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EXTREMAL PROBLEMS FOR THE ECCENTRICITY MATRICES OF COMPLEMENTS
OF TREES*

ISWAR MAHATOT AND M. RAJESH KANNAN#

Abstract. The eccentricity matrix of a connected graph G, denoted by £(G), is obtained from the distance matrix of G by
keeping the largest nonzero entries in each row and each column and leaving zeros in the remaining ones. The £-eigenvalues of
G are the eigenvalues of £(G). The largest modulus of an eigenvalue is the E-spectral radius of G. The E-energy of G is the sum
of the absolute values of all £-eigenvalues of G. In this article, we study some of the extremal problems for eccentricity matrices
of complements of trees and characterize the extremal graphs. First, we determine the unique tree whose complement has
minimum (respectively, maximum) £-spectral radius among the complements of trees. Then, we prove that the E-eigenvalues
of the complement of a tree are symmetric about the origin. As a consequence of these results, we characterize the trees whose
complement has minimum (respectively, maximum) least £-eigenvalues among the complements of trees. Finally, we discuss the
extremal problems for the second largest £-eigenvalue and the £-energy of complements of trees and characterize the extremal
graphs. As an application, we obtain a Nordhaus—Gaddum-type lower bounds for the second largest £-eigenvalue and E-energy
of a tree and its complement.

Key words. Complements of trees, Eccentricity matrix, £-spectral radius, Second largest £-eigenvalue, Least E-eigenvalue,
E-energy.
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1. Introduction. Throughout the paper, we consider finite, simple and connected graphs. Let G =
(V(G), E(G)) be a graph with the vertex set V(G) = {v1,v9,...,v,} and the edge set E(G) = {ey,ea,...,
em }. The number of vertices in G is the order of G. If two vertices u and v in G are adjacent, then we write
u ~ v, otherwise u ~ v. The adjacency matriz A(G) of G is the n x n matrix with its rows and columns
indexed by the vertices of G, and the entries are defined as

A(G)uy = 1 if u~w,
“ o otherwise.

Let A\1(G) > X(G) > ... > A\(G) be the eigenvalues of the adjacency matrix A(G) of G. The largest
eigenvalue of A(G) is the spectral radius of G. The energy (or the A-energy) of G is defined as E4(G) =
Yo IXi(G)]. The distance between the vertices u and v in G, denoted by d¢ (u, v), is the length of a shortest
path between them in G, and define dg(u,u) = 0 for all u € V(G). The distance matriz D(G) of G is the
n X n matrix whose rows and columns are indexed by the vertices of G and the (u,v)-th entry is equal to
da(u,v). Let Ng(v) denote the collection of vertices that are adjacent to the vertex v in G, and Ng(v) is
called the neighbor of v in G. The eccentricity eq(v) of a vertex v € V(G) is the maximum distance from
v to all other vertices of G. The maximum eccentricity of all vertices of G is the diameter of G, which is
denoted by diam(G). The diametrical path is a path whose length is equal to the diameter of G.
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The eccentricity matriz of a graph G on n vertices, denoted by £(G), is the n X n matrix whose rows
and columns are indexed by the vertices of GG, and the entries are defined as

E(C)un = {dG(“’”) it d(u, v) = min{ec(u).co(v)}
0 otherwise.

The eccentricity matrix £(G) of a graph G is a real symmetric matrix, and hence all of its eigenvalues are
real. The eigenvalues of £(G) are the E-eigenvalues of G. The largest modulus of an eigenvalue is the
E-spectral radius of G. The set of all £-eigenvalues of G is the E-spectrum of G. If & > & > ... > & are
the distinct £-eigenvalues of G, then we write the £-spectrum of G as

& & L. §k}

my Mo P

Spece (G) = {

where m; is the multiplicity of & for i =1,2,...,k.

