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RANK AND INERTIA OF SUBMATRICES OF THE
MOORE-PENROSE INVERSE OF A HERMITIAN MATRIX*

YONGGE TIANT

Abstract. Closed-form formulas are derived for the rank and inertia of submatrices of the
Moore—Penrose inverse of a Hermitian matrix. A variety of consequences on the nonsingularity,
nullity and definiteness of the submatrices are also presented.
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1. Introduction. Throughout this paper, C"™*" and C)'*™ stand for the sets
of all m xn complex matrices and all m x m Hermitian complex matrices, respectively.
The symbols A*, r(A) and #Z(A) stand for the conjugate transpose, rank and range
(column space) of a matrix A € C™*", respectively. [A, B] denotes a row block
matrix consisting of A and B. The inertia of a Hermitian matrix A is defined to
be the triplet In(A) = {i4+(A), i—(A), i0(A) }, where i+ (A), i_(A) and ig(A) are the
numbers of the positive, negative and zero eigenvalues of A counted with multiplicities,
respectively. It is obvious that r(A4) = i+(A4) +i_(A). We write A > 0 (A > 0) if
A is Hermitian positive (nonnegative) definite. Two Hermitian matrices A and B of
the same size are said to satisfy the inequality A > B (A > B) in the Lowner partial
ordering if A — B is positive (nonnegative) definite. The Moore—Penrose inverse of
A € C™ " denoted by AT, is defined to be the unique solution X of the four matrix
equations

(i) AXA=A, (i) XAX = X, (iii) (AX)* = AX, (iv) (XA)* = XA.

A matrix X € CJ"*™ is called a Hermitian g-inverse of A, denoted by A, , if it satisfies
AXA = A. Further, the symbols E4 and F4 stand for the two orthogonal projectors
(idempotent Hermitian matrices) F4 = I,,, — AAT and Fy = I,, — ATA. A well-known
property of the Moore-Penrose inverse is (Af)* = (A*)'. In particular, (AT)* = AT
and AAT = ATA if A = A*. Results on the Moore-Penrose inverse can be found, e.g.,
in [1, 2, 7.
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One of the fundamental operations in matrix theory is to partition a matrix into
block forms. Many properties of a matrix and its operations can be derived from
partitions of the matrix and their operations. A typical partitioned Hermitian matrix
is given by the following 2 x 2 form

M= [1;4* g}, (1.1)

where A € C;**™, B € C"™*™ and D € C}*". Correspondingly, the Moore-Penrose
inverse of M is Hermitian as well, and a partitioned expression of Mt can be written
as

Gy G
F_ 1 2
M {G; GS], (1.2)

where G € CJ"*™, G, € C™*™ and G3 € C;*". When M in (1.1) is nonsingular,
(1.2) reduces to the usual inverse of M.

In the investigation of a partitioned matrix and its inverse or generalized inverse,
attention is often given to expressions of submatrices of the inverse or generalized
inverse, as well as their properties. If (1.1) is nonsingular, explicit expressions of
the three submatrices G1, G2 and G3 of the inverse in (1.2) were given in a recent
paper [19]. If (1.1) is singular, expressions of the three submatrices G1, G and Gs
in (1.2) can also be derived from certain decompositions of M. Various formulas for
G1, G2 and G35 in (1.2) were given in the literature; see, e.g., [9, 13, 16, 17]. These
expressions, however, are quite complicated in general. In addition to the expressions
of the submatrices in (1.2), another important task is to describe various algebraic
properties of the submatrices in (1.2), such as, their rank, range, nullity, inertia, and
definiteness. Some previous and recent work on these properties can be found, e.g.,
in [4, 10, 11, 14, 15, 18, 19, 20, 21]. Motivated by the work on nullity and inertia
of submatrices in a nonsingular (Hermitian) matrix and its inverse, we derive in this
paper closed-form formulas for the rank and inertia of the submatrices G1, G2 and
G3 in (1.2) through some known and new results on ranks and inertias of (Hermitian)
matrices. As applications, we use these formulas to characterize the nonsingularity,
nullity and definiteness of the submatrices in (1.2).

Some well-known equalities and inequalities for ranks of partitioned matrices are
given below.

LeEMMA 1.1 ([12]). Let A € C™ " B € C™** C € C™*" and D € C**. Then,
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(a) The following rank equalities hold

r[A, B] =1r(A) +r(EaB) =r(B) +r(EgA), (1.3)
r{g — r(A) + r(CF4) = #(C) + r(AFg), (1.4)
r{g fg — r(B) + 1(C) + r(E AFc), (1.5)
A B] .

