d flyg
itljla|blcl|d flglh
| J|a cldlelf hi_
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Thus, in total we have
n—22%+1+n—-1=Mn-1)2+1-(n-2)-1

linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once, as desired.

We move on to the induction step. Suppose that when p = k, where 2 < k < n — 3, the corresponding
rectangular flag-shaped blocker achieves the maximum dimension

(n—12+1—-(m—-1)k) =mn-1)>*4+1-(m—-1)(n—-m-—1),

since t = m — 1 and Kk = n — m — 1 for these blockers. We will show that if p = k£ + 1, the rectangular
flag-shaped blocker achieves the maximum dimension

n—124+1-m-Dk+1)=n-1>+1—(m—1)(n—m).

For illustrative purposes, we consider a 10 x 10 matrix with the flag-shaped blocker B, (5, 4) while describing
the general proof.

Using the inductive hypothesis, it is possible to find
(n=1)=1P+1-m-D[n-1)-ml=n—-22+1-(m—1)(n—m—1)

linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once using the
(1,n) position.

[(alvfeldlels[oln]i]d]
blc|id|le|flg|h|i|jl]la
cldle|flg|h|i|jlallb
dlie|flglhl|i|jlalbl|c
el flglh|i|jlal|lb|cl|ld
flglh|i|jlalb|lc|d]le
glh|i|jlalblcld]|ellf
hli|jlal|lbl|lc|d filg
tljla|blcl|d flgllh
| J|a cldlelf hili |

Using the (2,7n) position and the blocker positions in the first row, we can find m additional linearly
independent 123-avoiding permutation matrices that intersect the blocker exactly once and that use a unique
position of the matrix. For example, consider such a permutation matrix utilizing the yellow d from the first
row of the below matrix.
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[ alblc|d|e|flg|h|i]|j |
blc|dle|flg|lh|il|j]|a
cldle|flg|h|i|j|lal|b
dle|flglhl|i|jlal]b]|c
el flglh|i|jlal|b|c|d
flglh|i|glal|b|c|d]e
glhli|jlalblc|d|elf
hli|jlalbl|lc|d flyg
itljlal|blcl|d flglh
| J|a blcl|ld|el|f h|i |

Furthermore, the n —m — 1 unused positions to the right of the blocker in the first row can also be used
to construct linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once
and that use a unique position of the matrix. For example, consider such a permutation matrix utilizing
the green ¢ from the first row below, where the yellow represents the intersection of the blocker and the
123-avoiding permutation matrix.

alblc|d|e|flg|h|i]|yj
blc|dle|flglh|il|j]|a
cldle|flg|h|i|j|lal|b
dle|flgl|lh|i|jla|b]|ec
el flglh|i|jlal|lb|c|d
flglh|i|jlal|lb|lc|d]e
glhli|jlalblc|d|ellf
hlil|jla|b|ec|d fly
iljlal|blcl|d flglh
_jabcdef hi_

Similarly, there are n —¢t — 2 = n — m — 1 positions in the intersection of the last column and row 3
through row n—m+1 that can be used to construct linearly independent 123-avoiding permutation matrices
that intersect the blocker exactly once and that use a unique position of the matrix. For example, consider
such a permutation matrix utilizing the green ¢ from the last column below.
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[ alblelalelsflglnlilij]
blc|dle|flg|lh|i|]]|a
cldlie|flg|h|i|j|lal|b
dlie|flglhl|i|jlal]b]|c
el flglh|i|jlal|lb|c|d
flglh|i|jlal|lb|c|d]e
glh|i|glal|lblc|d]|e]|f
hlit|j|lalblc|d flag
tljla|blcl|d flglh
WA cldlelf h|i |

Thus, in total we have found
n—224+1-(m-1)n-m-1)+m+2(n—m—-1)=n-12%+1—(m—1)(n—m)
linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once, as desired.O

While Theorem 4.4 presents the upper bound of the dimension of a face of £2,,(123) as determined by a
flag-shaped minimum blocker, it does not establish the lower bound. We propose one lower bound, though
we first consider a theorem regarding L-shaped blockers, a special type of flag-shaped blocker.