Spectral extremal problems are one of the interesting problems in spectral graph theory. Recently, the
extremal problems for eccentricity matrices of graphs have gained significant importance and attracted the
attention of researchers. In [23], Wei et al. considered the extremal problem for the E-spectral radius of
trees and determined the trees with minimum E-spectral radius among all trees on n vertices. Also, they
characterized the trees with minimum &-spectral radius among the trees with a given diameter. In [14], the
authors studied the minimal problem for £-spectral radius of graphs with a given diameter and characterized
the extremal graphs. Moreover, they identified the unique bipartite graph with minimum &-spectral radius.
Wang et al. [19] characterized the graphs with minimum and second minimum E-spectral radius as well
as the graphs with maximum least and second least &-eigenvalues. Recently, He and Lu [4] considered the
maximal problem for the £-spectral radius of trees with the fixed odd diameter and determined the extremal
trees. Wei et al. [25] characterized the trees with second minimum E-spectral radius and identified the
trees with small matching number having the minimum E-spectral radius. Very recently, Wei and Li [24]
studied the relationship between the majorization and the £-spectral radius of complete multipartite graphs
and determined the extremal complete multipartite graphs with minimum and maximum &-spectral radius.
Mahato and Kannan [16] considered the extremal problem for the second largest £-eigenvalue of trees and
determined the unique tree with minimum second largest £-eigenvalue among all trees on n vertices other
than the star. For more advances on the eccentricity matrices of graphs, we refer to [7, 8, 13, 15, 17, 18, 21, 22].

The eccentricity energy (or the E-energy) of a graph G is defined [20] as

n
Ee(G) =) 1&(Q),

i=1
where &1(G),&2(G), . .., &.(G) are the E-eigenvalues of G. Recently, many researchers focused on the eccen-
tricity energy of graphs. In [20], Wang et al. studied the £-energy of graphs and obtained some bounds
for the E-energy of graphs and determined the corresponding extremal graphs. Lei et al. [8] obtained an
upper bound for the £-energy of graphs and characterized the extremal graphs. Very recently, Mahato and
Kannan [16] studied the minimization problem for the E-energy of trees and characterized the trees with
minimum &-energy among all trees on n vertices. For more details about the £-energy of graphs, we refer
to [14, 15, 18].

Motivated by the above-mentioned works, in this article, we study the extremal problems for eccentric-
ity matrices of complements of trees and characterize the extremal graphs for the £-spectral radius, second
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largest E-eigenvalue, least £-eigenvalue and E-energy among the complements of trees. The extremal prob-
lems for the complements of trees with respect to the other graph matrices have been studied in [2, 9, 10, 11].
For a tree T, let T be the complement of 7. Throughout the paper, we always assume that T is connected;
hence, T is not isomorphic to the star graph. Let 7,¢ denote the complements of all trees on n vertices. Note
that if T' is a tree with diam(T") > 3, then £(T°) = 2A(T). If diam(T") = 3, then £(T°¢) > 2A(T') entrywise.
Since A(T) is irreducible, therefore £(T°) is also irreducible.

The article is organized as follows: In Section 2, we collect needed notations and some preliminary
results. In Section 3, we characterize the extremal graphs with the minimum and maximum &-spectral radius
among the complements of trees. As a consequence, we determine the unique graphs with the minimum and
maximum least £-eigenvalues among the complements of trees. We discuss the extremal problems for the
second largest £-eigenvalue and the £-energy of complements of trees in Sections 4 and 5, respectively.

2. Preliminaries. In this section, we introduce some notations and collect some preliminary results,
which will be used in the subsequent sections. First, we define the quotient matrix and equitable partition.

DEFINITION 2.1 (Equitable partition [1]). Let A be a real symmetric matriz whose rows and columns are
indexed by X = {1,2,...,n}. Let II = {X1, Xo,..., X;n} be a partition of X. The characteristic matriz C is
the n x m matriz whose jth column is the characteristic vector of X; (j =1,2,...,m). Let A be partitioned
according to 11 as

All A12 cee Ahn

A21 A22 cee A2m
A= . , : ;

Ap1 Ame .. Amm

where A;; denotes the submatriz (block) of A formed by rows in X; and the columns in X;. If q;; denotes
the average row sum of A;j, then the matriz Q = (q;;) is called the quotient matriz of A. If the row sum of
each block A;j is a constant, then the partition 11 is called equitable partition.

In the following theorem, we state a well-known result about the spectrum of a quotient matrix corre-
sponding to an equitable partition.

THEOREM 2.2 ([1]). Let Q be a quotient matriz of any square matriz A corresponding to an equitable
partition. Then the spectrum of A contains the spectrum of Q.

