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ON THE SUM OF THE K LARGEST ABSOLUTE VALUES OF LAPLACIAN
EIGENVALUES OF DIGRAPHS*

XIUWEN YANGT, XIAOGANG LIUt, AND LIGONG WANGT

Abstract. Let L(G) be the Laplacian matrix of a digraph G and Sk(G) be the sum of the k largest absolute values of
Laplacian eigenvalues of G. Let Cf bea digraph with n+ 1 vertices obtained from the directed cycle C), by attaching a pendant
arc whose tail is on Cy,. A digraph is C;}-free if it contains no C’Zr as a subdigraph for any 2 < £ < n — 1. In this paper, we
present lower bounds of Sy, (G) of digraphs of order n. We provide the exact values of Si(G) of directed cycles and C;f-free
unicyclic digraphs. Moreover, we obtain upper bounds of Si(G) of C;f -free digraphs which have vertex-disjoint directed cycles.
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1. Introduction. Let G = (V(G), A(G)) be a digraph with vertex set V(G) = {v1,vs,...,v,} and arc
set A(G). We denote an arc from a vertex v; to a vertex v; by (v;,v;), and we call v; the tail and v, the
head of the arc (v;,v;). Let di = d(v;) be the indegree of vertex v; of G, and the indegree is the number
of arcs whose head is vertex v;. Let d;" = dg(vi) be the outdegree of vertex v; of G, and the outdegree is the
number of arcs whose tail is vertex v;. A directed walk 7 of length ¢ from vertex u to vertex v is a sequence
of vertices m: u = vg,v1,...,0¢ = v, where (viy_1,v) is an arc of G for any 1 < k < £. If u = v, then 7 is
called a directed closed walk. We use (c2(v1), c2(v2), ..., ca(v,)) to denote the directed closed walk sequence
of length 2, and let ¢ = Y7 | c2(v;) denote the number of all directed closed walks of length 2 in G. If all
vertices of the directed walk 7 of length n are distinct, then we call it a directed path and denote it by P, 1;
a directed closed walk of length n in which all except the end vertices are distinct is called a directed cycle
and is denoted by C,,. Let C;" be a digraph with n + 1 vertices obtained from C,, by attaching a pendant
arc whose tail is on C,,. A digraph is connected if its underlying graph is connected. If a connected digraph
contains only a unique directed cycle, then it is a unicyclic digraph. Throughout this paper, we consider the
digraphs without loops and multiple arcs.

Let A(G) = (aij)nxn be the adjacency matrix of a digraph G whose (i, j)-entry equals to 1 if (v;, v;) is
an arc of G, and equals to 0 otherwise. Let D (G) = diag(d},d5,...,d;}) be the diagonal outdegree matrix
of G. Let L(G) = D™ (G) — A(G) be the Laplacian matrix of G. The characteristic polynomial ¢, (¢ () of
Laplacian matrix is ¢(g)(z) = |21, — L(G)|. The roots of ¢(c)(z) are the eigenvalues of L(G), denoted by
A1, A2, ..oy Ap. Let Sk(G) be the sum of the k largest absolute values of Laplacian eigenvalues of G.

It is very interesting in theoretical chemistry to study Si(G) of graphs or digraphs. Relevant literature
can be found in [12, 13]. Up to now, there are a few results of S;(G) of digraphs. However, there are many
scholars who study the sum of the & largest adjacency eigenvalues (or Laplacian eigenvalues) of graphs. In
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[17], Mohar proved that the sum of the k largest adjacency eigenvalues of a graph is at most %(\/E + )n.
In [6], Das et al. presented a sharp upper bound on the sum of the k largest adjacency eigenvalues v; of a
graph in terms of the order n and negative inertia 6: Zle v; < %(0 +/0(k0 + k —1)). In [1], Brouwer
conjectured that the sum of the k largest Laplacian eigenvalues of a graph H is Sy (H) < e(H) + (k;'l), for
all k=1,2,...,n and e(H) is the number of edges of H. Progress on Brouwer’s conjecture can be found in
[4, 8, 11, 14, 23] and other works. Numerous research results have been obtained on the Laplacian matrix
of graphs and digraphs, as detailed in [2, 10, 22, 24, 25, 28]. In this paper, we will consider the sum of the
k largest absolute values of Laplacian eigenvalues of digraphs.

