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HYPOCOERCIVITY AND HYPOCONTRACTIVITY CONCEPTS FOR LINEAR
DYNAMICAL SYSTEMS*

FRANZ ACHLEITNER', ANTON ARNOLD?!, AND VOLKER MEHRMANNS$

Abstract. For linear dynamical systems (in continuous-time and discrete-time), we revisit and extend the concepts of
hypocoercivity and hypocontractivity and give a detailed analysis of the relations of these concepts to (asymptotic) stability,
as well as (semi-)dissipativity and (semi-)contractivity, respectively. On the basis of these results, the short-time behavior of
the propagator norm for linear continuous-time and discrete-time systems is characterized by the (shifted) hypocoercivity index
and the (scaled) hypocontractivity index, respectively.
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1. Introduction. In this paper, we discuss different concepts that characterize the short- and long-time
behavior of linear continuous-time ordinary differential equations (ODEs)

(1.1) 2'(t) = Acx(t) = —Bz(t), =z(0)=2° >0,

and discrete-time difference equations (DDEs)

(1.2) Trp1 = Agrre, x9=2x", k€N,

with matrices A., Ay € C"*",

It is well-known that the long-time behavior of solutions of (1.1) and (1.2) can be characterized via
the spectral properties of the matrices A., A4 or the solutions of Lyapunov equations [5, 13, 18, 19]. To
understand the short-time behavior of continuous-time systems, much progress has recently been made for
systems with a semi-dissipative structure, that is, systems where A, has a semidefinite symmetric part.
For this subclass, it has recently been observed in [2, 3] that the short- and long-time behavior can be
characterized via the concept of hypocoercivity and the hypocoercivity index. For this subclass also the
analysis of the long-time behavior becomes simpler and more elegant.

In this paper, we show that a similar concept of hypocontractivity and a hypocontractivity index is
analogously available in the discrete-time case and that it can be characterized via the polar decomposition
of Ad.
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For both, the continuous- and discrete-time we present a systematic review and analysis of the different
concepts and show the subtle differences and similarities to the classical spectral concepts and illustrate
these with numerous examples. Furthermore, we present the close relationship of these concepts to classical
controllability and observability concepts in control theory.

Note that we switch in the discussion of (1.1) between the classical notation with A. as is common in
dynamical systems and the notation with —B as is common in evolution equations.

In Section 2, we recall the concepts of (asymptotic) stability, (semi-)dissipativity, and hypocoercivity
for continuous-time systems that have been discussed in [3]. To better understand the decay behavior of
solutions, we extend the concept of hypocoercivity to shifted hypocoercivity. We also show under which linear
transformations of the system these properties stay invariant.

In the second part of the paper, in Section 3 we derive the corresponding results for discrete-time
systems and, in particular, analyze the relation between (asymptotic) stability, (semi-)contractivity, and
hypocontractivity as well as scaled hypocontractivity.

The third part in Section 4 studies how the discussed properties are related under Cayley transforma-
tions that map between continuous-time and discrete-time systems. We show that many properties including
the hypocoercivity index and hypocontractivity index map appropriately. However, in general, the shifted
hypocoercivity and scaled hypocontractivity indices are not mapped into each other. Computationally feasi-
ble staircase forms to check hypocoercivity for accretive matrices and hypocontractivity for semi-contractive
matrices, and to determine the associated indices are discussed in the Appendix.

We use the following notation: The conjugate transpose of a matrix C € C™*™ is denoted by CH.
Positive definiteness (semi-definiteness) of a Hermitian matrix C is denoted by C > 0 (C > 0).

2. Stability, semi-dissipativity, and hypocoercivity for continuous-time systems. In this sec-
tion, we recall some properties of linear continuous-time systems and their relationship. Let us give a
simplified definition of stability, for the general definition, see, for example, [5, 13].

DEFINITION 1. The trivial solution © = 0 of (1.1) is called (Lyapunov) stable if all solutions of (1.1)
are bounded fort > 0, and it is called asymptotically stable if it is stable and all solutions of (1.1) converge
to 0 fort — oo.

For linear systems (1.1), a solution is (asymptotically) stable if and only if the trivial solution z = 0 is
(asymptotically) stable. Therefore, if the trivial solution z = 0 of (1.1) is (asymptotically) stable, then we
call the system (1.1) (asymptotically) stable.

It is well-known, see, for example, [5, 13], that (1.1) is (Lyapunov) stable if all eigenvalues of A, have
non-positive real part and the eigenvalues on the imaginary axis are semi-simple, and it is asymptotically
stable if all eigenvalues of A, have negative real part.

A concept closely related to stability is that of (semi-)dissipativity. Writing A, as the sum of its
Hermitian part Ay := (A, + A1) /2 and skew-Hermitian part Ag := (A. — Al)/2, we have the following
definition, [8, Definition 4.1.1].

DEFINITION 2. A matriz A. € C" "™ is called dissipative (resp. semi-dissipative) if the Hermitian
part Ag is negative definite (resp. negative semi-definite). For a (semi-)dissipative matriz A. € C"*™,
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the associated ODE (1.1) is called (semi-)dissipative Hamiltonian ODE. Alternatively, a matric B = —A, €
C™*™ s called accretive (or positive semi-dissipative) if its Hermitian part By is positive semi-definite.

A nice property of a semi-dissipative Hamiltonian ODE (1.1) is that it is (Lyapunov) stable, since for
all solutions of (1.1) we have

(2.3) %Hx(t)HZ = (Acx(t) , 2(t)) + (x(t) , Aca(t)) = ((t) , (Al + Ac)a(t)) <0, 20,

that is, the Euclidean norm (which may serve as a Lyapunov function) is non-increasing.

The converse is in general not true, because the Hermitian part of a matrix A. associated with a stable
system (1.1) does not have to be negative semi-definite, as the following example shows:

Example 3. Consider the matrix

3 3
B -
R
so that A, = —B has eigenvalues A = —1 £ 4+/5, but the Hermitian part Ay is indefinite with eigenvalues
)\Q{I’l =1 and M22 = —3. Hence, the norm of solutions of (1.1) may increase initially at the rate e’.

Remark 4 (Logarithmic Norm). Since the flow generated by (1.1) is given by the matrix exponential e/<t,
the long-time behavior of the propagator norm ||e4<?
by the spectral abscissa

, or to be precise—its exponential rate—is determined

(2.4) a(A.) :=max{R(N\) | A is an eigenvalue of A .},

see, for example, [28].
In contrast, the exponential rate of the short-time behavior of ||eA<|| is determined by the logarithmic
norm: The logarithmic norm of a matrix A, € C"*™ with respect to an inner product is defined as

(2.5) p(Ae) == sup R((z, Ac.z)) = max R((z , A.z)) ,

lz]|=1 [lz]|=1

that is, p(A.) is the maximal real part of the numerical range of A.. Thus, the solutions z(t) of (1.1) satisfy
Llz@®))? = (z, (A + A)z) < 2u(A.) ||lz(t)||?, which implies that

(2.6) z()| < e*A) 20| for t >0 .
In particular, a matrix A, € C"*™ is semi-dissipative if and only if u(A.) <0.

A third related concept is that of hypocoercivity for matrices and the associated hypocoercivity index,
which was introduced originally in the context of linear operators, see [1, 6, 29].

DEFINITION 5 (Definition 2.5 of [2]). A matriz C € C™*™ is called coercive (or strictly accretive) if
its Hermitian part Cy is positive definite, and it is called hypocoercive if the spectrum of C lies in the open
right half plane. A matriz A, € C"*" is called negative hypocoercive if the spectrum of A, lies in the open
left half plane.

The relationship between positive semi-dissipativity and hypocoercivity is characterized by the following
result.
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PROPOSITION 6 ([20, Lemma 3.1], [1, Lemma 2.4 with Proposition 1(B2), (B4)]). Let B € C"*" be
(positive) semi-dissipative. Then, B has an eigenvalue on the imaginary axis if and only if Byv = 0 for
some eigenvector v of Bg.

Note that, due to the assumptions, purely imaginary eigenvalues of semi-dissipative matrices are nec-
essarily semi-simple, see also [21, 22]. Therefore, an accretive matrix B is hypocoercive if and only if no
eigenvector of the skew-Hermitian part lies in the kernel of the Hermitian part. The latter condition is well
known in control theory, and equivalent to the following statements:

LEMMA 7. Let B € C™*" be accretive. Then the following are equivalent:

(B1) There exists m € Ny such that
(2.7) rank[By,BsBp,...,(Bs)"By] =n.

(B2) There exists m € Ng such that

(2.8) T, = > BLiBu((Bs)") >0.
=0

(B3) No eigenvector of Bg lies in the kernel of By .
(B4) rank[A\I — Bg,By] = n for every A € C , in particular for every eigenvalue A of Bg.

