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NUMERICAL RANGE FOR WEIGHTED MOORE-PENROSE INVERSE OF TENSOR*

AAISHA BET, VAIBHAV SHEKHAR!, AND DEBASISHA MISHRAT

Abstract. This article first introduces the notion of weighted singular value decomposition (WSVD) of a tensor via the
Einstein product. The WSVD is then used to compute the weighted Moore-Penrose inverse of an arbitrary-order tensor. We
then define the notions of weighted normal tensor for an even-order square tensor and weighted tensor norm. Finally, we apply
these to study the theory of numerical range for the weighted Moore-Penrose inverse of an even-order square tensor and exploit
its several properties. We also obtain a few new results in matrix setting.
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1. Introduction. The terms numerical range and numerical radius have drawn significant attention
from researchers in the last few decades in the field of matrix and operator theory [8, 9, 45, 47]. These have
been widely studied because of their applications in many areas, such as numerical analysis and differential
equations [41, 50, 27, 30, 31, 51, 18, 44]. The numerical range (or the field of values) of a square matrix
A € C"*™ is a subset of complex numbers defined as:

(1.1) W(A) = {{Az,z) : = € C",[laf| =1},

where (z,y) = y*x for z,y € C" and ||z| = (x,x>1/2. And, the numerical radius of the matrix A is defined
as:

(1.2) w(A) = max{|z| : z€ W(A)}.

One of the main reasons for emphasizing the numerical range concept is its many attractive properties.
For example, W(A) is a convex subset of C (known as Toeplitz-Hausdorff theorem [47]). Further, the
numerical range of a matrix contains its spectrum (or the set of all eigenvalues). The numerical radius is
frequently employed as a more reliable indicator of the rate of convergence of iterative methods than the
spectral radius [41, 27]. In 2016, Ke et al. [49] introduced tensor numerical ranges using tensor inner products
and tensor norms via the k-mode product, which may not be convex in general (see Example 1, [49]). In
2021, Pakmanesh and Afshin [35] continued the same study for even-order tensors and proved the convexity
for the numerical range of an even-order tensor. In 2023, Rout et al. [38] introduced tensor numerical
ranges using tensor inner products and tensor norms via the Einstein product. The authors [38] studied
several fundamental notions of tensor numerical ranges, such as unitary invariance, spectral containment,
and convexity. Furthermore, they developed an algorithm to plot the boundary of the numerical range of a
tensor, which helps to design faster algorithms for the calculations of its eigenvalues. To understand tensor
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numerical ranges, we first recall some basic facts about tensors. Tensors are generalizations of scalars (that
have no index), vectors (that have precisely one index), and matrices (that have precisely two indices) to an
arbitrary number of indices. A tensor is represented as a multidimensional array. An N%"-order tensor is
defined as:

A= (a’ili2»--iN) € (CIIX'”XIN; 1 < iy < Ij for each k = 1,2,...,N,

where each mode I is a natural number and the notation a;, . ;, represents the (i1,... ,iN)th element of
A. According to the number of modes a tensor is called an even or odd tensor. The transpose of a tensor
may not be unique, which is recalled here. Let A € Cl1*f2XXIm he a tensor and let 7 be a permutation in
S except the identity permutation, where Sys represents the permutation group over the set {1,2,...,M}.
Then, the transpose [26] of A associated with 7 is defined as

(1.3) Al = (

Loy X Ipoy XX I
aiﬂ'(l)ifr(Z)“'ifr(M))EC ™ = 0.

Thus, there are M! — 1 possible transposes associated with a tensor A € Clt**Im  In particular, for

_ Iy X I X Jy XX T, _ _
A = (ailiz“iMjleij) e Chx MxSx XN and w1 € Spypn such that A = (bjljz‘ujNiliz-uiM) =
(@iyis..ingjrjorjn) € CTrxxInxhixxIm then it is simply written as AT. To see this numerically, we
next produce an example.

EXAMPLE 1.1. Let A € Clvx*2xJv yith I} = I, = 2,.J; = 3 such that
A, L1 AGL2) A, 3)
12 10 38 |i 0
0 |4 0 |2 0

Then, the transpose of A, AT € CTix1ixIz2 g

AT 1) AT, 2)
1 0 2 0
0o 4 |3 o
@ 2 0 0

Similarly, the conjugate transpose of A is denoted by A¥ and defined by A7 = (Cjrjoninivioning) =
(@irig...ingjrjo...jn) € CTrxxInxhix-xIm = where bar denotes the complex conjugate of a number. Fur-
thermore, if A € Clixf2XxInm then AT = (ay4,4,. 4,,) € CP¥I1xI2XXIm  There are two ways to define a
square tensor. One when each mode is of equal size, i.e., n X n X - -- x n and another when the first N modes
are repeated in the same order, i.e., Iy X --- X Iy X I; X --- X Iy. For the tensors with all equal modes,
symmetricity can be studied as in [42, 24]. A square tensor A € Cl>xInxIix--xIN g called Hermitian
(symmetric) [26, 34] if A = A7 (A = AT). We next consider an example of a Hermitian tensor of size
2x2x2x2.

EXAMPLE 1.2. A € Chxbxhixlz gyith [ = I, = 2 such that
A, L1) 0 AG 2,1 AR 1L,2) A 52,2)

1 1 1+4 0 1 2 0 1
1-1 0 0 0 0 -1 0 0

is a Hermitian tensor.

Ke et al. [49] extended the notion of the numerical range of a matrix for the former type of square
tensors. Further, Rout et al. [38] extended the numerical range for the latter type of square tensors. They
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also obtained a few properties of tensor numerical range of the Moore-Penrose inverse via the Einstein
product. We aim to study these properties of tensor numerical range for the weighted Moore-Penrose inverse
of a tensor. For this purpose, we recall the Einstein product below.

The Einstein product [2] A xy B € Clix->xIaxJixxJr of tensors A € Chx>IuxEoc-xEn and
B € CKuvxxKnxJix-xJr ig defined by the operation *y via

('A *N B)hmiMjlmjL = E ai1~~iM7€1-~~ko/€1~~kNj1~~jL'
k1,..4,k'N

In the next example, we compute the Einstein product of the tensors A and B because the last two modes
of A are the same as the first two modes of B5.

EXAMPLE 1.3. Let A € R?*2%3 gnd B € R?*3%2 pe such that
A, 1) AL 2) A, 3)
1 0 2 1 0 2
2 1 0 2 1 1

and

Then, their Einstein product C = A xs B € R?*? s

C(:,:)
6 1.
11 2

The associative law for the Einstein product holds. In the above formula, if B € CK1X"¥En~ then Axy B €
ClvxxIn gnd

(Asn Biyoig = D iy inhrokon Dy
ki,...,kn
This product is used in the study of the theory of relativity [2] and in the area of continuum mechanics [54].
Let A € R™*™ and B € R™*!. Then, the Einstein product #; reduces to the standard matrix multiplication
as

n
(A *1 B)” = Z aikbkj.
k=1
We refer to [3] for further advantages of studying the theory of tensors via the Einstein product.

In 2005, Lim [23] and Qi [24] independently introduced the notions of eigenvalues and eigenvectors of
an m-th order n-dimensional tensor. In this direction, Sturmfels [4] solved two problems on counting the
number of eigenvectors and singular vectors of a 3 x 3 x 3 tensor. The role of the eigenvectors of the third
and fourth moment of multivariate distribution is examined by Loperfido [39, 40]. In 2019, Liang and Zheng
[34] recalled the definition of eigenvalues of an even-order square tensor via the Einstein product as follows.

DEFINITION 1.4 (Definition 2.3, [34]).
Let A € Chrx<xInxhixxIN — Then, a complex number X is called an eigenvalue of A if there exists a
nonzero tensor X € CI>*IN sych that
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(1.4) Axy X = AX.
The tensor X 1is called an eigentensor with respect to .

The set of all the eigenvalues of A is denoted by o(A). The spectral radius of the tensor A is denoted by
p(A) and defined by p(A) = max{|\|: A € o(A)}.

The eigenvalues and their corresponding eigentensors are computed in the next example for a simple even-
order square tensor.

EXAMPLE 1.5. The set of all eigenvalues of the tensor A € R?2X2X2X2 gych that
A(,:1,1) A, 52,1)  AG,:,1,2) A :2,2)

1 0 1 0 1 3 1 1
0 0 2 0 1 0 1 1

is o(A) = {1,2,3} and their corresponding eigentensors are

eigenvalue 1 1
X0 | Xy
eigentensor | 1 0 0o 1 Y
0 1 -2
eigenvalue 2 3
X(:) X(:)
eigentensor 1 0 1 1
1 0 1 0

Furthermore, the positive square roots of eigenvalues of A %y A are called the singular values of A. The
maximum singular value of A is called the spectral norm [13] of the tensor A. Wang and Wei [56] studied the
generalized eigenvalue problem via the Einstein product for even-order tensors and showed its applications
in multilinear control systems.

