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ON THE SPECTRAL RADII OF QUASI-TREE GRAPHS AND
QUASI-UNICYCLIC GRAPHS WITH K PENDANT VERTICES*

XIANYA GENG! AND SHUCHAO LIt

Abstract. A connected graph G = (V, E) is called a quasi-tree graph if there exists a vertex
up € V(G) such that G—wup is a tree. A connected graph G = (V, E) is called a quasi-unicyclic graph
if there exists a vertex ug € V(G) such that G — ug is a unicyclic graph. Set J(n,k) :={G: G is a
n-vertex quasi-tree graph with k pendant vertices}, and .7 (n,do, k) := {G : G € J(n, k) and there is
a vertex ug € V(G) such that G —ug is a tree and dg(uo) = do}. Similarly, set Z (n, k) := {G : G is
a n-vertex quasi-unicyclic graph with k pendant vertices}, and % (n,do, k) := {G : G € % (n, k) and
there is a vertex ug € V(G) such that G — ug is a unicyclic graph and dg(uo) = do}. In this paper,
the maximal spectral radii of all graphs in the sets 7 (n, k), 7 (n,do, k), % (n,k), and % (n,do, k),
are determined. The corresponding extremal graphs are also characterized.

Key words. Quasi-tree graph, Quasi-unicyclic graph, Eigenvalues, Pendant vertex, Spectral
radius.
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1. Introduction. All graphs considered in this paper are finite, undirected and
simple. Let G = (V, E) be a graph with n vertices and let A(G) be its adjacency
matrix. Since A(G) is symmetric, its eigenvalues are real. Without loss of generality,
we can write them as A;(G) > A2(G) > --- > A\, (G) and call them the eigenvalues
of G. The characteristic polynomial of G is just det(A] — A(G)), and is denoted by
®(G; A). The largest eigenvalue A\ (G) is called the spectral radius of G, denoted by
p(G). If G is connected, then A(G) is irreducible and by the Perron-Frobenius theory
of non-negative matrices, p(G) has multiplicity one and there exists a unique positive
unit eigenvector corresponding to p(G). We shall refer to such an eigenvector as the

Perron vector of G.

A connected graph G = (V, E) is called a quasi-tree graph, if there exists a vertex
ug € V(G) such that G — ug is a tree. The concept of quasi-tree graph was first
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introduced in [18, 19]. A connected graph G = (V, E) is called a quasi-unicyclic
graph, if there exists a vertex ug € V(G) such that G — ug is a unicyclic graph.
The concept of quasi-unicyclic graph was first introduced in [9]. For convenience,
set T (n,k) := {G : G is a n-vertex quasi-tree graph with k pendant vertices}, and
T (n,do, k) :={G: G € T (n, k) and there is a vertex ug € V(G) such that G—wuy is a
tree and dg(ug) = do}. Similarly, set % (n, k) := {G : G is a n-vertex quasi-unicyclic
graph with k& pendant vertices}, and % (n,do, k) :== {G : G € % (n, k) and there is a
vertex ug € V(G) such that G — vy is a unicyclic graph and dg(ug) = do}-

The investigation of the spectral radius of graphs is an important topic in the
theory of graph spectra. For results on the spectral radius of graphs, one may refer
to [1, 2, 3,4, 5, 6, 8, 11, 12, 13, 14, 15, 16, 17, 18, 19, 21, 23, 24] and the references

therein.

Wu, Xiao and Hong [22] determined the spectral radius of trees on k pendant
vertices. Guo, Gutman and Petrovi¢ [11, 20] determined the graphs with the largest
spectral radius among all the unicyclic and bicyclic graphs with n vertices and &
pendant vertices. The present authors determined the graph with maximum spectral
radius among n-vertex tricyclic graphs with & pendant vertices; see [7]. In light of
the information available for the spectral radii of trees and unicyclic graphs, it is
natural to consider other classes of graphs, and the quasi-tree graphs (respectively,

quasi-unicyclic graphs) are a reasonable starting point for such an investigation.

In this article, we determine the maximal spectral radii of all graphs in the set
T (n, k), T(n,do, k), % (n, k), and % (n,do, k) respectively. The corresponding ex-

tremal graphs are also characterized.

