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JORDAN LEFT DERIVATIONS IN FULL AND UPPER
TRIANGULAR MATRIX RINGS*
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Abstract. In this paper, left derivations and Jordan left derivations in full and upper triangular
matrix rings over unital associative rings are characterized.
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1. Introduction. Let R be an associative ring. An additive mappingd : R — M
from R into a bimodule rp Mg is called a module derivation if §(zy) = 6(z)y + x6(y)
holds for all z,y € R. Particularly, the module derivation from R into its regular
bimodule pRp is well known as the ring derivation (usually called derivation). Ob-
viously, the concept of module derivations depends heavily on the bimodule structure
of M, i.e., if M is a left R-module but not a right R-module, this concept will not
happen. However, a small modification can lead a new concept, that is, the concept
of module left derivations. Exactly, an additive mapping § from a ring R into its left
module gM is called a module left derivation if §(xy) = xd(y) + yd(x) holds for all
xz,y € R. Particularly, a module left derivation from R into its left regular module
rR is called a ring left derivation (usually called a left derivation).

The concept of (module) left derivations appeared in Bresar and Vukman [8] at
first. They obtained that a left derivation in a prime ring must be zero, that a left
derivation in a semiprime ring must be a derivation such that its range is contained
in the center, and that a continuous linear left derivation in a Banach algebra A
must map A into its Jacobson radical Rad(A). Since left derivations act in accord
with derivations in a commutative ring, the result on Banach algebra by Bresar and
Vukman can be seen as a generalization of the one by Singer and Wermer [22] which
states that a continuous linear derivation in a commutative Banach algebra A must
map A into its Jacobson radical Rad(A).

Since Bresar and Vukman initiated the study of left derivations in noncom-

*Received by the editors on April 20, 2010. Accepted for publication on October 22, 2010.
Handling Editor: Robert Guralnick.

fCollege of Mathematics, Jilin University, Changchun 130012, PR China (xuxw@jlu.edu.cn,
zlzxzhy@163.com). Supported by the NNSF of China (No. 10871023 and No. 11071097), 211
Project, 985 Project and the Basic Foundation for Science Research from Jilin University.

753



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 20, pp. 753-759, December 2010

754 X.W. Xu and H.Y. Zhang

mutative rings, many related results have appeared for both Banach algebras (for
example, see [12, 14, 15, 16, 20, 21, 23, 24]) and prime rings (for example, see
[1, 3, 4, 5, 10, 13, 24, 25, 26]). However, in this paper, we will concerned ourselves
with (Jordan) left derivations in full and upper triangular matrix rings over unital
associative rings.

Recall that an additive mapping § : R — M from a ring R into its bimodule g Mpr
is called a module Jordan derivation if §(2%) = §(x)x + xd(x) holds for all z € R.
Particularly, a module Jordan derivation from R into its regular bimodule rRpg is
called a ring Jordan derivation (usually called a Jordan derivation). Similarly, an
additive mapping ¢ from a ring R into its left module p M is called a module Jordan
left derivation if §(x?) = 2x6(z) holds for all z € R. Particularly, a module Jordan
left derivation from R into its left regular module rR is called a ring Jordan left
derivation (usually called a Jordan left derivation). For both Banach algebras and
prime rings, Jordan left derivations have been studied broadly.

On the other hand, (Jordan) derivations in full and upper triangular matrix rings
over unital rings have been characterized (see [2, 6, 7, 9, 17, 18, 19]). This short note
will characterize (Jordan) left derivations in full and upper triangular matrix rings
over unital rings.

Unless stated otherwise, R always denotes a unital associative ring with left R-
module gV. Let M, (R) and T,,(R) be the full and upper triangular matrix ring over
R separately. In a natural fashion, M, (V'), the set of all n x n matrices over V, is a
left M,,(R) module. Similarly, T, (V'), the set of all n x n upper triangular matrices
over V, is a left T, (R) module. The symbol e;;, 1 < ¢,j < n, will be used for a
matrix having all entries zero except the (4, j)-entry which is equal to 1. Note that
for a module Jordan left derivation p: R — V, u(z?) = 0 holds for all x € R if and
only if 2u(x) = 0 holds for all x € R. The “if” part is obvious. And for all z € R,

2u(x) = p(2x) = p(a® + 22 +1%) = p((z +1)*) = 0

proves the other part. For convenience, a module Jordan left derivation p: R — V is
called strong if pu(x?) = 2u(z) = 0 holds for all z € R. And so, a module Jordan left
derivation p : R — V is strong if and only if u(V) C {x € V|22 = 0}. Particularly,
every module Jordan left derivation is strong when V is 2-torsion. And the unique
strong module Jordan left derivation is zero when V is 2-torsion free.

Now we record some basic facts on module (Jordan) left derivations as following.

REMARK 1.1. Let p: R — V be a module Jordan left derivation. Then pu(e) =0
for all e = ¢% € R.