Moreover, the smallest possible m € Ng in (B1) and (B2) coincide.

Proof. The equivalence of (B1), (B3), and (B4) and its proof are classical, see, for example, [9, Theo-
rem 6.2.1] for real matrices, but its proof extends verbatim to complex matrices; see also [1, Proposition 1].
The equivalence of (B1) and (B2) follows from Lemma 59 in the Appendix, setting D := By and C := Bg.0

Remark 8. In Lemma 7, we could have alternatively stated the equivalence of the following conditions
that are equivalent to the corresponding ones in Lemma 7.

(B1’) There exists m € Ny such that
rank[By, BBy,...,B"By| =n.

(B2’) There exists m € Ny such that
> BBy (B") >0.

3=0
(B2”) There exists m € Ny such that
(2.9) > (BYYByB’ >0.
§=0

(B3’) No eigenvector of B lies in the kernel of By.
(B4’) rank[A\I — B,Bpy| = n for every A € C, in particular for every eigenvalue A of B.

This is easily seen, since every eigenvector of B that is in the kernel of By is immediately an eigenvector
of Bg; and conversely, every eigenvector of Bg that is in the kernel of By is also an eigenvector of B, see
[21]. Tt also follows directly from the staircase forms presented in [3].



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 39, pp. 33-61, January 2023.

37 Hypocoercivity and hypocontractivity concepts for linear dynamical systems

Remark 9. The equivalence of properties stated in Proposition 6, Lemma 7, and Remark 8 show that,
for example, also the coercivity of the associated matrix T, in (2.8) could have been used to define hypoco-
ercivity for accretive matrices (in the finite-dimensional setting). Only future research of bounded and
unbounded accretive operators on infinite-dimensional Hilbert spaces will decide which is the appropriate
characterization for accretive operators to be hypocoercive, that is, to generate a uniformly exponentially
stable Cy-semigroup.

DEFINITION 10 ([2, Definition 3.1]). Suppose that B € C"*" is accretive and hypocoercive. The hypo-
coercivity index (HC-index) mpc of the matrix B is defined as the smallest integer m € Ny such that (2.8)
holds.

Note that for B € C"*" (by the Cayley—Hamilton theorem applied to (B1’)) it follows immediately that
the hypocoercivity index (if it exists) is bounded by n — 1. More precisely, for a finite hypocoercivity index
we even have mpo < dimker(By) < n—1 (see Remark 4(b) in [1]). Furthermore, a hypocoercive matrix B
is coercive if and only if mgc = 0.

Remark 11. Hypocoercive matrices are often called positively stable, whereas negative hypocoercive ma-
trices are often called stable. Note also that in [3, Definition 3], the HC-index for a semi-dissipative ma-
trix A, € C™*" is defined as the HC-index of its accretive counterpart B = —A.. We do not make use of
this convention here.

Phenomenologically, the HC-index of an accretive matrix B describes the structural complexity of the
intertwining of the Hermitian part By and skew-Hermitian part Bg (see [1] for illustrating examples).
Moreover, for a semi-dissipative Hamiltonian ODE (1.1), the HC-index characterizes the short-time decay
of the spectral norm of the propagator of the associated semigroup S(t) := e Bt € C"*" ¢ > 0.

PROPOSITION 12 ([2, Theorem 2.7]). Let the ODE system (1.1) be semi-dissipative Hamiltonian with
(accretive) matriz B € C"*™.

(a) The (accretive) matriz B is hypocoercive (with hypocoercivity index mpc € Ng) if and only if
(2.10) le Bty =1 —ct® + Ot ) forte|0,¢),

for some a,c,e > 0. In this case, necessarily a = 2mpgc + 1.

(b) Consider the ODE (1.1) with e-dependent system matricx B = €A+ C where e € R. If B=¢e¢A+C is
hypocoercive for e # 0, then the coefficient ¢ = ¢ in the Taylor expansion of the propagator norm (2.10)
satisfies

(2.11) 0 < G ®™HC < ¢ =, < & MHC

for some positive constants ¢1,¢o > 0 independent of € # 0.

Remark 13. e For genuine semi-dissipative Hamiltonian ODE systems (1.1) (such that u(A.) =
0), the estimate (2.6) based on the logarithmic norm p(A..) yields only [|z(t)|| < ||z°| for ¢ > 0.

e For semi-dissipative Hamiltonian ODE systems (1.1), (a lower bound for) the characterization of
the HC-index via the short-time behavior of the propagator norm in (2.10) may also be derived
by considering a suitable energy-preserving system, see, for example, [25]. However, the proof of
Proposition 12 in [2] yields quantitative lower and upper bounds for the multiplicative constant ¢
in (2.10). These explicit bounds allow to conclude the structural result in Proposition 12 b.

In Figure 1, we illustrate the relationship between the different concepts that we have discussed so far.
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B c Cnxn 2/ = —Bux is stable

B is hypocoercive

7' = —Bux is asymptotically stable

By >0 By >0

B is coercive
12 1 {19 —6} 1 -1 0 1
{1 71/2} 6 -1 10 10 00
1 A =1 0 1 e L0l 0 0
Ay = Fi%57 Ay = 17 )\izij:ZT Ay = Fi

—B is dissipative —B is semi-dissipative

F1G. 1. Illustration of the relationship between sets of matrices B € C™"*™ which are (hypo)coercive (circular discs), have

a positive semi-definite Hermitian part (region within smaller ellipse), and those for which the solutions of the ODE system

z' = —Bux are stable (region within bigger ellipse), respectively.

Remark 14. As one of the main applications of the analysis of the three discussed concepts is the study
of (semi-)dissipative Hamiltonian systems, a natural concept that could be added to the description of the
dynamical system is that of a Hamiltonian or energy function. In the abstract setting that we have discussed
so far, the natural energy function is the Euclidean norm of the solution. Further energy functions will be
discussed below.

Remark 15 (logarithmically optimal norms). For a Hermitian matrix A, € C"*", its logarithmic norm
1(A.) and its spectral abscissa «(A.) are equal, u(A.) = «(A.). In general, however, only the inequality
a(A.) < p(A,) holds, see, for example, [26, Lemma 1c]. A norm is logarithmically optimal with respect to
a matrix A, if its spectral abscissa a(A.) and logarithmic norm p(A.) are equal, that is, a(A.) = u(A,).
Thus, the Euclidean norm is logarithmically optimal for all Hermitian matrices.

To analyze the relationship between the different concepts further, in the next section we first discuss
the question by which transformations of (1.1) we can switch between the different concepts and which
transformations leave the different properties invariant.

2.1. Linear transformations that preserve stability, semi-dissipativity, and hypocoercivity.
In this section, we discuss the classes of linear transformations that preserve the concepts of stability, semi-
dissipativity, and hypocoercivity, and also those that map between the different concepts, see, for example,
[15, 16] for some references. The natural classes of linear transformations that preserve the different properties
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and the HC-index (in case of accretive matrices) are conjugate transposition B — BH due to Definition 10
and Lemma 7; unitary congruence transformations B — UBUM for a unitary matrix U, due to Definition 10
and Lemma 7; scaling B — tB for any ¢t € RT, due to Definition 10 and Lemma 7; and, as we will show in
Lemma 20 below, the inversion of accretive hypocoercive matrices.

It is a classical result, see, for example, [5], how to construct a similarity transformation of a “stable”
matrix B such that the transformed matrix is accretive: The origin = 0 is a stable state of system (1.1)
if and only if there exists a positive definite matrix P = P" € C"*" that satisfies the Lyapunov matric
inequality

(2.12) B"P +PB > 0.

A congruence transformation with the Hermitian matrix P~1/2, that is, the inverse of the positive definite
square root of P, yields

(2.13) 0< P '2BP+PB)P /2 =P~ !/2B"P!/2 L PI/2ZBP /2 = 2(P'/?BP1/?) .
Hence, the matrix
(2.14) B := P/?Bp~1/2

is accretive. Moreover, the change of basis #(t) := P'/2x(t) transforms (1.1) into a semi-dissipative Hamil-
tonian ODE system of the form

(2.15) #(t) = —(PYV?BP~V2)i(t) = -B &(1).

Although similarity transformations B — SBS™! for invertible matrices S € C™*™ preserve the spec-
trum (and hence (negative) hypocoercivity), they may change the HC-index of accretive matrices:

Ezxample 16. The matrix

(2.16) B:= E _01}

is accretive and hypocoercive with myc = 1 (having eigenvalues Ay = (1 #iv/3)/2). The positive definite
Hermitian matrix P = [ ? '] satisfies the continuous-time Lyapunov equation B'P + PB = 2R(\)P = P.
The similarity transformation (2.14) yields a coercive matrix

s

B=pP!/?BpP /2=
V3 o1

2

hence myc(B) = 0.