2. Preliminaries. Denote the cycle, the path, and the star on n vertices by C,,,
P,, and K ,_; respectively. Let G —x or G —xy denote the graph that arises from G
by deleting the vertex x € V(G) or the edge zy € E(G). Similarly, G + zy is a graph
that arises from G by inserting an edge zy ¢ E(G), where z,y € V(G). A pendant
vertex of G is a vertex of degree 1. The k paths P, P,,..., P, are said to have
almost equal lengths if l1,1a, ..., 1 satisfy |l; — ;| <1for 1 <4,j < k. Forv e V(Q),
dg(v) denotes the degree of vertex v and Ng(v) denotes the set of all neighbors of

vertex v in G.

Let G’ be a subgraph of G with v € V(G’). We denote by T the connected

component containing v in the graph obtained from G by deleting the neighbors of v
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in G'. If T is a tree, we call T a pendant tree of G. Then v is called the root of T', or
the root-vertex of G. Throughout this paper, we assume that T" does not include the

root.
In this section, we list some known results which will be needed in this paper.

LEMMA 2.1 ([17, 22]). Let G be a connected graph and p(G) be the spectral radius
of A(G). Letu,v be two vertices of G. Suppose v1,va,...,vs € Ng(v)\Nag(u)(1 < s <
dc(v)) and x = (21,22, ...,2,)T is the Perron vector of A(G), where z; corresponds
tovi(1 < i <mn). Let G* be the graph obtained from G by deleting the edges vv; and
inserting the edges uv; (1 <i < ). If 2y > xy, then p(G) < p(G*).

LEMMA 2.2 ([12]). Let G,G',G" be three mutually disjoint connected graphs.
Suppose that u,v are two vertices of G,u' is a vertex of G' and u" is a vertex of G".
Let G1 be the graph obtained from G,G',G" by identifying, respectively, u with u’
and v with u"”. Let Gy be the graph obtained from G,G',G" by identifying vertices
u,u’,u”. Let G3 be the graph obtained from G,G',G" by identifying vertices v,u’,u".
Then either p(G1) < p(G2) or p(G1) < p(Gs).

Let G be a connected graph, and uv € E(G). The graph G,,,, is obtained from G
by subdividing the edge uv, i.e., inserting a new vertex w and edges wu, wv in G —uv.
Hoffman and Smith define an internal path of G as a walk vovy...vs (s > 1) such
that the vertices vg,v1,...,vs are distinet, dg(vo) > 2,dg(vs) > 2, and dg(v;) = 2,
whenever 0 < i < s. And s is called the length of the internal path. An internal path

is closed if vy = wvs.

Let W, be the tree on n vertices obtained from a path P,_4 (of length n —5) by
attaching two new pendant edges to each end vertex of P,_4, respectively. In [15],

Hoffman and Smith obtained the following result:
LEMMA 2.3 ([15]). Let uv be an edge of the connected graph G on n vertices.

(1) Ifuv does not belong to an internal path of G, and G # C,,, then p(Gy.») > p(G);
(i) If uv belongs to an internal path of G, and G # W, then p(Gy.) < p(G).

LEMMA 2.4. Let G1 and G4 be two graphs.

(i) ([16])If G2 is a proper spanning subgraph of a connected graph G1. Then ¢(Ga; \)
> ¢(G1;A) for A > p(Gh);
(ii) ([4, BDIf ¢(Ga; A) > &(G1; A) for X > p(Ga), then p(G1) > p(Ga);
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(iii) ([15])If G2 is a proper subgraph of a connected graph Gi, then p(G2) < p(G1).

LEMMA 2.5 ([10, 16]). Let v be a vertex in a non-trivial connected graph G and
suppose that two paths of lengths k, m (k > m > 1) are attached to G by their end
vertices at v to form Gy, .. Then p(G% ) > p(Gri1 m_1)-

REMARK 2.6. If the m vertices of a graph G can be partitioned into k disjoint
paths of almost equal lengths, then a simple arithmetic argument shows that either
k|lm and all the paths have m/k vertices, or k 4 m and then the paths have length
lm/k] or [m/k] +1 and there are m — k - | 7] paths of the latter length.

3. Spectral radius of quasi-tree graphs with & pendant vertices. In this
section, we shall determine the spectral radii of graphs in J(n,dy, k) and J (n, k),
respectively. Note that for the set 7 (n, do, k), when dg = 1, 7 (n, 1, k) is just the set
of all n-vertex trees with k& pendant vertices. In [22] the maximal spectral radius of
all the graphs in the set 7 (n,1,k) is determined. So, we consider the case of dy > 2

in what follows.

