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EXTREME RANKS OF (SKEW-)HERMITIAN SOLUTIONS TO A
QUATERNION MATRIX EQUATION*

QING WEN WANG! AND JING JIANGH

Abstract. The extreme ranks, i.e., the maximal and minimal ranks, are established for the
general Hermitian solution as well as the general skew-Hermitian solution to the classical matrix
equation AX A* + BY B* = C over the quaternion algebra. Also given in this paper are the formulas
of extreme ranks of real matrices X;, Y;, ¢ = 1,---,4, in a pair (skew-)Hermitian solution X =
X1+ Xoi+ X35+ X4k, Y = Y1 + Yai+ Y35+ Yak. Moreover, the necessary and sufficient conditions
for the existence of a real (skew-)symmetric solution, a complex (skew-)Hermitian solution, and a
pure imaginary (skew-)Hermitian solution to the matrix equation mentioned above are presented in
this paper. Also established are expressions of such solutions to the equation when corresponding
solvability conditions are satisfied. The findings of this paper widely extend the known results in the
literature.
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1. Introduction. Throughout this paper, we denote the real number field by
R, the complex number field by C, the set of all m x n matrices over the quaternion
algebra

H:{ao+a1i+a2j+a3k ‘ i2=j2:k2=ijk=—1, ap, a1, 02,03 ER}

by H™*" the identity matrix with the appropriate size by I. For a quaternion matrix
A, we denote the column right space, the row left space of A by R (A), N (A), respec-
tively, the dimension of R (A) by dimR (A). By [9], dim R (A) = dim N (A), which
is called the rank of A, and denoted by r(A). The Moore-Penrose inverse of a matrix
A € H™*™ denoted by A', is defined to be the unique matrix X € H**™ satisfying
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the following four matrix equations
(1) AXA=A, (2) XAX =X, 3) (AX)" = AX, (4) (XA)"=XA.

Moreover, L, and R4 stand for the two projectors Ly = I — AYA, Ry = I — AAf
induced by A.

We know that matrix equation is one of the topics of very active research in
matrix theory and applications, and a large number of papers have presented several
methods for solving several matrix equations (e.g. [4]-[6], [10], [23]-[26], [29]-[31], [37],
[39], [42]). As a very classical linear matrix equation,

(1.1) AXA* + BYB* =C

has been investigated by many authors from different aspects. For example, using gen-
eralized singular value decomposition, Chang and Wang [2] derived the expressions for
the general symmetric and minimum-2-norm symmetric solutions to (1.1) within the
real setting. Xu, Wei, and Zheng [38] obtained the general form of all least-squares
Hermitian (skew-Hermitian) solutions to (1.1). Liao and Bai [11] used generalized
singular value decomposition to investigate the symmetric positive semidefinite solu-
tion to (1.1). Zhang [40] gave necessary and sufficient conditions for the existence of a
Hermitian nonnegative-definite solution to (1.1). Wang and Zhang [32] gave a neces-
sary and sufficient condition for the existence and an expression for the re-nonnegative
definite solution to (1.1) over H by using the decomposition of pairwise matrices.

Research on extreme ranks, i.e., maximal and minimal ranks, of solutions to linear
matrix equations have been actively ongoing for more than 30 years (see [15]-[17],
[19], [20], [27], [28], [33]-[35]). It is worthy to say that minimal and maximal ranks
of a general solution to a matrix equation are very useful in linear programming
computations (see [15]-[17]). In 2009, Liu, Tian and Takane [13] presented formulas
for the maximal and minimal ranks of a Hermitian solution and a skew-Hermitian
solution to the special case of the matrix equation (1.1) in which B = 0. The following
matrix equation:

(1.2) AXA* = C
over C, has been well examined by many authors (see [1], [3], [7], [8], [32], [36], [41]).

Note that, to our knowledge, there has been little information on extreme ranks
of the (skew-)Hermitian solution to the matrix equation (1.1). This paper aims to
consider the formulas of extremal ranks of the general (skew-)Hermitian solution to
(1.1).

The paper is organized as follows. In Section 2, we first give an expression of
the general Hermitian solution to (1.1) by using the generalized inverses of the co-
efficient matrices of this equation, then derive the formulas of extremal ranks of the
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general Hermitian solution to (1.1). We also give the corresponding results on the
skew-Hermitian solution to (1.1). In Section 3, we first present the maximal and
minimal ranks of the real matrices X1, X5, X3, X4 and Y7,Y5,Y3,Y, in a Hermitian
solution X = X7 + Xoi + X35 + Xuk, Y = Y1 + Yai + Y35 + Yak to (1.1), then give
some necessary and sufficient conditions for (1.1) to have a real symmetric solution,
a complex Hermitian solution, and a pure imaginary Hermitian solution. The corre-
sponding results on the skew-Hermitian solution to (1.1) are also considered. Some
special cases of (1.1) are also considered in Section 4.

