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DIAGONAL-SCHUR COMPLEMENTS OF NEKRASOV MATRICES*

SHIYUN WANGT, QI LIf, XU SUNT, AND ZHEN-HUA LYU?

Abstract. The Schur and diagonal-Schur complements are important tools in many fields. It was revealed that the
diagonal-Schur complements of Nekrasov matrices with respect to the index set {1} are Nekrasov matrices by Cvetkovié¢ and
Nedovié [Appl. Math. Comput., 208:225-230, 2009]. In this paper, we prove that the diagonal-Schur complements of Nekrasov
matrices with respect to any index set are Nekrasov matrices. Similar results hold for -Nekrasov matrices. We also present
some results on Nekrasov diagonally dominant degrees. Numerical examples are given to verify the correctness of the results.
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1. Introduction. The diagonal-Schur complement is an important tool in numerical analysis, control
theory, matrix theory, and statistics [1, 2, 3]. There is a very close connection between Schur complements
and diagonal-Schur complements. In addition, the following structural perturbation of stationary linear
large-scale systems is usually considered in control theory [1, 4]:

dx

(1.1) i Az,

where A is an n X n complex matrix and x is an n-dimensional vector. The matrix A is often written as:
A= A+ A, where A is a diagonal matrix and A = A— A. Such a matrix A (can be written as a matrix minus
a diagonal matrix) is related to some diagonal-Schur complement. The structures of A and A are important
to investigate the stability of (1.1). Hence, the closure property of diagonal-Schur complements for some
special types of matrices, such as diagonally dominant matrices, H-matrices, and Nekrasov matrices, has
always been one of the issues of concern.

It has been proved in [2] that the diagonal-Schur complement of an H-matrix is also an H-matrix.
Similar results hold for some subclasses of H-matrices, such as strictly diagonally dominant (SDD) matrices
[1], £-SDD matrices [5], strictly doubly diagonally dominant matrices and v-SDD matrices [2], and Dashnic—
Zumanovich matrices [6]. In 2020, Li, Huang, and Zhao [3] proved that the diagonal-Schur complements
of Dashnic—Zumanovich-type matrices may be Dashnic-Zumanovich-type matrices under certain conditions.
For more results about diagonal-Schur complements, one can refer to [7, 8, 9, 10] and the references therein.

Now we introduce some notations and symbols. Let C™*™ be the set of all n X n complex matrices (we
always assume n > 2 in this paper) and (n) = {1,2,--- ,n}. For any A = (a;;) € C"*", denote |A| = (|a,|)-
The determinant of A is denoted by det(A). The comparison matrix of A is denoted by p(A4) = (wij)nxn
where
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_ [ lail, =
o { —lail, i #J.
The symbol “o” stands for the Hadamard product of two matrices, i.e., for A = (a;;) € C™*" and B =
(bij) € C™*™, Ao B is defined as (a;;b;;). Let o and 8 be given subsets of (n). || stands for the cardinal
number of a. A(«, 8) stands for the sub-matrix of A lying in the rows indexed by « and the columns indexed
by 8. A(a, ) is called the principal sub-matrix of A, abbreviated to A(«a), which stands for the sub-matrix
of A lying in the rows and columns indexed by «. If A(a) is nonsingular, then the Schur complement of
A € C™*™ with respect to A(«a) is denoted by A/a, i.e.,

AJa = A(a) — Ala, a)[A(a)] P Aa, @),

where & = (n) — . The diagonal-Schur complement of A € C™*™ with respect to A(«) is denoted by A/,«,
ie.,

Afoar = Aa) — {A(@, @)[A(a)] " A(ar, @)} o I.

Remark that we adopt the convention that A/, = A. For Schur complements, if B is a nonsingular
principal sub-matrix of A, and C' is a nonsingular principal sub-matrix of B, then the following quotient
formula A/B = (A/C)/(B/C) holds [11]. However, the quotient formula does not hold in general for
diagonal-Schur complements.