THEOREM 4.7 (Theorem 3.7 in [4]). A minimum blocker of all n x n 123-avoiding permutation matrices
determines a facet of the polytope §1,(123) whose exztreme points are the n x n 123-avoiding permutation
matrices that intersect the blocker exactly once.

COROLLARY 4.8. For L-shaped minimum blockers of all n X n 123-avoiding permutation matrices, there
exist (n — 1)? linearly independent n x n 123-avoiding permutation matrices that each contain exactly one
blocker position.

We can utilize Corollary 4.8 to determine a lower bound for the dimension of a face of Q,,(123).

THEOREM 4.9. A flag-shaped minimum blocker B, (m,t) of all n x n 123-avoiding permutation matrices
determines a face of ,(123) with dimension at least (n —1)? +1 — (t + 2)(n — m).

Proof. Inducting on p := n — m, we first show that when p = 1, it is possible to find (n — 1) + 1 —
(t + 2) linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once. For
illustrative purposes, we consider a 10 X 10 matrix with the flag-shaped blocker B, (9, 3) while describing the
general proof.

Using the (1,n) position, there are (n—2)? linearly independent 123-avoiding permutation matrices that
intersect the blocker exactly once. This is because the (n — 1) x (n — 1) submatrix obtained by deleting the
first row and last column contains [(n — 1) — 1] such permutation matrices according to Lemma 4.8.
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[(alvfclale[flolnfi]d]
blcld|e|flg il a
cldlelflg|h|i|jlallb
dlie|flglhl|i|jlalbl|c
el flglh|i|jlalb|cl|ld
flglhl|li|jlalb|lc|dl]e
glhli|jlalblc|d|el]f
hli|jlal|lb|lc|d fllg
iljlal|lblc|d flagllh
| J|a cldlelf hili |

Using (2,n) in combination with the first m — ¢ — 1 positions from row 1, in addition to (n — t,n) in
combination with the blocker positions in row 1, we have an additional m = n — 1 linearly independent
123-avoiding permutation matrices that intersect the blocker once and that use a unique position of the
matrix. Consider the following two matrices as examples, where yellow positions represent the intersection
of the permutation matrix with the blocker.

alblcldle|flglh|i]|j alblc|dle|flg|h|i]|]
blcld|le|flglh|i|j|a blec|dle|flg i1J|a
cld|e|flglh|i|j|lal|b cldlel|flglh|i|j|lal|b
dle|flglh|i|j|lalb]|c dle|flglh|i|jlal|b]|c
el flglh|i|jlal|lb|lc|d and el flglh|i|jlal|lb|lc|d
flglh|i|jla|b|lc|d]|e flglhl|i|jla|b|lc|d]|e
glhli|jlalblc|d|ellf glhlil|ljlalblc|d|ellf
hlit|jlalblc|d|el|flyg hlit|jlalblc|d|el|flyg
i|ljlalblc|d|lelflgl|h i|ljlalblc|d|le|lflgl|h
| J|a cld|el|f hz_ | J|a cld|el|f hi_

Additionally, we can construct n —t — 3 more linearly independent 123-avoiding permutation matrices
that intersect the blocker only once by utilizing the positions at the intersection of column n and rows 3
through n — ¢ — 1. Consider the following example.
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[ alb|el|dle flglh|i]|j |
blcld|e|flg|lh|i|j|a
cldle|flg|h|t]|jlal|b
dle|flglhl|i|jlalb]|c
el flglh|i|jlal|b|c|d
flglhl|li|jlal|lb|lc|d]e
glhli|jlalblc|d]ellf
hli|jlalblc|d|el|flg
iljlal|lb|c|d flglh

| J|a blc|d|el|f h|i |

In total, we have
n—224+n—-14n—-t-3=mn-1>*+1-(t+2)
linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once, as desired.