In a similar way, non-unitary congruence transformations B — QBQ for some nonsingular matrix Q €
C™*"™ may change the HC-index as the following example demonstrates.

Ezxample 17. Consider the accretive matrix

S
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The matrix B has an eigenvalue i, hence it is not hypocoercive. A congruence transformation with the
(non-unitary) matrix

10 . T (A 0 0] 11
= 1d BQ" = =

Q [1 1] vields — QBQ L 1+J [0 J“L J’
which is again accretive (due to Sylvester’s inertia theorem, see, for example, [10]). However, the matrix

QBQ" has eigenvalues % +i(1+ g) and is hypocoercive with HC-index my¢c = 1.

As we have already discussed, changing the HC-index also changes the short-time behavior of the solu-
tions of the dynamical system (1.1).

Ezample 18. Consider the matrix B in Example 3. In agreement with Proposition 12, (the norm
of) solutions of the ODE (1.1) may have horizontal tangents (at any point to > 0) with local behavior
lz@)]| = [|z(to)| — c(t — to)® + O((t — to)*) for some ¢ > 0. Proceeding as in [6, Lemma 4.3], the similarity
transformation (2.14) with

2 .
P= [3 } yields a coercive matrix B = PY2BP~1/2 = {

) s 5 )

-5 1
Accordingly, (the norm of) solutions of the associated ODE (2.15) cannot have horizontal tangents (see
Figure 2).

Remark 19. We note that solutions P to the Lyapunov inequality (2.12) are typically not unique, and
one can use this freedom to determine solutions that optimize certain robustness measures like the distance
to instability, see, for example, [7, 12, 23].

It is an important observation that semi-dissipativity, hypocoercivity, and the HC-index stay invariant
when the inverse of a matrix is taken:

LEMMA 20. Let B € C*X™,

1. If B is hypocoercive, then B is invertible and B! is hypocoercive.
2. If B is accretive and invertible, then it follows that
a. Ifv € ker(By) C C" then Buv € ker((B~1) ).
b. B™! is accretive.
c. dimker(By) = dimker((B~1)y).
3. If B is accretive and hypocoercive, then B and B~ have the same HC-index.

Proof. 1. A matrix B is hypocoercive if all eigenvalues have positive real-part. Hence, the matrix B is
invertible, and since the eigenvalues of the inverse of B~! are the inverses of the eigenvalues of B, they have
positive real-part and B~! is hypocoercive.

2a. Writing B as B = By + Bg, it follows that if v € ker(Bp) then Bv = Bgv = —B"v. Thus,
(2.17) (B ") u(Bv) =1(B7'(Bv) + (B"H)"(Bv)) = 3 (v— (B")"'(B")) =0.

2b. To prove that B~! is again accretive, we show the following identity: For all vectors w € C", define
v := B~ lw, such that
(w, B Hyw)=L(w, B+ B HMw) = i(Bv, (B! + B "Buw)
1
2

(2.18) (w,B"B1+B ™MBv) =1, B"+B)w)=(v,Byv) >0,

1
2
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1
1

F1G. 2. For a solution z(t) of the ODE (1.1) with B = { _01] , the Euclidean norm ||z(t)||2 (blue line) and the weighted

-1
Buclidean norm ||z(t)||p with P = [31 9 } (orange line) are plotted. The norm of the solution ||z(t)||2 has horizontal

tangents (at some point to), whereas the weighted norm ||z(t)||p does not have horizontal tangents (due to our choice of P).

since B is accretive. Hence, B™! is accretive as well.

2c. Due to part 2a. and a similar statement with the roles of B and B~! exchanged, B is a bijection
from ker(By) to ker((B™1) ).

3. By assumption, the matrix B has a finite HC-index mg¢ which is the smallest integer such that (2.7)
holds or equivalently, due to (2.9), that

mHC

() ker (ByB’) = {0}

§=0
holds, see also [1, Remark 4]. Hence, there exists a vector vg # 0 such that

(2.19) Bivg € ker(Bg), j€{0,....,mgc—1}  and B™"y, ¢ ker(By) .
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Due to 2b., it follows that
(2.20) Bty € ker((B™)y) , j€{0,...,mpgc—1}  and B™#Hy) & ker(B™1)y) .

The matrix B~! is hypocoercive and accretive with finite HC-index myc := myc(B™1) and hence, there
exists a vector wg # 0 such that

(2.21) (B Y wy e ker(BY)y), j€{0,...,mpc—1} and (B™H™#w, ¢ ker((B™1)g) .

To show that mgc = mgc(B) = mrc(B~1) = mye, suppose that vy is a vector in C" satisfying (2.20) with
muc = muc(B). Then wy := By satisfies woy # 0, hence, (2.21) implies that mgc(B™1) > myc(B).
Exchanging the roles of B and B™! shows that myc(B™!) < muc(B). Altogether, myc(B) = muyc(B™1)
holds. 0

In this section, we have discussed linear transformations and their effects on the concepts of hypocoer-
civity, stability, and semi-dissipativity. In the next section, we discuss how the (concept of the) HC-index
for accretive matrices can be transferred to general matrices.

2.2. Shifted hypocoercivity index for general matrices. A possibility to turn a general system
(1.1) into a semi-dissipative Hamiltonian system is to shift the spectrum. Consider the transformation

(2.22) v(t) == exp(\Bat)x(t),

min

where AB¥ is the minimal (real) eigenvalue of the Hermitian matrix Bg. Then, v(t) satisfies the ODE

min

v'(t) = — (B = X\BrT)u(t)
—_———
=B
where the Hermitian part By of B = B—AE{;I is indeed positive semi-definite. Of course, the hypocoercivity
index of matrix B is typically modified by the shift parameter .
Remark 21. The transformation (2.22) can be motivated as follows: The propagator for ODE (1.1) with
A . = —B satisfies estimate (2.6) based on the logarithmic norm p(A.). Therefore, for ¢t > 0,

1> ||6ActHe—u(Ac) t_ ||€(Ac—u(Ac)I) t|| — ||e—(B—A§{3,I) t||’

since the logarithmic norm p(A.) can also be characterized as

WA = sup R((x, Acx)) = sup (z, (AL + Ac)z) = ARk = —Anf,

max min
[lz][=1 [lz]|=1

where M2 is the maximal (real) eigenvalue of the Hermitian matrix A .

max

In view of this shifting property, for general linear time-invariant ODE systems (1.1) with matrix B €
C™*" . we will define a shifted hypocoercivity index which characterizes “the algebraic factor“ in the decay
of its propagator norm for short time, see Corollary 26 below. As a first step, we decompose the matrix
B e C*m.

LEMMA 22. Let B € C™*" with Hermitian part By, and let \B¥ be the minimal (real) eigenvalue of

min

the Hermitian matriz By (which could be negative or non-negative). Then, the matriz
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B
(2.23) B:=B-— A I

is accretive and, ZfB s hypocoercive, has an HC-index ch(B) greater than 0.
In particular, B is hypocoercive if and only if no eigenvector of By associated with )\mffl is an eigenvector
of the skew-Hermitian part Bs of B.

Proof. If we decompose B = By + Bg into its Hermitian part By and its skew-Hermitian part Bg,
then By has only real eigenvalues. Consider the matrix B:=B— Al for A € R. Then \ = )\BH is the only
value for which the Hermitian part of B is positive semi-definite and singular (hence, if B is hypocoercive
then myc(B) > 0).

The hypocoercivity condition for B follows from Lemma 7, (B3): Matrix B fails to be hypocoercive if and
only if an eigenvector v of Bg (which is not changed by the shift) is in the kernel of (B+B")/2 = By — ABrT,

or equivalently v is an eigenvector of By to the eigenvalue )\mffl 0

DEFINITION 23. Let B € C"*" with Hermitian part By, and let \B2 be the minimal (real) eigenvalue of

min

the Hermitian matriz By . If the accretive matriz B:=B- AE{;’II is hypocoercive, then its HC-index mgc € N

is called the shifted hypocoercivity index (SHC-index) msuyc of B.

By definition, an accretive matrix has a (finite) HC-index mpy¢ if and only if it is positively stable, see
also [2, 3]. However, a general (constant) matrix can have a finite SHC-index mgg¢ without being positively
stable, see the following example and Figure 1.

ooy

which has the eigenvalues Ay = 0 and Ao = 8 and hence is not positively stable. Its Hermitian part
By = diag(9, —1) has the minimal eigenvalue A># = —1. Then, in (2.23) we have

Ezxample 24. Consider the matrix

~ 10 -3
B=B - \Bri=
min |:3 0:|

which has eigenvalues 1 and 9. Therefore, msgc(B) = mpc(B) = 1.