In 2013, Brazell et al. [26] first introduced the notion of the inverse of a tensor via the Einstein product.
For A € ClrxxInxhix-xXIn if there exists a tensor X € ChX - xInxIix--xIN gych that Axy X =T =
X %y A, then the tensor X is called the inverse of the tensor A and it is denoted by A~!. In 2016, Sun et
al. [25] formally introduced a generalized inverse called the Moore-Penrose inverse of an even-order tensor
via the Einstein product. The authors [25] then used the Moore-Penrose inverse to find the minimum-norm
least-squares solution of some multilinear systems. Panigrahy and Mishra [20], Stanimirovié¢ et al. [46], and
Liang and Zheng [34] independently improved the definition of the Moore-Penrose inverse of an even-order
tensor to a tensor of any order via the same product. In 2017, Ji and Wei [16] defined the notion of Hermitian
positive definite tensor and the weighted Moore-Penrose inverse for an even-order square tensor, and then in
2020, Behera et al. [48] extended the definition to an arbitrary-order tensor. The definition of the weighted
Moore-Penrose inverse of an arbitrary-order tensor and one result are recalled here.

DEFINITION 1.6 (Definition 8, [48]).
Let A € ChxxIuxJixexXIn = qnd M e ChoxexIuxhixxIvn - N[ @ CIxXINXTixXIN pe tyo Hermitian
positive definite tensors. Then, the tensor X € CJ1x<xInxhix-xIm js cqlled the weighted Moore-Penrose

inverse of A if it satisfies the following four tensor equations:
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Asxy X sy A= A
Xy Axy X = X;
(Mospr Asy X)) = My Axy X
(N sy X s A = N sy X 5y A

It is denoted by Aj\/l,/\/' In particular, if M and N are the identity tensors, then “AI\A,N = Af, the Moore-
Penrose inverse [20] of A.

THEOREM 1.7 (Theorem 4, [48]).
Let A € ChixxluxJuxexIn gnd M e CloxcxIuxhixxIu - N[ g CTix- X INXIxXXIN e tyo Hermitian
positive definite tensors. If/I = MY2 sy Ay N2, then

Aj\/t,N:N_l/Q N At . ML/2.

This article aims to introduce the notions of WSVD of an arbitrary-order tensor, weighted normal tensor,
and weighted tensor norm and to establish their various properties. Some of these are utilized to investigate
a few properties of the numerical range for the weighted Moore-Penrose inverse of an even-order square
tensor. The rest of this article is structured as follows to accomplish our objectives. In Section 2, we recall
some preliminaries. Then, we provide the WSVD and some of its applications in Section 3. Section 4 defines
the weighted normal tensor and discusses its several features. Section 5 introduces the weighted tensor norm.
Finally, we utilize all these notions to collect some properties of the numerical range, which examine different
relations between the numerical range of a tensor and its weighted Moore-Penrose inverse in Section 6.

2. Preliminaries. For two tensors X', € CI'> >IN an inner product (X,)) is defined as (X,)) =
YV % X and a norm induced by this inner product as || X| = (X, X>1/2. A tensor X € CIv> >IN ig called
a unit tensor if | X|| = 1. First, we recall the definition of the numerical range and some results from [38].

DEFINITION 2.1 (Definition 2.1, [38]).
Let A € CIv<>InxIixxIN = Then_ the numerical range of A is denoted by W (A) and defined by

(2.9) W(A) = {{Axy X,X): X is a unit tensor in CT1>* >IN},

With some elementary calculations, it can be shown that

(2.10) W(A) — { H)(”Q O£ X€ (CIlX~"><IN} ,

where O is the zero tensor having all the entries zero. The numerical radius of A is defined as:

(2.11) w(A) = max{|z|: z€ W(A)}.

Note that, in the above Definition 2.1 when N = 1, it coincides with the numerical range of a matrix defined
in (1.1).

THEOREM 2.2 (Theorem 5.1, [38]).
Let A € ChxxInxhixXIN — Then A is normal (resp. Hermitian) if and only if AT is normal (resp.
Hermitian).

We now recall the definition of the weighted conjugate transpose of a tensor proposed by Behera et al. [48]
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DEFINITION 2.3 (Definition 9, [48]).
Let A € CloxcxluxJixexiIn - f Mg ClhixexIaxixexiu gnd N CTx X INXJixXIN- gre two Hermi-

tian positive definite tensors, then the tensor
(2.12) A = N7 sy AT sy M,
is called the weighted conjugate transpose of A.

Unfolding (or reshaping or flattening or matricization) is a way to transform a tensor into a matrix. There
are several ways of unfolding [26, 12, 28, 29, 52, 53, 34, 22, 46] of a tensor. For the variety of applications
of tensors, different unfolding are defined, like n-mode unfoldings [12, 53, 22] give nice relations among the
n-mode product of tensor, usual matrix multiplication, and Kronecker product of matrices [52]. Also, the
third-mode unfolding is very useful in the computation of c-product of tensors. In the framework of higher
order moment of multivariate distributions, Loperfido [40] showed a connection between the star product of
matrices and the contraction product of tensors using a tensor unfolding. For the convenience of the present
work, unfolding of a tensor is derived from [34, 46]. The reshaping operation transforms an arbitrary tensor
A= (Ciy. inrjrjin) € ClixxImXJix-XJn into the matrix A = (a;;) € C™** wherem =1 - - - I and

n=J - Jn, in which the (i1...ip771...7n5)" element of A is mapped to (ij)!" element of A, where

M s—1 N t—1
i=ir+ Y (is—1) [[Luandj =i+ > Ge— 1] .
5=2 u=1 t=2 v=1
One can find this reshaping operation using the Matlab function “reshape” [46] as follows:
rsh(A) = A = reshape(A, m, n).
This reshape map is also bijective [46] and the inverse of the reshaping operation is defined by
rsh™!(A) = A = reshape(A, My, ..., M,,, Ny,...,N,).
For a third-order tensor, different unfoldings are shown and discussed in the following example.
EXAMPLE 2.4. Let A € R?*2X3 gych that

A1) AG,L2) A 3)
1 2 5 6 9 10 .
s 4 |7 s |11 12

According to Kolda [52], we can find 12 different unfoldings of A. From the 12 unfoldings, particularly, we
compute n-mode unfoldings (Kolda and Bader [53]) here. So, first, second, and third-mode unfoldings of A
are

1 3 2 4
1 25 6 9 10 1 35 7 9 11
Av=13 4 78 1 12]’“4(2)_{2 168 10 12 MO s 1 10 12

Kilmer and Martin [28] defined MatVec(-) operator to write a tensor into a matriz. According to them

1 2

3 4

MatVec(A) = ? g
9 10
11 12]
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The MatVec(-) operator is also defined as unfold(-) in Kilmer et al. [29]. Now, if we consider the tensor A
as A € ChxIxJu yith Iy = I, = 2, J, = 3, then using the reshape function as defined above the unfolding of
A is

15 9
37 11
shA =1y 6 10|
48 12

and if we consider the tensor A as A € CI T2 with I = 2,J, = 2,Jy = 3, then the unfolding of A is

1

2 5 9 10
3 4 7

rsh(A) = 1 19l

6
8
Further, rshrank(.A)=rank(rsh(A)) is defined as the rank of the tensor A, in [46]. For the Einstein product
of two tensors, reshape map satisfies the following property given as Lemma 3.1 in [46].

LEMMA 2.5 ([46]).
Let A € C11><~~><IM><J1><~--><JN and B € (CJ1><~--><JN><K1><--~><KP. Then,

rsh(A xn B) = rsh(A)rsh(B) = AB,
where rsh(A) = A € C™*® rsh(B)=BeC™! m=10-----Iyy,n=Jy - Jo, andp=Ky----- Kp.

Using the same unfolding of tensors several other generalized inverses of tensors are presented in the literature
(for example, see [17]). Also, interested readers are referred to [43] for a brief introduction to tensor rank
and some decompositions of tensors.

