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PRESERVERS OF THE P-POWER AND THE WASSERSTEIN MEANS ON 2 x 2
MATRICES*

RICHARD SIMON' AND DANIEL VIROSZTEK?

Abstract. In one of his recent papers, Molnar showed that if A is a von Neumann algebra without I1, I2-type direct
summands, then any function from the positive definite cone of A to the positive real numbers preserving the Kubo-Ando
power mean, for some 0 # p € (—1,1), is necessarily constant. It was shown in that paper that I;-type algebras admit
nontrivial p-power mean preserving functionals, and it was conjectured that I2-type algebras admit only constant p-power
mean preserving functionals. We confirm the latter. A similar result occurred in another recent paper of Molnar concerning
the Wasserstein mean. We prove the conjecture for I>-type algebras in regard of the Wasserstein mean, too. We also give two
conditions that characterise centrality in C'*-algebras.
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1. Introduction. A preserver is a map ¢ from a set X to a set ) (often Y = X) such that ®
preserves a subset of elements, operation, quantity or structure of X'. Preservers arise naturally in most areas
of mathematics, for example homomorphisms, isomorphisms in algebra, isometries in the study of metric
spaces, homeomorphisms, diffeomorphisms in topology, etc. However, the area where preserver problems are
systematically studied is mostly matrix theory and, its infinite dimensional counterpart, operator theory.
Linear preserver problems (where @ is assumed to be linear) have distinguished importance among preserver
problems. For example, one of the most well-known results of this type is due to Frobenius who showed in
[12] that if ® : M, (C) — M, (C) is linear and satisfies det(A) = det(®(A4)) for all A € M,,(C) then @ is
necessarily of the form

®(A) = MAN (A e M,(C)),

or
B(A) = MA™N (A € M,(C)),

where A" denotes the transpose of A and M, N are non-singular matrices such that det(MN) = 1. A more
recent result of similar nature is due to Dolinar and Semrl. They showed in [10] that if ® : M,,(C) — M, (C)
is a surjective map satisfying det(A + AB) = det(®(A) + A®(B)) for all A,B € M,(C), A € C, then ® is
necessarily of the form of

®(A) = MAN (A € M,(C)),

or of the form of
®(A) = MA™N (A € M, (C)),
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where M, N are non-singular matrices such that det(M N) = 1. Another celebrated result about linear pre-
servers is due to Banach and Stone. Their theorem concerns surjective linear isometries between continuous
function algebras of compact Hausdorff spaces [2, 23].

THEOREM A (Banach-Stone). Let X,Y be compact Hausdorff spaces, and let C(X),C(Y) denote the
continuous function algebras of X and Y with respect to the supremum norm. Let T : C(X) — C(Y) be a
surjective linear isomorphism. Then, there exists a homeomorphism ¢ :' Y — X and a function g € C(Y)

with |g(y)| =1 Vy € Y such that (Tf)(y) = g(y) f(¢(y)) Vf € C(X),y €Y.

A Jordan-homomorphism is a linear map J between algebras A and B such that J(ab+ba) = J(a)J(b) +
J(b)J(a), Ya,b € A. Elementary calculations show that a linear map J is a Jordan-homomorphism if and
only if J(a?) = J(a)? Ya € A, and all Jordan-homomorphisms preserve the Jordan triple product, that is,
J(badb) = J(b)J(a)J(b) Va,b € A. We give a theorem of Kadison from [14] as an example of a theorem
concerning Jordan-homomorphisms which preserve a subset of elements of a C*-algebra.

THEOREM B (Kadison). Let A and B be unital C*-algebras, and let J : A — B be a bijective Jordan-
homomorphism that maps precisely the self-adjoint elements of A to self-adjoint elements of B. Then, J is
an isometry that preserves commutativity, that is if ab = ba, a,b € A then J(a)J(b) = J(b)J (a).

We now turn to the preservers of Kubo-Ando and other types of means, which are the main content of
this paper. Let H be a complex Hilbert space, and denote by B(H) the C*-algebra of all bounded operators
on H and by B(H)* the convex cone of positive semidefinite operators with respect to the Lowner order.
A Kubo-Ando mean is a binary operation ¢ on B(H )% which satisfies the following conditions:

Iol =1

i A< Band C <D then AcB < CoD

C(AcB)C < (CAC)eo(CBCQC)

A, | A and B, | B strongly, then A,0B, | AcB, where A, | A denotes monotone decreasing
convergence in the Lowner order.