We have the following characterization for accretive matrices to have a (finite) SHC-index.

COROLLARY 25. Let J,R € C™*" satisfy R = R and J = —J" and let Ay be the minimal eigenvalue
of R. Define R := R — AyninI. Then the following conditions are equivalent:

(B1) There exists m € Ny such that
(2.24) rank([R,JR, ..., J"R]| — A\pin[L,J, ..., J7"]) =n.

(B2) There exists m € Ny such that

m

(2.25) S TIREMY > Ao i JI(IHY7
=0

Jj=0

(B3) No eigenvector of J is an eigenvector to Amin of R.
(B4) rank[AI — J, R — ApinI] = n for every A € C, in particular for every eigenvalue A of J.

Moreover, the smallest possible m € Ng in (B1) and (B2) coincide.
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Proof. The Hermitian matrix R=R- Amin] is positive semi-definite. Hence, the statement (which is
stated for the original matrix R using R = R — A\pinI) follows from Lemma 7. 0

In the following result, we show that we can use the SHC-index to characterize the short-time behavior
of the propagator norm for general linear time-invariant systems of ODEs. For this, we denote the solution
semigroup pertaining to (1.1) by S(t) := e Bf € C"*", ¢ > 0.

COROLLARY 26. Consider an ODE (1.1) with system matric B € C"*™. If B has a finite SHC-
index mguc(B), then

(2.26) le Bty = e~ it (1 — ct® + O@t**Y))  for t — 0+,
B

Proof. Write B as in (2.23) and compute the HC-index mpye(B) (> 1) of the accretive matrix B =
B — ABH 1. Using the decomposition (2.23) yields

min

where A\ is the smallest eigenvalue of the Hermitian matriz By, a = 2mgsgc(B) +1 (> 3), and ¢ > 0.

B = B = B =
(2.27) e Bt = ¢ QuliTHB) — o= Aullt =Bt guch that le Bl = e Amint le Bz .
If an accretive matrix, B is hypocoercive, that is, having a finite HC-index mpyc(B) (or equivalently B has
a finite SHC-index mgpc(B)) then (2.26) follows from Proposition 12. d

In this section, we have gathered and extended results about stable, hypocoercive, and semi-dissipative
matrices. These results have analoga for discrete-time systems that are studied in the next section.

3. Stability, semi-contractivity, and hypocontractivity for discrete-time systems. In this
section, we study the analogous concepts for linear discrete-time systems

(3.28) Tp1 = Aqy, k € No,

for a given matrix Ay € C"*".

Remark 27. While the stability analysis in discrete-time systems is well studied in linear algebra and
operator theory [19] using spectral properties and discrete-time Lyapunov equations, we proceed by studying
hypocontractivity—the analogon to the concept of hypocoercivity in continuous time—and relating to these
classical concepts.

DEFINITION 28. The trivial solution x = 0 of the discrete-time system (3.28) is called stable if all
solutions of (3.28) are bounded for k € Ny, and it is called asymptotically stable if it is stable and all
solutions of (3.28) converge to 0 for k — co.

For linear systems (3.28), a solution is (asymptotically) stable if and only if the trivial solution = 0 is
(asymptotically) stable. Therefore, if the trivial solution x = 0 of (3.28) is (asymptotically) stable, then the
linear system (3.28) is called (asymptotically) stable.

It is well-known that (3.28) is stable if all eigenvalues of Ay have modulus less or equal than one and
the eigenvalues of modulus one are semi-simple (see [13, Theorem 3.3.11)); and it is asymptotically stable if
all eigenvalues of A4 have modulus strictly less than one.

DEFINITION 29. Let Ag € C**" have eigenvalues A\, j = 1,...,n. The spectral radius of Ay is defined
as p(Aq) = max{|A1|,..., | ul}, that is, as the largest absolute value of its eigenvalues.
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Hence, a discrete-time system (3.28) is asymptotically stable if the spectral radius of A, is strictly less
than one, p(Ag) < 1.

An alternative characterization of (asymptotic) stability can be given via the discrete-time Lyapunov
(or Stein) equation: System (3.28) is asymptotically stable if and only if, for all positive definite Hermitian
matrices Q

(3.29) AYPA, -P=-Q
has a solution P = P > 0, see [13, Theorem 3.3.49] which is formally given by
(3.30) P=> (A})YQA],

§=0

see [13, (89b) in Section 3.3.5]. In the discrete-time case, the concept of hypocoercivity is replaced by that
of hypocontractivity, which we introduce in the next subsection.

3.1. Hypocontractive matrices and the hypocontractivity index. For A ; € C™"*™, the spectral
norm satisfies

(3.31) | Adlls = /I AR Adll2 = \/ Asac (AHAL) = Grna(Au)

where Apax (A;'Ad) denotes the largest eigenvalue of the positive semi-definite Hermitian matrix AZ’Ad and
Omax(Aq) is the largest singular value of A;. Then, the estimate ||A%|l2 < ||Ag4l|5 for n € N yields that
Omax(Aq) < 1is a sufficient condition for the stability of (3.28). However, omax(Aqg) < 1 is not a necessary
condition for (3.28) to be stable.

Ezxample 30. The eigenvalues of

1 -2

(3.32) Ayla) =« {0 )

], a€eR,

are +a. Hence, the discrete-time system (3.28) with matrix A4 in (3.32) is stable if and only if a € [—1,1].
But the matrix

1 -2
3.33 AHA, =
(3.33) tai=at |l

has positive eigenvalues s+ = o?(3 + +/8) and singular values oy = /fix with opax(Ag) = o4. Thus,
Omax(Aq) < 1 holds if |a| < (34 +/8)~1/2 < 1/2 which is strictly less than one. Hence in this example, the
condition oax(Ag) < 1 is sufficient but not necessary to ensure the stability of (3.28).

In the following, we will need a result relating singular values and eigenvalues.

PROPOSITION 31. Let Ay € C**™ have singular values o1 > ... > o, > 0 (such that omax(Aqg) = 01)
and eigenvalues \j, j = 1,...,n being ordered as |A\i| > ... > |\,|. Then, |A\i| < o1. Moreover, if Aq is
nonsingular, then |A,| > o, > 0.

Proof. The statements follow from the bounds in [14, Theorem 5.6.9]. d

We then have the following discrete-time analogon of semi-dissipativity.
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DEFINITION 32 ([8, Definition 4.1.2]). Let Ag € C™*™ and let omax(Aq) be the largest singular value
(the spectral norm) of Ay. We call Ay contractive if omax(Aq) < 1, and we call Ay semi-contractive if
Omax(A) < 1.

Note that sometimes A, is called contractive if omax(Ag) < 1, and Ay is called strictly contractive if
Omax(Ag) < 1, see, for example, [14, p. 493]. Other related notions are (semi-)convergent matrices and
power-bounded matrices, see [14, p. 180].

In the following, we consider the class of semi-contractive matrices Ay and present a characterization
when (3.28) is (asymptotically) stable. For this, we need a concept that corresponds to hypocoercivity in
the continuous-time case.

DEFINITION 33. A matricx Ay € C"*™ is called hypocontractive if all eigenvalues of Ay have modulus
strictly less than one.

Consequently, a discrete-time system (3.28) is asymptotically stable if and only if the system matrix A4
is hypocontractive. We can also characterize those semi-contractive matrices A which are actually hypocon-
tractive:

PROPOSITION 34. Let Ay € C**™ be semi-contractive. Then, Ay has an eigenvalue of modulus one if
and only if some eigenvector v of Ay satisfies v € ker(I — AHA,).

Proof. Since Ay is semi-contractive, the Hermitian matrix I — AE'Ad is positive semi-definite. Moreover,
if A4 has an eigenvalue A of modulus |A| = 1 with eigenvector v # 0, then

0< (v, (I-AfALV) = |v]® = [[Aqgvl* = [lo]*(1 = [A]*) = 0.
Therefore, v is in the kernel of the positive semi-definite Hermitian matrix I — AgAd.

Conversely, if some eigenvector v of A4 (associated to an eigenvalue \) satisfies v € ker(I— A7 A,), then
0= (v, (I-AJAg)v) = [v|* — [[Aqv|* = [lo]*(1 = [A]*),

and hence, the eigenvalue A has modulus one. 0

Remark 35. In the operator theory setting, the matrix (I — AEAd)l/2 is often called the defect operator
of the semi-contractive A, and the closure of its image is the defect space with its dimension being called
the defect index d(A4). The defect operator and its index are a measure for the distance of an operator
from being unitary. See, for example, [27].

We again have an equivalent characterization in terms of properties from control theory:

LEMMA 36. Let Ay € C™"*™ be semi-contractive. Then the following conditions are equivalent:

(D1) There exists m € Ny such that
(3.34) rank[(I— ATA ), AT@T - AYAy), ..., (AH™T - AYA) =n.