Let K,,, P,, and K ,_1 denote the complete graph, the path, and the star on n vertices, respectively.
For d = 3, let Tﬁ)’g be the tree obtained from Py = wvgvivovsy by attaching a pendant vertices to v; and
b pendant vertices to vy, where a +b =n—4 and b > a > 0. For d > 4, let DZ:Z be the tree obtained
from P41 = vovive...vq by attaching a pendant vertices to v; and b pendant vertices to vg—1, where
a+b=n—d—1and b>a>0. The trees Tﬁg and DZ:Z are depicted in Figures 1 and 2, respectively. For

Up 1y vz V3
ce s s

FIGURE 1. The tree T*?, where a +b=mn — 4.

n,3?
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FIGURE 2. The tree DY where a +b=n—-d—1andd> 4.

n,d’

a real number z, let |z] denote the greatest integer less than or equal to x, and [x] denote the least integer
greater than or equal to z. In the following lemma, we compute the £-spectrum of the complement of the
tree T%%. where a +-b=mn—4 and b > a > 0.

n,3’

LEMMA 2.3. Forb>a >0 with a+b=mn—4, the E-spectrum of (Tg”g)c is given by

4n+1:i:\/(4n+1)2—64(a+1)(b+1) \/4n+1:|:\/(4n+1)2—64(a+1)(b+1)
Specg ((ng)c) = { *\/ 5 0 . }

1 n—4 1
Proof. Let Tgy’g be the tree obtained from P, = vgvivsvs by attaching a pendant vertices uq,...,u, to
v1 and b pendant vertices wy, ..., wp to ve, where a+b=n—4 and b > a > 0. Then the eccentricity matrix

of (T,‘fy’g)c is given by

U7 N Ugq Vo U1 (%) U3 w1 N Wy

v (0 ... 0 0 2 0 O 0o ... 0

Uug | O o o0 2 0 0 O 0

v | O o 0 2 0 O 0 0

8((TS’§)C) _ v | 2 2 2 0 3 0 0 0
’ vg | O o o0 3 0 2 2 2

vs | O o o0 o0 2 0 O 0

w; | O o o0 o0 2 0 O 0

w, \0O ... 0 0 0 2 O 0o ... O

It is easy to see that the rank of 5((Tf;:§)c) is 4. Therefore, 0 is an eigenvalue of 5((Tgv’§)c) with
multiplicity n — 4.

IfU ={u1,...,uq,v0} and W = {wvs, wy,...,wp}, then IT; = UU{v; }U{v2}UW is an equitable partition
of £ ((ng)c) with the quotient matrix

0 20 0
2a+1) 0 3 0
Q1=
0 30 20b+1)
0 02 0
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By a direct calculation, the eigenvalues of ), are

N \/4a+4b—|— 17+ +/(4a+4b+17)2 —64(a + 1)(b+ 1)

5 , and
L[l 4b+ 17— \/(4a +4b+17)2 — 64(a + 1)(b+ 1)
5 .
Now, the proof follows from Theorem 2.2 by substituting a + b =n — 4. 0

In the following theorem, we find the adjacency energy of the path graph on n vertices. We include
proof of this result for the sake of completeness.

THEOREM 2.4. The energy of a path P, on n vertices is given by

2( cot T -1 if n is odd,
EA(Pn) _ (2(n+1))

2( csc (2(7:&-1)) -1 if n is even.

Proof. We know that the eigenvalues of P, are 2cos =
(n-gl)r ) (

+1’ k=1,2,...,n. By using the formula cosx +

cos2x + ...+ cosnz = sin (%) csc (£) cos ( for a proof of this identity, we refer to [6]), we have

Ba(P) 4( cos (55) + cos (2% +...+cos((27(l;i)l7;)) if n is odd,
Alln) = 4( cos (nLH) + cos (%) + ...+ cos (%)) if n is even;
_ 4sin (51”71)17;) csc (2(7;;1)) cos (%) if n is odd,
4 sin (4(n+1)) csc (Elr(L:i)lT)r) cos (%) if n is even;

(

(
m) — sin (ﬁ)) cse (ﬁ) if n is odd,
2( sin ) sm( n+1))) csc (2(7;;1)) if n is even;

) 1 if n is odd,

2 cos(

2( n+1)

2( csc

(5
2 cot(
(

5 n+1)) if n is even.

Now, we collect some results related to the spectral radius, second-largest eigenvalue and energy of the
adjacency matrices of trees.

THEOREM 2.5 ([12]). Let T' be a tree on n vertices. Then A\ (T') > 2cos 25 with equality if and only
if T P,.