Proof. By u(e) = u(e?) = 2eu(e), we have that eu(e) = e(2eu(e)) = 2eu(e).
Hence eu(e) = 0, and then p(e) = 2eu(e) = 0. O
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REMARK 1.2. Let p : M, (R) — M, (V) (resp., p: T, (R) — T, (V)) be a module
Jordan left derivation. Then p(e;) = 0 for all 1 < i < n, and p(xe;;) = 0 for all
2z € R and for all i # j (resp., i < j).

Proof. By Remark 1.1, we have p(e;) =0 for all 1 <i <n and p(e;; + ze;j) =
for all z € R and for all i # j (resp., i < j). Hence, u(ze;;) = ples+xei;) —plei) =
for all i # j (resp., ¢ < j). O

REMARK 1.3. Let u: R — V be a module left derivation. Then ry — yx € ker u
forall x,y € R.

Proof. Tt can be proved by direct checking. O

REMARK 1.4. Let p: R — V be a strong module Jordan left derivation. Then
w(zy +yx) =0 for all z,y € R.

Proof. For all x,y € R, u(zy +yx) = p(2® + y* + oy + yz) = p((xr +y)?) =0. O

2. Main results. Firstly, we characterize module left derivations in full and
upper triangular matrix rings over unital associative rings.

PROPOSITION 2.1. For n > 2, a module left derivation p : M, (R) — M, (V)
must be zero.

Proof. By Remark 1.2, p(xe;;) = 0 for all ¢ # j and for all 2 € R. On the
other hand, for all i # j and for all x € R, p(ze;) = p((zesj)e;;) = (veij)uleji) +
ejitt(xe;;) = 0 which completes the proof. O

PROPOSITION 2.2. Forn > 2, a mapping u : Tp(R) — T,(V) is a module left
derivation if and only if there exist module left derivations p; : R — V (1 < i < n)
such that for all A = (a;j) € Tp(R),

aip aiz -+ Qin Ml(all) ,u2(a11) te ,un(au)
a22 “ee a/l’I’L 0 cee 0
u: —
Ann 0

Proof. We merely deal with the “only if” part since the other part can be checked
directly. By Remark 1.2, we have p(e;) = 0 for all 1 < ¢ < n and p(ze;;) = 0
for all i < j and for all x € R. For all z € R and for all 1 < i < n, u(xe;) =
wleii(xzey)) = eyp(wey;). Particularly, for all © € R and for all 2 < i < n, 0 =
w(xer;) = uley(zey;)) = eyip(wes;). Hence, p(xe;) = 0 for all x € R and for all
2 < i < n since p(ze;) = ejp(rey). For each 1 < 4 < n, let y; : R — V be
the mapping such that u;(z) is the (1,7)-entry of u(xey;) for all z € R. Obviously,
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each ; is an additive mapping. Moreover, for all z,y € R, u;(zy) is the (1,7)-entry
of p(xyerr) = zeriu(yerr) + yerrpu(xerr) for all 1 < ¢ < n. And so, for each pu;,
wi(zy) = xpi(y) + yps(x) holds for all z € R, which completes the proof. O

By Proposition 2.2, we have the following corollaries.

COROLLARY 2.3. For n > 2, there exist nonzero module left derivations from
T, (R) into T, (V) if and only if there exist nonzero module left derivations from R
into V.

COROLLARY 2.4. Let V be an R-bimodule and n > 2. Then a module left
derivation p : Ty (R) — T, (V) which is also a module derivation must be zero.

If a (resp., module) left derivation is not a (resp., module) derivation, we call it
nontrivial or proper. By Proposition 2.2, we can construct some nontrivial examples
of (module) left derivations.

EXAMPLE 2.5. Let R = Q[z]. Then for n > 2, a left derivation p of T, (R) must
be the following form

a11(x) arz(z) -+ an(x)
agz(z) -+ ain(x)
e
G ()
fil@)ayy () faz)aiy(z) - falz)ay(z)
0 ... 0
0

where f1(x), fa(x), ..., fo(x) are fixed polynomials in Q[z].

Now we characterize module Jordan left derivations in full and upper triangular
matrix rings over unital associative rings.

THEOREM 2.6. Forn > 2, a mapping pt : M, (R) — M, (V) is a module Jordan
left derivation if and only if there exist strong module Jordan left derivations p; :
R — V (1 <1i,j <n) such that for all A = (a;;) € M, (R), p(A) = (pi;(tra)),
where trA = Y"1 | a;; is the trace of A. Particularly the unique module Jordan left
derivation p: My, (R) — M, (V) is zero when V is 2-torsion free.