¥ %

Uog
Bszs Bsas Bsss

Figure 1 Graphs Bgﬁgyg, Bgygﬁg, B81473.

Let By, 4.,k be an n-vertex graph obtained from K 4,—1 and an isolated vertex
uo by inserting all edges between K 4,—1 and ug, and attaching k paths with almost
equal lengths to the center of K 4,—1. For example, graphs Bg 23, Bs 33, Bg a3 are
depicted in Figure 1. Note that for any G € J(n,dp, k), we have k + dg <n — 1.

THEOREM 3.1. Let G € J(n,dy, k) with dg > 2, k > 0. Then

p(G) < p(Bn,do k)

and the equality holds if and only if G = B, 4,k -

Proof. Choose G € J(n,do, k) such that p(G) is as large as possible. Let

V(G) = {ug,u1,us,..., U1} and x = (29,21,...,Zn_1)7 be the Perron vector of
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A(G), where x; corresponds to the vertex u; for 0 < i < n — 1. Assume that G’ :=

G — g is a tree. Choose a vertex u; € V(G’) such that dg(uq) is as large as possible.

Note that G has pendant vertices, hence by Lemma 2.2, there exists exactly one

pendant tree, say T', attached to a vertex, say us, of G.
First, we establish the following sequence of facts.
FacT 1. Each vertex u of T has degree d(u) < 2.

Proof. Suppose to the contrary that there exists one vertex u; of T such that
d(u;) > 2. Denote N(u;) = {z1,22,...,2:} and N(uz) = {wy,ws,...,ws}. Assume
that z1,ws belong to the path joining u; and we, and that wi, we belong to some cycle
in G. Let

o G —{uizs, ..., u;zt} + {uazs, ..., uszs}, if o > x5,
G — {ugwi, ugwy, . . ., ugws} + {uswy, wsws, . .., uwg}, if xo < ;.

Then G* € J (n,do, k). By Lemma 2.1, we have p(G*) > p(G), a contradiction. Thus
G is a graph with k£ paths attached to uo. O

Fact 2. k paths attached to us have almost equal lengths.

Proof. Denote the k paths attached to us by P, P,,...,P,, then we will show
that |I; — ;] <1 for 1 <4i,j <k. If there exist two paths, say P, and P, such that

|ly —l2| > 2, denote P, = ugvivy...v;, and P, = uswiws ... wy,. Let
G =G - {vllflvll} + {wl2vll}'

Then G* € J (n,do, k). By Lemma 2.5, we have p(G*) > p(G), a contradiction. Thus
k paths attached to us have almost equal lengths. O

By Facts 1 and 2, G is a graph with k paths with almost equal lengths attached
to ug of G.

FACT 3. w1 = us.

Proof. Suppose that u; # us. Since G’ is a tree, there is an unique path P, (m >
2) connecting u1 and ug in G’. By the choice of u1, dg/(u1) > dgr(u2) > k + 2, there
is a vertex ug € dg/(u1) such that uz ¢ Py,. Let v1 € Ng/(uz2) and vy € V(T). Set

ot — G —uguy +urvr, if 31 > 29,
G — uiuz + ugug, if r1 < xo.
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Then G* € J(n,dy, k). By Lemma 2.1, we have p(G*) > p(G), a contradiction.

Hence u; = us. O
FACT 4. uy is adjacent to each vertex of G' —T.

Proof. We first show that there does not exist an internal path of G — T with
length greater than 1 unless the path lies on a cycle of length 3. Otherwise, if there
is an internal path with length greater than 1 such that this path does not lie on a
cycle of length 3, then let wyws ... w; be such an internal path, and assume that v,

is a pendant vertex in T'. Let
G* = G — wiwy — waws + wiws + VmWa.

Then G* € T (n,dy, k) with p(G) < p(G*) by Lemmas 2.3(ii) and 2.4(iii), a contra-
diction. Hence, there does not exist an internal path of G — T with length greater

than 1 unless the path lies on a cycle of length 3.

Next we suppose that uiu; ¢ E(G) for some u; € V(G') \ V(T). Since G’ is
a tree, there is an unique path connecting u; and u; in G’. Let uy,uq,us be the
first three vertices on the path connecting u; and u; in G’ (possibly us = u;), then
urua, uqus € E(G) and ujus ¢ E(G). Assume that vy is in both Ng/(u1) and V(T).