3. Weighted singular value decomposition. This section contains some of the main results of this
article. In 2013, Brazell et al. first studied the singular value decomposition (SVD) of a tensor via the
Einstein product, which is a generalization of the SVD of a matrix [10, 11]. In 2011, Kilmer and Martin
[28] defined the T-SVD. Besides applications in image processing [29], the T-SVD was also utilized by Miao
et al. [55] to define generalized tensor functions based on t-product. In 2015, Loperfido [39] investigated
some properties of the SVD of the third multivariate moment and also established that the left singular
vectors corresponding to positive singular values of the third multivariate moment are vectorized, symmetric
matrices. In this section, we prove that any tensor can be decomposed into the tensor Einstein product of
three special tensors. We call it the WSVD of the given tensor as it generalizes the notion of the WSVD
of a matrix [5]. After that, we derive a formula to compute the weighted Moore-Penrose inverse of a given
arbitrary-order tensor. For applications of the WSVD of a matrix, we refer [32, 14, 19, 15] and references
therein. In particular, the WSVD is widely used in solving weighted least-squares solutions [5, 6]. We now
propose the WSVD of an arbitrary-order tensor using the reshaping operation that generalizes Theorem 3.17
of [26], Lemma 3.1 of [25], Theorem 3.2 of [34], and Lemma 2 of [48].

THEOREM 3.1. Let A € Clx>IuxJuxXIN qith rshrank(A) = r, and M € Chx->Iaxhix-xInu
N € CIxxXInxJixXJIN pe two Hermitian positive definite tensors. Then, there exist tensors U €
ClhocxIuxhixxIm gnd) e CTrxxInxTixxIn gatistying UT sy My = Ty and VEsy N1 sy V = T,
where T € Chx<xIaxhixxXIv gnd T, € CTxXINXIXXIN qre the identity tensors, such that
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in which the tensor S = (Siy . ipji..jn) € RIv<xIuxXJix-xJIN js defined by

ury >0, ifI=Je{l, 2, ..., r},
(3.14) Siyevvinggrin = _
0, otherwise,
M s—1 N t—1
where I = iy +Z(is -1) H I, and J = ji +Z(jt -1) H Jy-
s=2 u=1 t=2 v=1

Proof. Let A =rsh(A) € C™*", M = rsh(M) € C™*™ and N = rsh(M) € C"*™ be the reshaping of
the tensors A, M, and N, respectively, where

(3'15) m=1,-Iy-----Ipyandn=J;-Jg----- JN.
The WSVD of the matrix A with respect to the weights M and N is
(3.16) A=USV™,

where U € C™*™ and V € C™*™ following U*MU = I, and V*N~V = I,, I, € C™*™, I, € C"*" are the
identity matrices, and S = diag(p1, 2, .-, tr,0,...,0) € R™ ™ 1y > g > ... > p, > 0 are the nonzero
(M, N) singular values of A. Since rsh is a bijection, taking the inverse map rsh™' on both sides of (3.16),
we obtain

rshfl(A) = rshfl(USV*) = rshfl(U) *ps rshfl(S) * N rshfl(V*) = rshfl(U) *ps rshfl(S’) * N (1“sh71(V))H7

which implies that
A=U * N7 S *N VH.

Now, we have U*MU = I and V*N~1V = I,. Applying the reverse map rsh™! on both sides in the last
two equalities, we get U7« M sy U =T and VI xy N~ sy V = Z,. From S = rsh™ (),

wry >0, ifI:JE{l, 2,...,7’},
S'1~~'iMj1"'jN = .
0, otherwise.

This completes the proof. 0

We call (3.13) as the WSVD of the tensor A and py ;s as the (M, N) singular values of A. We next present
an algorithm for computing the WSVD.

The following example demonstrates Algorithm 1.

EXAMPLE 3.2. Consider the tensor A € CIv*12X)1 = C2X2%X2 gnd the two weights M € ClI2xhixlz —
C2x2x2x2 N[ € C1*Ir = C?*2 such that




Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 40, pp. 140-171, January 2024.

A. Be, V. Shekhar, and D. Mishra 148

Algorithm 1 Computing WSVD of a tensor

Require: Positive integers M,N,Ii,..., Iy, J1,...,Jy,m,n such that m and n satisfy (3.15).
AeCm™ ™, and M € C"™*™, N € C"*" two Hermitian positive definite matrices.
1: Compute the WSVD of A,
A=USV*,

where U € C™*™ and V € C"*™ and S € C™*" is a diagonal matrix with (M, N) singular
values of A on the main diagonal.

2: Perform the reshaping operations
rsh_l(U) = U € ChxxTaxTix-xIu rsh_l(V*) = VHE ¢ ClrxxInxXdixexJn rsh_l(S) =S €

Cllx--~><IM><J1><~»-><JN

3: Compute the output
A=Uxp Sy V.

and
N(,»)

4
0 1

On reshaping these tensors A, M, and N, we obtain the matrices A, M, and N, respectively, as follows:

10 1000
00 010 0 40

A_01’M_0010"mdN_[0 1}
0 0 000 4

Now, we compute the WSVD of the matrix A with respect to the weights M and N, we get A = USV™,
where

010 0 10
0010 0 2 0 2
= = 2 =
U=11 00 o/ |o of ™V [10]
000 2 0 0

On applying the inverse reshape function on the matrices U, S, and V', we get the tensors U € Ch>Tzxlixlz —
C2x2x2x2 § ¢ Chxlzxi = C2X2%2 gpd V € CT1 ¥ = C2*%2, respectively as

ue,, 1,1 uG,,2,1) UG, 1L,2) U, 2,2)
0 1 1 0 0 0 0 0o
o 0 |0 0 |1 o |o 1

and

S o |
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Therefore, U 5 S %1 VI is

Uxg Sxp VE( 1) U Sx VE(:,:,2)
1 0 0 1 s
0 0 0 0

which is same as the tensor A, i.e., A=U %9 S %1 V.
Next, we provide a result to compute the weighted Moore-Penrose inverse of a tensor A via the WSVD,
.A =U * N S * N VH.

THEOREM 3.3. Let A € Chx->xIaxJuxxJIn qyith rshrank(A) = r, and M € Clhx-xIaxhix--xla
N € CTrxXINX XX IN be tywo Hermitian positive definite tensors. If A = U xp; S x5 VI is the WSVD
of the tensor A, then

(3.17) ‘Aj\/l,./\/ :N_l *NV*NST *MUH *p M,

where ST = (SJT € R xInxhix-xIn g defined by

1-~~jNi1-~iM)

71 .
(3 18) ST _ {Si1---iMj1"'jN7 Zf Sil...imjl"'jz\f 7é 0,
' J
0,

cefNELcing T .
! ! otherwise.

Proof. Tt can be easily proved by Definition 1.6. ]

Here, we present an algorithm for computing the weighted Moore-Penrose inverse via the WSVD.

Algorithm 2 Computing the weighted Moore-Penrose inverse of a tensor

Require: Positive integers M,N,I1,...,Iy,J1,...,Jn,m,n such that m and n satisfy (3.15).
AeCm™ ™, and M € C"™*™, N € C"*" two Hermitian positive definite matrices.
1: Compute the WSVD of A,
A=USV*,

where U € C™*™ and V € C"*" and S € C™*" is a diagonal matrix with (M, N) singular
values of A on the main diagonal.
2: Perform the reshaping operations
rshfl(U) = U € (Cll><~--><IM><11><~--><IM7 rshfl(V*) — YH ¢ CJ1><-~><JN><J1><-~><JN, rshfl(S) =S e
Cllx-anMlexn-x.]N.
3: Compute the output
‘A.]:\/l,./\/ :N_l * N % XN ST *MUH * L M.

The next example verifies the above algorithm.

EXAMPLE 3.4. Consider the same tensors A, M, and N as given in Example 5.2. By the same arqgument,
we have the tensors U, S, and V. Using (3.18), we get ST € CT1xIix1z = C2x2x2 44

ST, 1) ST, 2)
1 0 0 0
0 2 0 0

The conjugate transpose U € Clix12xTixlz — C2X2X2X2 of the tensor U is
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UR (1,1 UG, 2,1) Ui, ,1,2) Ut 2,2)
0 0 0 1 1 0 0 0
1 0 0 0 0 0 0 3

Then, we obtain the tensors B=N"1xV, C=Bx* ST, D=Cx UM, and € =D %3 M as follows:

and

It is clear that the tensor & = N1 %1 V xq ST %o UM %9 M, which is the weighted Moore-Penrose inverse
ATMJ\/ Of A

The next result can be easily verified using the definition of the weighted Moore-Penrose inverse of a tensor.

LEMMA 3.5. Let A c (CIIX-~»><IM><J1><»--><JN’ and M c (Cllx---xIMxle---xIM, N c (CJ1><~~»><JN><J1><~~»><JN
be two Hermitian positive definite tensors. If for any tensor B € Clix->xImxJixeXIn = A = 1f % Bxy VH,
where Y € CHxxInuxlixexIv qnd Y ¢ ChxxINxTixXIn satisfying UH xpr M sy U = T, and VH xy
N7 sy V =Ty, where Ty € Chxxiuxhix-xIu gnq T, € CHh>xxINXIixXIN qre the identity tensors,
then .A}LM’N =N"Ysny Viy Bl sy UT 53y M.