2. Ranks of the general Hermitian solution to (1.1). In this section, we
consider the maximal and minimal ranks of the general (skew-)Hermitian solution to

(1.1) over H.

We begin with the following lemma that is due to Tian [18], and can be generalized
to H.

LEMMA 2.1. Suppose that the matrixz equation
(2.1) AXB+CYD=F

is consistent over H, where X € HPX9 Y € H**! unknown. Then the general solution
of (2.1) can be expressed by

X =Xo+S1LcURyT, + LaV1 + VoRp,
Y =Yy - S LcURyTy, + LW + WsRp,

where Xo and Yy are a special pair solution of (2.1),

* * B
Slz(Ip70)7 52:(07-[3)7 TlZ(Iq,O) 5 T22(07It) 5 G:(A7C)a H = ( D )7

U, Vi, Vo, W1, and Wy are arbitrary quaternion matrices with suitable sizes.

LEMMA 2.2. Consider the matriz equation (1.1) where A € H™*" B € H™*P,
C e H™*™ are given, and X € H"*", Y € HP*P unknown.

1. If C = C*, and (1.1) has a Hermitian solution, then the general Hermitian
solution to (1.1) can be expressed as

X=Xo4+S1LgZLcST + LAV +V*Ly,
(2.2) Y=Y,— SQLc;ZLGs; + LgW +W*Lp,

where Xo and Yy are a special pair Hermitian solution of (1.1),
(23) S1 = (Inao)v Sy = (O’Ip)a G = (AvB);

Z is an arbitrary Hermitian quaternion matriz with consistent size, and V
and W are arbitrary quaternion matrices with suitable sizes.
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2. If C = —C*, and (1.1) has a skew-Hermitian solution, then the general skew-
Hermitian solution can be expressed as

X=Xo+ SngZLGSf + LAV —V*Ly,
Y =Yy - S:LcZLgS5 + LgW —W*Lp,

where Xo and Yy are a special pair skew-Hermitian solution of (1.1), and Si,
Sz, and G are the same as (2.3); Z is an arbitrary skew-Hermitian quaternion
matriz with consistent size, and V' and W are arbitrary quaternion matrices
with suitable sizes.

Proof. We here only prove 1. The proof of 2 can be similarly finished.

Suppose that X; = X7, Y1 = Y{* are an arbitrary pair Hermitian solution of
(1.1). It follows from Lemma 2.1 and R4 p)- = L(a,B), Ra- = La, Rp- = Lp that

X, = Xo+ S1LaULGS; + LaVi + VaLa,
Y1 =Yy — SoLqULGS; + LWy + WaLp,

where Xo and }70 are a special pair solution of (1.1), and U, Vi, V,, Wi, and Wy are

. . . . . . X X*¥ Y1+Y®* . . s
arbitrary matrices with suitable sizes. Since (% %) is also a pair Hermitian

b

solution of (1.1), we get that

1 1, - ~ 1 1
Xl == *(Xl + Xf) = i(XO +X§) + 551L@(U + U*)LGST + iLA(Vl + ‘/2*)

+ W

1
S (Vi + V) La,

1 1o - 1 1
Vi= (0 +Y7) = 5 (V0 +Y5) = 59 La(U+ U")LaS; + 5 Lp(Wh + Ws)
1
+§(W1 +W2*)*LB.
Putting

1 - - 1 - 1

Xo = §(X0+X5)’ Yo = §(Y0+Yo*), V= §(V1+V2*)»
1 1

W:§(W1+W2*), Z:§(U-|-U*)7

and noting that Xy and Yy are a special pair Hermitian solution of (1.1), Z is an
arbitrary Hermitian matrix, we get that any pair Hermitian solution (X1,Y7) of (1.1)
has the form of (2.2).

Conversely, it can be verified that a pair of matrices having the form of (2.2) are
a pair Hermitian solution of (1.1). Therefore, (2.2) is an expression of the general
Hermitian solution to (1.1). O
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Tian and Liu in [21] and [12] gave the following extremal ranks of matrix expres-
sions A — BXB* and A — BX — X*B* over a field. The results can be generalized to
H.

LEMMA 2.3. Let A € H™*™ B e H™*",
1. If A= A*, then

max r(A— BXB*)=r[A, B,
X:X*GHILXTL

A B
i A—- BXB*)=2r[A,B] - ;
L - ) =24, B] T{B* 0 }
s A+ BY + X5 = min{m, o | 0]},
min r(A+BX+X*B*)=r A B —2r(B)
XeHnrxm | B* 0 '

2. If A= —A* then

max r(A— BXB*) =r[A, B],
X=—X*eHrxn

: N A B
X:—?’}IelH"XnT(A - BXB ) - QT[A’B] -r |: —B* O :| )
s a5xxemy=minfn o] 4 5]}

A B
i A+ BX — X*B*) = — 9%(B
Xen]il-[[lnrimr( + ) r |: _B* 0 :| T( )

The following lemma is due to Marsaglia and Styan [14], which can be generalized
to HL.