Let G be a digraph and let H be a set of digraphs. We say that G is H-free if it does not contain any
digraph in H as a subdigraph. In particular, if # = {H}, then we also say that G is H-free. A digraph is
C;f-free if it contains no C’Z as a subdigraph for any 2 < ¢ < n —1. Then, C,-free digraph does not contain
any digraph in {C5,Cf,...,C |} as a subdigraph.

In 2010, Nikiforov [20] proposed a spectral version of extremal graph theory problem (spectral Turdn
problem), that is, what is the maximal spectral radius of an H-free graph of order n? Recently, much
attention has been paid to the spectral Turdn problem. Nikiforov [18] solved the spectral Turdn problem
of K,ii-free graph. Nosal [21] established the spectral version of Mantel’s theorem: each Cs-free graph
H satisfies A\1(H) < /|E(H)|. More results about spectral Turdn problem of graphs can be found in
[5, 15, 16, 19, 26, 27]. But for digraphs, there are only a few results about spectral Turdn problem. The
maximal spectral radius of Ca-free digraphs has been proved in [3, 7]: if n is odd, the extremal tournaments
are precisely the ones that are regular, that is have indegree and outdegree "7*1 at each vertex; if n is even,
the extremal tournaments are those which are isomorphic to the Brualdi-Li tournament. The aforementioned
spectral Turan problems primarily focus on the adjacency matrix. However, our objective is to consider the
upper bound of Si(G) of Laplacian eigenvalues of C;-free digraphs.

We first define a vertex-deletion operation of digraphs used for later.

Vertex-deletion operation: Let G be a digraph with n vertices and e arcs. If G has a vertex u with
dg(u) = 0, then we delete the vertex wu.

If G has a vertex u with d(u) = 0, then the elements of the u-th column of zI,, — L(G) are all Os,
except for the diagonal element. By the properties of the determinant, we can deduce that |z, — L(G)| =
(z —d&(u)|zl,—1 — L(G")|, where G’ is a new digraph by deleting the vertex u from G. Consequently, d;(u)
is a Laplacian eigenvalue of GG, and the other Laplacian eigenvalues of G remain the same as those of G’.

The order of this paper is as follows. In Section 2, we present tight lower bounds of S,,(G) of digraphs.
In Section 3, we provide the exact values of S (C,,) of directed cycles Cy,. In Section 4, we provide the exact
values of Si(G) of C;l-free unicyclic digraphs. We also obtain upper bounds of Si(G) of C;}-free digraphs
which have vertex-disjoint directed cycles.

2. Lower bounds of the sum of the absolute values of Laplacian eigenvalues of digraphs.
In this section, we consider the lower bounds of the sum of the absolute values of Laplacian eigenvalues of
digraphs. Before proceeding, we give definitions of acyclic digraphs and directed trees. A digraph is acyclic
if it has no directed cycles. A directed tree is a connected digraph with n vertices and n — 1 arcs whose
underlying graph does not contain any cycles. An out-star [?1’”,1 with n vertices is a directed tree which
has one vertex with outdegree n — 1 and other vertices with outdegree 0, as depicted in Fig. 1. A bidirected

<>
star K1 n—1 with n vertices is a digraph which has one vertex with outdegree (and indegree) n —1 and other
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vertices with outdegree (and indegree) 1, also shown in Fig. 1.

- <>
K K

— <>
Fi1G. 1. The out-star K1,n—1 and the bidirected star K1 n_1.

LEMMA 2.1. Let G be a connected digraph with n vertices and e arcs. Then, the rank of L(G) is 1 if
—
and only if G is an out-star K1 n—1 or G is a directed cycle Cs.

Proof. Let L(G) = DT (G) — A(G) be the Laplacian matrix of G. Then, the Laplacian matrix is an n x n
matrix L(G) = (¢;5), where

df, ifi=j,
eij = —1, if (’Ui,Uj) S A(G),
0, otherwise.

We use r(L(G)) to denote the rank of L(G). Obviously, T(L(I_()'Ln_l)) = 1 and r(L(C3)) = 1. Next, we
prove the necessity.

Let 7; = (i1, lia, ... lin), where i = 1,2,... ,n. Then, r(L(G)) = 1 means that any two vectors ZWZU
are linearly dependent. That is, there are some numbers a, b which are not all zero, such that af, 4+ b¢, = 0.