= W oo

A theory of such means was introduced by Kubo and Ando in [15]. They showed in Theorem 3.2 that for an
infinite dimensional H, there is a one-to-one correspondence between Kubo-Ando means on B(H)™' and the
collection of operator monotone functions f : (0,400) — (0,400) with f(1) = 1. The operator monotone
function that corresponds to the Kubo-Ando mean o is given by the formula f(t)I = IotI, t > 0. Conversely,
the Kubo-Ando mean o corresponding to the operator monotone function f is given by the formula AcB =
Az f (A’%BA*%)A%. Because of the continuous function calculus, this formula makes sense in the setting
of general C*-algebras, too. The most distinguished Kubo-Ando means are the harmonic, geometric, and
arithmetic means. The corresponding operator monotone functions are t — 127+tt’ t— Vit — % (t > 0),
respectively. Using the formula AcB = Az f(A"2 BA~2)Az: these means turn out to be the following for
invertible A, B € B(H)™":
A+ B

AB=2(A""4+ B \)"', A#B = A?(A"7BA 3)3A%, AVB = 5

The family of Kubo-Ando means we are mostly concerned about in this paper is the family of power means.
They are defined for p € [-1,1] \ {0} as

=
[N

Az,

, “3BA2)P
(1.1) Am, B = A? <I+(A B4 )>

2
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the corresponding operator monotone functions are of the form of ¢ — (%)% Note that both the Kubo-
Ando power means and Kubo-Ando geometric mean have interesting non-Kubo-Ando counterparts. The
so-called conventional p-power means [21] are obtained by applying function calculus naively and are defined
as .

AP + BP\ »
=)
A type of geometric mean(called spectral geometric mean) was introduced by Fiedler and Ptk in [11]. Tt is
defined as

AmpB = (

ARB = (A'#B) T A(A7'#B)%.
Another mean, called the Wasserstein mean, was described in [4]. Tt is defined as

A+B+A-A'#B+ A '#B- A
. .

AUwB =

It coincides with the conventional p-power mean for p = 1/2 for commuting A and B. Note that the Kubo-
Ando geometric mean and the Wasserstein mean have strong connections with Riemannian and Finsler
geometry. If the C*-algebra in consideration is M, (C), then there is a natural Riemannian metric on the
positive definite cone of M, (C). For positive definite A, B, the Kubo-Ando geometric mean A#B is the
midpoint of the unique geodesic curve

t— AZ(ATZBATE)IAS,

connecting A and B in this Riemannian structure. In the more general setting of C*-algebras, a Finsler
type structure can be given to the positive definite cone. For more details, see the papers [6, 7, 8, 9] and
Chapter 6. of [3]. Recall that there is an important metric on the positive definite cone of M, (C), called
the Bures-Wasserstein metric. It is widely used in quantum information theory and in the theory of optimal
transport, and it is defined as

-

dpw (4, B) = (Tr(A) +Tr(B) — zTr(A%BA%)%> R

for positive definite matrices A, B. Here, Tr stands for the standard trace functional on M, (C). It was
observed in [4] that there is a Riemannian geometry on the positive definite cone of M, (C), whose geodesic
distance is exactly the Bures-Wasserstein metric, and the curve connecting two matrices A and B is

t—= (1-t)?A+2B+t(1 —t)(A(A™'#B) + (A"'#B)A), t € [0,1].

The midpoint of this curve is exactly the Wasserstein mean of A and B. The means mentioned above have
been actively researched in the past decades, including from the viewpoint of preserver problems. We give
a very brief overview of results from this area. A description of geometric mean preserving maps on Hilbert
spaces was given in [18]. If H is a complex Hilbert space with dim H > 2, and ® : B(H)" — B(H)" is a
bijective map that preserves the geometric mean, that is, ®(A#B) = ®(A)#P(B), A,B € B(H)*, then ®
is necessarily of the form of

®(A) = SAS* Ae B(H)T,

for some bounded, invertible linear or conjugate linear operator S on H. The symbol A# B stands here for
the variational expression of the geometric mean,

A X
= >0: >
A#B max{XO {X B] O},
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introduced by Ando in [1]. It coincides with the Kubo-Ando geometric mean for invertible operators. In
[19], Molnér showed that if ® is a bijective map on the positive definite cone of B(H) for some complex
Hilbert space H that preserves the harmonic mean, that is, ®(A!B) = ®(A)!®(B) for all A,B € B(H)",
then there exists a bounded linear or conjugate linear operator S on H such that

O(A) = SAS*, Ae B(H)™.