T‘[B* 0 =r[A, B]+r(B) if A>0, (1.6)

A B] 0 EsB
r{c D_:r(A)-i-r[CFA D—gATB : (1.7)

(b) The following rank inequalities hold

r(A) +7(B) +7(C) > r[g ﬁ] > r(B) +1(0), (1.8)
r(CATB)>r{é ﬂ —r[é} —r[A, B+ r(A). (1.9)

c 0

{0}.
@ T{é lfﬂ — 1(A) = AATB= B, CATA=C and D = CAB.

(c) T|:A B} =r(A)+r(B)+r(C) & Z(A)NZ(B) = {0} and Z(A*)NZ(C*) =

Note that the inertia of a Hermitian matrix divides the eigenvalues of the matrix
into three sets on the real line. Hence the inertia of a Hermitian matrix can be used
to characterize the definiteness of the matrix. The following result is obvious from
the definitions of the rank and inertia of a matrix.

LEMMA 1.2. Let A e C™*™ B e C™ ™ and C € CJ"*™. Then,

(a) A is nonsingular if and only if r(4) = m.
(b) B=0 if and only if r(B) = 0.

(c) C >0 (C <0) if and only if i+ (C) =m (i—(C)
(d) €

_ m).
0 (C<0) if and only if i_(C) =0 (i (C) = 0).
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LEMMA 1.3. Let A€ C;"*™, B € C™*™ and P € C"™*™. Then,

it (PAP*) =iy (A) if P is nonsingular, (1.10)
it (PAP*) < iy (A) if P is singular, (1.11)
A(A®TA = AT, 1(A3) =r(A), (1.12)
ie(A%) = is(A4), ix(AT) =is(A), (1.13)

. fix(A) if A>0
ir(MA) = {ijF(A) ifA<0 (1.14)
ii{; ﬁ] _ ~(B). (1.15)

Equation (1.10) is the well-known Sylvester’s law of inertia (see, e.g., [8, Theorem
4.5.8]). Equation (1.11) was given in [18, Lemma 1.6]. Equations (1.12), (1.13) and
(1.14) follow from the spectral decomposition of A and the definitions of the Moore—
Penrose inverse, rank and inertia. Equation (1.15) is well known (see, e.g., [5, 6]).

The following result was given in [18, Theorem 2.3].

LEMMA 1.4. Let A€ C;'*™, Be C™*", D € C}*", and denote

U_[A B}, v_[A B} Si=D-B*A'B.

B* 0 B* D
Then,
Zi(U) :T(B)-Fii(EBAEB), (116)
it(V)=ig(A) +iy |:B*(-)EA E;AB], (1.17)
r(B) <i+(U) <r(B) +i+(A), (1.18)
r[A, B] —iz(A) <ix(V) <r[A, B]+ix(Sa) — iz (A), (1.19)
i+(B*A'B) > i (U) — r[ A, B] +ix(A). (1.20)

In particular,

(a) If A>0, then i+ (U) =7r[A, B] and i_(U) = r(B).
(b) If Z(A) C #(B), then iy (U) = r(B).
(c) If Z#(A)NZ(B) = {0}, then i+ (U) =ir(A) +7r
() If Z(A) N #(B) = {0} and Z(B*) N #%(D) =
r(B) 4+ i+(D).
(e) i+(V) = ix(A) if and only if #(B) C #(A) and i+(D — B*ATB) = 0.

(B).
{0}, then (V) = ix(A4) +
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LEMMA 1.5. Let A € C;"*™ and B € C™*". Then,

3
3
r(B*A'B) :T[(AAB)* AOB} —r(A). (1.22)

Proof. Applying (1.12), (1.14) and (1.17) gives

.{A3 AB
Zi(

ABY 0 }_ii(A3)+ii[—B*A(A3)TAB]_ii(A)JrijF(B*ATB),

as required for (1.21). Adding the two equalities in (1.21) gives (1.22). O

2. Main results. Note that the three submatrices G1, G2 and G3 in (1.2) can
be represented as

G, =P M'P;, Go=PM'P;, Gy=P,M'P;, (2.1)

where P, = [I,, 0] and P, = [0, I,,]. Applying Lemma 1.5 to (2.1) gives the
following result.