THEOREM 2.6 ([5, Theorem 2]). Let T be a tree on n > 4 vertices and T 2 Ky n—1. Then \(T) <

y/ B=ltyn —bntld W’ with equality if and only if T = T2:§_4.

THEOREM 2.7 ([26, Theorem 2]). Let T be a tree of order n > 4 and T % K1,n71,T3:§74- Then
Xo(T) > 1.

THEOREM 2.8 ([5, Theorem 10]). Let T be a tree with n > 4 vertices.

1. If T 2 th—;’s_l, then Xo(T) < /252, The equality holds if and only if n = 25+ 3 and T =

s—1,s—1 s—2,s—1 s—2,5—2
Dn,4 7Dn,5 ’Dn,ﬁ :
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2. If T = th_;’s_l, then A2(T) =z > ,/”773, where x is the positive root of the equation x> + x2 —
(s+1)—s=0.

LEMMA 2.9 ([3, Proposition 4]). Let T be a tree of order n and T % Klﬁn,l,TSJQ%,T;:g*B,DTOL’Z%.
Then
EA(T) > Ea(Dy} ™) > Ea(T,3 %) > Ea(T)5™") > Ea(Ky o).

LEMMA 2.10 ([3, Proposition 3]). Let T be a tree on n > 2 vertices such that T % Ki 1, P,. Then

EA(Kl,n—l) < EA(T) < EA(Pn)

Next, we state a result about the minimum second largest £-eigenvalue of trees.

THEOREM 2.11 ([16]). Let T be a tree on n > 4 vertices other than the star. Then

13n — 35 — V16902 — 974n + 1417
fZ(T) 2 \/ 9 )

with equality if and only if T = T,?”g%.

The following theorem is about the characterization of trees with minimum &£-energy.

THEOREM 2.12 ([16]). Let T be a tree on n > 5 vertices. Then

Ee(T) > 2\/13n—35+8\/n— 3,

with equality if and only if T = TS;;}"*.

3. Extremal problems for £-spectral radius and least £-eigenvalue. In this section, we charac-
terize the graphs with the minimum and maximum &-spectral radius among the complements of all trees on
n vertices. As a consequence, we determine the graphs for which the least £-eigenvalues attain the minimum
and maximum value among 7,¢, where 7, denote the complements of all trees on n vertices. First, we give
an ordering of the complements of trees with diameter 3 according to their £-spectral radius.

THEOREM 3.1. Let T be a tree with diameter 3, that is, T = TZ,’?}: witha+b=n—4,b>a>0. Then

the complements of Tﬁ,’g can be ordered with respect to their £-spectral radius as follows:

(T2 > 6 (T ) > o> & (@),

Proof. By Lemma 2.3, we have

&((Teh)) = \/ o+l Ui+ IF - 4+ 10+ 1

_ \/4n+1+\/(4n+1)264(n3+a(n4a))

5 (since, a +b=mn —4).

Now, consider the function f(z) = 4n+14+/(4n+1)2 — 64(n — 3 + z(n — 4 — 2)), where 0 < z < [ 22 ].

Therefore,
—32(n — 4 — 2z)

<0.
V@A +1)2 —64(n —3+x(n — 4 —x))

f'(zx) =
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2

Hence, f(z) is a decreasing function of z, where 0 < z < |25%]. Therefore, 51((Ts”§)c) = 4/ f(Za) is an
decreasing function for 0 < a < L"T_‘lj This completes the proof. ]

As a consequence of the above result, we get the following corollaries.

COROLLARY 3.2. Let T be a tree on n > 4 vertices with diam(T') = 3. Then

e <vhn+1+VWM+1y6qn$
&(T°) < 5 :

with equality if and only if T = T,?”g%.
Proof. The proof follows from Lemma 2.3 and Theorem 3.1. ]

COROLLARY 3.3. If T is a tree on n vertices with diameter 3, then

TS e s cven,
§&(T°) >

Ant1+v72n—47 W if nis odd.

n—4| rn-4
The equality holds if and only if T = T,&STH el

n—4 n—4
Proof. If T = TnLBTJ’[TW, by Lemma 2.3 it follows that

An+1++/(4n+1)2 —64([2=2]| 22
6(1°) = Ve PSP

[ An+14/72n—63 if 1 is even
_ 2 )

dn+1+/T2n—47 e
R if n is odd.

n—4 n—4 n—4 n—4
IftT TnLI?J’[T], then, by Theorem 3.1 it follows that & (T°¢) > §1((T$?HTW)C). This completes
the proof. O

In the following theorem, we characterize the trees whose complement has the minimum &-spectral
radius among the complements of all trees on n vertices. Note that if T is a tree with diam(T") > 3, then
E(T°) =2A(T). If diam(T') = 3, then £(T°) > 2A(T) entrywise.

