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WEAK LOG-MAJORIZATION AND INEQUALITIES OF POWER MEANS*

MIRAN JEONG' AND SEJONG KIMT'

Abstract. As noncommutative versions of the quasi-arithmetic mean, we consider the Lim—Paélfia’s power mean, Rényi
right mean, and Rényi power means. We prove that the Lim—P4lfia’s power mean of order ¢ € [—1,0) is weakly log-majorized
by the log-Euclidean mean and fulfills the Ando-Hiai inequality. We establish the log-majorization relationship between the
Rényi relative entropy and the product of square roots of given variables. Furthermore, we show the norm inequalities among
power means and provide the boundedness of Rényi power mean in terms of the quasi-arithmetic mean.
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1. Introduction. Throughout the paper, C,,x,, is the set of all m x m complex matrices, H,, is
the real vector space of m x m Hermitian matrices, and P,, C H,, is the open convex cone of m x m
positive definite matrices. For A, B € H,,, the Loewner order A > (>)B means that A — B is positive
semi-definite (resp. positive definite). We denote by s(X) the m-tuple of all singular values of a complex
matrix X, and denote by A(X) the m-tuple of all eigenvalues of a Hermitian matrix X in decreasing order:
M(X) 2 A(X) > o0 = An(X).

Let z,y be two m-tuples of positive real numbers. We denote by z+ = (xf, ..., o} ) the rearrangement

of = in decreasing order. The notation = <,z y represents that = is log-majorized by y, that is,

(1.1) 1= <]

for 1 < k < m —1 and the equality holds for & = m. We say that = is weakly log-majorized by y, denoted
by  <wiog ¥, if (1.1) is true for k = 1,2,...,m. For simplicity, given A, B € P,,, we write A <y B if
AA) <10g A(B), and A <105 B if AM(A) <wiog A(B).

For given Ay, ..., A, € P,,, the quasi-arithmetic mean (generalized or power mean) of order t(# 0) € R
is defined by

1
t

Ot(w; Ay, Ap) = ijAé- ,
j=1

where w = (w1,...,wy,) is a positive probability vector. Note that

tli_r)r(l)Qt(w;Al,...7An):exp lejlogAj ,
=
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where the right-hand side is called the log-FEuclidean mean of Ay,...,A,. Log-majorization properties and

operator inequalities of the quasi-arithmetic mean have been studied [7, 9, 23]. As noncommutative versions
of the quasi-arithmetic mean, we investigate in this paper the Lim—Palfia’s power mean, Rényi right mean
and Rényi power mean.

(I) The Lim—Padlfia’s power mean Pi(w; Ay, ..., A,) of order t € (0, 1] is defined as the unique positive definite
solution of N

i=1
where A#,B = AY?(A=1/2BA~1/2)tA1/2 is known as the weighted geometric mean of A,B € P,,. For
t € [~1,0) we define Pi(w;A,...,A,) = P_(w; A7t ... A1) 7. See [22] for more information. We
show in Section 3 that the sequence Pi(w;AY, ... AP)V/P for t € [~1,0) is weakly log-majorized by the
log-Euclidean mean for any p > 0:

n
Py(w; AY, ... ,Aﬁ)l/p < wlog €XP ij log A; |,
j=1
and the power mean P; satisfies the Ando-Hiai inequality: P;(w;As,...,A,) < I implies Pi(w; A, ...,
Aﬁ)l/ P < J. This provides an affirmative answer for the monotone convergence of Lim—Palfia’s power means
in terms of the weak log-majorization, but it is an open question:

Pt(w;Aﬁ’,...,Aﬁ)l/p/‘<wlog exp ijlogAj as p\,0.

j=1
Here, the above symbol . | ~means that Lim-Palfia’s power means satisfy the following properties: for
0<p<gq
(i) Pi(w; AY, ... APYYP <00 exp (Z?Zl w; log Aj),
(i) lim Piw; AT, AD)YP = exp (3], wylog 4, ),
(iil) Py(w; AL ...  APYYP o hog Py(w; AL, ..., A2)Y/ 4,

(IT) Recently, a new barycenter minimizing the weighted sum of quantum divergences, called the ¢-z Rényi
right mean, has been introduced in [10]. Indeed, for 0 <t <z < 1