So we have
L 'f‘evu:_la 27 'f‘euv:_:l?
bw=dt =4 and fpy =dt =40
0, ifly, =0, 0, ifl,, =0.
For L(G), we know d; = *Z?:Lj;éi ¢;; and £;; = 0 or —1 when ¢ # j. Since Zu,g;) are arbitrary, if
r(L(G)) = 1, only two cases hold.

Case 1. There is one vector Zu #* 0, and other vectors are null vector. Without loss of generality, let
/1 # 0. Since G is connected, we get 17 = df =n—1, 0 = —1 and {;; = di =0, where i,j = 2,3,...,n.
—
That is, G is an out-star K1 p—_1.

Case 2. There are two vectors Zu = —E_;, #* 6, and other vectors are null vector. When n > 3, it is
impossible since G is connected. When n = 2, G is a directed cycle Cs.

Hence, the rank of L(G) is 1 if and only if G is an out-star I?l,n,l or (G is a directed cycle Cs. 0

THEOREM 2.2. Let G be a connected digraph with n vertices and e arcs. Let di",d;,...,dj be the
outdegrees of vertices of G and co be the number of all directed closed walks of length 2. Then,
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The equality holds if and only if G is an out-star [_(>17n_1 or G is a directed cycle Cs.
Proof. If G :I_(Zlm_l or G = (o, then S,(G) = />, (d)% + ¢z holds. Next, we prove the necessity.

In [22], the Laplacian energy LE(G) of G is defined as LE(G) = Y., A? by using second spectral
moment. In [24], the formula of the Laplacian energy LE(G) of G is

n

LE(G) =) (df)*+c

i=1
Then, we get
Su(G) =Nl = ([ D oA =D (df)? +co
i=1 i=1 i=1
The equality holds if and only if Y"1 | [N = /Dy A2

Let A; = Re(\;) + Im()\;)e, where Re(\;) is the real part of eigenvalue \; and Im(});) is the imaginary
part of eigenvalue \;, © = v/—1. Then, |\;| = /(Re(\:))2 + (Im();))? and A? = (Re(\;))? — (Im()\;))? +
2Re(A)Im(N)e. IE Y0 [Nl = /Doy A7, we have

(Re(A))? + (Im(A)?) + 23" v/(Re(A)) + (n(3))%y/ (Re(A;))? + (Im()))?

1<J

- Z (Re(Xy))? = (Im(X;))* + 2Re(A; ) Im(\;)e) .

i=1

M=

.
Il

That is,

Z(Im(Ai))2 + > V(Re(A))? + (1111(>\z'))2\/(Re(/\j))2 + (Im(A7))? = 0.

1<J

Since (Im();))? > 0 and /(Re(\;))2 + (Im();))2 > 0 for all i = 1,2,...,n, we get Im(\;) = 0. Then,

> [Re(A;)|[Re();)| = 0.

1<j

Without loss of generality, we obtain Re(A\1) # 0 and Re()\;) =0 for ¢ = 2,...,n since G is connected. That
is, \1 = |[\1] = Re(\1) = 31, df =eand \; = 0 for i = 2,...,n. Hence, L(G) only has one nonzero

eigenvalue. Then, the rank of L(G) is 1. From Lemma 2.1, the rank of L(G) is 1 if and only if G is an

_
out-star K1 ,—1 or G is a directed cycle C5.

This completes the proof. 0

THEOREM 2.3. Let G be an acyclic digraph with n vertices and e arcs. Then, \; = d; for all i =
1,2,...,n, where \; is the eigenvalue of L(G) and dj' 1s the outdegree of vertex of G.

Proof. Any acyclic digraph admits a topological ordering, that is, an ordering of its vertices {v1, va, ..., v, }i
such that for every arc (v;,v;), we have ¢ < j. So the Laplacian matrix of acyclic digraph is an upper trian-
gular matrix. Hence, |21, — L(G)| = I"_; (z — d;). Then, \; =d; for all i =1,2,...,n. ad

THEOREM 2.4. Let G be a digraph with n vertices and e arcs. Then,

Sn(G) > e.



Electronic Journal of Linear Algebra, ISSN 1081-3810 I L

A publication of the International Linear Algebra Society
Volume 39, pp. 409-422, July 2023.

413 On the sum of the k largest absolute values of Laplacian eigenvalues of digraphs

Proof. Note that

n

Su(@) =D N[ =D N
i=1

i=1

idj =e. O
i=1

We present a class of digraphs that achieves the lower bound S, (G) = e.