THEOREM 3.4. Let T be a tree of order n > 4. Then
§1(T°) = &1(Py),
with equality if and only if T = P,.

Proof. Since Py is the only tree on 4 vertices with connected complement, we assume that n > 5. For
n > 5, we have & (Py) = 2\1(Py,) = 4cos 7 < 4.

If T is a tree with diameter 3, by Corollary 3.3 it follows that

6(T%) > \/ Aoty —63 W)’ if n is even,
1 >
|/ dntlyran 47 W if n is odd.
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It is easy to check that \/4”“"’572"_47 > \/4"+1+V272"_63 > 4. Therefore, & (T°) > & (PS).

If T is a tree with diam(T") > 4, then the proof follows from Theorem 3.4. 0

Now, we determine the unique tree whose complement has maximum &-spectral radius in 7,°.

THEOREM 3.5. Let T be a tree of order n > 4. Then
§&(T°) <& ((Tr?,’giél)c)»
with equality if and only if T = TS”;%.

Proof. If T is a tree with diameter 3, then the proof follows from Corollary 3.2. If T is a tree with
diam(T") > 4, then & (7€) = 2A1(T) and the proof follows from Theorem 2.6. |

Now, we consider the extremal problem for the least £-eigenvalue of complements of trees and charac-
terize the extremal graphs. First, we show that the £-eigenvalues of the complements of trees are symmetric
about the origin.

THEOREM 3.6. Let T be a tree of order n > 4. Then the eigenvalues of E(T) are symmetric about the
origin, that is, if X is an eigenvalue of E(T) with multiplicity k, then —X\ is also an eigenvalue of E(T®) with
multiplicity k.

Proof. If T is a tree with diameter 3, then the proof follows from Lemma 2.3. Let T be a tree with
diam(7T) > 4. Then, £(T¢) = 2A(T). Since every tree is a bipartite graph, the eigenvalues of A(T') are
symmetric about the origin, and hence the £-eigenvalues of T are also symmetric about the origin. a

Let &,(T°) denote the least E-eigenvalue of £(T). In the following theorems, we characterize the trees
whose complements have minimum and maximum least £-eigenvalue in 7,¢, respectively.

THEOREM 3.7. Let T be a tree of order n > 4. Then
&u(T%) 2 & (T3 7H°),
with equality if and only if T = TT?:;_4.
Proof. The proof follows from Theorem 3.5 and Theorem 3.6. O
THEOREM 3.8. Let T be a tree of order n > 4. Then

En(T°) < &n(Py),
with equality if and only if T =2 P,.
Proof. The proof follows from Theorem 3.4 and Theorem 3.6. ]

4. Extremal problems for the second largest £-eigenvalue. In this section, we study the extremal
problems for the second largest £-eigenvalue of complements of trees and characterize the extremal graphs.
First, we give an ordering of the complements of trees with diameter 3 according to their second-largest
E-eigenvalues.

THEOREM 4.1. Let T be a tree with diameter 3, that is, T =2 Tg:g witha+b=n—4,b>a>0. Then

the complements of the trees Tg:g can be ordered with respect to their second largest £-eigenvalues as follows:

n521)0).

ST <&UTE 7)) <. < gz((Tig%QM
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Proof. By Lemma 2.3, it follows that

52((T§,’§)”) _ \/4n +1- \/(4n + 1)22 —64(a+1)(b+1)

_ \/4n+1\/(4n+1)264(n3+a(n4a))

5 (since, a +b=mn —4).

Now, consider the function f(z) = 4n+1—/(4n+1)2 — 64(n — 3 + z(n — 4 — 2)), where 0 < z < [ 22 ].
Therefore,
32(n — 4 — 22)

V@An+1)2 —64(n -3+ x(n — 4 — 1))

> 0.

fi(x) =

Hence, f(z) is an increasing function of z for 0 < = < | 25*|. Therefore, & ((Ts§)°) =4/ @ is an increasing
function for 0 < a < L”T*‘lj This completes the proof. 0

As a consequence of the above result, we get the following corollaries.