THEOREM 2.1. Let M and M be given by (1.1) and (1.2), and denote

Wi =[A4, B] and Wy =[B", D]. (2.2)
Then,
_ [WsDW, Wi B
G =r| AP T =), (23)
_ [WiBW, W] B
r(Ga) =r| VAN TE <), (2.4)
_ o [wrAw Wy
r(Gs) —7‘_ W, 0 | r(M), (2.5)
and
_ . |WiDWy Wi
isten) =iz | MEM ) i), (26)
W{FAW, W3
Zi(G3):7’:F|: 1W ' 02} — ix(M) (2.7)
2

Hence,
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. . . ) Wy DWy W
(a) Gy is nonsingular if and only zfr[ 2W 2 01 =r(M)+m.
1
. . WsDWy Wi
(b) Gy =0 if and only zfr[ 2W 2 01 =r(M).
1

(¢) G1 >0 (Gy <0) if and only if

. | WsDWy WY . . [ WsDW, Wy
— =i_(M
i [ Wy 0 } i-(M)+m (z+ { W, 0

(d) G1 =20 (G1 <0) if and only if

i+[W;DW2 Wl*}:u(M) (i_[W;DWQ Wl*]:i_(M))'

_z'+(M)+m).

Wi 0 Wi 0
(e) G2 =0 if and only if v WlmfjlWQ W(? =r(M).
(f) Gs is nonsingular if and only ifr[Wlmjjwl M(;Q ] =r(M)+m
2
(g) G3 =0 if and only if r WlijWl m(? =r(M).

(h) Gs >0 (G5 <0) if and only if

C[wrAwy Wyl C[WrAW, Wi
_ —i (M
! { W N A G 0

(i) G 20 (G5 <0) if and only if

o [WwrAw Wy | C[WrAWL Wy
z+[ W, 0 }—H(M) (2_[ W, 0 =i (M) |.

Proof. Applying (1.21) and (1.22) to (2.1) gives

r(Gl):r:é\f;/[ M(;DF—T(M)ZTAV?E V[(/)l*}—r(M), (2.8)
T(Gz)_r:é‘f]\z M(f‘;: _T(M)_T:J‘Mf V‘(ﬂ — (M), (2.9)
T(Gg)_r:é‘j; M(f‘;: —T(M)—T:]V\[{j V‘(ﬂ — (M), (2.10)
ir(Gh1) = ZﬂFLi\f]; M(;Dl*] —ix(M) = Z$[]V\[4/13 V[gl*} — iz (M), (2.11)

istan) = iz| gl M| o0 =i [ T sson. e
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Expanding M3 gives

A Bl[wW
M? =Wy, Wy [B* D } {W;] = W} AW, + Wi BWs + W3 B*W, + W5 DWs,.
Hence,
Ly, —iWyA—-W3B*][M> Wy Im 0
0 I, Wy 0 |[—3AW, —BW, I,

[ ME—-WEAW, — WEBW, — Wi B*Wy Wi [WsDW, Wy
o Wh 0| wh 0|

Applying (1.10) to these equalities gives

[ wE) _ fwgpwe wyl o TMS WP o [WEDW, Wy
w0 ] Wi 0 Flwi o] Tl oW 0]
Substituting these equalities into (2.8) and (2.11) leads to (2.3) and (2.6). Equations
(2.5) and (2.7) can be shown similarly.
Note that
In —WiA—WiB*1[M* Wi [ L. 0
0 I, W, 0 —-DWy I,

[ M3 —WyAW, — Wi B*W, —WiDW, Wi  [WyBW, Wj
B W, o] | m 0]

Hence,

(M W) [WiBW. Wi
w0 | W, 0]

Substituting this equality into (2.9) leads to (2.4). Results (a)—(i) follow from (2.3)—
(2.7) and Lemma 1.2. O

We next obtain some consequences of Theorem 2.1 under various assumptions for
M in (1.1).

COROLLARY 2.2. Let M and MT be given by (1.1) and (1.2), and assume that
M satisfies the rank additivity condition

r(M)=r[A, Bl+r[B*, D], ie., Z(A, B]")yNZ(B*, D]*)={0}. (2.13)
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Then,
7(G1) =r(D) +r[A, B] —r[B*, D],
r(G2) =r(B),
r(Gs)=r(A)+r[B*, D] —r[ A, B],
r(G1) + r(Gs) = r(A) + r(D),
i+(G1) =ix (D) +r[A, B] —ix (M),
i+(Gs) = ix(A) +r[B*, D] — iz (M),
i+(G1) +ix(Gs) = ix(A) +ix(D

In particular, if M is nonsingular, then

r(G1)=r(D)+m—n, r(G2)=r(B), r(Gs)=r(4)+n—m,
i+(Gh) =ix(D)+m—ix (M), i+(G3) =ix(A) +n—ix(M).