Preservers of the spectral geometric mean on Hilbert spaces were described in [17]. If H is a complex Hilbert
space, and ® : B(H)™t — B(H)™T is a continuous bijective map satisfying

O(AtB) = ¢(A)®(B), A,Be€ B(H)™T,

and in addition, ®(I) = I and ® has a continuous bijective extension to B(H)™ then there exists a unitary
or antiunitary operator U on H such that

®(A) =UAU*, Ae B(H).

Let us now turn to the results that motivated the present work. Functionals (scalar valued maps) have
a distinguished role in functional analysis. In [21], Molnar showed that if A is a von Neumann algebra
without I, I type direct summands, then there are only trivial functionals on the positive definite cone
of A that preserve the Kubo-Ando power mean for p € (—1,1), ie. if f : AT — (0,4+00), such that
f(Am,B) = f(A)m,f(B), A,B € AT, then f = ¢ for some positive constant c¢. In commutative algebras,
the conventional and Kubo-Ando power means coincide. The conventional power means have non-constant
preserving functionals, and their complete description was given in Proposition 5. in [21]. The absence of 5
type algebras in the statement comes from the nature of the proof: it heavily relies on the solution of the
Mackey-Gleason problem due to Brunce and Wright. It was conjectured in [21] that the result remains true
for Ir type algebras, too. A result and a conjecture of similar nature were formulated in [20] concerning the
Wasserstein mean. We confirm these two conjectures about the preserver functionals of the Wasserstein and
Kubo-Ando power means on M3(C).

2. Basic notions, notation. We denote abstract C*-algebras with A. All C*-algebras are assumed
to have an identity element, denoted by I. We denote by A,,, AT, ATT, the real vector space of self-adjoint
elements, the positive semidefinite, and the positive definite cone of the algebra A. We use the same notation
in regard of the particular C*-algebra My(C).

3. Main result.
THEOREM 3.1. Set p € (—1,1)\ {0} and let f: M+ (C) — (0,00) satisfy
(3.2) f(Am,B) = f(A)m, f(B) (A4, B € M) "(C)),

where my, denotes the Kubo-Ando p-power mean. Then f = const > 0.

Proof. We first note that if f is a solution of (3.2), then so is Af for any A > 0. Therefore, without loss
of generality assume that f(I) = 1. Let us define

(3.3) p=()ofo()".
Then, the preserver equation (3.2) reads in terms of ¢ as
AP Br
(3.4) ¢ ((Am, B)?) = @ (A7) + ¢ (BY) (A, B e Mj*(C)).

2
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In particular, if A; and As commute, then

AL+ AY © (A7) + ¢ (AD)
14 2 - 2

(3.5)

A maximal Abelian sub-algebra of Ms (C) is clearly of the form A = linspan(P, I — P) for some rank-one
ortho-projection P, and hence, it is of the form A = linspan(l, G) for some traceless self-adjoint unitary G,
where G is given by G = 2P — I. We denote the intersection of A and M, ™ (C) by A**. Note that the
p-th power function is a bijection on every A1+, Therefore, (3.5) tells us that regardless of the choice of the
MASA A, the map ¢ : AT — (0,00) is a Jensen map; that is, it preserves the arithmetic mean.