The class of Nekrasov matrices, an important subclass of H-matrices, has a wide range of applications
in many fields, like computational mathematics, control, economics, and dynamic systems [12, 13, 14]. For
convenience, let N,, denote the set of all n x n complex Nekrasov matrices. Many results about Nekrasov
matrices have been obtained, such as infinity norm bounds for the inverse [15, 16], subdirect sums [17, 18],
and Schur complements [14, 19]. Given A € N,,. It is clear that A/{1} € N,,_1. As an application of the
quotient formula, one can easily get that A/{k} € N,,_x. However, for a general o C (n), A/a may not be a
Nekrasov matrix [14]. In 2008, Cvetkovi¢ and Nedovié [6] proved that A/,{1} is also a Nekrasov matrix. For
the lack of quotient formula, the problem of whether A/,(k) (1 < k < n) is also a Nekrasov matrix cannot
be directly concluded. It is well known that for any o C (n), A(a) € N|,| and then A(a) is nonsingular. In
this paper, we show that, for any a C (n), A/,a € Ny —|a|- The similar results for ¥-Nekrasov matrices are
obtained by using scaling matrices.

The dominant degree can measure the separations of the GerSgorin discs from the origin, and so it is
an important tool in studying the location of the eigenvalues. The definition of diagonally dominant degree
of SDD matrices was first proposed in [20], and the location of the eigenvalues for the Schur complements
of SDD matrices, v-SDD matrices, and DSDD matrices has been discussed in [20, 21, 22]. The Nekrasov
diagonally dominant degree of Nekrasov matrices was proposed in [14] and it has been applied to estimate
the bounds for the determinant of Nekrasov matrices [14]. We discuss the Nekrasov diagonally dominant
degree of diagonal-Schur complements after we obtained the closure property of diagonal-Schur complements
for Nekrasov matrices.

The rest of this paper is carried out as follows. In Section 2, we define some matrices, which are obtained
by u[A(a U {jt})] (j: € &). We prove that these matrices are Nekrasov matrices and the determinants are
positive. These matrices and their properties play an important role in investigating the diagonal-Schur
complements for Nekrasov matrices. In Section 3, we present that the diagonal-Schur complements of
Nekrasov matrices are Nekrasov matrices. The Nekrasov diagonally dominant degrees are involved. Section
4 shows that the diagonal-Schur complements of ¥-Nekrasov matrices are also 3-Nekrasov matrices.
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2. The preliminaries. In this section, we first introduce some notions and results related to this
paper. Then we propose two classes of matrices C; and D;. The positiveness of their determinants plays an
important role in the study of the diagonal-Schur complements for Nekrasov matrices.

Definition 2.1. Let A € C™*™. The matrix A is called an M-matrix if it can be written in the form of
A = sI — P, where I is the identity matrix, P is a nonnegative matrix, s > p(P), and p(P) is the spectral
radius of P.

Definition 2.2. Let A € C™*". The matrix A is called an H-matrix if u(A) is an M-matrix.
Definition 2.3. Let A = (a;;) € C™*". We say that A is a Nekrasov matrix if
|ai;| > R;(A), for all i € (n),

and we call |a;;| — R;(A) the Nekrasov diagonally dominant degree for the i-th row of A, where R;(A) is
defined as follows:

n i—1 n
R;(A .
)= logl Raa) = X a3 eyl i€ (o) - 1),
=2 j=1 1777 j=i+1

It is well known that a Nekrasov matrix is a nonsingular H-matrix. For any given nonempty subset S of
(n), denote

s s SARIA) - .
RY(A) = > ayl BIA) =)L lagl+ D> lagl, i€ (n)—{1}.

X a L. .
JESj#1 j=1 ] j=i+1,5€8

Definition 2.4. Let A = (a;;) € C™*™ and S be a given nonempty subset of (n). A is called an

S-Nekrasov matrix if
laii| > RE(A), |aj;| > RS (A)
and
llais| — R (A)][lags] — R (A)] > RE(A)R](A),
forallie Sand j € S.

Definition 2.5. Let A € C™*". A is called a 3-Nekrasov matrix if there exists a nonempty subset S
of (n) such that A is an S-Nekrasov matrix.

Lemma 2.1. [23, p.131] If A is an H-matriz, then [u(A)]71 > |A7L.
Lemma 2.2. [23, p.117] If A is an M-matriz, then det(A) > 0.
[

Lemma 2.3. [11, p.5] Let A € C™*™ and « be a nonempty proper subset of (n). If A(«) is nonsingular,
then det(A) = det(A(a))det(A/a).