Qo (w;Ar, .. Ay) = argminij(I)tyz(Aj,X),

XeP,, j=1

where @, ,(A, B) =tr((1—t)A+tB) — tr(A'= Bf A% )? is the t-z Bures-Wasserstein quantum divergence

of A,B € P,,. Here, @, ,(A,B) = (A 21‘B§A%)Z is known as the t-z Rényi relative entropy of A, B. The
t-z Rényi right mean coincides with the unique positive definite solution of the equation

n 1—t z
X =Y wy (XF4,7 xF)

=1

which obtained by vanishing the gradient of objective function. For ¢t = z = 1/2, the ¢-z Rényi right mean
Q; , coincides with the Wasserstein mean: see [1, 2, 8, 17] for more information. We show in Section 4 the
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log-majorization relationship between the ¢-z Rényi relative entropy Q¢ .(A, B) and A'/2B'/2 and establish
norm inequalities among the power means.

(IIT) Dumitru and Franco [12] have defined the Rényi power mean Ry ,(w; A1, ..., A, ) as the unique positive
definite solution of the equation
Py =xtaE)
=Y wy (a7 XA )
j=1
and proved the norm inequality between R; . and Q;_; with respect to the p-norm for p > 2. Note that for

commuting variables

Rt,z = Qt,z = Plft = Q17t~

We show in Section 5 the boundedness of Rényi power mean R; . in terms of the quasi-arithmetic mean.

2. Antisymmetric tensor power and homogeneous matrix means. A crucial tool in the theory
of log-majorization is the antisymmetric tensor power (or the compound matrix). Note that for A > 0 and
1 <k<m,

k
(2.2) TTA(A4) = M(AkA),

i=1

where A* A denotes the kth antisymmetric tensor power of A. By the definition of log-majorization, A <oz B
for A, B > 0 if and only if \{(AFA) < A\ (A*B) for 1 < k < m — 1, and det A = det B. We give a list of
fundamental properties of the antisymmetric tensor powers by [6] and [14].

LEMMA 2.1. Let A, B € P,,, and I the identity matriz with certain dimension.

(1) A*(cI) = c*I for any constant ¢

(2) A*(XY) = AR(X)AR(Y) for any X,Y € Cruxm
(3) (AF(A))" = AF(A") for any r € R

(4) A¥A < A*B whenever A < B.

Another interesting property is that the weak log-majorization implies the weak majorization. More precisely,
A <y1og B implies A <, B, where A <,, B means that

k k
DA <D N(B), 1<k<m
i=1 i=1
Note that A <,, B if and only if ||| A]|| < |||B]|| for any unitarily invariant norm ||| - |||. One can easily see

from Lemma 2.1 (4) and (2.2) that A < B for A, B € P,,, implies A <105 B, 50 A <, B.

Let A, be the simplex of all positive probability vectors in R™. A (multivariable) matrix mean on the
open convex cone Py, is the map G : A,, x PP, — P, satisfying the idempotency: G(w; A,...,A) = A for
any w € A, and A € P,,. The matrix mean is said to be homogeneous if G(w; cA) = ¢G(w;A) for any ¢ > 0,
where A = (Ay,...,A,) € P

LEMMA 2.2. Let G1,G2 : Ay X P, — Py, be homogeneous matrixz means satisfying

(2.3) Go(w; A) < T implies Gy(w;A) <1,
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foranyw € A, and A = (Aq, ..., A,) € P, Then |G1(w; A)|| < ||Ga(w; A)||, where ||-|| denotes the operator
norm. In addition, if such homogeneous matrix means G; for i = 1,2 are preserved by the antisymmetric

tensor power:
AFGy(w; A) = Gi(w; AFA),

where AFA = (A*Ay, ... A¥A,), then G1(w;A) <wiog G2(w; A).
Proof. Let k = ||Ga(w; A)||. Then Ga(w;A) < kI, and

1 1
e, (w; A) —Lewa<r,
K K
since G is homogeneous. By (2.3) and the homogeneity of G
1 1
*Gl (w;A) = Gl <w; A) < 1.
K K

Thus, G1(w;A) < kI, which implies ||G1(w; A)|| < ||Ga(w; A)]|.