The above result reduces to the following corollary in the matrix case.

COROLLARY 3.6. Let A € C™*" and M € C™*™, N € C" ™ be two Hermitian positive definite
matrices. If for any matric B € C™*", A = UBV™, where U € C™*™ and V € C"*" satisfying U*MU = I
and VNIV = I, where I; € C™*™ and I, € C™*™ are the identity matrices, then A}LW)N = N-'WBfU*M.

In the following theorem, we present a representation of the weighted Moore-Penrose inverse .Ajw, v of A.

THEOREM 3.7. Let A € ClvxX > IuxJixexIn = [f M g ChixxIuxloxxIa gpg
N € ClrxXINXTixXIN qre two Hermitian positive definite tensors, then

Al = lim [(AZ; + Aane *a A7 AL,

where Ath is the weighted conjugate transpose of A, A € R, RT denotes the set of all positive real numbers,
and Ty € CTx X INXTixXJIN s the jdentity tensor.
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Proof. By Theorems 3.1 and 3.3, we have A = U *; S*x VH and AL’N =N sny VinSTsp U sy M,
where

ury >0, fI=Je{l, 2, ..., r}
Siyevingjrin = .
0, otherwise,
and
—1 .
ST R — Sil“'iMjr--jN’ if Sil"'iMjl”'jN 7é 0,
e 0, otherwise,
M s—1 N t—1
where I = iy -I-Z(is —-1) H I, and J = j; +Z(jt_ 1) H J,. Now, using UH 3y My U = Ty and VE 5y
5=2 u=1 t=2 v=1

N~=1lxnV =T, we obtain

A% i A= N""sn AT s Mosar A
=N an Van ST s U w0 Mosar U sag S+ VI

=Wy 8Ty Sxn VI
Therefore, we get

Mo+ A vr A= (V) sy (AT + S #ar 8) v VY,

and
(M2 + AjﬁN sar A) 7y Ajth

=W Han AT + 8T xn §) T an VI sy N7 sy Viry STy U 5y M

=Ny Vxy (A2 + ST wyr 5)71 wn ST sn UMy M.
Now,

H —= ury >0, iftJ=I€{l,2, ..., r},
Sjl“‘jNil“‘iM - Sil"'iﬂijl"'jN = .
0, otherwise,

and

prs?, ifJ=Ke{l, 2, ..., r}

(SH *1\/[8)' ik kN —
SN 0, otherwise.

So, we obtain

; 1 st HJ=Ke{l, 2, ..., r}
(AL + 87 *m S)jijykr by = § 35 ifJ=K¢{l, 2, ..., r}
0, otherwise,

and

broif J=Ie{l, 2, ..., r}
(()\IQ+SH XN 8)71 XN SH)jl“‘jNil“"iM = {/\+”1J2 ! { 'f'}

0, otherwise.
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The last equation implies that ;irr%)(()\Ig + ST «pr 8)71 *N SH) =st Thus, we get
—

lim [(AZ; + A%k A) sy AT ) = lin%)[J\/'*l sn Vin (Ao + 8" sar 8) 7 wn S sar UM spr M)
— —
=N "sn Vian ST U w0 M

Same as Theorem 3.7, we can derive the next representation for .Ajw A

THEOREM 3.8. Let A € CIvX > ImuxXJixexIn = [f M g ChixxIuxixXIm gpg
N g CIrxXInX DX XIn qre two Hermitian positive definite tensors, then
p

Al = T [AT 0 VT3 + Ay AL) 71,

where .Ath is the weighted conjugate transpose of A, A\ € R, and I, € Clv > IauxTix-xIn js the jdentity
tensor.

By Proposition 2.4 of [25] and Definition 1.6, we can prove the following lemma.

LEMMA 3.9. Let B € ClvxInxhix--XIN pe qn invertible tensor and let a block tensor A be defined by

A:[B O},

0o 0

where @ € Chx-XInxILixX-XIN s the zero tensor. Let M,N € C211XX2INx20XX2IN be tyo diagonal

tensors with positive diagonal entries. Then,

Bl O

The above result reduces to the Moore-Penrose inverse case when we consider identity tensors as weights.

4. Weighted normal tensor. In this section, we first introduce the notions of weighted self-conjugate
and weighted normal tensor, and then exploit their various properties. Further, we show that Theorem 2.2
does not hold if we replace A' by Aj\,t, - We remark that all the definitions and results of this section are
also new for matrices and one can state them by taking N = 1 in tensor case.

DEFINITION 4.1. Let A € ChxXInxIixXXIN be gn even-order square tensor, and
N € ChxxInxhixxXIN pe o Hermitian positive definite tensor. Then, the tensor A is called weighted

self-conjugate tensor if Af//\/ =A, i.e.,
Nt *N.AH sy N = A

DEFINITION 4.2. Let A € CIv¥XInxIix--XIN pe qn even-order square tensor, and
N € ChxxInxhix-XIN pe o Hermitian positive definite tensor. Then, the tensor A is called the weighted
normal tensor if

Ay v A= Asy Al

In particular, if N is the identity tensor, then the tensor A becomes a normal tensor.
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We next provide an example of a tensor which is weighted self-conjugate as well as a weighted normal tensor.

EXAMPLE 4.3. Consider A, N € Ch>xlaxIixlz yyip T = I, = 2 such that

A, 1,1 A(52,1) 0 A5 1,2) 0 A5 2,2)
/2 1 | 1+4i/2 0]1/2 2 o i .
s 0| o ol o -i/2lo o

NG, 1,1 N(G,,2,1) NG, 1L,2) N(G52,2)
2 0 0 0 0 1 0 0

0 0 1 0 0 0 0 2

Then, the weighted conjugate transpose of A, A/%f/\f = A. Therefore, A is a weighted self-conjugate tensor
and also a weighted normal tensor.

Here, we provide an example which shows that Al M. 18 not necessarily normal (or Hermitian) tensor even
if A is normal (or Hermitian) or A" is normal (or Hermitian).

4 0

EXAMPLE 4.4. Let A =
0 0

1
) €C22 [fM = ( ) and N = ( 2) are two Hermitian positive

1 1
definite matrices in C**2, then AT = <8 8) and A}LVI N = < 4 > Thus, we have

Oo\»—t

AA*:A*A:(lG 0),

0 0

tat iveat _ (16 O
* * _ (16

Aty = anyat = (5 0).
t t X -4
AM,N<AM,N>*—(_161 )

32 64

. & 0
(A;r\/I,N) A}fV[,N = (%l O) :

AT

Clearly, A, N(ARLN)* # (A;w,N) M G-e AL,N is not normal.

The following result gives a necessary and sufficient condition for the weighted Moore-Penrose inverse of a
tensor to be weighted normal.

THEOREM 4.5. Let A € Clix
N € CLix- X Iy XTIy X

(i) Aﬁ&[/\/’ = A if and only szlH = ] ) ) )
(”) Ay Af/’/\/ = Af//\/ xn A if and only if Axn A = AH xy ‘Aj )
(i) Aj\ﬂN *N (Ajv,N)f/N = (Ajv,N)f/N *N A,T\AN if and only if AT *n (AT)
(iv) Axn Af/]\/ = Af//\/ *n A if and only z'f.Aj\f,N * (AL,N)f/N —

XINXTix-XIN be qn even-order square tensor. If

XIn s a Hermitian positive definite tensor, then

H _ (AT)H * N AT’.
(AN )T =8 Al

where A and Aff/\/ are the conjugate transpose and the weighted conjugate transpose of the tensor A,
respectively, and A = N2 sy Asxy N71/2,
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Proof. We have
(4.19) A=NY2xy Asxy N71/2,
(4.20) Af,NzN_l sy AT sy N,
(4.21) Al =NV 2y Al sy N2,
(i) Suppose that A" = A. Then,

AﬁN:N’—l sy AL sy N
SN2 N2 s AH o N2 sy N2
SN2 AH g N2
= N"Y25n Asy N2 (since A7 = A)
=A.
Conversely, if .Af/ v = A, then
AH Z N2 4y AH oy N2
SN2 Ny A sy Ny N2
= NV2 sy A%y N2
= N2 sy Asy N7V2 (sinceAﬁN:A)
= A
(ii) Suppose that A xy A7 = A" x5 A. Then,
A*NAﬁNzA*NN_l*NAH*NN
AN N2y N2 s AH oy N2 sy NU/2
= Asy N™V2 5y AP «y N2 (using (4.19))
=N"Y25y Asy AT «n N2 (using (4.19))
=Ny A sy Asy NY2 (since Asy A7 = A7 «y A)
=NV2uny N7V2 58 AP sy NV2 sy NY2 sy Asy N7V2 50 NY2 (using (4.19))
=Nlsy AT sy N sy A
zAf/N*N A.
Conversely, if A *py Af//\/ :AﬁN *n A, then
Asy AT = N2 sy Asy N™V2 5y N7V2 5y AP 5y NY2 (using (4.19))
SN2 sy Ay Ny AH sy N sy N1/2
= N2 sy Asn A 58 N7Y2 (using (4.20))
:NI/Q*NAﬁN*NA*NN71/2 (SinceA*NAf/N:Af/N*NA)
= N2 5y N7 sy AT sy Ny Asy N2 (using (4.20))
SN2y AH s N2 s N2 sy Ay N-1/2
= A" «y A.