Lemma 2.4. Letb>c>0,r >0 and a > rb. Then

b—c b
< -
a—rc a
If r =1, then
b—c b
< -—.
a—c " a
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Proof. Since r > 0, b > c and a > rb, we get that
b—c>0, a—rc>rb—rc=rb-c)>0.
Noticing that a, b, r are positive numbers and ¢ > 0, it can be deduced that

a>rb= —ac< —rbc
= ab—ac < ab—rbc
=a(b—c) <bla—rc)

b—c b

< -.
a—rc a

=

Now we define some matrices, which can be used to observe the closure property of the diagonally
Schur complements for Nekrasov matrices. For convenience, we denote the index set o () # o C (n)) and
& = (n) — a. The elements in both of @ and & are listed in increasing order. To be precise, let

(21) a:{il,i2,~-~,ik}c<n>, <ty < - <ip,
and
(2.2) a=n)—a={j,j2 0} (=n-k), ji1<je<--<ji.

Lemma 2.5. Let A € N, and let o = {iq,12, - ,ix} and & = {41,742, - ,5i} (I =n—k) be defined
n (2.1) and (2.2), respectively. Given j, € & with j; < iy, let o U {5} be listed in increasing order, i.e.,

aU{ji} = {i1,  sivgs Jtrboeys oo ik} where iy, is the biggest number less than j, (if jy < i1, a U {ji} =
{jt, 01, ,ig}). The matriz Cy is obtained from plA(a U {j:})] by replacing |aj, j,| with v, i.e.,
[ |ai17i1| s _|ai1,iut | _|ai1,jt| _|ai17ivt+l| s _|a’i17ik|
—lai,, il oo laiy, i,
2.3 Cy =
( ) ¢ 7|ajt7i1‘ ’)/zk ’
—‘aivt+l’1‘1| |aivt+1_’ivt+1|
L~ 1%dk,in s T Wity T 1%k, ge Tt 41 Tk yik
| @i ia | (@i i, | —lai | —la | (@i i |
where if
k
Z ‘a ‘ ‘ jtvim,| + Z |a’jtai7n‘ 7& 07
m= tmlm m=v;+1

then

k
a
’Y: |]ta]t Z |a’jt7i7n + Z Iajhim ;
|a’Lm lm|

m=vs+1
Otherwise, v; = € where € is an arbitrary positive number. Then Cy € Ni11 and det(Cy) > 0.

Proof. Denote C; = (¢;;). Notice that the condition

Z
‘azm

k

\jt,z‘m + Y agin

sim ‘ m=v¢+1

0,
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suggests R;, (A) # 0, then the matrix C; is well-defined. We first show C; € Nii;. It is sufficient to show
that Rs(Ct) < |ess| holds for all s € (k + 1). We will prove it in the following three steps.

Step 1. Since A € N,,, it is clear that

(2.4) Ry(Cy) < Ri.(A) < |ess|, s € (vg).

Step 2. We show that

(2.5) Ry +1(Cr) < = |ev41,04115
and
(2 6) thJrl(Ct) < Rjt (A)
|Cvt,+1,vt+1| N |ajt,j,,‘
By (2.4), we know that
Ry, 41(Ct)
N k+1
Ry (Ch)
= Z |;n | ‘Cvt+1,m|+ Z |Cvt+11m|
m=1 mm m=v¢+2
k
= Z | |‘ Jtyim + Z |a/jt;im,‘
Wi i m=v¢+1
(2.7) < Z Bin () 1601 + Z e i -
7/77L)Zm. m=uv;+1

It Z B0 3 Jagen] 0, by A € Ny, we have
m=vy+1
|an Jt| 2 X
RU1+1(Ct Z |G |ajt7im,| + Z |ajt,im| =Y
Tmsim m=uvs+1
Hence, the inequality (2.5) holds. Moreover, by (2.7) it holds that
Ut
> e, |+ Z |2 i |
Ry 11(Cr) _ Ro,41(C) < m=1 = ””' " e _ B
‘C'Ut+1y'ut+1| ’Yt* N Pygk |ajt-,.7't|

Then the inequality (2.6) holds. If mZ: ””(A)‘ laj,.in | + N z@;ﬂ laj,i,.| =0, then 7; = ¢ and R,,+1(C¢) =0
and then inequalities in (2.5) and (2.6) hold trivially.
Step 3. We show that
(2.8) Ry(Cy) < |css|, s=vi+2,...,k+1.
by mathematical induction. First, it follows from (2.4) and (2.6) that

th+2<ct)
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vt+1 k+1
= Z ‘ |CUt+2 ml| =+ Z |Cv,+2,ml
Cmm m=v¢+3
k+1
Ry, 1+1(Ct)
= Z ‘C | |Cvt+2 m| + ﬁkvr‘r?,vri-” + Z ‘Cvt+2,m|
mm Cop+1,04+1 m=v¢+3
k
Ry, 41(C)
- Z | | th+1,im| + vt7| 'va+17jt| + Z ‘aivt+laim|
Qi im, 7t m=v;+2