Additionally, assume that G; for i = 1,2 are preserved by the antisymmetric tensor power. Then using
fundamental properties of the antisymmetric tensor powers in Lemma 2.1, (2.3) yields

A*Gy(w;A) < T = AFGi(w;A) < I

So A1 (AFG1(w; A)) < A\ (AFGa(w; A)), equivalently G (w; A) <y 10g Ga(w; A). O

3. Log-majorization of the Lim—Palfia’s power mean. Let A = (Ay,...,A,) € PI. For conve-
nience, we denote

AP = (AP,... AP) € PV

m?

for any p € R.
For t € (0,1] we denote by P;(w;A) the unique positive definite solution of
X = wi(X#Ay).
i=1

For t € [~1,0) we define P;(w;A) = P_y(w; A=)~ We call P;(w;A) the Lim—Padlfia’s power mean of order
t for A1,...,A,. Note that

-1

Pi(w;A) =) wid; = Aw;A)  and  P_y(wiA)= | > wiA7' | =H(w;A),
j=1 j=1

where A and H denote the arithmetic and harmonic means, respectively. One can easily see that for
commuting Ay,..., A,

. 1/t
Pi(w;A) = (Z wﬁlf) = Qi(w; A),
i=1

where Q; denotes the quasi-arithmetic mean of order ¢; it can be defined for all t € R, and

i=1

lim Q; (w; A) = exp (Z w; log Ai) :
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The remarkable consequence of power means appeared in [21, 22] is that P; converges monotonically to the
Cartan mean A as t — 0 such that

(3.4) P,<P . ,<---<A=lmP<---<P,<P,

t—0
for 0 < s <t <1, where the Cartan mean A is the least squares mean for the Riemannian trace metric dg:

n
AMw; Ay, ... Ay) = argminijd%(Aj,X),

XePum =

and dp(A, B) = ||log A=/2BA~1/2|,.

REMARK 3.1. Note that Lim—Pdlfia’s power mean and Cartan mean are homogeneous. So applying
Lemma 2.2 with the monotonicity (3.4) of Lim—Pdlfia’s power means yields that

Py(w;A) om0y Aw; A) as t N\, 0,
Pi(w; A) < 1o Alw; A) as t 0.

THEOREM 3.2. [20, Theorem 1] Let A = (A1,..., A,) € PP, and w = (w1, ..., wy) € A,. Then

ij logA; <0 implies Alw; A) < 1.

PROPOSITION 3.3. Let A fl(Al, o Ap) €P L w = (wyy ..., wy) € Ay, and 0 <t < 1. Then for any
p>0
(3.5) 1P s 890V < llesp [ S wytog 4y ||| < IPGes Ay 2.
j=1
Furthermore,
(3.6) P,t(w;Ap)l/p ~wlog €XP En:wj log A;

Jj=1

Proof. Let p > 0. Since the Lim—Pa&lfia’s power mean and log-Euclidean mean are homogeneous, by
Lemma 2.2 it is enough for the second inequality of (3.5) to show that for 0 <t <1

Pi(w; AP)V/P < T implies exp ij logA; | <1
j=1

Assume that P,(w; AP) < T for 0 <t < 1. By (3.4) A(w;A?) < I, and A(w; AP)Y/P < I. Taking the limit as
p — 07 and applying the Lie-Trotter formula of the Cartan mean [16] imply that

exp ijlogAj <I.
j=1

Now assume that exp(zyzl w;log Aj) < I. Since the logarithmic map is operator monotone, we have
> o=y wjlog Aj < 0. Then, 377 wjlog A} = p>77_ wjlog Aj <0 for any p > 0. By Theorem 3.2
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A(w; AP) < T,
and by (3.4) P_;(w;AP) < I for 0 < t < 1. This completes the proof of (3.5).

Furthermore, by (3.4) A*P_;(w; AP) < AFA(w;AP) for the kth antisymmetric tensor power A*. So
AL (AFP_(w; AP)) < A\ (AFA(w; AP)), and by Lemma 2.1 (3)

A (AR Py (w; APYYPY = A (AR Py (w; AP) VP < A (AFA(w; AP))YP = Xy (AFA(w; AP)Y/P).