LEMMA 2.4. Let A € H™*" B € H™*k C € H>*", D € H** and E € H*".
Then they satisfy the following rank equalities:
A
(a) (CLa) =T o —r(4),

) r| B ALC]:T[]? g}—r((]),

el =[S 3]

Now we give one of the main theorems in this paper.

THEOREM 2.5. Suppose that the matriz equation (1.1), where A € H™*" B €
H™*P C e H™*™, C =C*, X €¢ H"*", and Y € HP*P, has a Hermitian solution.

(a) The mazimal and minimal ranks of the general Hermitian solution to (1.1)
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are given by:

(2.4) AXA*I-PBEi%B*:CT(X) = min{n,r[B,C] + 2n —r(A) — r(G)},
X=X*

(2.5) AXAHr_nér;B*:Cr(X) =2r[B,C]—r { Bg‘ g } ;
X=X*

(2.6) AXA*ing§B*:CT(Y) = min{p,r[A,C] + 2p — r(B) — r(G)},
Y=Y*

(2.7) AXA*-r&-nBir}}B*:CT(Y) =2r[A,C]—r [ j; 13 ] .
Y=Y*

(b) The rank of the general Hermitian solution X to (1.1) is invariant if and only

if
QT[B,C]—T[BC* Jg]:
r[B,C]+r(A)+r(G)r[ . §]+2n.

The rank of the general Hermitian solution'Y to (1.1) is invariant if and only

if
2r[A,C]—r{§* §:|=p
T[A,C]—&-T(B)—FT(G)ZT{E ﬂmp.

Proof. (a) Applying Lemma 2.2 and Lemma 2.3 to X of (2.2), we get that

X)= X LaZLgST + L *L
axa P e (X) = gy r (o SilaZLaSi 4 LaV - ViLa)
X=X*

Xo +SngZLgSf La
Z=7~

Ly 0

. Xo La Si1La .
_mm{n, ZHiaZX*r<|:LA 0 ]+[ 0 :|Z[ LS 0])}

. Xo La Silg '
(2.8) = min {n, r[ Li 0 0 ]},

= min {n, maxr
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i X)= mi X LoZLeST + L *L
axae P e () = 20y (o SilaZLaSi 4+ LaVi+ ViLa)
X=X*

X LaZLeST L
7"|: 0+Sl G Gsl A:|_2T(LA)

Z=27* Ly 0
. . X[) LA SILG *
= Zn:ug*r (|: LA 0 :| + |: 0 :| Z[ LgSl 0 ]) — 27“(LA)

Xo Li SiLo Xo La SiLe
= 2r I 0 0 —-r Ly 0 0
A LeS: 0 0
(2.9) —2r(La).
By Lemma 2.4, block Gaussian elimination, and AXyA* + BYyB* = C, we have that
r(La) =n—r(A),

' Xo I, S1 O
Xo SiLg La]l | I, 0 0 A o
r L, 0 0 =r 0 A 0 0 r(A) —r(A*) — r(GQ)
L O 0 G 0
=r[B,C]+2n—r(A) — r(G),
(X0 I, S 0 0
Xo La Silg I, 0 0 A* 0
r| La 0 0 =r| S 0 0 0 G*|—-rA)-—rA")-2r(G)
LeS: 0 0 0 A 0 0 0
0 0 G 0 0
C B
=r B 0 +2n — 2r(G).

Substituting above two equalities into (2.8) and (2.9) yields (2.4) and (2.5), respec-
tively.
Similarly, we can get the corresponding results on Y.

(b) The ranks of X, Y, expressed as (2.2), in the general pair Hermitian solution
1

to (1.1) are invariant if and only if
(2.10) maxr(X) —minr(X) =0, maxr(Y)—minr(Y) =0.
Hence result (b) follows from (2.4)-(2.7), and (2.10). O

Similarly, we can get the following.

THEOREM 2.6. Let A € H™*", B e H™*P, C € H™*™, C = —-C*, X € H"*",
and Y € HP*P. Suppose that (1.1) has a skew-Hermitian solution over H.
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(a) The mazimal and minimal ranks of the general skew-Hermitian solution to
(1.1) are given by
r(X) = min{n, r[B,C] + 2n — r(4) — r(G)},

max
AXA*+BY B*=C
X=—X*

. C B
AXA*E%?/B*:CT(X) =2r[B,C]—r [ _B* 0 ] .
X=—X*

a7 () = min(p,14,C] 42— 7(B) ~ (@)
: c A
AXA*JI;léI}l/*B*:CT(Y) =2r[A,C] —r [ a4 0 ] .