<>
EXAMPLE 2.5. Let G be a digraph containing m bidirected stars K1 n,—1 which the outdegrees of vertices
e e
of Kini—1 in G are {n; — 1,1,1,...,1}, and every component of G — \J;~, Kin,—1 is acyclic. Then,
Sn(G) =e.

Proof. (i) If m = 0, then G is an acyclic digraph. From Theorem 2.3, we find the Laplacian eigenvalues
of an acyclic digraph are equal to the outdegrees of vertices of acyclic digraph, so S,(G) = Y1 d =e.

(ii)) If m = 1 and G :I?—l,n—h by a careful calculation, the Laplacian eigenvalues of f?l,n—l are n of
multiplicity 1, 1 of multiplicity n — 2 and 0 of multiplicity 1. So S,(G) =2n —2 =e.

> >
(iii) If m > 1 and G #K1,n-1, then G is a digraph containing m bidirected stars K1 ,,—1 which the

<> <>
outdegrees of vertices of K1 ,,-1 in G are {n; —1,1,1,...,1}, and every component of G — |J;~;, K1n,—1 I8
acyclic. Obviously, G does not contain any directed cycles except Co. And there must have a vertex u with
dc(u) = 0. By vertex-deletion operation, we use the following procedure:

G° =G,
1:=0;
while 3 u € V(G) s.t. dg,(u) = 0 do begin

Gl .= G — u;
i =14 1;
end.
Finally, we can get m bidirected stars with vertex-disjoint. By (i) and (ii), we have S,,(G) = e. d

To better illustrate the aforementioned class of digraphs, we provide a visual representation of a specific
digraph in Fig. 2.

F1G. 2. A digraph with the lower bound Sy, (G) = e.

LEMMA 2.6. Let G be a digraph with n vertices and e arcs. Let df,d;, ..., d} be the outdegrees of
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vertices of G and ¢y be the number of all directed closed walks of length 2. Then,

Proof. Since (Y1, df)? = Y1 (dF )2 +230,_;(dfdf) and ¢y = 27, _;(aija;:), we only need to prove

i=1"
dj'dj' > a;ja4;, where a;; is the element of adjacency matrix of G for 4,5 =1,2,...,n.

We know df = Z?Zl ai; > 0. If a;; = 0 or a;; = 0, then djd;L > 0 = ajjaj. If a;; = aj; = 1, then
df > 1 and d;r > 1, so d;ral;r > 1= a;ja;. Hence d;rdj 2 Qijagi. o

REMARK 2.7. From Theorems 2.2, 2.4 and Lemma 2.6,

So the lower bound of Theorem 2.4 is stronger than the lower bound of Theorem 2.2.

3. The sum of the k largest absolute values of Laplacian eigenvalues of directed cycles.
In this section, we determine the exact values of Si(G) of directed cycles C,. Since the Laplacian matrix

L(C,) = cire(1,-1,0,...,0) is a circulant matrix, the Laplacian eigenvalues \; of C,, is
N = <1 — cos 2m> - LSiH@,
n n

where i =1,2,...,nand ¢ = /—1.
LEMMA 3.1. (see [9]) For z € (0, 3], the following inequality holds:

1 1
= 04292 < cotr < - — =
T z 3
THEOREM 3.2. Let C,, (n > 2) be a directed cycle. Then,
4an U
Sn—1(Cp) = Sp(Cr) < — — —.
1(Cn) (Cn) < — =5~
Proof. Since \; = (1 — cos %) — sin %, where i = 1,2,...,n, we have

2mi\ C2mi\’ 2mi oomi
|Ai| = l1—cos— | + | —sin— =4/2|1—cos— | =2sin —.
n n n n

From Lemma 3.1, since \,, = 0,
LT
Sn_l(Cn)zSn(Cn)Z;2st=2cot— < — - —. |
THEOREM 3.3. Let C,, (n > 2) be a directed cycle. Let

. . . 1
sin £ 4+ sin T — sin m(z+1)
n n n

fla) =

1—cos™
n
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(i) If n is even, then