Moving onto the induction step, suppose that when p = k, where 2 < k < n — 3, the corresponding
flag-shaped blocker lives in dimension at least

(n—124+1—(t+2)(k).
We will show that if p = k + 1, the flag-shaped blocker at least achieves the minimum dimension
(n—1)2%4+1—(t+2)(k+1).
For illustrative purposes, we consider a 10 x 10 matrix with the flag-shaped blocker B, (7,2) while describing
the general proof.
Using the inductive hypothesis, it is possible to find

(n—1)—DP+1—-t+2)(k)=n—-22+1—(t+2)(n—m)

linearly independent 123-avoiding permutation matrices that intersect the blocker exactly once using the
(1,n) position.
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(alv|cldfelslg[n]i]s]
blcld|e|flg i|jla
cldlelflg|h|i|jlallb
dlie|flglhl|i|j|lalbl|c
el flglh|i|jlal|b|cl|ld
flglhl|li|jlalb|lc|dl]le
glh|i|jlalblc|d]|ellf
hliljlal|lb|c|d flly
tljlal|blcl|d flgllh
| J|a cldlelf hili |

Utilizing the first m — t — 1 positions of row 1 in conjunction with the (2,n) position, we can construct
m — t — 1 additional linearly independent 123-avoiding permutation matrices intersecting the blocker only
once and containing a unique position of the matrix. Consider the below example using ¢ from row 1 along
with a from row 2.

—abcdefghzj—
blcld|le|flg|h|i|jl|a
cldle|flg|lh|i|j|lal|b
dle|flglhl|i|jlal]b]|c
el flglh|i|jlal|lb|c|d
flglh|i|jlal|b|c|d]|e
glhli|jlalblc|d|el|f
hli|ljlal|bl|lc|d flyg
itljla|blcl|d flglh
| J|a cldlelf hi_

Furthermore, we can use the row 1 blocker positions along with the (m — ¢ 4+ 1,n) position to obtain
t+ 1 additional linearly independent 123-avoiding permutation matrices that intersect the blocker once each.
Consider such a permutation matrix using the f from the first row and the e from the last column below.
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[ alb|c|dle flglh|i]|J |
blcld|e|flg|lh|i|jl|a
cldle|flg|lh|i|j|lal|b
dle|flglhl|i|jlalb]|c
el flglh|i|jlal|b|c|d
flglh|i|jlal|lb|c|d]e
glhli|jlalblc|d|el|lf
hli|ljlalblc|d|el|flg
iljlal|blcl|d flglh

| J|a blcl|d|el|f hii |

Using the m + 1 through n — 2 positions from row one, we can obtain kK — 2 = n — m — 2 additional
linearly independent 123-avoiding permutation matrices that intersect the blocker once and that use a unique
position. Consider the below example.

_abcdefghzj—
blcld|e|flg|h|i|jl|a
cldle|flg|lh|i|j|lal|b
dlie|flglhl|i|jlalb]|c
el flglh|i|ljlal|b|c|d
flglh|i|jlalb|c|d]|e
glhli|jlalblc|d|el|f
hli|jlalbl|lc|d flyg
iljla|blcl|d flglh
| J|a cldlelf hi_

Thus far, we have used 3 positions from column 7 in our constructions. There are n — ¢t — 3 additional
positions in this column that we may utilize, each of which will result in a permutation matrix that contains
a unique position of the matrix. Consider two such examples below.
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[ alb]cldle flglh|i]|j | [ alb|cldle flglh|il|j |
blcld|le|flglh|i|j|a blec|dle|flg i1J|a
cld|e|flglh|i|j|lal|b cldlel|flg|lh|t|j]|alb
die|flg|h|i|jlalb]|ec die|flg|lh|i|jlalb]|ec
el flglh|i|jlal|b|c|d and el flglh|i|jlal|lb|c|d
flglh|i|jla|lb|lc|d]|e flglhl|i|jla|b|lc|d]|e
glhli|jlalblc|d|ellf glhli|jlalblc|d|ellf
hlit|jlalblc|d|el|flg hlt|jlal|bl|lc|d flyg
i|jlal|lblcld|e|flglh iljlalblcld|le|flglh

i jlalblcld|elf hi | | J|a cld|el|f h|i |

After adding and rewriting, in total we have constructed (n—1)2+1— (¢t +2)(k+1) linearly independent
123-avoiding permutation matrices that intersect the blocker exactly once, as desired. ]

Our results relating to the upper and lower bound for the dimension of a face of ,,(123) provide insight

into the geometric properties of the polytope, though there is still work to be done in terms of more precisely
determining the dimension of the faces of ,,(123).
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