(D2) There exists m € Ng such that

(3.35) D,,:= Y (A} (I-AfA)A) > 0.
§=0
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(D3) No eigenvector of Ay lies in the kernel of (I — AYAy).
(D4) rank[M\I — AH T — AMA ) = n for every A € C, in particular for every eigenvalue A of AY.

Moreover, the smallest possible m € Ny in (D1) and (D2) coincide.
Proof. Like Lemma 7, this result follows from Theorem 6.2.1 of [9] and Lemma 59 in the Appendix. 0O

Remark 37. In control theory, conditions (D1), (D3), and (D4) in Lemma 36 are equivalent characteri-
zations of the controllability of the pair (A, T— AHA,), or the dynamical system

Tpy1 = Agwk + (I — AZ‘Ad)uk

There is always also the dual concept of observability which in this case would correspond to the controllability
of (Ag,I— AzA"). A dual result to Lemma 36 can then be formulated with this pair. Based on this pair,
in [25] a similar result has been derived (in different terminology). A similar result for the continuous-time
case follows from [24].

If we compare Lemma 36 with Lemma 7, then we need to substitute Bg with AY, and By with I-A7 A,
respectively. Using Lemma 36 (D2), we then define the hypocontractivity index.

DEFINITION 38. For semi-contractive matrices Ay € C"*" we define the hypocontractivity index or
discrete HC-index (dHC-index) mamc as the smallest integer m € Nq (if it exists) such that (3.35) holds.

Remark 39. The hypocontractivity index is sometimes also called the norm-one indez, see [11], where
it is shown that this index is finite if and only if the spectral radius of Ay is strictly smaller than one.

Clearly, a semi-contractive matrix A, is contractive if and only if mgyc = 0. Since (3.35) is a tele-
scopic sum, we have that D,, = I — (A})"*1 AT+ and thus if a semi-contractive matrix Ay € C**" is

1 . . . . .
AzlndHC+ is contractive. Conversely, if a semi-contractive

hypocontractive with index mggc € Ny, then
matrix Ay € C"*" satisfies that A* is contractive for some m € N, then Ay is hypocontractive with index

mggc <m — 1.

The following result may be considered as a discrete counterpart of the short-time decay behavior from
Proposition 12.

THEOREM 40. Let Ay € C™™*™ be semi-contractive and hypocontractive. Its (finite) hypocontractivity
index is mggc € No if and only if

(3.36) |A%lly =1 forallj =1,...,manc, and |ATHCT ]y <1,

Proof. The spectral norm ||C||z of a matrix C € C™*", that is, the operator norm induced by the
Euclidean norm on C”, is given by [|Cll2 = max,ecn: |uw|=1 [Cw|2. If a matrix A4 is semi-contractive,
then the estimates ||[Aglls < 1 and [|A%]]2 < [|Aqll3 < 1 hold for all j € N. Thus, for vectors w € C™ with

lwl|l2 = 1, we have
(w, (Ag)]Aiiw> = <Afiw ) Agiw> = HAfin% <l=(w,w),

such that 0 < (w , (I — (A})7A%)w). Therefore, for all m € Ny,

D, = Z(Ag)j(l — ASAd)Afi —I1— (As)"l+lAZL+l >0
j=0
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Ad c (Cnxn Xk4+1 = Aka is stable

A, is hypocontractive

Xrp+1 = Agxy is asymptotically stable

AMA, <1

L0 {0 0] 00 [0 o} 1 0
0 1 At =0 00 Ay = A =1443

0’1:1

A, is semi-contractive A, is contractive

F1G. 3. Relationship between sets of matrices Ay € C™"*™ which are (hypo)contractive (circular discs), semi-contractive
(region within smaller ellipse), and those for which the discrete-time system xp+1 = Agxy is stable (region within bigger
ellipse), respectively.

and hence, the semi-contractive matrix Ay has (finite) hypocontractivity index mggc if and only if (3.36)
holds. O

We summarize the relationship between the different concepts discussed in this section in Figure 3.

3.2. Polar decomposition. In [3], a computationally feasible procedure has been presented to check
the conditions of Lemma 7 in the continuous-time case via a staircase form under unitary congruence trans-
formations. A similar procedure can be derived in the discrete-time case. It is based on polar decomposition,
see, for example, [14, Theorem 7.3.1], which is the discrete-time analogon of the additive splitting of a matrix
into its Hermitian and skew-Hermitian part:

PROPOSITION 41 (Polar decomposition). Let Agz € C"*™.

(a) There exist positive semi-definite Hermitian matrices P g, Qq € C"*" and a unitary matriz Uy €
C™*™ such that

(3.37) Ag=PyUs=UaQu .
The factors Pq, Qq are uniquely determined as Py = (AgANY/2 and Qu = (AHAL)Y2. If A, is

nonsingular, then Ug = P;lAd = Angl is uniquely determined (as well).
(b) If Ag is real, then the factors Pq, Qq, and Uy may be taken to be real.
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Consider a stable discrete-time system (3.28) with matrix A4. Hence, all eigenvalues of matrix A, have
modulus less or equal than one. Then, the polar decomposition (3.37) yields that the (largest) singular
values of Ay, Py, and Qg are the same, since AdAZ' = PdPg and ASAd = Qde.

An immediate consequence is that a matrix Ay € C™*™ with polar decomposition (3.37) is semi-
contractive if and only if the spectra of P4 and Qg (which coincide) are contained in [0, 1]. We can rephrase
the statement of Proposition 34 as follows:

PROPOSITION 42. Let Ay € C™"*"™ be semi-contractive with polar decomposition Ag = UyQq and Qg =
(AgAd)l/z. Then, Ay has an eigenvalue of modulus one (and hence A4 is not hypocontractive) if and only
if some eigenvector v of Uy satisfies v € ker(I — Q).

Proof. For the forward direction, we assume that the eigenvalue equation A v = Av holds for some A with
|A\| =1 and v € C"\ {0}. Then, Proposition 34 implies that v € ker(I— AHA,), thatis, 0 = (I—- AHA,)v =
(I4+Qq)(I—Qq)v which holds if and only if 0 = (I — Qq)v, such that 0 = Uy(I— Qq)v = Ugv — Av. Hence,
v € ker(I — Qq) is an eigenvector of Uy.

Conversely, let w be an eigenvector of Uy, that is, Ugw = Adw with |A| = 1, that satisfies (I — Qgq)w = 0.
Then 0 = Uy(I — Qu)w = dw — Agqw. d

Note that, for semi-contractive matrices A4, eigenvalues with modulus one are necessarily semi-simple.
Therefore, a semi-contractive matrix A, (with polar decomposition A; = UyQy) is hypocontractive if and
only if no eigenvector of Ay lies in the kernel of the positive semi-definite Hermitian matrix I — Qg.

Using this relationship, we formulate an analogous result to Lemma 36, in terms of matrices appearing
in polar decompositions. It follows again from Theorem 6.2.1 of [9] and Lemma 59:

LEMMA 43. Let Ay € C™ ™ be semi-contractive with polar decomposition Ag = UyQq (that is, with Uy
unitary, Qq semi-contractive Hermitian, and Q% = AYA ;). Then the following conditions are equivalent:

(D1°) There exists m € Ny such that
(3.38) rank[(I - Q7), Ui (I - Q). (Ug)" (1 - Q)] = n.

(D2’) There exists m € Ny such that

(3.39) D,, :

> (U a-qQ)huj>o.
§=0
(D3’) No eigenvector of Uy lies in the kernel of T — Q3.
(D4’) rank[AXI — U T — Q2] =n for every X € C, in particular for every eigenvalue X of UY.
Moreover, the smallest possible m € Ny in (D1°) and (D2’) coincide.
Note that (D3) and (D3’) are equivalent, due to Proposition 42 and since ker(I — Q) = ker(I — Q2).

Consequently, all conditions of the Lemmata 36 and 43 are equivalent and the smallest possible values of m
coincide.

3.3. Scaled hypocontractivity index. The analogon to the shifted hypocoercivity index is obtained
by scaling.
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LEMMA 44. Let Ay € C™*™ be a nonzero matriz, and let omax(Aqg) be the mazimal singular value of Ag4.
Then, the matriz

(3.40) Ad = (UmaX(Ad))ilAd
is semi-contractive and, if :&d 1s hypocontractive, has a discrete HC-index dec(j&d) greater than 0.

Furthermore, Ay is hypocontractive if and only if the matrices in the polar decomposition of Aq = UyQq
satisfy that no eigenvector of Qq = (A A4)'/? associated with the eigenvalue omax(Ay) is an eigenvector of
U,.