(b) The rank of the general skew-Hermitian solution X to (1.1) is invariant if

and only if
C B
QT[B,C]T[ B 0 } =n,
orr[B,C)+r(A) +r(G) =r [ 7CB* ? } + 2n.

The rank of the general skew-Hermitian solution Y to (1.1) is invariant if
and only if

2r[A,C]—r[ e } — b, or r[A, C)+7(B)++(G) :r{ 0 ]+2p.

3. Extreme ranks of the real matrices in a Hermitian solution to (1.1)

over H. In this section, we consider the maximal and minimal ranks of real matrices
X;,Y; in a pair Hermitian solution X = X; + Xoi + X3j + Xyk € H"*™ and Y =
Y7 + Yai + Y35 + Yok € HP*P to (1.1) where

A=Ay + Agi+ Asj+ Ask, B = By + Boi+ Bsj + Bak, C = C1 + Cai + Csj + Cik,

A;, B, Cii =1, 4, are real matrices with suitable sizes.

For an arbitrary quaternion matrix M = My + Msi+ Msj + Mk, we now define

a map ¢(+), from H™*" to RIm>4n by

(3.1) (M) =

My —-My; —-Msz —My
My My —-My Ms
Mz My My —Ms
My —Msz My M

By (3.1), it is easy to verify that ¢(-) satisfies the following properties:
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(a) M =N <= ¢(M)=¢(N).
(b) ¢(M + N) = (M) + ¢(N), ¢(MN) = ¢(M)p(N), ¢(kM) = k¢(M), k € R.
(c) ¢(M*) =" (M), p(MT)=¢l(M).
(d) ¢(M) =T, ¢(M)T,, = R} ¢(M)R,, = S;,,}¢(M)S,,, where for t = m,n,
0o 0 0 -
[0 —Iy o o 5 o
Rt_[lzt 0 ]’St_ o -, 0 0 |’
I; 0 0 0
0 —-I; 0 O
L o 0o o
=10 o o 1
0 0 —-I; O

(e) 7[¢(M)] = 4r(M).
(f) M* =M & ¢"(M) = ¢(M), and M* = =M & ¢T (M) = —¢(M).

In the following theorems and corollaries, Xy, Yy, S1, So, and G are defined as in
Lemma 2.2.

THEOREM 3.1. The matriz equation (1.1) has a Hermitian solution over H if
and only if the matriz equation

(3'2) ¢(A) (Xij)4><4 ¢T(A) + ¢(B) (Yij)4><4 ¢T(B) - QS(C)v i,j=1,2,3,4,

has a symmetric solution over R. In this case, the general Hermitian solution of (1.1)
over H can be written as:

X = X1 + Xoi + X35 + Xak

1 1 .
= Z(XH + Xoo + X33 + Xua) + 1(X1T2 — X190+ Xay — X34)i

1 o1
(3.3) +1(X1T3*X13+X24*X2T4)J+1(X17:1*X14+X2T3*X23)k,
Y =Y1+Yei+Ysj+ Yak
1 1 .
= Z(Yn + Yoo + Y33+ Yiy) + Z(YlTQ — Yo + Y — Ya4)i

1 1
(3.4) + Z(Yf:; — Y13+ Yau — Y54)j + Z(Yﬂ — Yig + Yy — Yo3)k,

where Xtt = tht-‘viftt = }/t’{a t= 17273747‘ X1T] = le; }/17; = )/jl7 .] = 273747 XQJ; =
X2, Y27; =Y, j = 3,4; X1, = Xy3, Y5 = Y3 are the general solutions of (3.2) over
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R. Written in explicit forms, X;, Y, i =1,2,3,4, in (3.3) and (3.4) are

1 1 1 1
Xy = JPié(Xo) Pl +  Pad(Xo) P + L Pag(Xo) Py + | Pac(Xo) P

1
+ 4 [Py, P2, Ps, P E\ZET [P, Py, P3, Py)"

(3.5) + [Pr, Pa, P, Py] Lya)

i T

Va
Vs
Vi

L;Zz;(A) [P17P2;P3aP4]T5

1 1 1 1
Xy = 1 Poo(Xo) Pl = {1 Pré(Xo) Py + L Pag(Xo)Pf —  Pso(Xo) P

1
— ; P1.—P2, Ps, —Pi] E ZE{ [Py, P1, Py, Ps)"

Vi
Va
Vs
Vi

(3.6)  — [P, P1, =Py, P3] Ly(a)

v, 1"

Vs
Vs
Va

LZ;(A) [_PQaP17_P47P3]T7

1 1 1 1
X3 = 1P3¢(X0)P1T - ZP1¢(X0)P3T + ZP2¢(X0)PE - ZP4¢(X0)P2T

1
- Z[Pla — Py, —Ps, PJE, ZET [Ps, Py, Py, Po)"