(iii) Similar to part (ii).
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(iv) We have
A xn Aﬁf}\/ = .Af//\/— v Ao Asxy AH = A" «y A (using part (ii))
o Al sy (ANH = (ANH «y AT (since A is normal)
& Al yoin (Al a)iow = (Al ) Fow #5 Aly e (using part (i)

Thus, the claim. 0

It is known that if A # 0 is an eigenvalue of a normal tensor A4, then 1/X is an eigenvalue of its Moore-
Penrose inverse Af. However, this is not true in the case of the weighted Moore-Penrose inverse -Ajvt. A of
A. The next example is in this direction.

1 1 1
EXAMPLE 4.6. Let A = (1 1). If M = <O g) and N = (3 ?) are two Hermitian positive definite

matrices in C2*2, then A}LW N= <

N [—= O] =

> . Here A is normal, and 2 is an eigenvalue of A but 1/2 is not an

J;M—AS‘»—A

eigenvalue of A}r\/[’N.

The weighted normal tensors fulfill the above requirement, i.e., if A # 0 is an eigenvalue of A, then 1/X is
an eigenvalue of its weighted Moore-Penrose inverse, in the case of weighted normal tensor. It is shown in
the following theorem.

THEOREM 4.7. Let A € CIv > InxIix--XIN pe qn even-order square tensor. If
N g ClhoxexInxhix-xIn s o Hermitian positive definite tensor, then

(i) A€ o(A) if and only if X € o(A);
(i) X e U(A}L\,N) if and only if X € o(A');
(iii) if A is a weighted normal tensor and X\ # 0, then X € o(A) if and only if 1/\ € O'(Aj\/’N).
Proof. (i) Suppose that A € o(A). Then, there exists a nonzero tensor X € C/** >IN guch that

Using the expression A = N2 xn A N71/2 in the last equation, we obtain Ay (N2 sy X) =
ANY2 5 X), which implies that A € o(A). Conversely, if A € o(A), then there exists a nonzero
tensor ) € CTrx*IN gyuch that

Axy Y =2,
Again, using the expression A = N'/2xy Ay N ~1/2 in the last equation, we obtain Ay (N ~1/2xy
V) = AN ~Y2 x5 V), which implies that A € o(A).
(ii) This part can be proved by following the steps as in part (i).
(iii) Suppose that A is a weighted normal tensor, i.e., Ay Aﬁ/}\/ = Af/j\/ *n A, and A # 0. Then,

A€eo(A) & Aeo(A) (using part (i)

1 - -
S5 € o(A") (since A is normal using Theorem 4.5(ii))

& % € U(A}LV,N) (using part (ii)).

Hence the proof. ]
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The next result provides a necessary and sufficient condition for a tensor to commute with its weighted
Moore-Penrose inverse.

THEOREM 4.8. Let A € Clv¥>InxIix--XIN pe qn even-order square tensor. If
N e ChxxInxhix-xIN js q Hermitian positive definite tensor, then A*NA;[\AN = Aj\[)N*NA if and only if
Asy At = AT sy A

Proof. We have A = N'V/2 %y Asxy N71/2 and A}L\/’N:N’l/z*NfU sy N2 So, Asy At = N2 sy
Axy N=V2 50 N2 4y AJT\/,N sy NTV2 = N2 45 Axy ‘Aj\/,/\f s« N ~1/2. Similarly, we obtain AT sy A =
N2y Aj\/,/\f sn A sy N71/2. Thus, the result follows. O

Weighted normality is a sufficient condition for the commutativity of a tensor with its weighted Moore-
Penrose inverse. The following theorem is in this direction.

THEOREM 4.9. Let A € Clvx-xInxIix-XIN po qn even-order square tensor, and
€ e a rermaitian positive aefinite tensor. 18 wewgnted normal, then A*pn =
N € ClixxInxIixxIN pe g Hermiti itive definite t If A is weighted I, then Axy Al

Proof. We have A = N2« Axy N71/2 and A}L\/—’N = N V2uy At sy NV/2.1f A is weighted normal,
then A xp AﬁN = Aﬁ//\/’ *xn A. So, by Theorem 4.5(ii), we find Asy AH = AM « A, which implies that
Axy AT = AT x5 A, by Theorem 3.4 of [21]. Using Theorem 4.9, we get A * Aj\/,/\f = ‘AI\/,N xn A O

5. Weighted tensor norm. For two Hermitian positive definite tensors M € ClX->xIaxTix--x1In

and N € C/rxxXInxJix--xXJIn e define the weighted inner product and their induced weighted tensor
norms here. The weighted inner products in C/t**Ia and C/1> >IN are

<X7y>M = <M *M X7y>7 vae(CIlXWXIM

and

<Xay>N:<N*NX7y>a XayE(CJlXMXJNa
respectively. Then, their induced weighted tensor norms are
”XHM _ <X,X>M, X e (Chx-..xIM

and

Xl = (X, X) g, X € TN,

respectively.

LEMMA 5.1. For W € Clvx-xXIuxJixe-xXJIn -y ¢ ClixxXIN gqnd Y € Ch>x>*Im e have

Wy X, ) = (X Wy V).
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Proof.

Wy X, V) =Y xpyy Wy X

= E yi1i2---iM( E WiliZ“'iMjleu'jN‘,EjljZ”'jN)

11,82 yee st M 1,525 JN

E E yi1i2~--iMWi1i2-~~iMj1j2~~jNlejz“'jN

01,82, 8M J1,J25--,JN

= § : ( 2 : gilizmiMWilizmiMjlhijmjljz”'jN)

J1d25-JN 1,02, 0M
S SN I
J1j2inN Jij2-JN
J1:J25eJN
H H
=Wy V)7 s X
(X, WH 50 V)

From Lemma 5.1, the next result is easy to deduce.

LEMMA 5.2. Let X € ClvxxIm gnd Yy € CHxxIn | Jf M € ClxexImxluxxXIn gpg
N € ClrxXINXTixXIN qre two Hermitian positive definite tensors, then

(i) [ Xlam = M2 50p X
(ii) |X]|n = N2 5y Xl

Proof. (i) We can write
¥ ]|a = /X, ) g

= J(MI2 s0p MU 5y X, )

- \/<M1/2 far X, M2 5y X
= [|M2 5y .

Similarly, we can prove (ii).

Let X, Y € Clx*Im with a Hermitian positive definite tensor M € Clrx-->xIauxlix--xXIn  Then X and Y
are called M-orthogonal if (X¥,Y),, = 0. Next, we prove the weighted Pythagorean theorem for tensors.

THEOREM 5.3. Let X, Y € Clv¥>*Im pe M-orthogonal. Then,
1€ + VI3 = X3+ 1V
Proof. Using Lemma 5.2, we can write

1¥ + V34 = M2 507 (X + D)7
= MY 250 X% + MY 250 Y| (since M2 sy X and M2 5 Y are orthogonal)
= X% + VI
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For a tensor A € ClixxXImXxJiX--XJN we define the tensor norm as:
(5.22) Al = sup{[|A *n X|| : [|[X]| =1, & € Cl>>/vy,

By performing the steps of the existing proofs for matrices, we can verify the following.

(i) [[All = [|All2, where [.][2 is the spectral norm of A.
(i) [l A sy X[ < [JA[J[lX]-
(iii) ||A*n Bl < || A||||B]|, where A € Chrx-xImxJix-XIN and B € CT1x>InxJixlax-xln,
(iv) [lA] = [.A7]].
(v) [T xn All = ||l

Now, for tensors A € ChxxInxJix-XIn and B € CTixxInxIixXIm with two Hermitian positive
definite tensors M € Cl ¥ xIuxlixxIm and N € ClrxxJInxJixxJn e define the weighted tensor

norms as:

(523) Al = sup{l A s Xllaa : [ Xl = 1, X € ©xn,
and
(5.24) 1Bl ara = sup{||B#as Xlnr ¢ [|X]lag =1, X € CloxxTary,

The following result provides a relation between the weighted tensor norm and the tensor norm.