R;,(4)
< Z | :m Z || ivt+17im| | Zut+1,]t‘ + Z |azvt+17zm|,
mstm

| Jt»]t| m=vy+2
Then, we have

th+2(ct) < Rivt«{»l (A) < ‘a/i'ut+1;i'ut+1| = |Cvt+27vt+2|'

Suppose that R, (Cy) < R;, ,(A) for v;+2 < u < s—1, where s is a fixed integer with v; +2 < s—1 < k.
Then, by (2.4) and (2.6) we can obtain that

(Ct)
k+1
(Cy)
— "m T 5’m|+ Z |Csm‘
Cmm m=s+1
. k+1
R..(C, C
= M|Csm|+ Ut+1( t) |Cs vt+1‘+ Z |Csm|+ Z |Csm|
o ‘cmm| |Cvt+1 ve+1 ‘ m=uv;+2 | mm| m=s+1
th+1(ct>

1/.5 1,%m

| i sim

M LA

s—1 k+1
R (C
E z P NI S
ve+2 |a’7fm71;im71| m=s+1
— |(1 | ls—15tm |a L | 1s—1,]t
m=1 Tm,m JtyJt
- k
Ri,_,(A) -
Z | ‘ais—lwim—l| + Z |ais—1,im—1
7wn 1,0m—1 m=s+1
Z Rim | |+ R;, (A)| ) |
7fs 15im L 1s—1,]t
| i, 1m| |a’JtJt|
+ Z |a745 vim |+ Z @iy yim |-

m=uvs+1 1m71m|

It follows that Rs(Cy) < R;, ,(A) <lai, 4, .| = |css|- Thus, we conclude that inequalities in (2.8) hold.
By (2.4), (2.5), and (2.8), we have C; € Nj11 which implies that C is an H-matrix. We have pu(C,) = C,
is an M-matrix. Then det(C;) > 0 by Lemma 2.2. d

Lemma 2.6. Let A € N,, and let a = {iq,12, -+ ,ix} and & = {j1,72, - ,5i} (I =n—k) be defined
n (2.1) and (2.2), respectively. Given j; € & with j; > ix. Define
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- |ai1:jt |
plA(a)]
(2.9) Dy := |alk,jt| ’
agnl e —laj] Z Masnl R, (D) +e

where € is an arbitrary positive number. Then Dy € Ngy1, det(Dy) > 0 and

o< B8y 1<

Proof. Since A € N,,, we can easily testify that

> R; (A) > Rs(Dy), s € (k).

|ai, i,

Moreover, it holds trivially that

Z | || ]t77'm|+€ > Z I |‘ ]t77fm| Rk"rl(Dt))
zm Tm 2m Tm

and
Ript1(Dy) < R, (A).

Then D; € Nj11. Since Dy = p(Dy), we have det(D;) > 0 by Lemma 2.2 and (2.10) holds. O

3. Diagonal-Schur complements of Nekrasov matrices. Given A = (a;;) € N, let a = {i1, 12,
yiky and & = {j1,72, -+ ,51} (Il =mn —k) be defined in (2.1) and (2.2), respectively. This section will
prove A/ € Ny,_i. To begin with, we study the upper bound for

lai, .|
(lageinls- s g ) [(A(@)] ™ :
@i 5. |
Lemma 3.1. Let A € N,, and let o = {iq,42, - ,ix} and & = {41,742, -, i} (I =n—k) be defined
n (2.1) and (2.2), respectively.

(i) For je <ip, if > z”(A)| a5, + O laj,.i,| #0, it holds that

sy

1y <Jt iy >Jt
|ai17]},|
(lajosisls - s lagean D [(A(@)] :
|aik7jt|
(31) < |ajt7jt| Z zu( | ; |+ Z |a ;
Rjt(A) . |az . gy iy Jtstv
Ty <Jt vy 1y >Jt
Otherwise, it holds that
|ai, .|
(32) (1@g0sis |- s @z ) [ (A(@))] : =0.

|aik,jt |
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(i) For ji > ix, we have

‘ailajt| k R (D)
— . v t
(3.3) (lageinls - lage i) [m(A(Q))] 7 : <> o, |4, i, |-
v=1 vty
‘a’ikvjt|
Proof. For convenience, for t € (I), we denote
(3.4) Ty = (ajt,il R ’ajtﬂ'k)Ta
and
(3.5) Ye = (@i jos - - - 7a'ik7jt)T