We show that the Jensen property, together with positivity, implies continuity. We mostly follow the
argument of Proposition 5. in [21]. Since AT is a Q-convex subset of the Q-linear space A, and (0, +0) is a
Q-convex subset of the Q-linear space R, we obtain from [13], that ¢ is necessarily of the form ¢(x) = L(z)+c,
for some fixed ¢ € (0,400) and additive function L : AT* — R. Since ¢ takes positive values, it follows
that L is non-negative. Indeed, ¢ is bounded from below on AT, so we get that nL(A4) = L(nA) > m,
for some m € R. After dividing by n, and letting it tend to infinity we get that L(A) > 0. For a fixed
A € AT the additive function ¢ — L(tA) on R is non-negative on the positive half line. Theorem 9.3.1 in
[16] states that any additive function of the reals which is bounded from below on a set of positive Lebesgue
measure is necessarily continuous. We claim that L is continuous as an AT+ — R function. Indeed, let
P and @ be two perpendicular orthogonal projections, generating the commutative sub-algebra A. Then,
X =I+PandY = I+ Q are linearly independent positive definite elements; thus, any A € A+ can be
expressed uniquely in the form of A = uX 4+ vY. If A, = v, X +v,Y is a sequence converging to A, we
must have that u, — u and v, — v. We have that |L(A,) — L(4)| = |L(up X + v,Y) — L(uX +0Y)| =
|L(upX) — L(uX) + L(v,Y) — L(vY)| < |L(up,X) — L(uX)| + |L(v,Y) — L(vY)]. Since t — L(tX) is
continuous, L(u,X) tends to L(uX) as u,, tends to u, and the same is true for v,, v and Y. Thus we have
that L is a continuous function from A+,

So ¢ is affine and non-negative on every commutative sub-cone. Consequently, using the basis {I, G} of
A we can expand ¢ the following way: there exists a non-negative constant ¢y, and for every traceless self-
adjoint unitary G there exists a constant c¢g with |eg| < ¢r (this inequality follows from the non-negativity
of ¢) such that

(3.6) I+ sG) =crt+cas+ (1 —cp) (0<|s| < t).

Note that cg = ¢_g. Now let us consider the commutative sub-algebras generated by the specific traceless

[t o] [0
=10 21 Tr=19 0|

It will be useful in the sequel that conjugation with the unitary matrix

1 1 1 1
(3.7) Uﬁ(0z+az)ﬂ[1 1},

maps o, and o, to each other, that is,

self-adjoint unitaries

(3.8) Uo,U* =0, and Uo,U* = 0.
Now let

(3.9) A=tI+so, and B =tI + so,,
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for some 0 < |s| < ¢. By this definition and (3.8), we have
UAU* = B and UBU* = A.

Consequently, using that functional calculus is compatible with unitary conjugations,
1
I+U(A 3BA-2)PU* " 1
HOAZBA D) av?,

U (Am,B)U* = (UAU*)? (

N
Nl

(3.10) =B

<1 T+ (UAU*)" 2 (UBU*) (UAU*)~
2

1
A
B? = Bm,A = Am,B.

Equivalently,
UAm,B = Am,BU,

which means that Am, B is in the commutative sub-algebra generated by U = % (02 + 0, for every possible
choices of ¢t and s in (3.9). By this feature of the p-power mean for the family of matrix pairs

(3.11) A.:=1+¢co, and B, :=1+¢0, (e e (—1,1)),

and by (3.6), we have

1 1
(3.12) ¢ ((Aem,B.)") = CI?BI“ (Acm,B:)" + cUgtr (U (Aemp,Bo)P) 4+ (1 —¢) .
Let us introduce the notation
1+ 2P \/P
(3.13) wio) = (57)

We compute the left hand side of (3.12) in the small £ regime up to second order. We start with estimating
1

A¢ ? with its binomial series expansion around the identity:
1 _1
A: 2B A % =

= (I - 1s:az + §52I+9 (53)) (I +ceoy,) <I — 1502 + §521 +O(53)>

2 8 2 8
1 1 1 3 3 1 1
=1— 5502 — 5502 + 1521 + gEQI + §52] +eo, — 5520201 — 55203502 —&-Q (53) .
Since 0,0, = —0,0,, those terms cancel out, and after arranging the other terms together, we arrive at

AZTBAZ = I+e(op—o0.) +2 T+ 0(%).