Proof. For the “if” part, we can obtain the conclusion by Remark 1.4 and the
fact that tT‘(AQ) = Zn a2 =+ Ez;ﬁj (aijaji —+ ajz-aij). NOW we deal Wlth the “Ol’lly If”

=1 "%

part. By Remark 1.2, we have p(e;) = 0 for all 1 < ¢ < n and p(xe;;) = 0 for all
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i # j and for all x € R. For all i # j and for all z € R,
ey +aej;) = p((eij + weji)?) = 2(eij + weji)ules; +weji) = 0.
For each 1 <1 < n, using u(e;) = 0, we have that

2wesip(zes) = p((zei)?) = p(((x — Ve + 1)?)
= 2(($ — 1)eii + I),u((x — 1)6“' + I) = 2((I — l)eii + I),u(xeii).

And so, 2(I — e;;)p(ze;;) = 0 for all z € R and for all 1 < ¢ < n. For some j # i,
we have that 0 = 2(1 — ej;)pu(ze;;) = 2(I — ej;)u(we;;) since p(zes; + zej;) = 0.
Particularly, we have that 2e;;u(xze;) = 0. Hence, 2u(ze;) = 0 for all © € R and
for all 1 < i < n. And so, u(x2ey;) = 2ze;u(wey;) = 0 for all z € R and for all
1 < i < n. In fact, for all i # j, we have obtained p(ze;) = p(zej;) for all z € R.
Let p;j : R —V (1 <14,j < n) be the mapping such that p;;(x) is the (4, j)-entry of
w(zeir) for all z € R. Then p;; : R— V (1 <4,j < n) are strong module Jordan left
derivations which completes the proof. O

If a (resp., module) Jordan left derivation is not a (resp., module) left derivation,
we call it nontrivial or proper. By Theorem 2.6, we can construct some nontrivial
examples of (module) Jordan left derivations.

EXAMPLE 2.7. Let R = Zs[z], and let fi;(z) € R (1 < 4,5 < n) be fixed
polynomials. For n > 2, we obtain a nontrivial Jordan left derivation p : M, (R) —

M, (R) as p(A(x)) = trA(z) (fi;(x)).
THEOREM 2.8. For n > 2, a mapping u : Tp(R) — T, (V) is a module Jordan
left derivation if and only if there exist module Jordan left derivations
phicR—V (1<i<ni<j<n1<k<n)
such that all ,ufj but pi; (1 < j <n) are strong and p(A) = Zzzl(ufj (agk)) for all
A = (a;;) € To(R).

Proof. It can be checked directly for the necessary part. Now we deal with the
sufficient part. By Remark 1.2, we have p(e;) = 0 for all 1 <7 <n and p(xe;;) =0
(i < j) for all x € R. Let

piR—V (1<i<ni<j<n1<k<n)

be the (i,j)-entry of u(zeyy) for each 2 € R. Obviously, each ij is an additive
mapping such that p(A) = Zzzl(,ufj(akk)) for all A = (a;;) € T,(R). Now let  be
an arbitrary element in R. For all 1 <14 <n, using u(e;) = 0, we have that

2aeiip(res) = p((weii)?) = p(((x — V)ew +1)?)
= 2((x — Dey + Dp((x — Ve + 1) = 2((z — L)ey; + I p(xeq).
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And so, 2(I — e;)p(ze;) =0 (1 < ¢ < n). This shows that 2/1% =0foralli#ke
{1,2,...,n} and for all i < j < n. Particularly, for all 2 < i < n, using pu(ey;) = 0,
we have that

2zeipu(wesi) = p((zei)?) = p((zes + e1:)?)
= 2(1’6” + 611')[14(1'6“' —+ 612') = 2.’E6”M($€“) + 2611'#(.%6“').

Hence, for all 2 < i < n, we have 2ej;u(xe;) = 0 which shows that 2e;;u(xe;;) = 0.
Thus, Qufj =0forall2<k<nandforalll1<i<j<mn. At the same time we have
proved that 2%1]' =0 for all 2 <i<n and for all i < j < n. All of these shows that
,ufj(a:2) =0foral2<k<nandforall<i<j<n,and that u}j(xz) = (0 for all
2<i<nandforalli<j<mn. Soall ij but u%j (1 < j < n) are strong module
Jordan left derivations. Moreover it can be checked directly that each p% j (1<j<n)
is a module Jordan left derivation, which completes the proof. O

By Theorem 2.8, we have:

COROLLARY 2.9. Let gV be 2-torsion free. Then for n > 2, there exist proper
module Jordan left derivations from T, (R) into T, (V) if and only if there exist proper
module Jordan left derivations from R into V.

By Corollary 2.9 and known results on (left) derivations in 2-torsion free prime
rings [8, 11, 13], we have:

COROLLARY 2.10. Let R be 2-torsion free prime ring. Then there is not proper
module Jordan left derivations of Ty, (R).

Acknowledgment. We wish to thank the referee who has clarified the concept of
strong module Jordan left derivation, which is crucial to clear Jordan left derivations.
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