242f (”;2) —f (”_TH) —f (";k), if £ is even,
Sk(Cy) =
242f (252) — 2f (==2=1), if k is odd.
(ii) If n is odd, then
Qf("T’l)—2f(”7T’H), if £ is even,
Sk(Cp) =
2f (251) —F (572) - f(%5%), ik is odd
Proof. From the proof of Theorem 3.2, we have
[Ai| = 2sin iy
n
Since e = cosf + ¢sinf, we have
~ m * i
2sin — = nt
Z smn 21m<Ze >,
i=0 i=0
where Im(e?*) is the imaginary part of e?*. By geometric progression, we get
T r \x+1
i n -1
(65
P ent —1
Hence,
2251111 = 2Im < 67:”>
i=0 =0
1 x . x
= — (Z e%L — e_%L
L\ “ ;
=0 1=0
C(EE)T eyt
o ent —1 e nt—1
sin 7€ + sin £ — sin 7”(‘%:1)

170052
= f(x).

n

if n is even or odd.

n n

See Table 1, since sin
sequence of |\;| = 2sin

jux2
n

TABLE 1
The value range of sin 7

i (0%

sin™ 00— 1
n 2

IL
AS

is increasing on (0, 5] and decreasing on [5, n], we consider the decreasing



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 39, pp. 409-422, July 2023

IL
AS

416

X. Yang, X. Liu and L. Wang

(i) If n is even, since

. /TN (T LT n . AL n

sm(—-—):l, sm(—-n):O, s1n<—~(——z)):sm(—-(

n 2 n n 2 n
where 1 =1,2,..

., 5 — 1, we have

2=Az[>Pza] =[Ag 1l > Agaf = Azq2] > > (M = [Aaca| > [A] = 0.
Hence, we obtain the following results

If n is even and k is even, then

k1
( ‘An

+ Z P‘iﬂ‘ + Z |)‘£71|

k_q

(2 —1-1)
-9 ) 9 27
—I—Z sm —|—Z sin o
31 N g1 e
=2 25sin — — 2sin — 2sin — — 2sin —
+ Z sm Z sm + ; sin " ; Sin
n n k n k
=242 (7_1)_ —— 1) —f(==-2).
273 f<2 2 ) f(z 2)

If n is even and k is odd, then

Sk(Cn) = [Az]+2 Z [Az—i

kol

=242 Z 2sin —=——~ ( 1_i)

21

n_k=1_
2 2 .
uy
=242 g 2 —_ - E 2sin —
+ sm 2 smn
k—1
2+2f(1)2f<21>

(ii) If n is odd, since

(i ()= (o ()

where 1 = 0,1,..., 5 1, we have

2> |/\nT—1‘ = ‘)\%| > |/\%71| = |/\n;1+1‘ > > |)\1‘ = |)\n_1| > |>\n‘ =0.
Hence, we obtain the following results



Electronic Journal of Linear Algebra, ISSN 1081-3810

A publication of the International Linear Algebra Society I I
Volume 39, pp. 409-422, July 2023.

417 On the sum of the k largest absolute values of Laplacian eigenvalues of digraphs

If n is odd and k is even, then

2 n—1 _
=2 Z 2 sin ( 2 z)
i=0 n

n—1

If n is odd and k is odd, then

5t k5l
Si(Cn) = A n-l_ |+ Z p‘%—i‘
i=0 i=0
LIS k—1 ) '
n=L 9
:ZQSm ( Z smg
i=0
R a5t ngtogt
= 225111—7 ; 2Sln%1 + ;281117;: ; 251117%Z
n—1 n k n k
=2 — ——=—1) - —— = .
() -1(-5-1) -7 (5-3)
The proof is completed. 0

4. The sum of the k largest absolute values of Laplacian eigenvalues of Cj;-free digraphs.
In this section, firstly, we determine the exact values of Si(G) of C}-free unicyclic digraphs. A C; -free
digraph does not contain any digraph in {C57,C5,...,C;" |} as a subdigraph, but may contain Cs, Cs, ...,
or Cp. Let G be a Cf-free unicyclic digraph with n vertices and e arcs having only one directed cycle C,y,,
that is equivalent to G being a unicyclic digraph with n vertices and e arcs, having only one directed cycle
C,n, in which the outdegree of each vertex of C,, in G is 1.

LEMMA 4.1. Let G be a C;-free unicyclic digraph with n vertices and e arcs having only one directed
cycle Cpy. Let V(G) = {v1,va,...,un} and V(Cp,) = {v1,v9,...,0m}. Then,

N — (1—00527”) Lsm@7 ifi=1,2,....m
' di, ifi=m+1,m+2,...,n,

where \; is the eigenvalue of L(G) and d;r is the outdegree of vertex of G.
Proof. If n = m, then G = C),. The result is obvious.