1
Computing the first and second order derivatives of g,(z) = (#) " gives that g, (r) =

1
D 2

pzP~l 1 (14aP\Fl pe1 h (1) = L d o —1(1 _q) (zz? $72 gpol 11 (14aP\F

Bo— =5 (557)" e hencegy(1) = 3 and g (2) = 5 (5 — 1) (F55)7 7552?45 (K55)

2 2 2
(p —1)zP~2, which leads us to g (1) = § (% - 1) + L. Therefore,

1 _1 1 1 1/1/1 -1
gp (Aa QBEAE 2) :I+§E(Jz_gz)+§52j+§ <4 <p — 1) +]92> 522_[-’-2(63)
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1 1 1/1
:[—1—55(01—02)—&-552 <1+2<p—1> +p—1)+0(53)

1 1,/1(1 s
= —e(oy — 0, - —(=—1 I+0 .
I+2€(J a)+2f3 (2(1) )+p) +0 (%)
1 1 1 1
Since A.m,B. = A2 g, (AE 2B.A. 2) Az, it follows that

1
8

X <I+;a(aw—az)+;52 (; (;—1>+p>1+0(53)) X

é521 +0 (53)> =

1
Acm,B, = (I + —eo, —

2.~ 52T H0 () x

1
X <I+ 560'3 —

o 1, 1 1, 1, 1
—I+§f30z §€ I+2€UZ+4EI 88 I+2E(O'x o)+

1 1 1 1/1
+1€202(0m —0,)+ 152(O—m —0,)0, + 552 <p+ 5 (p - 1)) I +2(53)

2
1 11 1 1 1 11
=I+e(oz+az)+62(—8+ fffffff +§+—>I+O(eg)

2 4 8 4 4 p 4
1 P 1 3\ o 3

From this, we get that
21 3 —1)¢&?
(Acm,B.)! =T+ gg(az +o.)+ (pQ + - - p) 2l + ZME—ZI +Q(53) )
Therefore, by (3.12) we get that

(3.14) =cs (1+(p22+i—?f+1’)(p;1))52>+cU\p/%+O(53)+(1—c1).

On the other hand, the binomial expansion of A, and B, around the identity gives

-1
AL = (I +e0,)P =1+ peo, + Mﬁ]—%—g(ﬁ) ,

2
and )
B =(I+4c¢c0,)? =1+ peoy + p(pT_)EQI +0(e%).
By (3.6), this implies
-1
(3.15) ©(AP) = ¢ (1+p(p2)€2> + Co.pe+ 0 (%) + (1 = ¢p),

and

(3.16) ©(BP) = ¢ (1 + 19(;92—1)62> + o,pe+ O (%) + (1 —¢1),



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 39, pp. 395-408, July 2023.

R. Simon and D. Virosztek 402

We substitute A. and B. to the preserver equation (3.4) and get

(3.17) o (Acm, B.)7) = AALEBE)

By (3.14),(3.15), and (3.16), we get that (3.17) is equivalent to

2
P 1 3p plp-1)\ » pe 3y _
01(1+(2+4 Tt )5 +cu \/§+Q(€)—
_ plp—1) 5\ | PE o +Ca, 3
(3.18) _c,<1+ > )t A A +0 ().

Comparing the first order terms in (3.18) gives that

1
v = C%(Uﬂraz) = ﬁ(cffx + UZ)v

while comparing the second order terms gives

(3.19) c,(fg_?wﬂ(p—l)_p(p—l)):0'

Simple calculations show that (3.19) is equivalent to c¢; - (p — 1)? = 0. This means that if p # 1, than ¢; = 0,
which means that cg = 0 for all self-adjoint traceless unitary G, which implies that f = constant, as desired.
If p =1, then all positive linear functionals satisfy (3.17). d

We summarise our knowledge about Kubo-Ando power mean preserving functionals in the following
corollary.

COROLLARY 3.2. Let A be a von Neumann algebra without type I direct summands. If p € (—1,1),p #
0, then any function f : ATT — (0, +00) satisfying f(Am,B) = f(A)m, f(B) is necessarily constant.

Proof. The case omitting Io-type algebras has been already dealt with in Theorem 8. in [21], and we
have just proven the statement for I>-type algebras. ]

We follow a similar programme concerning preserver functions of the Wasserstein mean.

THEOREM 3.3. Let f: My T (C) — (0,00) satisfy
(3.20) f(AowB) = f(A)ow f(B) (A,Be M;*(C)),

where oy denotes the Wasserstein mean. Then, f is necessarily constant.