Proof. Under (2.13), it follows from Lemmas 1.1(c) and 1.4(c) that
[wspwe Wy

Wi 0

. [wsDw, Wy

Tl 0

} = r(WoDW2) + 2r(W1),
} = iz (W5 DWa) +r(W1),

BDB* BD?

where the matrix W5 DW, = [ D2B* D3

] satisfies

| A R

0 I, D*B* D3 -DiB* I, 0

Hence, it follows from (1.10), (1.12) and (1.13) that

r(W3DWy) = r(D%) = r(D), ix(W3 DWa) = ix(D%) = iz (D).

233

(2.23)

(2.24)

(2.25)

Substituting (2.25) into (2.23) and (2.24), and (2.23) and (2.24) into (2.3) and (2.6),
leads to (2.14) and (2.18). Equations (2.15), (2.16) and (2.19) can be shown similarly.
Adding (2.14) and (2.16) yields (2.17). Adding (2.18) and (2.19) yields (2.20). If M
is nonsingular, then r[ A, B] = m and r[ B*, D] = n. Hence, (2.14)—(2.20) reduce to

(2.21) and (2.22). O

The three formulas in (2.21) were given in [4] in the form of nullity of matrices, and
the corresponding results are usually called the nullity theorem; see also [3, 15, 20].

Note that

i5(4) = m — 4 (4) — io(A), i5(D) = n — is(D) — io(D), ix(M) + ix(M) = m +n.
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Hence, (2.22) can alternatively be written as
it(M)=1is(D)+io(D) +is(G1) and ix(M) =i1(A) +io(A) + iL(G3).

These formulas were given in [10, 11].

COROLLARY 2.3. Let M and M be given by (1.1) and (1.2), and assume that
M satisfies

Z(A)NZE(B)={0} and Z(B*)NZ%Z(D)={0}. (2.26)

Then,
r(G1) =r(4), r(G2)=r(B), r(Gs)=r(D), (2.27)
i+(G1) = ix(4), ix(G3)=1ix(D). (2.28)

Proof. Equation (2.26) is equivalent to
r(Wh) =r(A) +r(B), r(Wa) =r(B) +r(D), r(M) =r(A) +2r(B) +r(D) (2.29)

by (1.3), (1.4) and (1.5). In this case, (2.14)—(2.16) reduce to (2.27). Also, substituting
Lemma 1.4(d) and (2.29) into (2.18) and (2.19) yields (2.28). O

COROLLARY 2.4. Let M and MT be given by (1.1) and (1.2), and assume that

r(M) = r(A). (2.30)
Then,

r(Gh) = r(A), 1(Ga) = r(B), r(Gs) = r[gi ﬂ Cr(4),  (231)

i(Gh) = is(A), is(Gs) = i:F[gi ﬂ —ir(A). (2.32)

Proof. By Lemma 1.1(d), (2.30) is equivalent to E4B = 0 and D = B*A'B,
which imply r(W7) = r(A), r(Wa) = r(B), and Z(W3) C Z(W7) by (1.3). Applying
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(1.5) to (2.3)—(2.5), and simplifying by elementary block matrix operations, produces

WiDW, W;

T(Gl)—T[ o ]—T(M)—T_

WyBW, Wi

T(Gz):r[ o }—T(M):T-

WrAW, Wy

T(Gg)—?"|: W 0 ]—T(M)

W*
o] - =i,
Wil o
7| - =rim,
A’B B

B*A? B*AB D | —r(A)

D 0
A’B B
0 0| —r(4)
D 0

0| —r(A)
0

- T(A)v

oy oo o

as required for (2.31). Applying Lemma 1.4(b) and (e) to (2.6), and simplifying by
elementary block congruence matrix operations and by (1.10), produces

WiDW, Wy

isen =ie| TP | <o) = ) i (4) = s ),

WrAW, Wi

ii(G3):i:F|: Wo 0 ]—iﬂF(M):iﬂF

as required for (2.32). O

A%  A2B B
B*A? B*AB D | —iz(A)
| B~ D 0

B
0| —ix(A)
0

0
0
0
B )
O - Z:F(A)’

COROLLARY 2.5. Let M and MT be given by (1.1) and (1.2), and assume that
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both A >0 and D > 0. Then,

T(Gl)—’l”[ A* %12)] +7r[A, B]—r(M), (2.33)
2
r(G;;)zr[g* ADB] +r[B*, D] —r(M), (2.34)
(G =rla, Bl-0n, @) =r| 2 Pl -non. e
i+(Ga) = (B, D] - i), i-(Go) =r| o D] -non. @)
Under the condition M > 0,
r(G1) =i+ (G1) =r(A) and r(Gs) =i+ (Gs) =r(D). (2.37)