Since A(w; A) <0g €xp (Z;;l w; log Aj) by [8, Theorem 1], we conclude that

Py (w; APYYP < og Alw; APYYP <00 exp ij log A;
Jj=1 O

REMARK 3.4. Note from [22, Proposition 3.5] that for t € (0,1]
det P_;(w; A) < H(det A,
j=1

s0 (3.6) must be the weak log-majorization.

A variant of Ando—Hiai inequality for power means has been shown in [23, Corollary 3.2]: for ¢ € (0, 1]
Pi(w;A) <T implies P:(w;AP)<I forallp>1.

We provide different types of Ando—Hiai inequality for power means using Jensen inequalities [13]. Let X
be a contraction. For any A > 0, we have

(3.7) (XAX" )P < XAPX* if 1<p<2,
and
(3.8) (XAX™)P > XAPX* if 0<p<L

THEOREM 3.5. Let p > 1. Then

(i) if Pi(w;A) > I then Py(w;A) < Py(w; AP) for 0 <t <1, and
(i) if Pi(w; A) < I then Py(w;A) > P(w; AP) for —1 <t < 0.

Proof. We first consider 1 < p < 2. Assume that X := P;(w;A) > I for 0 < ¢t < 1. Then by taking the
congruence transformation

t/p

n n
I= ij(X—1/2AjX—1/2)t _ ij |:(X—1/2AjX—1/2)p:|
j=1 j=1

Since 0 < t/p < 1, the above identity reduces to
I =P, (w; (XTV2AXT2P (XA, X2)P).
Since X ~1/2 < I, Hansen’s inequality (3.7) and the monotonicity of power means yield

I< Pt/]g(w;X—1/2Azl:X—1/27 o ,X_1/2A;ZX_1/2).
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Taking the congruence transformation by X'/2 implies that X < Py /p(w; AP). Since 0 < t/p <t <1, we
obtain from (3.4)
X < Pyyp(w; AP) < Py(w; AP).

Replacing A; by A? we can extend the interval [2, 4], and successfully for all p > 1.
Assume that X := Py(w;A) <1 for —1 <t <0. Then X! = P_,(w; A1) > 1. By (i) with 0 < -t <1
X 1< P (w;ATP),
equivalently, X > P_;(w; A7P)~! = Py(w; AP).

REMARK 3.6. We give another proof for Theorem 3.5 (i). Let 1 < p < 2. Assume that X = Py(w;A) > 1
for 0 <t <1. Since the map A € P,,, — AP is operator convez,

zn:wj(leAle/z)t < zn:wj(leAle/Q)pt
By (3.7) and the monotonicity of the power map A € Py, — A,
I< iwj(x—l/QA;’X—l/?)t.
Taking congruence transformation by X /2 implies
X< zn:ijW( THRAPX T2 X2 = ijx#t =: f(X).

j=1

Since the map f is operator monotone on P,,, we have X < f(X) < f2(X) < --- < fH(X) for all k > 1.
Taking the limit as k — oo yields X < Pi(w;AP) for 1 < p < 2. Replacing A; by A?, we can extend the
interval [2,4], and successfully for all p > 1.

Applying Lemma 2.2 to Theorem 3.5 (ii) we obtain
COROLLARY 3.7. Let —1 <t < 0. Then

1Py (w; AP) P[] < || Pr(w; A,

forp > 1, where || - || denotes the operator norm.
REMARK 3.8. The following is the unique characterization of the Cartan mean among other multivariable
geometric means satisfying the Ando—Li—Mathias axioms:

(3.9) AMw;A) < T implies Aw; AP) < T

for all p > 1. This is known as the Ando—Hiai inequality; see [26, Theorem 3, Corollary 6]. We can derive
it by using Theorem 3.5 (ii). Indeed, assume that A(w;A) < I. Then by (3.4) Py(w;A) < T for —1 <t <0,
and by Theorem 3.5 (ii) Py(w; AP) < I. Taking the limit as t — 0~ yields A(w; AP) < I.