Vi
Vo
V3
Vi

(3.7) =[P, P1, =P, Py] Ly(a

vi 1"

Va
Vs
Vi

LZ;(A) [_P37P17_P27P4]T7

1 1 1 1
Xo = 7 Pio(Xo) P = 7P1é(Xo) Pl + 7 Psd(Xo) Py’ — 1 Pa(Xo) Py

4

Vi
Vo
V3
Vy

(3.8)  —[—Pu, P1,—Ps, Po] Ly(a)

1
— ~[=Py, — P», P35, P\|E\ ZE] [Py, P3, P, Pt

vi 1"

Vo
V3
Vi

L4y [=Pa, P, —Ps, P]"
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Y= iczlqﬁ(Yo)QlT + i@ﬁ%)@% + iQw(Yo)Q? + i@@%)@f

- %[Q17Q27Q3,Q4]E2ZE2T [Q1,Q2,Q3,Q4)"
e w1
W- W-
(39) + [Q17Q27Q37Q4] L¢(B) Wi + Wz LZ;(B) [Q17Q25Q37Q4]T )
Wy Wy

Ys = 2Qué(Y0)QT — iQ@(YO)QQT + %QM(Yo)Q? - %QW(YO)QE

4
F 11010, Qs QB ZEL (@2, Q1. Q0. Q"
(3.10)
Wy w1’
— [-Q2, @1, —Q4, Q3] Ly(n) %z + 3//2 LY 5y [~Q2, Q1. —Q4, Qs3] ",
Wy Wy
1 r_ 1 1 r_ 1 T
Y3 = 1Q50(Y0)Q1 — Q16(Y0)Q5 + 7 Q20(Y0)Qs — 7Q19(Y0)Q2
Q1 Qo Q0. QB ZE] (@5, Q0. Q1. Q"
(3.11)
Wy w1’
- [_Q35Q1a_Q21Q4] L¢(B) %z + %z LZ;(B) [_Q37Q15_Q2>Q4]Ta
Wy Wy

Vi = 1Quo(10)QT — Qi600)QT + 1Qso(%0)QF — {@20(0)Q]

Q1 @2, Q5. QuIBZE (@1, @5, @0, Q"
(3.12)
W, w1t
— [-Q4,Q1,—Q3,Q2] Ly(n) VW[;?), + %j Lg(g)[—Q4»Q1,—Q3,Qz]T7

Wy Wy
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where

Plz[InvovoaO]v PQZ[OaIn»OvO]a PBZ[anvInvo}v P4:[070703In]7
Q1= [1,,0,0,0], Q2 =1[0,1,,0,0], Q3 =10,0,1,,0], Qs =10,0,0,1,],
E1 = ¢(S1)Leay, B2 = ¢(S2)Ly);

Z is arbitrary real symmetric matriz, and Vy, Vo, V3, Vi, Wi, Wa, W3, and Wy are
arbitrary real matrices with compatible sizes.

Proof. Suppose that (1.1) has a Hermitian solution
X = X1 + Xoi + Xsj + Xyk, Y =V + Yai + Y35 + Vik
over H. Applying properties (a) and (b) of ¢(-) to (1.1) yields
$(A)D(X)pT (A) + (B)p(Y)o" (B) = 6(C), ¢7(X) = o(X), ¢7(Y) = o(Y),

which implies that ¢(X), ¢(Y) are real symmetric solutions to (3.2). Conversely,
suppose that (3.2) has a real symmetric solution

X1 X2 X1z Xuy Y1 Y2 Yiz Yiu
Y Xo1 Xaop Xoz Xoy v — Yo Yo Yoz You

X3 Xz Xsz Xoa | Y31 Yo Yaz You |

Xy Xao Xyz Xy Yio Yo Yy Yy

ie.
HA)XHT(A) + H(B)Y 4T (B) = 6(C), XT =X, YT = .
By property (d) of ¢(-), we have that
T, (AT XT, ' ¢T (A) T + T, d(B)L,Y T, 67 (B) Ty = T, 6(C) T,
R 'O(A)R, X R OT (AR + R G(B)R,Y R, 9" (B) Ry =
Sl #(A)Sn X S, 9T (A) S + S  (B)S,Y S, 1T (B) S = S,,' (C) Sy
Hence
QAT XT, o7 (A) + ¢(B)T, YT, '¢" (B) = 6(C),
(AR, X R, OT(A) + ¢(B)R,Y R, 1o (B) = ¢(C),
$(A)S, XS, 1T (A) + ¢(B)S,Y S, 6" (B) = ¢(0),

implying T, X7, !, T,YT, ', R.XR;', R,YR,', S,XS; ! and S,YS, ' are also
symmetric solutions of (3.2) over R. Thus,