Proof. Note that if f satisfies (3.20), then so does Af for any A > 0. Therefore, without the loss of
generality we can assume that f(I) = 1. Now let ¢ be defined as ¢ = (.)2 o f o (.)2. Then, the preserver
equation (3.20) in terms of ¢ reads as

| elad) +o(BY)
2

As we mentioned before, a straightforward calculation shows that if A and B commute, their Wasserstein

N|=

(3.21) o((Aow B) (A,B e M;*(0)).

mean coincides with the conventional power mean for p = 1/2. Therefore, for commuting A, B (3.21) reads

y <A2 ;32> = PADFOBD (4 pen (©).

as
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Since the square root function is a bijection on the positive definite cone, this can be rewritten as

(3.22) o (A ; B) _ #A) ; ?B) (4 Be Mt ().

We get that ¢ preserves the arithmetic mean of commuting elements. Note that we are in the same position
as we were in the proof of Theorem 3.1. We can repeat the reasoning from there, and we obtain that ¢ must
be continuous on all maximal Abelian sub-algebras. Therefore, ¢ is affine on every commutative sub-cone, so
there exists a non-negative constant ¢y, and for every traceless self-adjoint unitary G, there exists a constant
¢e such that |eq| < ¢r such that

(3.23) ol + sG) =cit+cgs+ (1 —¢y) (0 <|s| <t).

Now let, 0,,0,,U be as in Theorem 3.1. Using that functional calculus is compatible with unitary conjuga-
tions, we get that

1

1 1 2
AU* A2 BA2)2U* _
UAU* + U( )U>(UAU*)

|

1
2

UAow BU* = (UAU*)"? ( :

- (B + (BiAB5)5

2
) B™% = Bow A = Aoy B.

This means that UAow B = Aow BU. In other words, Aow B is in the commutative sub-algebra generated
by U = %(0z + o.) for every possible choices of s and ¢. Now, by (3.22) we get that

1 1 1 1 1
© ((AEUWBEP) = clitr(AEaWBe)E + cUitr(U(AEUWBg)E) + (1 —c¢y).

1
Following the notation of Theorem 3.1, let A. =1 +¢0,, and B, = I +¢0,. Then, A2 =1+ %502 — %521 +
O (¢*) and

1 1
AZ2B.AZ =
1 1 1 1 1 1 1
=1+ 5502 — ngI +eo, + 55209502 + 55% + 1620'3 + 55202093 — gegl —1—9 (53) —

=I+e(0.+0,)+0(e%).
Then,

1
2

1 1
(A%BA%> =1+ 55(02 +0z) — §52(az +02)°+0 ()
1 1, 3
:I+§5(UZ—|—0$)—15 I+0(e%).
Note that the Wasserstein mean of a pair A, B can be expressed in the following form:
: :

A+ B+ A% (AYBAY)" A% 4 a3 (a2BAR)” A7

1 .

(3.24) Aow B =

We compute the different components of the expression above separately and then add them together.

1
2

_1 1 1 1
AD3 (Ag BEAS) AZ =
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= (I - %eaz + 252]—1—0(63)) <I+ %(UZ +0,) — iezl-l—O(sS)) X

2

1 1
(3.25) X <I+ 360z ~ g&QI +O(53)> =1+ %(02 +0.) + % 0,0, + 0 (€°).

1,01 1Ny 1
Note that the other term, A2 (AE2 BEAEQ) : A. ? is the adjoint of what we just computed; therefore, it
equals to I + 5(0. +0z) + % 0,0, +0 (63). From these, we get that the Wasserstein mean of A., B; is

Iteo.+1+ceop+1+5(0.+0,)+1+5(0.40,)+0(e?)