THEOREM 3.9. Let A = (Aq,...,A,) €P},, andw = (wr,...,wy) € A,. Then

m’

A(w;Ap)l/p /< og €XD ij log A; as p\0.
j=1
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Proof. Note from [8] that

n
; AP/ — ) .
II)IL% Aw; AP) exp Zw] logA4; |,

j=1
and
A(w;Ap)l/p <log €XP Zu)j log A;
j=1
So it is enough to show that A(w;A?)Y <0, A(w; AP)Y/P for 0 < p < ¢q. By (3.9), if A(w;A) < I, then
A(w; A7) < T for any r > 1 so A(w; A")V/7 < I.

Since the Cartan mean and A(w; A™)!/" are preserved by the antisymmetric tensor power and homoge-
neous, from Lemma 2.2 we have A(w; A")!/" <log A(w; A) for all » > 1. Letting r = ¢/p for 0 < p < ¢ and
replacing A; by AZ, we obtain Aw; ANV <100 Alw; AP)L/P, O

REMARK 3.10. Ando and Hiai [3, /] have shown that (AP#,BP)Y/? converges increasingly to the log-
Euclidean mean as p — 0T with respect to the log-majorization:

(AP#,BP)YP 7 exp((1—t)log A+tlog B) as p\,0.
Theorem 3.9 is a generalization of the Ando—Hiai’s log-majorization result to multivariable geometric mean,

which is the Cartan mean.

REMARK 3.11. Since the Lim—Pdlfia’s power mean satisfies the arithmetic-power-harmonic mean in-

equalities:
-1

H(w; A) = ijAj_l < P(w;A) < ijAj = A(w; A),
j=1 j=1
for any nonzero t € [—1,1], it satisfies from [16, Theorem 4.2]

Il)i_r}r(l) Py (w; Ap)l/p = exp zjlw]— log A;
j=

Moreover, Py(w;AP)/P <wlog €XP (Z?zl w; log AJ) for t € [=1,0) by Proposition 3.3. One can naturally
ask that the Lim~Pdlfia’s power mean Py(w; AP)'/P fort € [~1,0) converges increasingly to the log-Buclidean
mean as p — 0% with respect to the weak log-majorization. In order to show this, it remains an open problem

as follows: for 0 < p <gq
Py(w; AN <105 Pyw; AP)VP.

4. Log-majorization of the ¢-z Rényi right mean. Let A, B€P,,. For0<t<1landz>0

)Z

is the matrix version of the t-z Rényi relative entropy [5, 24]. Especially, Q. (A, B) is known as the
sandwiched Rényi relative entropy [25]. This can be considered as a noncommutative version of geometric

mean in the sense that Q;.(A4,B) = A'"!B’ for commuting A and B. From this point of view, it is
interesting to find a log-majorization relation between Q; .(4, B) and AY/2B1/2.

1— 1—t
z

Qu.(A,B) = (A = B A
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THEOREM 4.1. Let A/ B€P,,. For 0<t<1/2 andt<z<1,

(i) MQ:.2(A, B)) <10 s(AY2BY?), and

(ii) (A" 2Q; (A, B)B27t) <oy s(A/2BY/2),

Proof. Note that s(AY/2B1/2) = \((AY/2BA/2?)1/2). Since Q; (A, B) and (A/2BA/2)1/2 are invariant

under the antisymmetric tensor product and homogeneous, it is enough from Lemma 2.2 to show that

(i) AV2BAY? <1 implies Q:..(A,B) <1,
(i) AYV2BAY2 <] implies At=3Q, (A, B)B'"2Q, (A, B)A""2 < I.

Let 0<t<1/2andt<z<1.

(i) We first prove it when B > I. Assuming that AY2BAY2 < we have B < A~ ! s0 B: < A% by the
Loewner—Heinz inequality with 0 < ¢ < z < 1. Then

1— 1—t

Qu-(A,B) < (AF A~ taF) =A<,

since A< B! <Tand 1-2t>0. So (i) holds when B > I.
Let Ay, :=min{\;(B) : 1 <i <m}. Then, A} B> I. By the preceding argument

A Quz(A, B) = Qr2 (A, A, AL B)
'<log (()\:nlA)l/Q()\T—nlB)(Ar—nlA)l/Q)l/Z _ )\;1(141/23141/2)1/2,

which completes the proof of (i).