We first prove (i). Let Cy be the same asin (2.3) and 8 = (k+1) —{v +1} (if j: < i1, = (k+1)—{1}).
By Lemma 2.3, we have

det(Ct) = d@t(Ct(B))det(Ct/B)7

where

Ci(B) = w(A(a)), Ce/B =7 — o |[u(A(@)] ™y

Since A € N,,, then A(«a) € Ny and p(A(w)) is an M-matrix. By Lemma 2.2 and Lemma 2.5, we have
det(Cy(B)) > 0 and det(Cy) > 0. Then it holds that

(3.6) v > o [[n(A))] ™ el

Recalling the definition of v}, equalities in (3.1) and (3.2) hold.

Now we prove (ii). Let D; be the same as in (2.9) and 8 = (k). By Lemma 2.3, we have
det(Dy) = det(D¢(B))det(Dt/B),

where

R, (D)

g 1| Gavin €= i 1 (A))] ™ [yel-

k
Di(B) = p(A(@), Di/B="
v=1

By Lemma 2.2 and Lemma 2.6, we have det(D.(3)) > 0 and det(D;) > 0. Taking e — 07, then equalities in
(3.3) hold immediately. 0

Theorem 3.1. Let A € N,, and let a = {iy, 42, -+ ,ix} and @ = {j1,J2, - ,Ji} (I =n—k) be defined
in (2.1) and (2.2), respectively. Denote A/.a = (a},). Then

(3.7) Ri(Afs) < Riu(A)— [ 30 B0 S gl |, te -k,

1y <Jt v Ty >t

Moreover, it holds that
Ri(Afo0) _ Ry, (A)

|a’;t| N ‘a.jt7jt|

(3.8)

, te(n—k).
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Proof. Let x; and y; be defined in (3.4) and (3.5), respectively. Then A/.a can be obtained from A(@)
by replacing a;, ;, with a;, j, — xf [A(a)] "1y, for each t € (1), i.e.,

51,51 — x{[A(a)]71y1 s 35y,
A/oOé — . .

@y s e ag g — o) [Ala)] Ty

We show that (3.7) and (3.8) hold by mathematical induction. Recall that j; is the smallest number in
@, then (j1 — 1) C . Then

jl 1 n
Ri(A)
Rj1 (A) = Z | | | ]1,z| + Z \ajw-
=1 190 i=j1+1
Ri,(A) = &
= Z ‘al. , ||aﬂ'1ﬂ'v|+ Z laj, i + Z laj, il
iy<jy | wotv i=j1+1,i€a i=j1+1,i€a
Ri,(A)
= Z l‘ - |a‘j17iv Z |a’j1 i + Z |aJ1 ol

1y <J1 ‘ Z'“’z”| iy >J1

1
Since Ri(A/oa) = > |aj, j.|, we have
u=2

(39) Rl (A/Oa) = le (A) - Z |a’J1,lv| + Z ‘a.jlalv ’

val

iy <J1 Ty >J1
which implies that (3.7) holds for ¢ = 1.
By Lemma 2.1, we have
(3.10) lat | = lag, 5, — 21 [A@)] " vl > lag, 5| — |27 |[(A@)] " ol

We show (3.8) holds for ¢ = 1 under two cases: ji < ix and j; > i, where iy is the biggest number in a.

Case 1: ji < ig. If

>

1y <J1

together with (3.2), (3.9), and (3.10), we have

laT [l(A(e)] iy =0, Ri(A/oa) = Ry, (A),  lay| = laj, .

Then (3.8) holds for ¢t = 1 trivially.

Iaal,%|+ > el =0,

iy >J1

| Zv Ty

Otherwise, by (3.1), we have

|ajy i R, (
2] [[u(Ale)] | < 525 |a i
! R]l (A) i;l | Tyt | n

Z |aj, i,

Ty >J1
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By (3.10), we have

|aj, 5,
|a/11| 2 |aj17j1‘ - Ril(ﬁ) Z i, ; | Ajr iy Z |aj1,iu
v<J v 1y >J1
Then it can be deduced from (3.9) that
Ry (A
Rj,(4) - aj ]+ X lag,
Ri(A/sa) < iv>]1