LEMMA 5.4. Let .A c Cle-»-xIMlex---xJN and B c CJ1><~»><JN><11><---><IM' IfM c Cllx---xIMxllx---xIM
and N € CTrxxInxJixxIN qre two Hermitian positive definite tensors, then

(i) Al mn = [|MY2 5pr Asy N7V2;
(ii) |Bllaat = N2 sy By M~12.

Proof. From (5.23), we obtain

Al pn = sup {[Axn X[ : X =1, X € CHxIny
=sup {|MY2 sy Ay X|| ¢ [INY2xy X =1, X € C* %I~} (using Lemma 5.2)
= sup {HM1/2 *M-A*N N—1/2 KN N1/2 *NXH . ||N1/2 S, XH — 17 X c (CJ1><-~><JN}
= sup {|MZ sy Asy N2 2 V) =1, Y e CToovy
_ HM1/2 *MA*N N71/2H‘

Thus, the assertion (i) follows. The assertion (ii) can be proved similarly. |

The following lemma shows the consistent property of the weighted tensor norm.

LEMMA 5.5. Let A € Chx->xluxJux-xJIn g o Clhx-xIvxlocxiu y ¢ Ch*xXIN gnd ) €
Chxxla - f M e Chox>xIuxlocaxi gpng N € CTXXInxTixXIN gre two Hermitian positive def-

inite tensors, then

(1) A *N Xla < [Allvn (1215
(i) 1B xps Vla < (Bl [Vl
(iii) | A*n Bllamam < [Allma [1Bllavat-
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Proof. (i)

| A *n X[ag = [|MY2 50 Axy X| (using Lemma 5.2(i))
= M2 55 Asxy N7V25y NV 25y X
< IMY2xar Asey NTV2IINY 2 5y X
= [Allaa [| X[ (using Lemma 5.4(i))
(ii) Similar to part (i).
(iif)
| A *x Bl = [MY2 53 Axy Bxar M™Y?|| (using Lemma 5.4(1))
= MY 25y Ay N7YV2 50 NY2 sy By MTY2|
<MY 2 spr Asy N7YV2|INY2 sy B sy M™Y2|| (using Lemma 5.4(i))
— Al IBllnad (using Lemma 5.4)

The following lemma comprises some properties of the weighted conjugate transpose with the weighted tensor
norm.

LEMMA 5.6. Let.A c Cllx---xIM><J1><-~><JN' ]f./\/l c (C11><~-><IM><11><“-><1M andN c (CJ1><~-><JN><J1><~~><JN
are two Hermitian positive definite tensors, then

(i) Al mn = ||Af/1NHJ\7;M{ )
(i1) AR = M *nv A pr v = AT *0r Allvn
Proof. (i)

HAﬁwHNM = N2y Aﬁ/\/ sar M™Y2|| (using Lemma 5.4(ii))

= N2 5y N7y A sy Mosyy M|

= (M2 sar Axy NTH2HH|

= M2 50 Asy N7H2|

= ||Allmn (using Lemma 5.4(i)).

(ii)
[l A AthHMM = |IMY2 55 Axy Ath sar M™Y2|| (using Lemma 5.4)

= M2 sy Ay N1y AT sy Moy M2
= (M2 xar Axy N7V2) s (MY x0p Axy N2
— MY spg Ay N7V
= || All3n (using Lemma 5.4(i)).

The next result defines the weighted tensor norm as the maximum (M, A\) singular value of A.

THEOREM 5.7. Let A € Clvx > IuxJixxXJn = [f M € ClxxInuxlixexIm gp g
N € ClrxXINXIixXIN qre two Hermitian positive definite tensors, then

1
A pnr = Himae and Al il = pr—

min

where pmaz and fiymin are the mazimum and minimum (M, N') singular values of A.
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Proof. By Theorems 3.1 and 3.3, we have A = U *; S*x VH and AL’N =N "TanVianySTsp U 3, M,
where

S _ ury >0, fI=Je{l, 2, ..., r}
M 0, otherwise,
and
1 .
T o 4 _ Si1"'iMj1"'jN7 lf Sil"'iMjl“'jN 75 0,
JrNT 0, otherwise,

M s—1 N t—1
where I =iy + Y (is— 1) [[ L and J = ji + Y (js — 1) [] Ju. Now,
s=2 u=1 t=2 v=1

H‘AH%\/IN = ||~’4*N AjﬁANHMM (using Lemma 5.6 (ii))
= U xas Sy VI sy N1y Vry ST spr UM spr M| ainm
= ||U *ps S *xn SH *)r uf sar M| pmad (since VH *NN_l snV=T)
- ||M1/2 sor U g S xn ST UM spp Moxy M_l/QH (using Lemma 5.4 (i))
= MY 2 spr U spr S sy ST sy U sepp M2
= ||(M1/2 *ar U) xar S xN SH 5y, (M1/2 *0r U)HH
2

:p“maz

Thus, ||A|mA = fmaz, since M2 5y, U is unitary tensor and

2 .
prit, ¥I=Ke{l, 2, ..., r},
(S *N SH)i1~-i1v17€1~”k1v1 = .
0, otherwise,
M s—1 M t—1
where [ = i1+Z(is—1) H I,and K = k1+2(kt_l) H K,. Since the nonzero (M, N) singular values of

s=2 u=1 t=2 v=1
Aj\/l,f\f are the reciprocals of the nonzero (M, N) singular values of A, therefore, we get ||A}L\,1’NHNM =

Hmin

6. Numerical range for the weighted Moore-Penrose inverse of an even-order square tensor.
In this section, we establish several properties of the numerical ranges of a tensor and its weighted Moore-
Penrose inverse. The first result conveys that the spectra of A and ’Aj\/h  as well as their numerical ranges
simultaneously contain the origin. Here, Definition 3.12, [33] is used for the determinant of a square tensor.

THEOREM 6.1. Let A € Ch x> Inxhix-xIn —[f M N € ChxxInxhixXIN qre tyyo Hermitian posi-
tive definite tensors, then

(i) 0 € o(A) if and only if 0 € o(Aly, 5);

(ii) 0 € W(A) if and only if 0 € W (Al \)-

Proof. (i) By the properties A *y Ajvu\/ xny A = A and AL,N xn Ak Ajvu\/ = AL,N, we
have that det®(A) det(A} \;) = det(A) and det(A) det*( Al ;) = det(Al, ). Thus, if det(A) =
0, then det(A) detQ(Aj\,lyN) = det(A}L\/l,N) yields det(Ale,N) = 0 and if det(AjM’N) = 0, then
det?(A) det(Aj\,t}N) = det(.A) yields det(.A) = 0. Hence, the assertion (i) follows.
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(ii) Here, two cases are possible.
Case 1: Suppose that A is singular. Then, 0 € o(A) C W(A) and it is possible if and only if
0 € (Al n) € WAL L)
Case 2: Suppose that A is non-singular. Then, AL)N = A1, Now, using (2.10), we have

(625) W(A)_{W:O#yechxmxbv}y
1,
W(A™Y) = {W OfXe Chx-"w}

_ {<A1*N-A*N V,Axn V)

. Iy x--XIn —
Ay V2 e ’A*Nyx}

H -1
B {<A *Nm*ZNyJIZIZ*N 2. ) s X e CloexIng Asn Y = X}
_ <AH *N y,y> . Iy x--xIn
(620 - gt 0wy een g

If 0 € W(A), then there exists a nonzero tensor Y € CH* >IN guch that (Axy YV,)V) = 0 by
(6.25), which implies that <AH * N y,y> = 0. Thus, 0 € W(AZWN) due to (6.26). Conversely, if
0 e W(Aj\A,NL then there exists a nonzero tensor ) € CI1*XIN gych that <AH *N y,y> =0,
which gives (Axx V,Y) = 0. Thus, 0 € W(A). This completes the proof. O

Theorems 5.2(i) and 5.4 of [38] are immediate consequences of the above result. Also, the following
corollary generalizes Theorem 2 in [37].