1 1
1+ T, XT,;' + R, XR,* +S8,XS, 1), yiti T,YT, '+ R,YR,' + S5,YS )
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are symmetric solutions of (3.2), where
X+ T, XT, " + RyX Ry + 8, XS, = (Xij)axas 1,5 =1,2,3,4
and
X11 = Xi1 + Xoo + Xag + Xaa, X12 = X2 — X5 + Xaa — X1,
Xi3 = Xi3 — XIs + XT, — Xoa, X1a = X1a — X5+ Xos — X5,
E:X%FQ*XUJFX;;*X;%@ Xo2 = X11 + Xao + X33 + Xua,
)/(QV:SZX14—X1T4+X23—X2T37 )?2/4:X1T3—X13—|—X24—X27;,
Xa1 = X1y — X3+ Xoy — XIy, Xap = X0 — X1 + Xy — Xog,
X33 = X11 + Xoo + Xag + Xaa, Xaa = X120 — X5 + Xaa — X1,
Xy = X} = Xua+ X35 — Xog, X = Xug = XT3+ X3, — Xoa,
)?;:sz—X12+X37;1—X347 Xus = X1 + Xoo + X33 + Xy4.

Y + TpYsz1 + RpYR;I + SpYSp’l has a form similar to (X;;j)axa. We omit it here
for simplicity.

Let
- 1 1 .
X = Z(XH + Xoo + X33 + Xua) + Z(X1T2 — X194+ X33 — X34)i
1 1
+ Z(X1T3 — X153+ Xog — X3,)j + Z(Xﬂ — X4+ X35 — Xo3)k,
~ 1 1, 7 T .
Y = Z(Yll + Y22 + YS3 + Y44) + Z(Ylg - Y12 + Y34 - Y34)Z
1 1
+ 1(Y1T3 —Yi3 + You — Y34)j + E(Yﬂ — Y14 + Y5 — Yos)k.

Then by (3.1),
o1
¢(X) = (X + T, XT,; '+ R, XR,;* +S,XS, 1),

o1 _ - _
oY) = Z(Y +T,YT, '+ R,YR, ' + S,Y S ),

we have that X,Y are a pair Hermitian solution of (1.1) by the property (a). Observe
that X;; and Yj;, ¢,7 = 1,2,3,4 in (3.2) can be written as

Xy = PXP!, Y, = QyQl.
From Lemma 2.2, the general solutions to (3.2) can be written as
X = ¢(Xo) + (1) Lo(c) ZLoic)¢" (S1) + 4L Vi, V2, Vi, Vi)
+4[V1, Vo, Vs, Va]" Lyay.,
Y = 6(Y0) = 6(S2) Lo() 2Ly @ (S2) + 4Lo(m) (Wi, Wa, Ws, W]
+ 4 Wy, Wa, Wa, Wa]” Ly,
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where Z is an arbitrary real symmetric matrix and Vi, Vo, V3, Vi, Wy, Wy, W3, and
W, are arbitrary with suitable sizes. Hence, for 7,5 = 1,2, 3, 4,

Xij = Pi¢(X0) P + Pip(S1) Loy ZLy() 9" (S1)P] + 4P L)V + 4V,  Lyay P/,

Yi; = Qid(Yo)Q] — Qid(S2) L) ZLycyd" (S2)Q) +4QiLymyWj + AW, Ly Q7 .

Substituting them into (3.3) and (3.4) yields real matrices X; and Y;, ¢ =1,2,3,4 in
(3.5)-(3.12). O

Now we consider the maximal and minimal ranks of real matrices X;,Y; in Her-
mitian solutions X = X; 4+ Xoi + X3j+ Xuk and Y = Y7 + Yoi + Y35 + Yk to
(1.1).

THEOREM 3.2. Suppose the matriz equation (1.1) has a Hermitian solution over
H, and fori,j =1,2,3,4,

Ji = {Xi € R™X"

A(X7 + Xoi + X35 + X4k)A* }
+B(Y1 +Yoi+ Y35 + Y4k>B* =C ’

TJZ{Y; € RP*P

A(X7 + Xoi + Xsj + Xyk)A* }
+B(Y1 + Yai+Y3j + Yak)B* =C

Then we have the following:

(a) The mazimal and minimal ranks of X, in the general Hermitian solution
X =X + Xoi + X35 + X4k to (1.1) are given by

0 0

maxr(Xi)—min{n,r i 6(B) ¢1(4é)

X;eJ;

+2n —4r(A4) — 4T(G)} ;

— 0 0 A
0 0 A ’
min r(X;) =2r| ~ ' -r| 0 0 ¢"(B)
Xi€J; A; B ~
#B) 4(C) A 6(B) o(C)
“Ay —As —A,
9 Ay —Ay  As
"IoA A —A |
—As A, Ay
where
Ay A3 Ay -Ay Az Ay