|a]1 11‘

Z

»<Jj

|af, | N '
|a11 DY |a]117'u|

iy >J1

Recalling Lemma 2.4, we get inequality (3.8) holds for ¢ = 1 under the case j; < i.
Case 2: j1 > iy, i.e., j1 > 4, for all v € (k). It follows from (3.3) that

k

o] l(A(e)] ™ | < Z

— Zu,lvl

\ j i |-

By (3.10) it holds that

|CL11| 2 ‘a]17J1| Z

Then by (2.10), (3.9), and Lemma 2.4, we have

‘ ]171v|'
741/ iy

k k
Riy(4) R. (A) — Ri, (A .
RI(A/O(I) - ( ) 2:: |ajl,1u| J1( ) Z:: — |ah7%|

(i oo - 2 laiy i - Rj (A)
lay,| r R,(D B b R (A = lajigl
|a]1’J1‘ Z ﬁ'ahyiJ |aj1,j1| - Z |aiU(1 )| Qjq, zv| n

= e = @i

Then the inequality (3.8) holds for ¢ = 1 under the case j; > ix. Now we have already proved that (3.7) and
(3.8) always hold for t =1 .

Assume that the following inequality holds for any u with 1 < u < ¢, where t is a given positive integer
with 1 <t <I:

(311) RU(A/0a> < Rju(A)

|agtu‘ N |a'ju7ju|

, 1<u<t.

Note that

Al
Ri(Afoa) = 3 FulAo0) S
u=1 u“ u=t+1
l

A e
—Z / |jt,ju|+ > gl

u=t+1
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and

R; (A)

Qj,m| + Z |aj, ml

m= m=gj¢+1

Jir—1
Ry (A
—< | )| @jem | + Z a(>|ajmn|>

m‘ | mm|
m=1,mea

n n
+ oo lagml+ D0 lajml
m=j:+1l,meca m=j:+1,mea
l
R;
= Z |a“) || va Z la ‘| Jt,JuI-i- Z |ajt7iv|+ Z |ajt,ju\.
1y <Jt bty Cjusju Gy >t u=t+1

By (3.11), we have

Rj,(A) - Rt(A/ 0@)

i( ol |(CLA/O )> @05

|ajm.7u| uu|

|aamv‘ + Z |aj,,i.

Gy >Jt

Ri,(
+ Z p ‘an iy Z |aj, i,

o <jt i, i, | >t

Z

v <Jjt 7vvlw|

ie.,

b

Ri(A/oe) < R;,(A) = Z

1y <Jt

| ]f lv|+ Z |a‘Jt Ty

| 7/1/77111 ‘ o >71

which implies that (3.7) holds.

By Lemma 2.1, we have

(3.12) latel = laj, . — ot [A@)) " el = laj .| = |2 [[(A@)] " yel-
We consider two cases: j; < i and j; > i.

Case Lt jp <ip. If 3. 1 “’(A) |a3wv| + > laj,.i,] =0, by (3.2), (3.7), and (3.12), we know (3.8) holds

yiy

iv<Jt i >t
trivially. Otherwise, by (3.1) and (3.12), we have

@505
@bl 2 lajo il = 5255 Z l Geiol + D gl

v <Jt Z“’lv Ty >Jt

Then it can be deduced from (3.7) that

R;, (A) -
Rt(A/oak) < < Z<:
7 (

A
“Blaj i+ ¥ |am|)

1y >]t

|a]t7.7t -

Ay

aj, iyl + 20 |a]t7lu|>

1y >]t
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By Lemma 2.4, we get (3.8) holds under the case j; < i.

Case 2: j; > iy, i.e., j: > i, for all v € (k). Tt follows from (3.3) and (3.12) that

k
Ry (Dy)
|a’;t| 2 |a’jt1jt‘ - Z | | ]t,2v|
v=1 azvvzv‘
which, together with (2.10) and (3.7), implies that
k
R’L (
Riafo) _ - Rl g
|a1/5t| h k R;, - |a"t;‘t| .
a5l = 3 o majt,izw 7

We get (3.8) holds under the case j; > i.

Now we have already proved that inequalities in (3.7) and (3.8) always hold for any t € (I). The proof
is completed. ]

Corollary 3.1. Let A€ N, and o C (n). Then A/oa € Ny_|qy-

Now we study Nekrasov diagonally dominant degrees of A/ c.