COROLLARY 4.2. If T is a tree on n vertices with diameter 3, then

&(T°) > 2\/4n +1—+/(4n +1)2 —64(n — 3),

with equality if and only if T = TS”:?%.
Proof. The proof follows from Lemma 2.3 and Theorem 4.1. ]

COROLLARY 4.3. If T is a tree on n vertices with diameter 3, then

o1 < JAHI=TITES i oyen,
2 >~
/471+1—\2/72n—47 an is Odd

The equality holds if and only if T = TTE;%J’WT%].

n—4 n—4
Proof. T =T. ;7 "= by Lemma 2.3 it follows that

dn+1—/(dn +1)2 — 64([252]|252)
fQ(TC): \/ 5 ( 2 2 )

, [ Antl—vT72n—63 if n is even
— 2 )

Ant1-—+72n—47 W if n is odd.

n—4 n—4 n—2 n—2
IftT T,&’STHTW, by Theorem 4.1 it follows that & (7€) < 52((T$?J’[T])C>. This completes the
proof. ]

In the following theorem, we determine the unique tree whose complement has minimum second largest
E-eigenvalue in T,¢.
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THEOREM 4.4. Let T be a tree of order n > 4. Then
&(T°) > &((T05)"),
with equality if and only if T = T,?”g%.
Proof. If T is a tree on n > 4 vertices with diameter 3, then the proof follows from Corollary 4.2.

Let T be a tree with diam(7) > 4. Then, £(T°) = 2A(T), and hence by Theorem 2.7, we have
& (T°) > 2. Note that y/(4n — 7)2 + 144 > 4n — 7, and hence (4n + 1 — /(4n — 7)2 + 144) < 8. Therefore,

52((T3:§L74)C) = \/4n+1_ v (42n_7)2+144 < 2. Thus, &(T°¢) > 52((T3:g74)c). This completes the proof. O

Next, we characterize the maximal graphs for the second largest £-eigenvalue of complements of trees.
THEOREM 4.5. Let T be a tree with n > 4 vertices.
1. If T # Dfl:r)l’sfl, then &(T°¢) < /2(n—3). The equality holds if and only if n = 2s + 3 and
T =~ DfL;l,s—l,D;sL,—E)Q,s—l7D;sl7—62,s—2.

2. If T = DSV then &(T°) = 20 > +/2(n—3), where @ is the positive root of the equation

n,5

422 —(s+1)—s5=0.
Proof. If T is a tree on n > 4 vertices with diameter 3, by Corollary 4.3 it follows that

) \/@ if n is even,
§(T°) <

dn+1—/T2n—47 o
S if n is odd.

It is easy to check that \/4"+1_“272”_47 < \/4"“_572"_63 < y/2(n —3) for n > 4. Therefore, &(T°) <
2(n — 3).

Let T be a tree with diam(7") > 4. Then & (T°) = 2X2(A(T)), and the proof follows from Theorem 2.8.0

Now, we give a Nordhaus-Gaddum-type lower bound for the second largest £-eigenvalue of a tree and
its complement, which directly follows from Theorem 2.11 and Theorem 4.4.

THEOREM 4.6. Let T be a tree of order n > 4. Then

13n — 35 — v/169n2 — 974n + 141 dn 41— /1602 — T
EQ(T)_Fé'Z(TC)Z(\/ 3n — 35 — v169n 974n + 7+\/n—|— V16n 56n + 93)7

2 2

with equality if and only if T = T,?:g_4

5. Extremal problems for £-energy. In this section, we characterize the complements of trees with
the minimum and maximum E-energy among the complements of all trees on n vertices, respectively. To

begin with, in the following lemma, we give an ordering of the complements of trees with diameter 3 according
to their £-energy.