A3 _A2 —A1 A4 _AQ _Al
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A Ay Ay [ —A; A, Az T
~ | Ay A A3 ~ | Ay A Ay
B a4 T A A A |
Ay Az A L Ay A3 —Ay ]
i _A2 A3 A4 1" [ —Al AB A4 1"
T A A A | | A A 4
A A Ay | TR Ay A Ay |
L Az Ay —Ap ] L Ay Ay Ay ]
[ —A; —Ay Ay T g [ —A; —Ay Az ] r
Z . AQ —A1 —A3 Z o A2 _Al A4
T —As —Ay A | T | A5 —AL Ay
L Ay Az A ] L —Ay Az Ay ]

(b) The mazimal and minimal ranks of Y; in a Hermitian solution Y + Yai +
Y3j + Yak to (1.1) are given by

Y;) = mi
ggj}gjr( ) mm{p,r

— 0 0 B;

0 0 B J
min r(Y;) =2r | ~ ol =r| 0 0 oT(A)
G€T; B A =
e 1o ele) B o(4) 4(C)

—Bs —B3 —By ]

_op| Br —Bs Bs
By By -By |’
—-B; By By |
where
- B, B; -Bj] - _B, B; -B,]
= -B1 —By —Bs = —-By —By —Bs
B = By =
! B, -B, By |’ ? -B; —-B, By |’
L Bs —By —Bp | L By —By —Bp |
[ —B1 By —By ] [ —B1 Bs B3 ]
= —-By —-By —Bjs = —By —By —Bs
B3 = B, =
’ ~Bs By By |77 —Bs By —Bp |’
L B4 B3 —B1 ] L B4 Bz —DBs ]
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By, By B, 1" B, Bs B, 1"
B_| B B Bs| 5 | B ~Bi Bs|
-By —-B1 —B; —Bs —-B1 —B;
B3 B2 —B1 _B4 B2 _Bl
—Bl —B2 B4 4 _Bl _B2 BS ’
— B -B; -B — B —B B
By — 2 1 3 B = 2 1 4
—Bs —By —Bs —Bs —By —-B;
-B, Bs -B ~B, Bs B,

Proof. We only derive the maximal and minimal ranks of the matrix X;. The
others can be established similarly. Applying Lemma 2.3 to (3.5), we get the following

| RPN
max r(X;) = max r(M+ -PZPT + PV + VT PT)
Xiedy Z=2ZTV 4

min {n, max r(U)}
Z=2T

*minnrMPP
o 1 PT o0 0|’

1.~ -
min 7(X,) = min (M + - PZPT + PV + VT PT)
Xiedy Z=2ZTV 4

Zm:iZnTr(U) —2r(P)

_o [ M P P
R A A

- 2T(P)7

EIEES
o o N
o o N

where

[ M+iPZzPT Pl [ M P 1[P [ - }
U= [ pPT o |[Tlpr o) Talo 2L 0D

1 T 1 T 1 T 1 T
M= 1P1¢(X0)P1 + ZP2¢(X0)P2 + ZP3¢(X0)P3 + 1P4¢(X0)P4 ;
P =[Py, Py, Py, Py]Ly(a), P =[Py, Ps, P3, Py .
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By Lemma 2.4, block Gaussian elimination, and AXyA* + BYyB* = C, we have that

[ M D, Do 0
M P P71 _ | DI o0 0 WAy
' [ PT 0 0 ] o w0 o | e
0 0 U(Q) 0
— 4r(¢(A7)) — 4r(6(G))
o 0 A4 B B
=r _ i, 6(B) 6(C) +2n — 4r(A4) — 4r(G),
where
Dl:[P17P27P33P4]ﬂDQZ[P17P27P33P4]¢(51)7
o(V) 0 0 0
0 |4 0 0
v)y=| o ¢(0 ) sy o | VEAdne
0 0 0 oV)
Similarly, we can simplify the following
M P P 0 0 A
rl PT 0 0 |=r| 0 0 ¢T(B) | +2n—4r(G) — 4r(G*),
PT 0 0 A 6(B)  (0)

Thus we have the results for extreme ranks of the matrix X in (a). Similarly, applying
Lemma 2.3 and Lemma 2.4 to (3.6)—(3.12) yields the other results in (a) and (b). O

COROLLARY 3.3. Suppose that the matriz equation (1.1) has a Hermitian solution
over H, then we have the following:

(a) (1.1) has a real symmetric solution X if and only if, for i = 2,3,4,
0 0 A;

=r| 0 0 ¢7(B)
Ai ¢(B)  ¢(C)
—Ay A3 —A4

A
Ai ¢(B) ¢(C)
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In that case, the real symmetric solution X can be expressed as X = X1 in
(3.5).
(b) All the solutions of (1.1) for X are real symmetric if and only if