Theorem 3.2. Let A € N, and let a = {iy, 42, -+ i} and @ = {j1,J2, -+, 51} (I =n—k) be defined
n (2.1) and (2.2), respectively. Denote A/.a = (ay,). Then

lat| — Re(A/o) >0, t€(n—k).
Moreover, given j, € & with j, > iy, then
|ag| = Re(A/oc) = lag, j,| — Rj, (A) + g(t) = |aj, ;.| — Rj.(A),

where Dy is given by (2.9) and

(R;,(A) — R,(Dy)) > 0.

Proof. By Theorem 3.1, we have A/, € N,,_g, then we get |a},| — Ri(A/oc) > 0 for all t € (n — k).
Suppose j; > i. We know that j; > i, for all v € (k). Combining Lemma 2.1, (3.3) with (3.7), we have
|age| — Re(A/ot)
= laj.j. — o [A(0)] " ye] = Re(A/o)
> |aj, gl = |=’Et [ ( ( ))]ﬂlytl — Ri(A/ocx )

> |a’jts.]t Z | | Jt,lv - +Z
Z'uﬂv

= laj, j.| — jt(A) +g(t)
> lag, j,| — R, (A).

| | ‘ jtﬂv|
11)77/1)
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Remark 3.1. Theorem 3.2 suggests that |aj,| — R¢(A/oc) > 0 always holds for all t € (n — k). If j, < iy,
both |aj,| — R¢(A/oc) < laj, ;,| — Rj,(A) and |ay,| — Ri(A/oca) > laj, j,| — Rj,(A) may occur. If j, > iy, it
always holds that |a},| — Ri(A/oc) > |aj, 5,1 — Rj, (A).

Corollary 3.2. Let A € N,, and a = (k) where k is a positive integer with k < n. Denote A/.a = (a},).
Then

|ay| — Re(A/oa) > |arttpore| — Riye(A) for allt € (n — k).

Example 3.1. Consider the matriz

20 0 10 0 0 0
4 10 0 0 0 0
a1 1 1 0 0 0
0 0 0 100 0 10
0 0 0 -10 20 0
0 0 0 9 1 1

It is easy to verify that A is a Nekrasov matriz. For any o C (6), by computation, we know that A/.c €
Ng_|a| always holds but A/a is not necessarily a Nekrasov matriz (see Table 1).

TABLE 1
The closure properties of Schur and diagonal-Schur complements of the matrixz A.

e Aloa Al « Aloa Al
{3} Yes  No {1, 3,6} Yes  No
{6} Yes  No {2,3,6} Yes  No

{1,6} Yes  No {3,4,5} Yes  No
{2,6} Yes No {3,4,6} Yes No
{3,4} Yes No {3,5,6} Yes No
{3,5} Yes No {1,2,3,6} Yes No
{3,6} Yes No {3,4,5,6} Yes No
{1,2,6}  Yes No others Yes  Yes

Example 3.2. Consider the matriz

4 0 0 O
4|0 4 o o
o o 4 o

I O O A

where “O” denotes the 4 X 4 zero matriz, “I” denotes the 4 x 4 identity matrixz and

8 1 1 0 8 1 1 0
12 8 0 1 12 8 0 1

A: A:
! 5 78 0| 2 5 7 8 0
16 7 0 8 16 7 0 10

It is easy to testify that A € Nig. Let o = {3,6,9,12} = {iy,42,15,i4}. Then

a={1,2,4,5,7,8,10,11,13,14,15,16} = {j1, jo, ..., j12}-
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Denote A = (aij)i16x16 and A/oa = (a},)12x12. For each 1 <t <12, let

UV =
’ |ag|

‘/'t_

o ay, |

In Fig.1, the red “o” denotes the value of Vi and the blue “o” denotes the value of vy. It can be seen from
Fig.1 that
Ri(A/.q)

R, (A
@l =y <V, = i )<1, 1<t<12,
Ay

= ag,.

0<

which is consistent with (3.8) in Theorem 3.1.
For each 1 <t <12, we know that j; < iy = 12 if and only if 1 <t < 8. Let
Ue = |aj, .| = Rj (A); w = |ay,| — Re(A/ o).

In Fig.2, the red “«” denotes the value of U; and the blue “«” denotes the value of u;. It can be seen from
Fig.2 that both Uy > uy and Uy < uy may occur for 1 <t < 8 and only Uy < uy occurs for 9 <t < 12. In
fact, we can see that Uy > uy and Uy < uy fort # 4. This is consistent with Theorem 3.2.

06 fo) fo)

x O
|

05 o) o |
04+ e
03

(o] (o] ®
02 e

0.1 x =

FiG. 1. The comparison of Vi and v¢.