If 1 > x4, let G* = G — uqus + uius; if 11 < 24, let G* = G — ugvy + ugvy.
In either case, G* € Z(n,dy, k), and by Lemma 2.1, p(G) < p(G*), a contradiction.
Therefore, uju; € E(G) for all u; € V(G')\ V(T). O

By Fact 4, we have N¢(ug) € Ng(u1), and since there does not exist an internal
path of G — T with length greater than 1 unless the paths lies on a cycle of length
3. So we can obtain uou; € E(G). As G € J(n,do, k), up must be adjacent to each
vertex of V(G') \ V(T). Together with Remark 2.6, we obtain G = B, 4, k-

This completes the proof of Theorem 3.1. O

For the set of graphs 7 (n, k), when k =n—1, 7 (n,n—1) = {K,, ,—1} and when
k= n—2 (n,n—2)={H;: H; is obtained from an edge v1v2 by appending ¢
(resp. n — 2 — t) pendant edges to vy (resp. vz), where 0 <t <n —2}. By Lemma
2.2, H; is the unique graph in Z(n,n — 2) with maximal spectral radius. Hence,

we need only consider the case of 1 < k <n — 3.

Let Cpi, (1 < k < n —3) be a graph obtained from K ,_» and an isolated

vertex ug by inserting edges to connecting g with the center of Ky ,—2 and n —k —2
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u
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C C CG 3

6,1 6,2

Figure 2. Graphs 06,1; 06,2 and 06,3-

pendant vertices of K ,—2. For example, graphs Cs 1,Cs 2 and Cg 3 are depicted in
Figure 2.

THEOREM 3.2. Let G € T (n, k) with1 <k <n—3. Then

p(G) S p(Cn,k)
and the equality holds if and only if G = Cy, .

Proof. Choose G € Z(n,k) such that p(G) is as large as possible. Let V(G) =
{uo,u1,...,Up_1} and x = (20, 1,...,2,_1)" be the Perron vector of A(G), where
x; corresponds to the vertex u; (0 < i < n —1). Assume G — ug is a tree. Denote
Go = G — uyg.

Note that G has pendant vertices, hence in view of Lemma 2.2, there exists exactly
one pendant tree, say T, attached to a vertex, say uy, of G. Similar to the proof of
Facts 1 and 2 in Theorem 3.1, we obtain that G is a graph having k paths with almost
equal lengths attached to u;. We establish the following sequence of facts.

Fact 1. The pendant tree T' contained in G is a star.

Proof. As T is a tree obtained by attaching k paths with almost equal lengths to
the vertex uy. Then it is sufficient to show that the length of each path is 1. Suppose
to the contrary that vyvs ... vs where v; = uy is such a path of length ¢ — 1 > 1. Let

’
G' = G — v1v9 — VU3 + V1V3 + UV + UIVs.

Then G’ € 7 (n, k). By Lemmas 2.3(ii) and 2.4(iii), we have p(G) < p(G’), a contra-
diction. Hence the length of each path is 1. So we have T is a star. 0

FACT 2. w; is adjacent to each vertexr of Go — T .

Proof. We first show that there does not exist an internal path of G — T with

length greater than 1 unless the paths lies on a cycle of length 3. Otherwise, assume
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that wyws ... w; is an internal path with length greater than 1 such that this path
does not lie on a cycle of length 3. Let

!
G =G —wiwy — waws + wiws + Ugws + U ws.

Then G’ € 7 (n, k). By Lemmas 2.3(ii) and 2.4(iii), we have p(G) < p(G’), a contra-
diction. Hence, there does not exist an internal path of G — T with length greater

than 1 unless the paths lies on a cycle of length 3.

Now suppose that uju; ¢ E(G) for some u; € V(Go) \ V(T). Since Gy is a
tree, there is an unique path connecting u; and u; in Gy. Let wuq,uq,us be the
first three vertices on the path connecting uq and u; in Gy (possibly us = u;), then
urtg, ugus € E(G) and uyus ¢ E(G). Denote vy € Ng,(u1), and v1 € V(T).