Proof. Consider the matrix ;&d(a) =07 1A, for 0 > 0. Then 0 = oyax(Ay) is the only value such that
the largest singular value of A4(o) is one, since

O At) =\ A (BA0) = /N (A AD) /0 (Ag) = 1.

Consequently, if the scaled matrix Kd is hypocontractive, then its discrete HC-index dec(./id) is greater
than 0.

To prove the final statement, we consider the polar decomposition of Ay in the form A; = U;Qq4. Then,
Ad = (Umax(Ad))’lAd has the polar decomposition Ad = Udéd with the same unitary matrix Uy, and
Qd = (0max(A4)) " 1Qqg. Due to Proposition 42, ;&d is hypocontractive if and only if no eigenvector v of Uy
is in the kernel of I — Qd. The latter is equivalent to v being an eigenvector of (Qd to the eigenvalue one, or
v being an eigenvector of Qg to the eigenvalue oyax(Aqg). ]

DEFINITION 45. Consider a nonzero matric Ay € C" ", and let omax(Aqg) be the maximal (positive)
singular value of Ay. If the semi-contractive matriz Ay = (0max(Aq)) LAy is hypocontractive with discrete
HC-index dec(./Sd), then we define the scaled hypocontractivity index or discrete SHC-index (dSHC-
index) MJ4dsHC Of Ad as mdSHC(Ad) = deC(Ad)'

In analogy to Theorem 40, we then have the following characterization when Ay has a finite scaled
hypocontractivity index.

THEOREM 46. Let Ay € C™*™ be nonzero, and let omax(Aqg) be the mazimal (positive) singular value
of Aq. If Ay has a finite discrete SHC-index mgysyc, then

(3.41) ||Afl||2 = (O’maX(Ad))j forallj=1,....mygsgc , and ||A:i”dSHC+1||2 < (Umam(Ad))mdSHCle .

Proof. We scale Ag as in (3.40) and compute the discrete HC-index magc(Ag) (> 1) of the semi-
contractive matrix Ay = (0max(Aqg)) 1Ay so that myspc(Ag) := marc(Ag). Using the scaling (3.40)
yields

(3.42) A2 = || (Fmax(Aa)Ad) ||, = (Tmax(Ad))’ [ AL]2 for all j € N.

If the semi-contractive matrix A4 has a (finite) discrete HC-index mgz ¢ (Ag) (or equivalently the discrete
SHC-index mgsmgc(Aq) of Ag is finite), then (3.41) follows from Theorem 40. O

We summarize the analogy between discrete-time and continuous-time systems in Table 1.

In this section, we have given characterizations for the concepts of stability, semi-contractivity, and
hypocontractivity for linear discrete-time systems. In the next section, we relate the continuous-time and
discrete-time concepts.
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TABLE 1
Relation between concepts for continuous-time and discrete-time systems, see also Figures 1 and 3. A(A) denotes here
the spectrum of a matriz A € C*"X™,

Properties Continuous-time system Discrete-time system
Evolution o =A.xfort>0 Trr1 = Agzy for k € Ny
Condition for R(A) <0 for all A € A(A,), A <1 for all A € A(Ay),
asymptotic stability that is, negative hypocoercive that is, hypocontractive
Matrix decomposition A.=As+ Ay polar: Ay =P, ,U; =U; Qq
Sufficient stability Ay <0, omax(Aq) <1 & A(Qq) C [0,1],
condition that is, semi-dissipative that is, semi-contractive
Kalman rank condition rank[Ag,...,((Ag)?)"Ag] rank[(I — Q2),..., (U™ (I - Q?)]
=N =N
HC-condition > (A (-Ap)AL >0 > (USYIT-Q)U) >0
j=0 j=0
Eigenvector condition  no EV of Ag in ker(A ) no EV of Uy in ker(I — Q3)

4. Transformation between discrete-time and continuous-time systems. We have seen the
close analogy between the results for the continuous-time and discrete-time case. In this section, we recall that
the typical bilinear transformations between continuous-time and discrete-time systems such as the Cayley
transformation (in fact of —A.) relate hypocoercive with hypocontractive systems (see, for example, [13]),
and semi-dissipative with semi-contractive systems (see, for example, [27]). Moreover, we show that the
Cayley transformation (of —A.) directly relates the hypocoercivity and hypocontractivity indices.

LEMMA 47. Let A. € C™*™ be a matriz such that (1.1) is (Lyapunov) stable. Then, the Cayley transform
(4.43) Agi=T+A)T-A)!
is well-defined and the following properties hold:

(i) If A, is negative hypocoercive, then Ay is hypocontractive.
(ii) If A. is semi-dissipative, then Ag is semi-contractive. Let Ay := 2(Ac.+ Al), then the matriz (I—
A.) is a bijection from ker(A ) to ker(I-AHA,). Consequently, dlm ker(Ay) = dimker(I-AHA,).

Proof. If the continuous-time system (1.1) with system matrix A is (Lyapunov) stable, then all eigenval-
ues of A, have non-positive real part and the eigenvalues on the imaginary axis are semi—simple Hence, the
matrices (I—A.), (I—AY) are invertible, and the Cayley transform Ay = (I+A.)(I—A,)~! is well-defined.

(i) If A. € C™*™ is negative hypocoercive, then all eigenvalues of A, have absolute value less than one,
hence, A, is hypocontractive.

(i) If A, € C™*" is semi-dissipative, then I — A, is positive dissipative (hence I — A is invertible). It
follows that

(4.44) I—AdAd_I—(I— o) (I+A) I+A)I-A)?
)@= A)MI— A — (14 AT+ AT - A)!
= 72(1 —Ao)” (AE + Ac)(I A
=—4I-A) "ARI-A,).
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Hence, the matrices —A gy and (I — AZ‘Ad) are related via a congruence transformation. Therefore, Ay is
semi-contractive (or equivalently, (I — AZ'Ad) is positive semi-definite) if A, is semi-dissipative.

Due to (4.44), if v € ker(A ), then (I-A.)v € ker(I-AHA,). Thus, (I-A,)ker(Ay) C ker(I-AHA,).
Conversely, if w € ker(I-AHA), then (I-A.)"'w € ker(A ). Thus, (I-A.) Tker(I-AHA,) C ker(Ap).
Altogether, (I—A,) is a bijection from ker(A ) to ker(I— AHA,), and dimker(A ) = dimker(I- AYA,).0

Remark 48. As a consequence of Lemma 47(ii), we have that rank(Ay) = rank(I — AHA ;) =: d(A,),

the defect index of Ay, see Remark 35. As a follow-up consequence (using also Theorem 51 below), we find
that the lower bound on the hypocontractivity index of Ay from [11], that is, magc(Aqg) > ”;(ﬁ‘/:)d) equals

our lower bound on the hypocoercivity index of A, that is, mpyc(A.) > %&(if).

The inverse Cayley transform leads to a similar result for the mapping from the discrete-time to the
continuous-time problem:

LEMMA 49. Let Ay € C™*" be such that xi11 = Aqzy, k € Ny is stable and that —1 is not an eigenvalue
of Agq. Then, the inverse Cayley transform

(4.45) A= (Ag-T)(A;+1)7!
is well-defined and the following properties hold.

(i) If Ay is hypocontractive, then A, is negative hypocoercive.
(it) If Aq is semi-contractive, then A, is semi-dissipative. Moreover, with Ay = 5(A.+Al), the matriz
(Ay+1) is a bijection from ker(I — AHA,) to ker(A ) and dimker(Ay) = dimker(I — AT A,).

Proof. Since —1 is not an eigenvalue of A4 then the matrices (Ag+1), (Ag+I)" are invertible, and the
inverse Cayley transform (4.45) is well-defined.

(i) If A is hypocontractive, then all eigenvalues of A, have modulus less than one; hence, all eigenvalues
of A. have negative real part. Thus, A, is negative hypocoercive.

(ii) If A4 € C™*™ is semi-contractive, then xp11 = Agxy, k € Ny is stable (due to Proposition 31). Then

Ap=1i(A.+AY)
$(Ad—D(AG+ D+ (Ag+ D) " (A; - D)
(4.46) 1 H —1
§(Ad+1) H(AG+ DN A -T) + (Ag — DAL+ 1)) (Ag + 1)

—(Ag+D) NI - AJAL(A+T)”

Thus, the matrices —Ay and (I — AE'Ad) are related via a congruence transformation, and hence Ay is
semi-contractive (or equivalently, (I — AHA}) is positive semi-definite) if A is semi-dissipative.