4. Diagonal-Schur complements of Y-Nekrasov matrices. This section discusses the diagonal-
Schur complements for X-Nekrasov matrices by using scaling matrices.

Lemma 4.1. [6] Let A € C™"*™. Then A is a 3-Nekrasov matriz if and only if there exists a diagonal
matric W = diag{ws, ..., w,} such that AW is a Nekrasov matriz where w; = >0 fori € S and w; = 1
foricS.

Theorem 4.1. Let S be a nonempty proper subset of (n) and let o = {41,142, ,ix} and & = {j1,72, - ,
Ji} be defined in (2.1) and (2.2), respectively. If A = (a;;) € C™*™ is an S-Nekrasov matriz, then A/qc is
an {s1,...,st}-Nekrasov matriz where SN & = {js,,---,Js, }-
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& ‘ O Ut
* * * ut
- |
*
6 L3 ¢ * 4
* » :
sl |
*
4 < < -
* »
sl ¢ ¢ o |
*
2 o .
h »
0 1 o 1 ? 1 1 <>
0 2 4 6 8 10 12

Fi1c. 2. The comparison of Uy and ut.

Proof. Since A = (a;;) is an S-Nekrasov matrix, by Lemma 4.1, there exists a diagonal matrix W =

diag{ws, ..., w,} such that AW is a Nekrasov matrix where
¥y>0, i€S8,

4.1 P = . &

(4.1) v { 1, 1€ S.

It follows from Theorem 3.1 that the matrix (AW) /.« is a Nekrasov matrix. By [2], we have

(4.2) (AW)/oax = (A o)W (@).
Recalling that & is the same as in (2.2), we know W (&) can be written as W(a) = diag{w,,--- ,w;, } where
wj, is determined by (4.1), i.e.,
(43) w;, = v >0, -7.“«6‘?0?:{;7517':'7]5%},.
1, Ju€SNa=a—{Js,---1Js}-
Combining (4.2) and Lemma 4.1, we have A/, is an {s1, ..., s; }-Nekrasov matrix. o

Remark 4.1. Generally, the set {js,,...,Js,} may not be equal to {s1,...,st}.

Corollary 4.1. Let S and a be nonempty proper subsets of (n). Let A = (a;;) € C™*™ be an S-Nekrasov
matriz. If S C o or S C a, A/« is a Nekrasov matriz.

Proof. Tt is clear that SNa =0 if S C a. Then by (4.3), W(a) = I and hence A/, = (AW) /o is a
Nekrasov matrix. It is clear that SNa = & if S C a. Analogously, we can obtain that A/, =y~ 1(AW)/ca
is a Nekrasov matrix. O

Example 4.1. Consider the following matriz:

5 4 2 0 O
0 5 0 0 2
A=[5 0 10 0 O
0 15 0 10 O
0 0 0 0 5
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It is clear that A = (aij)s5x5 is not a Nekrasov matriz, but it is an S-Nekrasov matriz for S = {2,4,5}
because it can be computed that

R3(A) = R{(A) = R(A) = R{(A) =0, R{(A) = Rj(4) = 4,
RY(A) = RJ(A) = R5(4) =2, R{(4)=6,
and for alli € S = {2,4,5} and j € S = {1,3}, it holds that
jaii| > RY(A), laj;| > RS (4),
[laii| = RY (A)]llagj| — R (A)] > R (AR (A).
Take oo = {3,5}, then & = {j1, jo, js} = {1,2,4}. By computation, we get

4 4 0
Aloa=10 5 0
0 15 10

It is clear that A/oc = (ay,)3xs is not a Nekrasov matriz and SNa = {2,4} = {jz2, js}. Denote S* = {2,3}.
By computations, we have

RY (A/sq) = RS (A)oq) = RS (A/or) = RS (A/ocr) = RS (A/oa) =0

and
RY (A/sq) = 4.

Then it holds that )
labo| > R5 (A/o), |abs| > RS (A/o), |dhy| > RY (A/eq),

and
[labol = RS (A/o0)] [lahs] = RY" (A/ea)] > RS (A/00) RS (4/ 00,

[lakal = RS (A/o0)] [las] = R (A/00)] > RS (4/00) RS (4/002).

Hence, A/oa is a {2,3}-Nekrasov matriz, which is consistent with Theorem 4.1. Remark that A/.c is not a
{j2, j3}-Nekrasov matriz obviously.
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