Acow B, = 1 =
1 3
(3.26) =1+ Es(oz +0.)+0 (7).
Now we get that
1 1
(AcowBe)* =1+ 2e(0x +0,) = 556%(0x +0.)° + O () =

1 L, 3
(3.27) =1+ -¢c(0.+0,)— —T+0 ().

4 16 =
We get that

‘P((AEUWBE)%) =cr-(I— i52) + CUQ

3 —
G 45+Q(5)+(1 cr)-

1 1
The binomial expansion of A2 and B2 around the identity gives us

1 1 1
AEZ :I+§€Uz—§521+9(63),

1 1 1
B2 =1+ ;eo, - §€21+9(63) :

From (3.23), it follows that

From (3.21), we obtain that
1 2 1 1
cr-(1— RsQ) + cU%s =cr(1 - §€2) + Zs(cgz + ¢o,)-

This implies that c 1(%52 — 117552) = (0, which means that ¢; = 0; therefore ,co = 0 for all self-adjoint traceless
unitary G, so f = constant as we claimed. ]

We can formulate a corollary similar to the case of Kubo-Ando mean preserving functionals.

COROLLARY 3.4. Let A be a von Neumann algebra without type Iy direct summands. Then any function
[ ATt — (0, +00) satisfying f(Aow B) = f(A)ow f(B) is necessarily constant.
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Proof. The case omitting I>-type algebras has been already dealt with in [20], and we have just proven
the statement for Io-type algebras. 0

In the previous theorem, when we showed that UAow B = Aow BU, we essentially showed that the
arithmetic and the Wasserstein mean of pairs of matrices in the form of sI +to,, sl +to., (|t| < 1) commute.
This is not true in general. In fact, we have the following result.

REMARK 3.5. Let A be a C*-algebra such that for every A,B € AT+ ALQB -Aow B = Aow B- “HTB holds.
Then, A is commutative. Moreover, if A € ATT is an element such that for all B € AT AJFTB -Aow B =
Aow B - AJ“TB holds, then A is central.

11
Proof. Tt will be beneficial to write the arithmetic mean in its Kubo-Ando form: A%%A%.

Then the equation reads as follows:

1 1.1 2 _1 _1
e <A+(A;BA ) ) Ab I rATEBA

1 1 1y1 2
BATE 4 <A+(A2BA ) ) =

The A*%, A2 terms in the middle cancel out in both sides of the equation. After multiplying both sides
with 4 and 2 we arrive at:
AH (A4 (AbBAN) (14 AT BATHAY = AbU+ AT BATE) - (44 (AbBAD)E) Anh
Now after multiplying with Az from both sides, we get that:
(3.28) (A+(a2BaHE) (14 A EBA A= AU+ AEBAY) . (A4 (a1BAbE) .
The left-hand side of (3.28) equals to:
A3 4 (ATBA3)3 A% + A(A*BA?)2 A+ A*BA% + ASBA> +
+(A*BA?)% + A(A2BA?)* A"2BA? + A2 B2A%.
The right-hand side equals to:
A%+ A(ATBA?)T A + A%(A2BA%)% + A2 BA* + ATBA% +
+ATBA"2(ABA?)7 A+ (A2 BA%)? + A3 B%A3.
Most of the terms cancel out, and what we get is:
(A2BA2)2 A%+ A(A*BA?)2 A" 2BA? = A%(A*BA?)? + ABA 3 (A2 BA?)% A.
This must hold for all A, B € AT, so if we replace B with ¢ B and take derivative at ¢t = 0 we get that
A%2(A*BA?)? = (A2BA?)7A> A, Be AT,
After multiplying with A=2 from the right-hand side and then squaring both sides, we arrive at

ASBA™% = A*BA3,
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which is equivalent to A2B = BA?. An element commutes with the same elements as its square root;
therefore, we get that the positive definite cone of A is commutative. Since any element of a C*-algebra
is the linear combination of at most four positive elements, we get that A is commutative. Note that we
showed more: we did not change A in the proof at all, so the statement can be strengthened in the following
way: if A is an element in ATT such that (3.28) holds for all B € A", then A is necessarily a central
element of the algebra. ]

During the proof of Theorem 3.1, we showed that the arithmetic and Kubo-Ando p-power means of pairs
of matrices in the form of sI + to,, sI + to., (|t| < 1) commute. We have a similar result to the one that
was discussed in the previous Remark.

REMARK 3.6. Let p € [-1,1)\ {0}, and let A be a C*-algebra such that Am,B - 4B = 448 . Am B
for every A,B € AT, Then, A is commutative. Moreover, if A € A*T and Am,B - AJFTB = AJFTB - Am,B
for every B € ATT for some p € [-1,1) \ {0} then A is central.