Due to (4.46), if v € ker(Ap), then (Ag + I)7'v € ker(I — AHA;). Thus, (Ag + I) " tker(Ay) C
ker(I — AHA ;). Conversely, if w € ker(I — AHA,), then (A4 + I)w € ker(Ay). Thus, (Ag + I)ker(I —
AHA ) Cker(Apy). Altogether, (Aq + 1) is a bijection from ker(I — AHA ) to ker(A ) which implies that
dimker(Ay) = dimker(I — AHA,). |

Remark 50. The assumption in Lemma 49 that —1 is not an eigenvalue of Ay can be relaxed by con-
sidering A. = (A4 — oI)(A4 + o)~ !, where —a € C (with |a| = 1) is not an eigenvalue of A4. Such an a
clearly exists in the complex case, but this will not work in the real case if both 1 and —1 are eigenvalues of
A, and one wants to stay within the class of real matrices.
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The Cayley transformation also gives a direct relation between the hypocoercivity and hypocontractivity
indices.

THEOREM 51. (i) Let A, € C"™™ be semi-dissipative and negative hypocoercive and let Ay =
I+ A)T— A"t Then the hypocoercivity index mgc € No of A. and the hypocontractivity
index mapc of Aq are the same, that is, mauc(Aq) = muc(Ae).

(ii) Let Ay € C™*™ be semi-contractive and hypocontractive and let A. := (Ag—1)(Aq+1)"t. Then the
hypocontractivity index maggc € No of Ag and the hypocoercivity indexr myc of A. are the same,
that is, mpc(Ac) = magc(Aq)-

Proof. (i) Due to the assumptions and Lemma 47, Ay = 2(I — A.)~! — I is semi-contractive and
hypocontractive. Thus, by Lemma 49, the inverse Cayley transform (Ay — I)(Ag +I)~! is well-defined and
satisfies (Ag —D(Ag+D) 1 =T-2(A;+1)" 1 = A..

By assumption, the matrix A. = Ay + Ag has a finite HC-index mpyc = mpc(A.) which is the smallest
integer such that, due to (2.9),

mHC

[ ker (ApAl) = {0}.

=0

Hence, there exists a vector vg € C™ \ {0} such that

(4.47) Advg € ker(Ay), j€{0,....,mpgc—1}  and A", ¢ ker(Ay) .

Thus, by Lemma 47 (ii), we obtain that

(4.48) (I— A )AJvg € ker(I— AAY) ,5€10,...,muc —1}, and (I — A )A™#y, ¢ ker(I— AHA) .

Conversely, the existence of some vy # 0 satisfying the “first part” of (4.48) with some mpyc > 1 implies
that the HC-index of A, is at least mpyc.

The matrix Ay = (I+A.)(I—A.)"! is hypocontractive with HC-index mggc := manc(Aq) € Ng. Due
to (3.35) this is the smallest integer such that

MmdaHC

(] ker ((I—AlA,A)) = {0}.
j=0

Hence, there exists a vector wg € C™ \ {0} such that
mapgc—1 )
(4.49) wo € ﬂ ker (I—-AJAG)AY) . and wy ¢ ker ((I— AlJA A e),
7=0
or equivalently, there exists wy € C™ \ {0} such that
(4.50) Awy eker(T—AYAY) ,  5€{0,...,mamc —1}  and AT Cw;, ¢ ker(I — AFA,).

Conversely, the existence of some wg # 0 satisfying the “first part” of (4.50) with some mggc > 1 implies
that the dHC-index of A, is at least mggc.

It remains to show that myc(A.) = mamc(Aqg): If mpe = 0, then A, is dissipative such that ker(Agy) =
{0}. Hence, ker(I-AHA,;) = {0} due to Lemma 47 (ii) and A, is contractive, that is, mamc = 0. Conversely,
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if marc(Aqg) = 0, then ker(I — AHA,;) = {0}. Hence, ker(Ay) = {0} by Lemma 47 (ii) and thus A, is
dissipative and mygc = 0.

If mge > 1, then let vg € C™ \ {0} satisty (4.48) with mpyc = mpc(A.). Hence,
q(A)(I— Ac)vg € ker(I— AfAY)
for all polynomials ¢ of order up to myc — 1. In particular
wo := (I— A)™ € ker(I — AYAy),
and wg # 0 since (I — A.) is regular. Also, using (4.43) we find that
Ay = (T+A) (I— A)™# Ty e ker(I— AMA) , € {0,...,manc —1}.

Hence, (4.50) implies mgpc(Aq) > mpc(Ae).

Conversely, if mggc > 1, then let wy € C™ \ {0} satisfy (4.50) with mggc = magc(Ag). Hence,

q(Ag)wg € ker(I — AgAd)

for all polynomials g of order up to mggc — 1. We define vy := (Ag+1I)™dHCwy #£ 0 since (A4 +1) is regular.
Using (4.45) and I — A, = 2(A4 +I)~! we compute

AT — Ay =2(Ag — I) (Ag + D)™matic=iLyy) € ker(I — AHAy) | j€{0,...,magc —1}.

Hence, (4.48) implies mpyc(Ac) > mamc(Aqg). Altogether, we deduce that mggc(Ag) = mpco(Ac), which
finishes the proof of statement (i).

(ii) The proof is analogous to that of (i). |

Remark 52. It was pointed out to the authors that the results presented in Lemmas 47 and 49 as well as
Theorem 51 can be proved in an alternative way by using the characterization via unobservability subspaces,
see Remark 37. The results then can be proved via Lemmas 12.3.10 and 12.2.6 of [25].

Ezample 53. Consider the continuous-time system (1.1) with the coefficient matrix

-1 0 0
0 -1 0
1 -1 0
0 0 -1

(4.51) A. =

oS O = O

which is semi-dissipative and B = — A has hypocoercivity index mgc = 2. Applying the Cayley transfor-
mation gives

1 -4 2 0
4 -1 -2 0
452 A= (I+A)I-A) =1
(4.52) a= I+ Ac)( ¢) 502 2 _1 0
0 0 0 0

which is semi-contractive and has hypocontractivity index mqmc = 2.

Unfortunately, the Cayley transform does not relate the shifted hypocoercivity index mgpyc and the
scaled hypocontractivity index mgysgyc in the same way, as the following example illustrates.
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TABLE 2
Invariance of properties of continuous-time and discrete-time systems under Cayley transformation Ag = (I 4+ Ac)(I —
A.)7! and inverse Cayley transformation Ae = (Ag —I)(Ag + 1)1

Continuous-time Discrete-time,

?dtx =A.zxfort>0 Trr1 = Agzy for k € Ny,
(asymptotically) stable (asymptotically) stable,
semi-dissipative semi-contractive,
(hypo)coercive (hypo)contractive,
muc(Ae) mapc(Aa),

Lyapunov solution P, Lyapunov solution P.

Ezxample 54. Consider the matrix
0 1 0
As=10 0 1
0 0 0

which is hypocontractive with hypocontractivity index mqggc = 2. The matrix Ay = 21&01 is not semi-
contractive, since AgAd = diag(0,4,4), but it has scaled hypocontractivity index mgsgc = 2. For the
inverse Cayley transform of A,, we obtain

-1 4 -8 -1 2 —4
A=A -TD)(Ag+D) =0 -1 4|, Ag=1]2 -1 2
0 0 -1 -4 2 -1

The eigenvalues of Ay are A = 3, A = —3 £+ /12 and hence they are simple and the shifted HC-index of
A, is mggco = 1. This example shows that 2 = mgspc(Ag) # msuc(Ae) = 1.

It is well-known, see, for example, [17, page 180], that the Cayley transformation also directly relates
the stabilizing solutions of the discrete-time and continuous-time Lyapunov equation. We summarize these
results in the following Lemma.

LEMMA 55. Let A, € C"*™ be a matriz such that (1.1) is (Lyapunov) stable and let Az = (I+ A.)(I—
A,)~t. Then P is the positive definite solution P. = P of the continuous-time Lyapunov equation

A?Pc + PcAc = _Q07

for some positive semidefinite matriz Q. if and only if P is the positive definite solution Py = P of the
discrete-time Lyapunov equation
AlPA; —Py=-Qq

for positive semidefinite Qq, where the right-hand sides are related via Qq = 2(I — AM)71Q.(I— A,)~ .
In summary, we have an almost complete analogy between the properties of continuous-time and discrete-

time systems. We summarize these invariance properties under the Cayley transformation and the inverse
Cayley transformation (if it exists) in Table 2.
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Finally, we consider the scaled Cayley transform
t to
(4.53) Ag(t) =TI+ iAc)(I - §AC) fort >0,

which can be considered as a short-time approximation of the matrix exponential for (1.1). Due to the
scaling invariance of the hypocoercivity (index) of a matrix A, € C™**™ (see Section 2.1), we readily obtain:

COROLLARY 56. Let A, € C™*" be semi-dissipative and negative hypocoercive. Then, for all t >
0, the scaled Cayley transform Ag4(t) is hypocontractive (due to Lemma 47 (i)), its dHC-index satisfies
marc(Aq(t)) = muo(Ae) = mage (due to Theorem 51 (1)), and the norms of its powers satisfy

||Ad(t)j\|2 =1foralj=1,...,mguc, and ||Ad(t)mf”’c+1||2 <1,

(due to Theorem 40).