If x1 > x4, let G* = G —uqus +uqus; if x1 < x4, let G* = G —uiv1 +uqv1. Then
in either case, G* € J(n,k), and by Lemma 2.1, p(G) < p(G*), a contradiction.
Therefore, uju; € E(G) for all u; € V(Go) \ V(T). O

By Fact 2, we have Ng(ug) € Ng(u1), and since there does not exist an internal
path of G — T with length greater than 1 unless the paths lies on a cycle of length 3.
So we can obtain ugu; € E(G). As G € 7 (n, k), up must be adjacent to each vertex
of V(Gy) \ V(T), together with Remark 2.6, we obtain G 2 C), .

This completes the proof of Theorem 3.2. O

4. Spectral radius of quasi-unicyclic graphs with & pendant vertices.
In this section, we determine the spectral radii of graphs in % (n, do, k) and % (n, k),
respectively. Note that % (n, 1, k) is just the set of all n-vertex unicyclic graphs with
k pendant vertices. In [11] the maximal spectral radius of all the graphs in the set
% (n,1,k) is determined. So, we consider the case of dy > 2 in what follows. Note
that for any n-vertex quasi-unicyclic graph with k pendant vertices, we have k < n—4
when dg = 2,3, and k + dy < n — 1 when dy > 3.

In order to formulate our results, we need to define some quasi-unicyclic graphs
as follows. Graphs Uy, Us, Us, Uy and Us are depicted in Figure 3, where the order of
Us (respectively, Uy, Us) is do + 1 (respectively, do + 2, do + 3).

Let U71172, . (respectively, Uﬁ,z,k) be an n-vertex graph obtained from U; (respec-
tively, Us) by attaching k paths with almost equal lengths to the vertex w in Uy (re-
spectively, Us). For do > 3, let U, ;. (vespectively, U2 ; U3 ;) be an n-vertex

n n
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u
u N ~U 7
0 y [ [
0 d,-3 0 dy~ o=1
u u u u
1 2 3 4

Figure 3. Graphs U1, UQ, Ug, U4 and U5.

graph obtained from Us (respectively, Uy, Us) by attaching k paths with almost equal
lengths to the vertex w in Us (respectively, Uy, Us). For example, U§72)2, U91)372, U§73y2,

U3 3.9: Uga2, U3 40 and U3, 5 are depicted in Figure 4.

0
1 1 2 3 1 2 3
U9,2,2 U9,3,2 U9,3,2 U9,3,2 U9,4,2 U9,4,2 U9,4,2

: 1 1 2 3 1 2 3
Figure 4. Graphs U9,2,27 U9,3,2a U9,3,2a U9,3,2a U9,4,27 U9,4,2 and U9,4,2-

THEOREM 4.1. Let G € % (n,do, k), k > 0. Then
(i) if do = 2, then

p(G) < p(Up 24)

and equality holds if and only if G & Ui,zk'
(i) if do > 3, then

p(G) < {p(Ué,do,k)vP(Uz,do,k)vp(Us,do,k)}
and equality holds if and only if G & Ué,do,k or, G = U7%7d07k7 or, G = Ug)do’k.

Proof. Choose G € % (n,dy, k) such that p(G) is as large as possible. Let
V(G) = {ug,us,uz,...,up_1} and x = (29, 21,...,2,_1)" be the Perron vector of
A(G), where z; corresponds to the vertex u;, (0 <4 < n—1). Assume G —uyp is a
unicyclic graph. Denote G’ = G — ug. Choose a vertex uy € V(G’) such that dg (u1)
is as large as possible.

Note that G has pendant vertices, hence by Lemma 2.2, there exists exactly one
pendant tree, say 7', attached to a vertex, say us, of G. Similar to the proof of Facts 1
and 2 in Theorem 3.1, G is a graph having k£ paths with almost equal lengths attached
to us. We establish the following sequence of facts.
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Fact 1. The cycle contained in G’ is Cs.

Proof. We first show that there does not exists an internal path of G — T with
length greater than 1 unless the paths lies on a cycle of length 3. Otherwise, if there
is an internal path with length greater than 1 such that this path does not lie on a
cycle of length 3, then let wyws ... w; be such an internal path, and assume that v,,

is a pendant vertex in T'. Let
G* = G — wywy — wows + wiws + vy wa.