(ii) Assume that A'/2BAY2 < I. Then B < A™', and B'~2?* < A?~1 by the Loewner-Heinz inequality
since 2t € [0, 1]. Therefore, we have

ATTEQu. (A, B)B' Qi1 (A, B)ATTE < AT3Q2(A, B)AY T Qi (A, B) AT
- (At*%Qm(A, B)At*%)Q.
Since B< A™' and 0 < t < z < 1, we obtain Q:,.(A,B) < A172t by the Loewner—Heinz inequality. So
A"3Q, (A, B)A"2 <1,
and thus, A" 2Q, (A, B)B*2tQ, .(A, B)At*~2 < I. Moreover,
det Af—%Qm(A,B)Bl—QtQm(A,B)At—%} = det(AB) = det(A/2BAY?),
and hence, (ii) holds for ¢ € [0,1/2]. 0

The t-z Rényi right mean €2, . is defined as

Q »(w; A) = argmin Z w;®; (A, X).

XeP,, j=1

Since the map A € P, — tr A* for ¢ € (0,1) is strictly concave, the map X € P, — @, ,(A4, X) is strictly
convex for 0 < ¢ < z < 1. So one can see that € ,(w;A) coincides with the unique positive definite solution
of the matrix nonlinear equation
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(4.10) X = wjQi:(X, 4;).
j=1

Note that (4.10) is equivalent to

n
+ + 1—t
Xt= =§ wiXTEH AT

=1
See [10, 15, 18] for more details.
THEOREM 4.2. [18, Theorem 3.2] Let 0 <t < z < 1. If Q; ,(w; A) < T then
Q. (w; A5 > A(w; AV,

If Qu ,(w; A) > I, then the reverse inequality holds.
THEOREM 4.3. [11, Theorem 13] Let 0 <t < z < 1. Then we have

1+z—t 7 — —1= 1+z—t z 1t
I- 1—t;ijj <2 (wiA) < [— 17— wiA; ,

1-1¢ 1-1¢ 1-
where the second inequality holds when (1 + 2z —t)I — z Z?Zl ijj% is invertible.

THEOREM 4.4. For0<t<z <1,
[Pt (w; A < [,z (w; A) | < [ Qaze (w; A)].

Furthermore, ||Qt=1(w;A)|| < ||,z (w; A)||.

Proof. Let 0 < t < z < 1. Since the Rényi right mean €); ., power mean P;_;, and quasi-arithmetic
mean Q.1-: are all homogeneous, it is enough from Lemma 2.2 to show that for each cases

Q2 (w;A) <T  implies P (w;A) <1,
Qi-¢(w;A) <I implies € (w;A)<I.

By Theorem 4.2, Q; ,(w; A) < I implies that

7t

and hence, Q_;(w;A) = (ZJ 1 ijl t) < I. By [23, Theorem 3.1] P;_;(w;A) < I. Next, we assume

1—t

Q1. t(w A) <I. Then >37_, w;A;= < I so one can see that

1+z—-1 7 1t
- litijAj > I.

By assumption, the second inequality in Theorem 4.3 holds, and hence, we have

-1

t 14+2—-1 z @ 1t
=\ 1 Iil—t,zjleAj =1
pn

Q. (wiA) =
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Moreover, assuming that € ,(w; A) < I yields

1+2—1t z _1=t
= 1 1—tijAj =4

t—1

by Theorem 4.3. Then Z?Zl w;A;* > I, and hence, Q:-1(w;A) < I since t € (0,1). This completes the
proof. ]

5. Boundedness of the Rényi power mean. Another type of the Rényi power mean has been
introduced in [12], as a unique positive definite solution of the equation

n n 1-¢ ‘ 1—t\ 2
(5.11) X =) wQi:(4;,X) =) w (AFX;AJQZ ) :
j=1 J=1

We denote it as Ry ,(w;A). We see the inequalities between the Rényi power mean and quasi-arithmetic
mean by using Jensen-type inequalities.