0 0

7 ) -
i o(B) o(C) +2n =4r(A) + 4r(G), i = 2,3,4.

r

In that case, the real symmetric solution X can be expressed as X = X1 in
(3.5).
(¢) (1.1) has a complex Hermitian solution X if and only if, for i = 3,4,

0 0 A;
—r| 0 0 (B
A o(B)  ¢(0)
Ay —Az Ay
Ay —Ay Az
Ay Ay —Ay
—-As Ay A

0 0

2r | ~ A
A ¢(B) ¢(C)

+ 2r

In that case, the complex Hermitian solution X can be expressed as X =
X1 + Xoi, where X1, X5 are expressed as (3.5) and (3.6).
(d) All the solutions of (1.1) for X are complex Hermitian if and only if

00 A4
Ai o(B) ¢(C)

r

+2n=4r(A) + 4r(Q), i = 3,4.

In that case, the complex Hermitian solution X can be expressed as X =
X1 + Xai, where X1, X5 are expressed as (3.5) and (3.6).
(e) (1.1) has a pure imaginary Hermitian solution X if and only if

0 0 Ay
=r| 0 0 ¢"(B)
A ¢(B)  ¢(C)

Ay A5 —A
A —A,  As
T4 A A
A Ay A

In that case, the pure imaginary Hermitian solution X can be expressed as
X = Xoi + X3j + Xyk, where X5, X3, and X4 are expressed as (3.6), (3.7),
and (3.8).
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(f) All the solutions of (1.1) for X are pure imaginary Hermitian if and only if

0 0 Ay
A ¢(B) #(0)
In that case, the pure imaginary Hermitian solution X can be expressed as

X = Xoi 4+ X3j + Xyk, where Xo, X3, and X4 are expressed as (3.6), (3.7),
and (3.8).

r +2n = 4r(A) + 4r(G).

Using the same method, we can get the corresponding results on Y.

REMARK 3.4. Similarly, we can get the corresponding results on the skew-
Hermitian solution of (1.1).

4. Ranks of Hermitian solution to some special cases of (1.1). In this
section, we consider some special cases of (1.1) over C. When B vanishes, (1.1)
becomes (1.2) where A € C™*" C € C™*™. We get the corresponding results on
(1.2) as follows.

COROLLARY 4.1. Let A = A1+ Ai € C™*™, C = C* = C1 + Cqoi € C™X™ pe
given. Then

(a) The matriz equation (1.2) has a Hermitian solution if and only if the real
matriz equation

[Al —A2HX11 XIQH AT Ag]_[Cl —02]

4.1 =
(4-1) Ay Ay Xo1 Xoo —AT AT Cy, C

has a symmetric solution over R. In this case, the general Hermitian solution
of (1.2) over C can be written as

1 1 .
(42) X:Xl-l-XQZ: §(X11+X22)+§(X1TQ—X12)Z,
where Xy = X, t = 1,2; and X1, = Xo1 are the general solutions of (4.1)
over R. Written in an explicit form, Xy, X in (4.2) are

1 1 v
X, = 5Plgzb(_X'())pr + §P2¢(X0)P2T + [P, Po] Lg(a) { V; }

% T
1 T
+[Vz :| LZ;(A)[PMPQ] s

1 1 \%
Xo = S Pad(Xo) Pl = S POCX)P] ~ [-Po Pl Lo | 1) |

% T
1 T
+ [ v, :| LZ;(A) [—PQaPI] )
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where Xo = ATC(AN)*, P, = [1,,,0], P, = [0, 1], and Vi and Vz are arbitrary
real matrices with compatible sizes.
(b) Put

J1 = {Xl € RX™ | A(X1 +X27,)A* = 0}7
Jo = {X2 ER™™ | A(X1 + Xo2i)A" = C} )
Then we have the following:

(i) The mazimal and minimal ranks of X1 in the Hermitian solution X =
X1 + Xoi to (1.2) are given by

Cc; —Cy A
nax r(X1)=min<n,r | Co Ci1 Az | +2n—4r(4),,
1€J1 A{ Ag 0
C, —Cy A A
min 7(X;)=r| Cy C; Ay | —2r [ ! ] .
e AT AT 0 Az

(i) The mazimal and minimal ranks of X in the Hermitian solution X =
X1 + Xai to (1.2) are given by

G, =0y A4
max r(Xo)=mindn,r| Co C; Ay | +2n—4r(A4) ;,
e AT —AT 0
¢, —Cy A A
Xmér} r(Xo)=r| Co C; Ay | —2r { Al } .
B AT —AT o 2

REMARK 4.2. Corollary 4.1 is Theorem 2.2 of [13]. Similarly, Theorem 3.2 of
[13] can be regarded as a special case of (1.1) with skew-Hermitian solutions.
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