THEOREM 5.1. Let T' be a tree with diameter 3, that is, T = T;::g witha+b=n—4,b>a>0. Then

the complements of T;:g can be ordered according to their €-energy as follows:

n

n—4 —4
Be((T0574°) < Ee((Tha72)) < ... < Be((TL7 177 hye).

n,3
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Proof. By Lemma 2.3, it follows that Eg ((T}," e )= 2(51(( bye )+ & (T b) )), where

a (1)) = \/4”+1+\/4n+1) “64atr (b1 1)

5 , and

&((T73)°) = %‘” 1o yUnt D AN GE)

Therefore,

B ((To0)) = 2/an + 1+ 8/ @+ DB + 1)

:2\/4n+1+8\/n—3+a(n—4—a) (since, a+b=mn—4).

Now, consider the function f(z) =4n+1+8y/n— 3+ 2(n — 4 — x), where 0 < = < | ;% |. Therefore,

8(n —4 — 2x)
in+1+8/n—-3+z(n—4—1)

> 0.

fl(zx) =

Hence, f(z) is an increasing function of z, where 0 < z < [252]. Therefore, Eg((Ts:g)c) = 24/f(a) is an
increasing function for 0 < a < L"T_‘lj This completes the proof. ]

As a consequence of the above result, we get the following corollaries.

COROLLARY 5.2. If T is a tree on n vertices with diameter 3, then

Ee(T¢) > 2\/4n +148Vn -3,

with equality if and only if T = TT?)’;’%.

Proof. By Lemma 2.3, it follows that

dn+1+/(4n+1)2 —64(n — 3)

51( On 4 \/ 5 7 and

£(T0”4 dn+1— 4n+1)2764(n73).
2
Thus,
Ee (T3 4)°) = 2(51 (Tos™H%) + & ((T,?:;H‘)C)) = 2\/4n +1+8Vn—3.
Now, the proof follows from Theorem 5.1. O

COROLLARY 5.3. If T is a tree on n vertices with diameter 3, then
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Ee(T°) < 24/8n — if n is even,
2\/4n+1+4\/n2 dn+ 3 if n is odd.

The equality holds if and only if T = T,E?HTLT%].

Proof. Tt follows from Lemma 2.3 that

An +1+ \/(4n+ 12 —64(725271252])
2

n—4a n—4
a1y T ) =
An+14+/72n—63

2

if n is even,

47L+1+\2/727l—47 lf n iS Odd

and
o)t dn+1— /(40 +1)2 — 64([252] [ 252))
52((Tn,3 ) ) = 2
B Antl- S 72n—63 if n is even,
4"+1*‘/W if n is odd.
Therefore,
n,if47H746 g,gc L%VL*“C
Eg((Tn,Bz 1,173 ]) ) — 2(51((’1—'7';732 1,073 ]) )+€2((Tr|£,32 1,175 ]) ))
) 2v8n -7 if n is even,
WVAn+14+4vnZ —4n+3  ifnis odd.
Now, the proof follows from Theorem 5.1. 0

Next, we find the £-energy of (Dgﬁf‘:’)C by computing the £-spectrum of (Dgﬁfs’)c. This will be used
in the proof of Theorem 5.5.

Vo v, v, Vg vy
& = o -
@ & 5 2
et
wy Wn-s5

FIGURE 3. The tree DSLZ 5.

LEMMA 5.4. Forn > 5, the E-energy of (Dg"’sz’)c is given by

Ee((Dy°)°) = 2\/4(n —1)+8V2n - 7.
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Proof. The eccentricity matrix of (D?L’Z*S)C is given by

Vo U1 V2 V3 V4q w1 e Wp—5
Vo o 2 0 0 0 0 0
V1 2 0 2 0 0 0 0
Vo 0 2 0 2 0 0 0
0n—5vey _ U3 o o 2 0 2 2 2
g(<Dn,4 ) ) - o O 0 O 2 0 0 0
w1 o o0 0 2 0 0 0
w,s NO 0 0 2 0 0 ... 0

It is easy to check that the rank of 5((D2’,Z_5)C) is 4, and hence 0 is an eigenvalue of 5((D2’72_5)C) with
multiplicity n — 4.

If W = {vg,w1,...,wn_5}, then IIy = {vo} U {v1} U {va} U {v3} UU is an equitable partition of
& ((Dg’z%)‘:) with the quotient matrix

020 0 0
2.0 2 0 0
Q=102 0 2 0
00 2 0 2n-—4)
00 0 2 0

Now, the eigenvalues of Q) are

—\/Zn—QiQ\/nQ—1071—1—297 0, and \/2n—2i2\/n2—10n+29.