THEOREM 5.1. Let 0 <t <z < 1. If Ry .(w;A) < I then
p

Rt,z(W;A) < Q w Al f ijA ? )

for all p such that p < z.

+ 1—t + 1—t 1—t
Proof. Let X = Ry ,(w;A) < I for 0 <t <z <1 Since X= < I, we have Aj2z X?Ajzz < Ajz for
each j =1,...,n. Then from the equation (5.12)

n . . 1Nz n B
=Y, (47 XA E) <Y w A
j=1

Jj=1

Since the map P,,, > A — A* is concave, we obtain

z

X < ijA;_t < ijAj; = Q%(w;Akt).

Moreover, Q,, is monotone on p € (—oo, —1] U [1,00) from [19, Theorem 5.1] so
Q1 (wiATY) < Qu(wi AT,
for 0 < p < z < 1. Hence, we completes the proof. 0
LEMMA 5.2. Let0<t<z<1.
(1) If Aj < I for all j, then Ry .(w;A) < I.
(2) If Aj > I for all j, then Ry .(w;A) > 1.

Proof. Assume that A; < I for all j. Let X = R .(w;A) for 0 <t < z < 1. Suppose that A\ (X) > 1.
Since X < M\ (X)1,

X:anwj (A};z"xﬁA;?zt) < M(X ZwJAl F< X))

j=1 j=1
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This inequality implies that A;(X) < A1 (X)?, which is a contradiction because A1 (X) >1and 0 < ¢ < 1. So
A1(X) <1, equivalently X < T.

In order to prove (2), suppose that A\, (X) < 1. Since X > A,,(X)I, the similar argument as above
yields A\, (X) > A\ (X)?, but it is a contradiction. Thus, A,,,(X) > 1, equivalently X > I. d

In the following, we denote as A\ps := max{\(4;) : 1 < j < n}.
COROLLARY 5.3. Let 0 <t < z < 1. Then for all p such that p < z

Ri-(w; A) < N5, Qu (w; AT,

Proof. Since Ay A; < T for all j, we have R; . (w;)\;;A) < I by Lemma 5.2 (1). From Theorem 5.1
together with the homogeneity of the Rényi power mean,

— n 1t
AMiRez(wiA) = Re s (w; AyfA) < Zw] yro| =kt > wiA"

By simplifying the terms of s, we complete the proof. ]
THEOREM 5.4. Let 0 <t <z < 1. Then

CESTeE)

an(w;A)% ijA =

Proof. We first assume that A; < I for all j. Let X = Rt,z(w;A) for 0 <t <z < 1. By (3.8)
n 1ot o, 1ot Z n FET )
X =Yy (A7 XEAT ) =D war XA
=1 =1

Taking the congruence transformation by X  and applying the convexity of a square map yield
2

n — 2 n 1—t
1+t oAttt ot
XU Sy (XA X)) > [ S wxiaT X
Jj=1 Jj=1

Since the square root map is operator monotone, we have X% £ > S =1 w]X A = Xz, Taking the congru-

ence transformation by X /2, we obtain

4 n 1-t
(5.12) X7 >y wAr
=1

Now, replacing A; by AJ‘V}Aj(g I) for all j in (5.13), we have
’th(w Ay 1A =S >Zw]

Since the Rényi power mean R; . is homogeneous, it reduces to

A Res (wiA)'T > A7 Zw]AQZ
j=1

By simplifying the terms of Aj;, we obtain the desired inequality. 0
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REMARK 5.5. The multivariable matriz mean on the open convex cone P, can be defined as a map G :
A, X P — P, satisfying the idempotency: G(w; A, ..., A) = A for any w € A,, and A € P,,,. Boundedness
of the multivariable matrix mean plays an important role in operator inequality and majorization. Especially,
the multivariable matriz mean G satisfying the arithmetic-G-harmonic mean inequalities

-1

> wiAT <Gwidy,. ., Ay) <) wjA;,
j=1 j=1
fulfills the extended version of Lie—Trotter formula [16]:

(5.13) ii_r%G(w;A‘{,...,Afl)l/s = exp ij log A;
j=1

See [17, 20] for more information. We here have established boundedness of the Rényi power mean, but it is
still open whether (5.14) holds for the Rényi power mean.
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