If n > m, we consider the characteristic polynomial |zI,, — L(G)| of Laplacian matrix L(G). For the
C;f-free unicyclic digraph, except C,,, it is impossible to find another directed cycle. So there is at least one
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vertex with indegree 0 among the vertices vy, 41, Vm42, ..., v,. Without loss of generality, assume that there
is a vertex v, with d; = 0. By vertex-deletion operation, we use the procedure from the proof of Example
2.5. Note that the while loop stops when i = n —m. And we can get G"™ = C,,,. Then,

|33In - L(G)| = H (v — m+1)|xl L(Cm)|-
i=1
Hence, we get
27w 271 e
A = (1—cos ) esin £t ifi=1,2,...,m, 0
di, ifi=m+1m+2,...,n

THEOREM 4.2. Let G be a C -free unicyclic digraph with n vertices and e arcs having only one directed
cycle Cy,. Let di‘ = d}' =...=df =1, d;H > .- >d}b be the outdegrees of vertices of G. Let t and s be
the number of vertices with d;r > 2 and dj = 0, respectively, where i =1,2,...,n. Letp=m —1—-2 L%J

and
2+2f (mT) f (mfzy”) —f (%y) , if m is even and y is even,
F(y) 24 2f (m52) —2f (m=r), if m is even and ¥ is odd,
Yy) = .
2f (mT_l) —2f m—2y—1) , if m is odd and y is even,
2]‘(7”2_1)—f(m_Qy_Q)—f(%)7 if m is odd and y is odd.
where
: G T m(w+1)
S +sin - — sl poe
f )= 1—cos >
Then,
Z?erf-f—l d;r’ if k<t
S df + F(k—t), ift<k<t+p,
Sk(@) =t df + F(p) +k—t—p, ift+p<k<n—m-—s+p,
S m+1d +Fk—-n+m+s), fn—-m-s+p<k<n-—s—1,
S m+1d + F(m—1), ifn—s—1<k<n.
Proof. Let df =df =---=d}, =1, d} ., >+ >d} be the outdegrees of vertices of G, from Lemma
4.1, we get
N (1—c082”) Lsm@, ifi=1,2,...,m,
d;", ifi=m+1,m+2,...,n
Let t and s be the number of vertices with d;r > 2 and dj = 0, respectively, where ¢ = 1,2,...,n. Then,

there are n — ¢t — s vertices with d;‘ =1.

For G — Cy,, we know \; = df for i = m +1,m +2,...,n. Then, there are t eigenvalues with |\;| > 2,
n —m —t — s eigenvalues with |[A\;| = 1 and s eigenvalues with |A;| = 0.

For Cp,, we know |A;| = 2sin Z¢ for i = 1,2,...,m. From Table 1, we get 1 < [A;| <2 when i € (%, 32*),
0<|\| <1whenie (0,2]andie 22 m-— 1}, |)\ | = 0 when i = m. So there are 2 | 2| eigenvalues with
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0<|X\|<1,p=m—1-2]|2] eigenvalues with 1 < |A;| <2 and 1 eigenvalue with |A;| = 0. From Theorem
3.3, we also get S (Cpn) = F(k).

Hence, for Si(G), we have the following cases.

Case 1. k£ <t.
Since there are at least ¢ eigenvalues with |\;| > 2, that is, A\; = df >2fori=m+1m+2,....m+t
and df ;> >d} , > 2 we obtain S,(G) = Zznﬂ:_l di.

Case 2. t <k <t+np.

Since there are p eigenvalues with 1 < |\;| < 2 for C,,, there are t + p eigenvalues with |\;| > 1. So we
obtain

m+t m+t
= Y df +84(Cn)= > df +F(k—1).
1=m+1 i=m+1

Case 3. t+p<k<n—m-—s+p.

Since there are at least n —m —t — s eigenvalues with |\;| = 1, there are at least n —m —t —s+t+p =
n —m — s + p eigenvalues with |\;| > 1. So we obtain

m+t m+t
S df +8,(Cn)tk—t—p= > df +F@p)+k—t—p
i=m-+1 i=m-+1

Cased. n—m-—-s+p<k<n-—s-—1.