COROLLARY 6.2. Let A € C"*". If M, N € C™*™ are two Hermitian positive definite matrices, then
(i) 0 € o(A) if and only if 0 € J(AR/I’N);
(i) 0 € W(A) if and only if 0 € W(AMN).
As an application of Theorem 6.1, we have the following result.
THEOREM 6.3. Let {ziy.in }szl, for j =1,2,...,N be nonzero complex numbers. If
0= Z Qiyigrin Zivinin s
11,025, N
for some nonnegative scalars {ailiT"iN}'{j:l for j =1,2,..., N with Z Quiyigiy = 1, then there exist

nonnegative scalars {Bi iyin }7[;:1 for j =1,2,..., N with Z Biyig-in = 1 such that

11,82, 0N
Z 1
0 - /81112.ZNZ - - .
11,02,.00N 2N
3 5 — Iy XX IN X Ty XX T
Proof. Consider the tensor A = (@ iy injrjo-jn) € C* NXh N where

_ Zi1io-inN if (7’1)227"'7”\7) = (.71).727"'7.71\7)7
ai1i2...ilej2...jN =

0, otherwise.
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Then, W(A) = Z Zivigein | Tivigein | : Z |Zi14.in |2 = 1 p, which is a convex polygon with
01,02, N 11,82, 0N

. I .
vertices {2 ip-in b =1- 10 = Z Qiyigin Zigiginy With Z Qiyininy = 1, then 0 € W(A). So, by
11,02,00 0N 11,0250 ,0N

Theorem 6.1(ii), 0 € W(A;AN), where Aj\/t,/\/ = (biyin-in jrjo-jn) € CIX X INXTXIN gych that

2 il,..i ) if (i17i27"'aiN):(jlva""?jN)a
bi1i2"'iNj1j2"'jN = 1N .
0, otherwise,
a convex polygon with vertices — 1 Therefore, there exist nonnegative scalars {Biliz...m}szl with
i1ig- i
1
Z Biyiy-iny = 1 such that 0 = Z Bivigwin - ]
i1,0,.. 0N i1,62,..00N t1t2 N
. . 1
Next theorem establishes a relation among o(A), W(A), and - . Here,
A
L s 2 e W), where T = {5 270 43,[1)
—— =1z 2z , where z! = see page 43, [1]).
W(A) , 2=0

THEOREM 6.4. Let A € Clvx > InxhixXIn = gnd M,N € Chx-xInxIixXIN pe tyyo Hermitian posi-
tive definite tensors. If A *n Aj\/l,/\f = AI\A,N xn A, then

1

(6.27) a(A) C W(A)) A
MN

Proof. Let A € o(A). It is well-known that o(A) C W(A). If A =0, then 0 € W(A) and by Theorem
6.1(ii), 0 € W(Ajvt,N)- Thus, the inclusion in (6.27) holds. If A # 0, then there exists a unit eigentensor
X € Chv<*In guch that

(6.28) Ay X = \X,

which implies that

(6.29) Al p ¥y X = %AI\M\, sy Aky A
Using (6.28) and the property A *y A}LM,N *xny A= A, we obtain

(6.30) Ay Al v X = X.

Using (6.29), (6.30), and the condition A *py ATMN = ATM,/\/ *n A, we conclude
1
XH *N A.];\/I,N *N X = XXH *N 'Aj\/l,/\/ XN A*N X

1
= XXH *NA*NAj\/LN*NX

1 1
= Xy x =2,
TN TN
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Thus,

1 1
A= T € P .
XH*NAMVN*NX W(AM,N>

Hence proved. 0

Our next example shows that the assumption A * Aj\/t N = Ajvt w *N A in Theorem 6.4 is essential.

11

EXAMPLE 6.5. Let A =
B 6.5. Le (0 :

> € C>*2, If M = (1 0>, N = <3 0> are two Hermitian positive

0 2 0 1
( ) So,

definite matrices in C2*2, then ARLN =

7 N\

N[N
INTICINTN
NN

0 1 0
0); AAY = (0 0>7 and A}, A

AAY,  # Al yA. Now,

1_ 3_
W(AEW’N) = {42121 + Zzgzl Pz = (21,22)T e C?, |21\2 + \zg|2 = 1} ,
1

WAL v

)

Let 0 # o € W(A}LV[)N). Then,

1 3
o= 12121 + 12221, for some z = (Zl,Zg)T €C? |z + |l =1,

(0% z + 22||%
= 1 2]|~1

IN

3 5
5 ><—|—8>< 8<

L2 2y, 3 (el + |z 1
faf + ) + 3 :

Foranyo#ﬂem,

eigenvalue 1 of A is not in

we now have 3 = X for some 0 # o € W(A}LVLN). So, |B] > 1. Thus, the

1
WAL )

If M and N are identity tensors, then the above theorem coincides with Theorem 5.14, [38]. The following
result generalizes Theorem 5, [37].

COROLLARY 6.6. Let A € C"*™ be a square matrixz, and M, N € C™*"™ be two Hermitian positive definite
matrices. If A is weighted EP-matrix, i.e., AA}LW N = A}w NA, then

o(4) c W(A) W(AlT)'
M,N

The next theorem is an application of the WSVD.
THEOREM 6.7. Let A € CTix-XInxIixXIN gych that W(A) = W (AH). If

M =N = BT € ChxxInxlixXIN qre two Hermitian positive definite tensors, then
W (A) (12 W (Al ) # 0,

for every (M, N) singular value i of A.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 40, pp. 140-171, January 2024. I L

AS

A. Be, V. Shekhar, and D. Mishra 164

Proof. Let A = U *x S *y VI be the WSVD of A, where S = diag(pu1, i - - - fin), 1 > pg > ... >
n>0andn=1 -Ir----- Iy. If 4 =0, then A is singular. Hence, 0 € 0(A) C W(A). Then, by Theorem
6.1(ii), we have 0 € W(Aj\/t,N)' Thus, W(.A) ﬂ/ﬂW(Aj\,hN) # 0.

Now, let 1 # 0. Assume that g = py. Since p is an (M, N') singular value of A, therefore, 1 is an (M, N)
singular value of A/pu. Since VH x5y N =1 xx V = Z, so we can choose a unit tensor X € C/+**I¥ guch that
VH s X € Clx XN wwhose all entries are zero except (VI *x X)11. 1.
X sy (Afp) sn X = X sy U sy (S/p) n VE x5y X
= U xn )T xy (S/p) #n (VT 5y &)
= (UH *N X)11,,,1(VH *N X)lli..h
which implies that (UH xy X),; | (VH xn X)11..1 € W(A/p). Since W(A) = W(AH), therefore, we have
(VH *N X)114..1 (UH *N X)ll...l € W(A/H)~ Now,
XH (,u.Aij) s X = XT sy N sy Vy (uST) s UE sy Maxn X
=X sy (Z/B) *n Vin (uST) sy UT xn (BT) x5 X
= XH * N V*N (ILLST) * N L{H XN X
=Wy X)yy 4 U™ x X111,

which implies that (VH sy X);; UT x5y X)11.1 € W(:“AI\A,N)' Hence,

W (A/p) (YW (1Al p) # 0.
ie.,
W (A) (#2W (Al ) # 0.
Similarly, we can prove W (A) uZW(AjM, ) 7 0 for the other (M, N) singular values of A. 0

Theorem 5.5 [38] is a particular case of the above theorem. It can be verified that Corollary 6.8 generalizes
Theorem 4 in [37].

COROLLARY 6.8. Let A € C™*™ such that W(A) is symmetric with respect to x-axis, i.e., W(A) =
W(A*). If M = N = pI € C"*™ are two Hermitian positive definite matrices, then

W(A) (W (AL, y) # 0,

for every (M, N) singular value p of A.

In the following result, we derive that the numerical ranges for the weighted Moore-Penrose inverse and
the weighted conjugate transpose are equal for a particular type of tensor.

THEOREM 6.9. Let A € CIv<xInxIixxIn = gnd M, N € ChxxInxIuxXIN pe tyyo Hermitian posi-
tive definite tensors. Let {Uy,Us, ..., U, } be an M-orthonormal and {V1, Vs, ..., V.} be an N ~t-orthonormal
subsets of CTV} >IN - [f A =Uy %y VE + Uy 1 VI 4+ U % VE | then Aj\/{,/\f =N sy (Vi s U+ Vo %4
US4+ 4V U sy M oand W (AT ) = W (AT )

Proof. Tt can be verified by considering X = N~ sx (Vy # UH + -+ V. %1 UT) x5y M and then using
Definition 1.6. 0
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The above result reduces to the following corollary when we consider identity tensor as weights.

COROLLARY 6.10. Let A € Clvx>InxIuxxIn = Lot ffy Us, ... U} and {V1,Va,..., .} be two or-
thonormal subsets of CTV XN If A =Uy %y VI + Uy 5y VI + -+ U % VI then AN = V) 5 U + Vo
U+ 4V, 5 U and W(AT) = W(AT).

The following corollary is a generalization of Theorem 6 in [37]. We provide its proof as it is different than

the Theorem 6.9.