Proof. After multiplying with 2% . 2, we are left with

=

(1 + (A*%BA*%)”) AL+ ATEBATE) = (I + A EBAH)A (1 + (A*%BA*%)p)
This must be true for all positive definite elements. If A, B are positive definite elements, then so is Az BA:?.
Replacing B with AzBAz gets us to
(I+ BP)? A(I+ B) = (I + B)A(I + B")7 .

Now we replace B with c7 B , and then, we use the binomial series expansion around the identity for small

values of €. . .
2 1 _ z + 2
<I+psB”+O(5 ))A(I+€PB) = (I+5 B)A(I—&—paB”—i—O(a ))
We get that
AvebAB+ tepray Ldniprap 10 () =
(3.29) b p

= A+ %EABP +erBA+ %E%HBABP +0(£?).

Let us assume first that 0 < p < 1. Therefore, 1% > 1, and it makes sense to differentiate with respect
to € and then plug in ¢ = 0. From this, we get that %ABP = %BPA. Since the function ¢ — t? is a
bijection on the positive definite cone, we get that AB = BA for all positive definite A, B which concludes
the proof. Note that similarly to the previous remark, we did not change A during the proof; therefore, the
statement can be strengthened in the following way: if A is a fixed positive definite element in a C*-algebra
A such that Am,B - 458 = AEB . Am, B for some p € (—1,1) \ {0} for all B € A**, A is necessarily
central. Now let us turn to the case —1 < p < 0. The fact that Am_,B = (A7'm,B~1)~! implies that
Am,B = (A"'m_,B~1)7!; therefore, we can assume that 0 < p < 1 in this case as well, if we write A~!, B~1
in the Kubo-Ando power mean and invert it, and A, B in the arithmetic mean. Once again, we interpret the
arithmetic mean as a p-power mean for p = 1. The equation we have is

1 bp-tatp\ P L T+ AiBAh
4 <I+(A B~1A%) ) b plrATiBATE
2 2
(3.30) ,
I+ AbBAE ipiaby\ 7,
:A5—1+A2BA FERUE: (I“L(AQB A)> A%
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We can cancel out the A2 terms from the ends of both sides and after multiplying with 275! we are left
with ) )
(14 atpraby) " A+ a-ipad) = (14 a7 iBA hA (14 (abpraty) 7
Just like in the case 0 < p < 1, we can replace B with Az BA? and arrive at
(I+(B)) "7 A(I+ B) = (I + B)A(I+ (B~)") 7.
Now if we replace B with B! and then replace it with E%B, we get that
(I+eBP) s A(I+e »B V)= (I+c »B YA +eB?) 7.
Now we use binomial expansion around the identity:
(I- %EBP +O(2)AI+e 7B ) = (I+e »B Al - %EBP +0(£2)).
This is equivalent to

A+e BAB™ — LeBPA— S BBPABT 40 () + = ABTIQ () =
(3.31) 1 pl pl . 1
= A= eABP e BTA - e BB 0 () 47 BTAQ ().

A cancels out, and after multiplying with £7 we get that

1

A Latipra loprap o)
b p -

(3.32) - )
=——e""vABP + BT'A— —eB7'AB? + 0 (%) .
p p -

Now we differentiate with respect to € and then plug in ¢ = 0. We arrive at

1 1
—-BPAB ' = -—-B'ABP.

p p
This means that ABP+! = BPT1 A, Since t — tP*! is a bijection on the positive definite cone, we obtain that
A commutes with any positive definite element of A which concludes the proof. Proof for the case p = —1.
We have that

2 A+B A+B 2

A'+B-t 2 2 A l4pBl
After multiplying from both sides with (A~! + B~1), we get

(3.33)

(A+B)(A '+ B H=(A"1+B YA+ B).
This is equivalent to
AB™'+BAT'=AT'B+ B'A.
Now we replace B with tB, and after multiplying with ¢ we obtain that
AB™'+#*BAT' =¢*A"'B+ B A.

We have a polynomial of ¢ on each side of the equation, say p(t) and ¢(¢), and these polynomials are equal for
all t > 0. Since two polynomials are equal if and only if their coefficients coincide, we get that AB~! = B~1 A,
which implies that A commutes with the positive definite cone of A, therefore A is central. 0
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