Conclusions. In this paper, we have given a systematic analysis of different concepts related to the
stability and short-time behavior of solutions to linear constant coefficient continuous-time and discrete-
time systems. While many results for the continuous-time setting were already established in [3], we have
analyzed under which linear transformations the properties of asymptotic stability, semi-dissipativity, and
hypocoercivity stay invariant.

For linear time-invariant continuous-time systems, it is well-known that the exponential rate of the
short-time behavior of the propagator norm |le<t| is determined by the logarithmic norm of the system
matrix. In this work, we established that the shifted hypocoercivity index characterizes the (remaining)
algebraic decay of the propagator norm in the short-time regime.

For each of the continuous-time results, we have derived a corresponding result for the discrete-time
case. These include the relation between (asymptotic) stability, semi-contractivity, and hypocontractivity.
We have also introduced the new concept of shifted hypocoercivity and scaled hypocontractivity. We then
have analyzed how the properties relate under the Cayley transformation that relates continuous-time and
discrete-time systems. While the role of the hypocontractivity index (or norm-one index) in the discrete-time
setting has been recognized before, the corresponding concept—the hypocoercivity index—in the continuous-
time setting and its role has been established only recently.

Future work will include the extension of the results of [3] for linear continuous-time differential-algebraic
systems to discrete-time descriptor systems.

Appendix A. Staircase forms. In [3], a computationally feasible procedure to check the conditions
of Lemma 7 in the continuous-time case via a staircase form under unitary congruence transformations of
the pair (J,R) = (Bg,Bg) has been presented.

LEMMA 57 (Staircase form for (J,R)). Let J € C™*" be a skew-Hermitian matriz, and R € C"*"™ be
a nonzero Hermitian matriz. Then there exists a unitary matric V.€ C"*", such that VIV" and VRVH
are block tridiagonal matrices of the form
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[ Ji1 *Jg,l 0 o7 ™
Jog Jap  —JY, "2
Jek—1 e —IH 1, n
; . ; &
VIVH= , , :
Js—2,s—3 Js—2,s—2 _JSH_LS_Q TNg_o
0 o Js—l,s—2 Js—l,s—l 0 Ne_1
(A.54) | 0 0 Jss 1
S
ni Ng—2 Ns—1 Ng
[ R1 0 i nq
0 0 no
VRVH= T T
i 0 O 1 ns
n n—ny

where ny >no > -+ >ng_1 >0, ng >0, and Ry € C"" 4s nonsingular.

If R is nonsingular, then s =2 and ny = 0. For example, V =1, J; 1 =J and Ry = R is an admissible
choice.

If R is singular, then s > 3 and the matrices J;;_1, © = 2,...,5 — 1, in the subdiagonal have full row
rank and are of the form

Ji,ifl = I:Zi,i—l O] ) 7;:23"'78_ 17
with nonsingular matrices 3; ;1 € C™™, moreover ¥s_1 s_2 is a real-valued diagonal matriz.

A system (1.1) with an accretive matrix B = Bg + By is hypocoercive if ny = 0 and if this is the case
then the hypocoercivity index is mpyc(B) = s — 2.

A similar staircase form can be derived in the discrete-time case. It is based on the polar decomposition
A, =UQ), see Proposition 41.

LEMMA 58 (Staircase form for (U,Q)). Let U € C™™ be a unitary matriz, and Q € C" ™ be a
nonzero semi-contractive Hermitian matriz. Then there exists a unitary matriz V. € C™*", such that VQVH
and VUVH are block upper Hessenberg matrices of the form

[ U1 Upp Uit 0 ny

Uy Uspp Usys e Uy sy 0 N2
(A.55) VUVH=
U572,573 Usf2,572 U572,571 0 Ns—2

0 e 0 Us—l,s—2 Us—l,s—l 0 Ns—1
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[Q, o 0 0] m
0 I, O "2
vawio | G0 B |
. . . 0 In5,1 0 n871
0 0 .- .- 0 I, N

where ny >ng > --- >ng_1 >0, ng >0, and Q1 € C"™ is contractive and Hermitian.
If Q is contractive, then s =2 andny =0. Then V =1, U;; = U and Q; = Q is an admissible choice.

If Q is not contractive, then s > 3 and the matrices U; ;_1, 1 =2,...,5—1, in the subdiagonal have full
row rank and are of the form

Ujj1=[%1 0], i=2,...,s—1,
with nonsingular matrices 3; ;1 € C™"i, moreover Xs_1 s—2 is a real-valued diagonal matriz.

Proof. If Q is contractive, then n; = n and we have to choose s = 2 and ny = 0 to fit U into the
proposed structure in (A.55).
If Q is not contractive, then we have the following constructive proof.

Algorithm 1 Staircase algorithm for pair (U, Q)

Input: (U, Q)
——— Step 0 ———
1: Perform a (spectral) decomposition of Q such that

Q—V{@ﬂvi

0 I

with V; € C"*™ unitary, Ql € C™ ™ contractive and Hermitian.
2: Set V=V Q:=VvH Qvy,

U=Vl Uv, = Uir Uial
Uz Uszp
— Step 1 ———— N
3: Perform a singular value decomposition (SVD) of Us; € C(*~m1)X"1 guch that
= Se1 0
U1 =Wa, 8’1 01 v,

with unitary matrices Wy ; and Vs ; as well as a positive definite, diagonal matrix 5271 € Rm2:m2,
4: Set Vy := diag(VQH’I, W2H,1>7 V :=V,V.
5: Set
Ui | Uiz U
U := V2 U V? = 62’1 f]2)2 62,3 s
0 f33,2 63,3
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(The lines indicate the partitioning of the block matrices U and Q in the previous step.)
——— Step 2 ————

1:=3

while ni_1 > 0 or ﬁi,i—l }é 0 do

8  Perform an SVD of ﬁiﬂ-,l such that

o Yii-1 0
U;ic1=W,; ;1 l O ! O] ng‘ﬂa

with unitary matrices W; ;_; and V; ;_; as well as a positive definite, diagonal matrix im_l € Rmmi,

9:  Set V;:=diag(I,,,..., 1., ,, Vﬂi_l, WEi_l), VvV =V,V.
10:  Set
U;r U - e Uy ip1
U271 U2,2 U2,3 :
U=V, UVli=| 4 , where Uj;1 = [S;,-1 0].
: - Ui Ui Ui
0 0 Uitri Uigriga]
11:  2:=14+1
12: end while
— Step 8 ———
13: s:=1
14: fori=1,...,s do
15: for j=14,...,s do
16: Set Ui,j = ﬁ@j.
17:  end for
18: end for
19: fori=2,...,s do
20: Set Ui’ifl = ﬁiﬂ;l.
21: end for

Output: Unitary matrix V.

It is clear that Algorithm 1 terminates after a finite number of steps, either with n;_; =0 or U; ;_1 = 0.
We also note that Step 3 provides the nonzero entries of the r.h.s. of VUVH in (A.55). d

Note that Algorithm 1 can be applied to the polar decomposition P4yU,; analogously. In both cases,
it immediately follows that A, is hypocontractive if ny = 0 and the hypocontractivity index is then
deC(Ad) =s—2.

Appendix B. Equivalent hypocoercivity conditions. The following lemma is a simple generaliza-
tion of Lemma 2.3 in [4] and Proposition 1 in [1].
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LEMMA 59. Let D € C™*™ be positive semi-definite and C € C™"*"™. Then the following are equivalent:
(E1) There exists m € Ny such that
(B.56) rank[D,CD,...,C™D] =n.

(E2) There exists m € Ny such that

(B.57) ich(cH)J’ >0.
j=0

Moreover, the smallest possible m € Ny in (E1) and (E2) coincide.
Proof. First, we show that (E1) is equivalent to:

(E1’) There exists m € Ny such that

rank[D'/2, CD'/2, ..., C™D'?)| = n,

with the same m as in (E1):
(E1) holds iff the statement

z"[D,CD,...,C™D] =0 for some x € C",

that is, D(C")72 = 0 for j = 0,...,m implies = 0. Now, since ker(D) = ker(D'/2), (E1) and (E1’) are
equivalent.

Next, let (E1) hold and define
E:=[D'? CD'? .. C"D!? e Ccr(mtin,

Then,

m

c>">EE" =) c¢/D(C") >0,
j=0

has rank n and (B.57) follows.
Conversely, let (E2) hold but assume we had rank E < n. Then, 30 # z € C" with 2"E = 0. Hence,
2HE EM = 0 would contradict (B.57). 0
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