Then G* € % (n,dy, k) with p(G) < p(G*) by Lemmas 2.3(ii) and 2.4(iii), a contra-
diction. Hence, there does not exist an internal path of G with length greater than
1 unless the paths lies on a cycle of length 3. And then we suppose that this cycle
contained in G’ is Cy,(m > 3). We may assume uqug € E(C),). Since m > 3, there is
at least a vertex uq € N(uz2)\ N (us), and there is at least a vertex us € N (uz)\ N (ug2).
Let

o — G — uzus + ugus, if w2 > a3,
G — ugug + uzuy, if xo < x3.

Then, G* € % (n,dy, k), and by Lemma 2.1, p(G) < p(G*), a contradiction. There-

fore, m =3. 0
FACT 2. The vertex uq is in V(Cs).

Proof. Suppose that u; ¢ V(C3) and set V(C3) := {us,uq,us}. Since G’ is a
connected graph, there is a unique path Py (k > 2) connecting u; with C5 in G'. We
may assume that ug € Py. By the choice of uy, dg(u1) > dgr(uz) > 3, there is a
vertex ug € N(uq) such that ug ¢ P.

If x1 > x3, let G* = G —usug +uiug; if 11 < x3, let G* = G —uqyug + usug. Then
in either case, G* € % (n,dy, k), and by Lemma 2.1, p(G) < p(G*), a contradiction.
Therefore, u; € V(Cs). O

By Fact 2, we may assume V(C3) = {u1,ug, uq}.
Fact 3. w1 = us.

Proof. Suppose that u; # us. Since G’ is a connected graph, there is a unique path
P,, (m > 2) connecting u; and us in G’. By the choice of u1, dg/(u1) > dgr(ug) >
k + 2, there is a vertex us € Ng/(u1) and us ¢ Pp,. Assume that v; € Ng/(u2) and
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(NS V(T) If us € V(Og) \ {ul}, let

G — uius + uous,

if x1 > w2,

if 1 < xs.

G — ugv1 + uiv1,
G*:{ 201 101

If ug € V(G') \ V(C3), let

o — G —ugvy +uyvy, if 1 > @9,
G — uiuz + ugusz, if x4 < xs.

Then in either case G* € % (n,dp, k). By Lemma 2.1, we have p(G*) > p(G), a

contradiction. Hence w1 = ug. O
Thus we assume that V(C3) = {u1, u2, us}.
FACT 4. The vertex uy is adjacent to each vertex of V(G')\ V(T).

Proof. ;From Fact 1 we know that there does not exist an internal path of G — T
with length greater than 1 unless the paths lies on a cycle of length 3. And then
we suppose that uju; ¢ E(G) for some u; € V(G') \ V(T). Since G’ is a unicyclic
graph, there is a unique path connecting u; and u; in G’. Let uy,uq,us be the
first three vertices on the path connecting u; and w; in G’ (possibly us = u;), then
uytg, ugus € E(G) and uyus ¢ E(G). Denote v1 € Ngs(uy), and v, € V(T).

If x1 > x4, let G* = G —uqus +uius; if x1 < 24, let G* = G — uvy +uqvy. Then
in either case, G* € % (n,do, k), and by Lemma 2.1, p(G) < p(G*), a contradiction.
Therefore, uiu; € E(G) for all u; € V(G')\ V(T). O

FACT 5. uouy € E(Q).

Proof. Suppose that uou; ¢ E(G). Since dg(ug) > 1, we may assume, without
loss of generality, that w,ug € E(G), where u; € V(G') \ {u1}. Assume there is a
vertex uq € V(T).

If u; € {uz,us}, then

o — {G —uou; +urug, if 1 > x4,

G —ujug + ujug, if x1 < z;.
If u; € V(G') \ {uz2, us}, then

o — {G —uou; +urug, if 1 > x4,

G—ul’UJQ—l—’UJiUQ, if 1 < x;.
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Then in either case, G* € % (n,dy, k), and by Lemma 2.1, p(G) < p(G*), a contra-
diction. Therefore, upu; € F(G). O

By Facts 1-5 and Remark 2.6, if dy = 2, we obtain that G = Ué,zk or G =
U? 5 x We know from [20] that p(Uy ,,) > p(U7 ), therefore, Theorem 4.1(i)
holds. Similarly, if dy > 3, then we obtain that G = U}, , or, G = U2, or,
G=U3 > therefore, Theorem 4.1(ii) holds.

n,do

This completes the proof of Theorem 4.1. O

To conclude this section, we determine the spectral radius of graphs in % (n, k).
Let B,,(m > 3) be a graph of order m obtained from C3 by attaching m — 3 pendant
vertices to a vertex of C3. For any G € % (n, k), we have k <n—3. When k =n — 3,
U (n,n —3) = {By}. So we consider only the case of 1 < k < n — 4 here.