COROLLARY 6.11. Let A € C™"*", and M, N € C"*"™ be two Hermitian positive definite matrices. Let
{u1,ug,...,u} be a subset of M-orthonormal vectors and {vi,va,...,v,} be a subset of N~t-orthonormal
vectors of C", respectively. If A = ujvf 4+ ugvs + - -+ u, v}, then ARLN = N~ Y(viuy +vius + - +viu, )M
and W(AMN) = W(A#), where A* is the weighted conjugate transpose of the matriz A.

Proof. We have that {uy,us,...,u,} is a subset of M-orthonormal vectors and {vy,va, ..., v, } is a subset
of N~ '-orthonormal vectors of C™. So, { MY ?uy, M/ ?usy, ..., M*/?u,} and {N~'/2v;, N~/ 20y, ...,
N~'/24,} are subsets of orthonormal vectors of C". Extend {M/?uy, MY ?uy, ..., MY?u,} and {N~'/2v,,
N~Y2y,,...,N=Y2p,} to orthonormal bases { MY 2uy, MY ?uy, ..., MY ?u,, ..., MY?u,} and {N—1/2y,
N=Y2yy, ... ,N~Y2p,. ..., N"Y20,} of C", respectively. Let U = [u1 up --- up] and V = [v; vy --- v,].
Then, U*MU = I, V*N~'V =1, and A = ujvj +ugvj + -+ +uv} = U(I, ©0,_,.)V*. Thus, by Corollary
3.6, we have

A}M =NV, 30, UM
=[Nty N7toy - N7, (I, ©0,_,)[Mu; Muy --- Mu,]*
= N~ (vpul 4+ voul + - +vul)M = N7LA*M = A7,
Hence, W (A}, ) = W(A#). 0
As an application of the weighted tensor norm, the following result provides a bound for the product of the
weighted tensor norms of a tensor A and its weighted Moore-Penrose inverse Ajvh v in terms of the product

of numerical radii of the tensor A and its Moore-Penrose inverse Af.

THEOREM 6.12. Let O # A € Chv x> InxTix-xIn — [f M N € Chx X InxhixXIN gre tyo Hermitian
positive definite tensors, then for the weighted tensor norm || Al mn,

1< | pan Al v < dw(A)w(AD),

where A = M2 sy Ay N=Y2 and ||.|| is the spectral norm of a tensor.

Proof. From Lemma 5.4(i), we have || A| s = ||l A]|. Now,
AR v llavan = N2 s Al o MOV2 = N2y N2y AT sy M2 5y MOV = AT
From Theorem 5.16 of [38] for the norm ||.||, we have
1< [JA[IAT] < dw(A)yw(A").
Therefore, we obtain

1< | pan Al v < dw(A)w(AD),

this completes the proof. 0
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In particular, the identity weights give Theorem 5.16, [38]. The next corollary is a generalization of Theorem
7, [37].

COROLLARY 6.13. Let 0 £ A € C"*", and M, N € C™*" be two Hermitian positive definite matrices.
Then, for the weighted matriz norm ||A||yn = |MY/2AN=Y2||,
1< | Alan 1A} v < de(A)w(AT),

where A = MY2AN—1/2, A}L\/[,N = N~Y2AYMY2 and ||.|| is the spectral norm.

With respect to the diagonal weights, the weighted Moore-Penrose inverse of a weighted shift matrix is
again a weighted shift matrix; this is shown in the following theorem. Also, for their numerical radii, some
upper bounds are established.

THEOREM 6.14. Let A € C™*" be a weighted shift matrix

0 a 0 0
0 0 a 0
(6.31) A=
00 0 "o an
00 0 - 0

If M, N € C™*" are two positive diagonal matrices, then

O 0 - 0 0

lai 0 -~ 0 0

(6.32) Ay y=| 0 Ve .- 0 0
0 0 - l/ayy 0

Furthermore,

(i) W(A), W(AMN) are circular disks centered at the origin, and

w(A) w(A*M,msmaX'ak'COSQ( . )

min|ag| n+1

where minimum is taken over those k with ay # 0.

(i) If agan— =1 for all k =1,2,...,[n/2], then W(A) = W(A;RLN), and

w(A) = w(Aly y) < max{lag|,1/|ax]} cos <njlr—1> '

Proof. By the definition of the weighted Moore-Penrose inverse of a matrix A, it is easy to compute the
representation of A}L\/[,N in (6.32). By Theorem 3 of [36], W(A) and W(ARLN) are circular disks centered at
origin. Again by the same theorem, we have

(6.33) w(A) < max{|ax|} cos <ni1> ,
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and

m 1 m
6.34 Al )< 1/|ay - : .
(6:34 (Al ) < max1/faxlyeos (7 ) =t oos ()

Therefore, from (6.33) and (6.34), the assertion (i) follows.
If apan—p =1 for all k=1,2,...,[n/2], then ARLN = P*AP, where

000 --- 01
0 0 0 1 0
P=|: O
010 ... 00
1 00 0 0

Thus, W(A) = W(A}LV[,N), since P is unitary. Let a = max{|ax|,1/|ax|}, then 1/a = min{|ag|,1/|ak|}-
Therefore, the numerical radius inequality (ii) follows from (i). d

Instead of diagonal matrices, if we take M and N as identity matrices, then Theorem 6.14 coincides with
Theorem 8, [37].

We end this section with an example in which we plot the numerical ranges of a tensor, and its Moore-
Penrose inverse and weighted Moore-Penrose inverse using Algorithm 3.1 of [38]. To compute the Moore-
Penrose inverse and the weighted Moore-Penrose inverse, we apply Algorithms 1 and 2 here.

EXAMPLE 6.15. Consider A € C2*3%2%3 qnd the two weights M, N in C?*3%2%3 sych that

A, 1,1) 0 AGL2,1) 0 A, 1L,2)  AG,2,2) A, 1,3) 0 A 2,3)

11 2|1 1 2 2 118 %8 2|1 1 2|3 %8 &,
11 212 2 1|2 2 4 4 211 1 218 8 3
M1 M2, MG, 1,2) 0 M2,2) MG 1,3) M5, 2,3)
1 0 0 0 0 0 3 0 0 0 0 0 0 2 0 0 0 ,
o 0 o012 0 010 0 0|0 1 010 0 0|0 0 3

and

NG, 1,1 N(G,L,2,1) NG, 1L,2) N(GLL2,2) NG, 1L,3) NG5, 2,3)
g 0 0|0 0 o010 1 00 0 010 0 1|0 0
o o0 02 0 0|0 0 0|0 |1 0 0 0 0

1

By Algorithms 1 and 2, the Moore-Penrose inverse and the weighted Moore-Penrose inverse of A are given
as

A0 1,1) Af(,:2,1) Af(,:1,2)
“3/26  9/26  -3/26| 0 -1/6 0 | -3/26  9/26 -3/26
11/26 -1/13  3/13 | 1/3 1/6 -1/6| -11/26 -1/13 3/13

AT(:,:,2,2) Af(:,:,1,3) Af(:,:,2,3)
0 -1/6 0 | 2/13 -5/39 2/13] 2/13 -5/39 2/13
1/3 1/6 -1/6| 5/78 -5/18 1/39| 5/718 -5/18 1/39

and
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Al G 1,1) Al (5 2,1) Al v(651,2)
-1/32  7/32  -3/32| 1/90 -8/10 1/30 | -3/32 21/32 -9/32
-5/32  -8/32  1/8 | 29/90 31/90 -4/15| -15/32 -9/32  3/8
ALN(:,:,ZQ) ALN(:,:,L?)) AI\/I,N(:7:7273)
1/180  -8/20  1/60 | 17/300 -18/100 17/100 | 17/200 -89/200 51/200 ,
29/180 31/180 -2/15 | 13/300 -13/300  1/25 | 13/200 -13/200  3/50

respectively. Now, applying Algorithm 3.1 of [38] to the tensors A, A, and ATM,N for 500 different choices
of 0, we obtain Fig. 1, and the colored doted points inside the plotted region represent the eigenvalues of the

corresponding tensor.

Figure 1: Numerical ranges of the tensors A, A", and Ajv(, A
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7. Conclusions. In this article, we have introduced the notion of the WSVD and derived the formula
for computing the weighted Moore-Penrose inverse of an arbitrary-order tensor using the WSVD. After
that, we have defined the notions of weighted normal tensor and weighted tensor norm. Further, we have
established several properties that examine some relationship between a tensor’s numerical range and its
weighted Moore-Penrose inverse. An upper bound for the product of the numerical radii of a weighted shift
matrix and its weighted Moore-Penrose inverse with diagonal weights has been established. An equality
between the numerical ranges of the weighted Moore-Penrose inverse and the weighted conjugate transpose
for a special tensor has been given. Our work on numerical ranges and numerical radii will also be beneficial
in finding the iterative solution to tensor equations. These theories add new contributions to the theory of
tensors and will be crucial for future research on tensors.
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