Therefore, by Theorem 2.2, we have

)C):{ V2 —2+2/n2 —10n+20 0 Von-2+2 n2—10n+29}
1 n—4 1 '

Specg ((Dg’z_‘r)

)

Hence, Ee (D35 ")) = 2(V/2n =2+ 2v/n? = 100 + 29 + V20 — 2 = 2/n? — 100+ 29).

Ifa=1+v2n—2+2V/n%—10n+29 and B = v/2n — 2 — 2¢/n2 — 10n + 29, then a? + 82 = 4n — 4 and
2a8 = 8y/2n — 7. Therefore,

Ee((Dy7°)°) = 2(a + )
(VaZ+ 57 +205)

2(\/4n—4+8\/m). 0

2
2

THEOREM 5.5. Let T be a tree of order n > 4. Then
Ee(T°) > Be((Tys ")),

with equality if and only if T = TS:;’_4.
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Proof. For n = 4, TB,’g is the only tree with a connected complement. For n = 5 and 6, one can verify
that Eg(T¢) > Ee((T,)5")°) (see Table 1). Let T be a tree on n > 7 vertices.

If T'is a tree with diam(7") = 3, then the proof follows from Corollary 5.2. If T' is a tree with diam(7) > 4,
then, by Lemma 2.9 it follows that

Ee(T¢) = 2E4(T) > QEA(D%;;*) = Eg((DSL’,Z_5)C).

Again, by Lemma 5.4, we have Eg((D?L’Z*‘r’)C) = 2\/4(n —1)+8y2n — 7. Note that 4(n—1)+8y2n—7 >
dn +1+8y/n—3 for n > 7, and hence E¢((D)"}™°)°) > Ee((Tn~")¢) for n > 7. This completes the
proof. 0

In the following theorem, we characterize the complements of trees with maximum E-energy.
THEOREM 5.6. Let T be a tree of order n > 4. Then
Es(T°) < Es(FY),
with equality if and only if T = P,.
Proof. For n = 4, Py is the only tree with a connected complement. For n = 5 and 6, it is easy to see

that Eg(T¢) < Eg(PS) with equality if and only if T 2 P, (see Appendix). So, let us assume that T is a
tree on n > 7 vertices. For n > 7, it follows from Theorem 2.4 that

4( cot ( 1 if n is odd,

Be(PS) = 2Ba(Py) = )~ e edds
4( csc (m) -1 if n is even;

> (cot (ﬁ) - 1).

We know that cotz > (1 + —L-) for 0 <z < 3. Since 0 < 30y < 5 therefore

T dn(n+1)
.1 Ec(PS) >4 t(———) -1 4 —= —
(5-1) e(Pn) 2 (CO (2(n+1)) >> ((2n+1)7r )
Let T be a tree with diam(7') = 3. Therefore, by Corollary 5.3 it follows that
Ee(T¢) < 2y/8n — 7 if n is even,
2\/4n—|—1+4\/n2—4n+3 if n is odd;
< 2v8n—T.

By using (5.1) one can check that
dn(n +1)

Ee(P) > 4G 5 1y

- 1) > 2v8n —7 > Ee(T) forn>T.

Thus, for any tree T' with diameter 3, Eg(PS) > Eg(T°).

Let T be a tree with diam(T") > 4. Therefore, £(T°) = 2A(T) and hence Eg(T°) = 2E4(T). Now, by
Lemma 2.10 it follows that
Eg(T¢) =2E4(T) < 2E4(P,) = E¢(Py),

and the equality holds if and only if "2 P,. This completes the proof. ]
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Finally, we obtain a Nordhaus—-Gaddum-type lower bound for the £-energy of a tree and its complement,
which directly follows from Theorem 2.12 and Theorem 5.5.

THEOREM 5.7. Let T be a tree of order n > 4. Then

Ee(T) + Ee(T¢) > 2<\/13n_35+8M+ \/4n+1+SM),

with equality if and only if T = TS:;_‘l.
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Appendix.

TABLE 1

E-energy of complements of the trees T1-T7.

Trees(T) | Eg(T¢) | Trees(T) | Eg(T€)
T ~ 10.9284 Ts ~ 12.3108
Ts ~ 11.6372 1% ~ 13.9756
Ty =12
»
I T Ty
L
Ts Ts Ty

IL
AS

354

Ty

FIGURE 4. List of trees on 5 and 6 vertices with connected complements.
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