D D D,,

8,2 8,3

Figure 5. Graphs Dg, for k = 2,3, 4.

Let Dy, (1 < k <n —4) be a graph obtained from B,,_; and an isolated vertex
ug by inserting all edges between wug and three non-pendant vertices and n — k — 4
pendant vertices of B,,_;. For example, graphs Dg o, Dg 3, Dg 4 are depicted in Figure
5. It is easy to see that the graph D, j defined as above is in % (n, k).

THEOREM 4.2. Let G € % (n, k) with 1 <k <n—4. Then

p(G) < p(Dn,k)
and the equality holds if and only if G = D,, .

Proof. Choose G € % (n, k) such that p(G) is as large as possible. Let V(G) =
{ug,u1,s ..., Up—1} and x = (wg,21,...,7,—1)7 be the Perron vector of A(G), where
x; corresponds to the vertex u; (0 <i <n—1). Assume G — ug is a unicyclic graph.
Denote G’ = G — uy.

Note that GG has pendant vertices, hence in view of Lemma 2.2, there exists exactly
one pendant tree, say T, attached to a vertex, say ui, of G. With a similar method
used in the proof of Facts 1 and 2 in Theorem 3.1, we obtain that G € % (n, k) and
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G has k paths with almost equal lengths attached to u;. We establish the following

sequence of facts.
FacT 1. The cycle contained in G' is Cs.

Proof. We first show that there does not exist an internal path of G — T with
length greater than 1 unless the paths lies on a cycle of length 3. Otherwise, if there
is an internal path with length greater than 1 such that this path does not lie on a

cycle of length 3, and let wyws ...w;w; be such an internal path. Set
G* = G — wiwy — waws + wiws + ugws + U Wa.

Then G* € % (n,k). By Lemmas 2.3(ii) and 2.4(iii), we have p(G) < p(G*), a
contradiction. So, there does not exist an internal path of G — T with length greater
than 1 unless the paths lies on a cycle of length 3. And then we suppose that this
cycle in G’ is Cy, (m > 3). We may assume ugus € E(Cy,). Since m > 3, there is
at least a vertex ug € N(uz) \ N(usz), and there is at least one vertex, say us, in
N(ug) \ N(uz). Let

o — {G—u3u5 + ugus, if xo > x3,

G — ugug + uzuyg, if xo < x3.

Then, G* € % (n, k), and by Lemma 2.1, p(G) < p(G*), a contradiction. Therefore,
m=3.0

Fact 2. T is a star.

Proof. 1t is sufficient to show that the length of each path is 1. Suppose to the

contrary that vivs ... v, is such a path, where v1 = u; and k£ > 2. Let
G* = G — viva — vav3 + V13 + UgU2 + UL V2.
Then G* € % (n,k). By Lemmas 2.3(ii) and 2.4(iii), we have p(G) < p(G*), a
contradiction. Hence the length of each path is 1. So we have T is a star. 0
FACT 3. wy is adjacent to each vertex of V(G')\ V(T).

Proof. By Fact 1 (in Theorem 4.2), there does not exist an internal path of G—T
with length greater than 1 unless the paths lies on a cycle of length 3. And then we
suppose that wju; ¢ E(G) for some u; € V(G')\ V(T). As G is a quasi-unicyclic

graph, there is an unique path connecting u; and u; in G'. Let wuy,uq,us be the
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first three vertices on the path connecting u; and u; in G’ (possibly us = u;), then
uiug, uguy € E(G) and uijus ¢ E(G). Denote v1 € Ng/(u1), and v; € V(T).

If 21 > x4, let G* = G — ugus +uqus; if 11 < x4, let G* = G — uyv1 +ugv1. Then
in either case, G* € % (n,k), and by Lemma 2.1, p(G) < p(G*), a contradiction.
Therefore, uiu; € E(G) for all w; € V(G’) \ V(T'). This completes the proof of Fact
3.0

By Facts 1-3, if we insert an edge e to a connected graph G, then p(G+e) > p(G)
as the adjacent matrix of a connected graph is irreducible. Therefore the proof of

Theorem 4.2 is completed. O
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