Since there are 2 {%J eigenvalues with 0 < |A;| <1 for C,,, there are 2 L%J +n—m—-s+p=n—s—1
eigenvalues with |A;| > 0. So we obtain

Se(@) = > df + Skt nemt-5(Cm) = > df + F(k—n+m+s).

i=m-+1 i=m-+1

Caseb.n—s—1<k<n.

Since there are s + 1 eigenvalues with |A;| = 0, we obtain

Zd+5m1 Zd++F —1).

i=m-+1 i=m+1

The proof is completed. 0

As an illustration of the above theorem, we give an example.

ExaMpPLE 4.3. Let G be a (Cf'o—free unicyclic digraph shown in Fig. 3. Then, the Ciro—free unicyclic
digraph G has 10 wvertices, 12 arcs, and a unique directed cycle Cg. By the proof of Lemma 4.1,

|0 — L(G)| = 2(z — 1)(x — 2)(z — 3)|zls — L(Cs)| =

So the Laplacian eigenvalues of G are {3,2,2, V3,/3,1,1, 1,0,0}.
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Fic. 3. A C'fo—free unicyclic digraph

From Theorem 4.2, if m=6,t=2, s=1 and p = 3, then

3, ifk=1,

5, if k=2,
5.(C) = 5+ F(k—2), if 2 <k <5,

5+ F(3)+k—5, if5<k<6,

6 + F'(k —3), if6<k<8,

6+ F(5), if 8 < k < 10.

Secondly, we obtain the upper bounds of Si(G) of C;-free digraphs which have vertex-disjoint directed
cycles.

THEOREM 4.4. Let G be a C}-free digraph with n vertices and e arcs having vertez-disjoint directed
cycles Cry, Crngs - .o, Crn,, where Y07 m; = m. Let dif =df = =4df =1, dj;LH > ... >db be the
outdegrees of vertices of G. Let t and s be the number of vertices with d > 2 and dj = 0, respectively,
where i =1,2,...,n. Let p=3" | (m; —1—2|2t|). Then,

S ) itk <t,

Sk(G) < S d 2k -1, ift <k <t+p,
St df 4pk—t,  ift+p<k<n—s—gq
6+(%_1)m_2§:13%m, ifn—s—q¢g<k<n.

Proof. Similar to the proof of Theorem 4.2, we get there are t eigenvalues with |\;| > 2, n—m —t —s
eigenvalues with |A;| = 1 and s eigenvalues with |\;| = 0 for G — |J{_; Crn,. And there are ) 7, 2 | %]
eigenvalues with 0 < |[X;| <1, p =37 (m; —1—2| %) eigenvalues with 1 < |A;| < 2 and ¢ eigenvalues

with |A\;| = 0 for J{_, Cy,,. Hence, for Sy (G), we have the following cases.

Case 1. k <.

Similar to the proof of Lemma 4.1, by vertex-deletion operation, we get \; = dj fori = m+1,m+2,...,n.
Since there are at least ¢ eigenvalues with |\;| > 2, that is, d;;H > e > d;"n+t > 2, we obtain Si(G) =
Zerk d+

i=m+1 % -

Case 2. t<k<t+np.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 39, pp. 409-422, July 2023.

421 On the sum of the k largest absolute values of Laplacian eigenvalues of digraphs

q
1=

Since there are p eigenvalues with 1 < |A;| < 2 for 1 Cm,, we obtain

m—+t
Se(G) < > df +2(k—t).
i=m—+1
Case 3. t+p<k<n-—s—gq.
Since there are at least n —m — ¢ — s eigenvalues with |\;| = 1, and Y7 ;2| ™| eigenvalues with
0 < |X\| <1 for UL, Cp,, we obtain
m+t m+t
SW@) < Y di+2p+k—(t+p)= Y df +p+k—t.
i=m+1 i=m+1

Cased. n—s—qg<k<n.

Since there are s + ¢ eigenvalues with |A;| = 0, from Theorem 3.2, we obtain

n q q
s 3 a3 () = (31 m- S
i=1 g ; 7

1=m-+1

This completes the proof. 0

5. Conclusion. In this paper, we obtain the lower bounds of S, (G) and consider the upper bounds
of S;(G) of digraphs. But we have only found the upper bounds of Sy(G) of C;}-free digraphs which have
vertex-disjoint directed cycles. It is challenging to study the upper bounds of S;(G) of all C;-free digraphs.
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