Proof. If D > 0, then Wi DWs > 0 and Z(W5 DWs) = Z(W5 D). In this case,
applying (1.6) to (2.3) gives

r(Gy) = T{W%V)l% ”(/)1] _ (M) = r[WEDW, Wi ] + +(Wy) — (M)

=r[W3D, Wi ]+ r(Wy) —r(M)

=l B2 rom -,

as required for (2.33). Equation (2.34) can be shown similarly. Applying Lemma
1.4(a) to (2.6) gives

P4 (G1) =i [Wiﬁ% V?] i (M) = r(Wh) — i (M)

= r[A, B] —i_(M),

. C[wyDw, Wil . L
imten) =i | WA ] o) = gD W) - )
A BD .
_T|:B* D2:|_Z+(M)7

as required for (2.35). Equation (2.36) can be shown similarly.
If M >0, then A>0,D >0, and

o ] =5 | ron=ion,

r[A, B] =r(A), r[B*, D] =r(D).
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Hence (2.33)—(2.36) reduce to (2.37). O
We next obtain a group of inequalities for the rank and inertia of G in (1.2).

COROLLARY 2.6. Let M and MT be given by (1.1) and (1.2). Then,

r(G1) 2 max{2r[A, B] —r(M), r(D)—-2r[B*, D]+r(M)}, (2.38)
r(G1) <r(D)+2r[A, B] —r(M), (2.39)
i+(G1) = max{r[A, B] —iz(M), ix(D) —r[B*, D] +i+ (M)}, (2.40)
i+(G1) <ix(D)+r[A, B] —ig(M). (2.41)

Proof. Applying (1.8) and (2.25) gives

20(11) < r[WQMLZ,YVQ ”51] < H(WaDW3) + 2r(W3) = £(D) + 2r(W7).
1

Substituting these two inequalities into (2.3), we obtain the first part of (2.38) and
(2.39). Applying (1.9) to the first expression in (2.1), and simplifying by elementary
block matrix operations, gives

M P}
P 0
=r(D)—2r[B*, D]+ r(M),

T(Gl)zr(PlMTPl*)>r[ ] —2r[M, P+ r(M)

establishing the second part of (2.38). Applying (1.18), (1.20) and (2.25) gives

r(Wh) <ix

[W2DW2 Wl] Lig (WoDWy) +r(Wy) = ix (D) +r(Wy),

M P}
P 0
= i(D) —r[B*, D] +ix(M).

it(Gh) =i (PLMTP}) >i;[ } —r[M, Pl +iy (M)

Substituting these inequalities into (2.6) leads to (2.40) and (2.41). O

Inequalities for the rank and inertia of the two submatrices Gy and G3 in (1.2)
can be derived similarly. Setting D = 0 in Theorem 2.1, and simplifying, yields the
following result.

COROLLARY 2.7. Let

(2.42)
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where A € C7"*™ and B € C™*™, and denote its Moore—Penrose inverse by

G1 Gs
M = 2.4
1 |:G; G3:|7 ( 3)
where G1 € (C;Inxm, Gy € C™*"™ and G3 € (CZX". Then,
r(G1) = 2r[ A, B] —r(My), (2.44)
r(Ga) = r(B), 2.45)
A3 A’B B
r(Gs)=r| B*A? B*AB 0 | —r(My), (2.46)
B* 0 0
i+(G1) =r[A, B] — iz (M), (2.47)
A3 A’B B
i1(G3) =iz | B*A2 B*AB 0 | —iw(M). (2.48)
B* 0 0
Under the condition A > 0,
r(G1) =iy (G1) =r[A, B]—r(B) (2.49
r(Gs) =i_(G3) =r(A) +r(B) —r[ A, B]. 2.50)

Equalities for the rank and inertia of the submatrices in (2.42), (2.43) and their
operations, such as, A — AG1 A and A + BGsB*, can also be derived. The following
result was recently given in [18, Theorem 3.11].

THEOREM 2.8. Let My and M) be given by (2.42) and (2.43). Then,

ii(Ml) Zii(A)-i-T‘(B) —ii(A—AGlA), (2.51)
it (M) =r(M) —iz(A) —r(B)+ir(A— AGA), (2.52)
iv(My) =r[A, B] —ix(A+ BG3B™), (2.53)
ix(Mq) =r(M)—r[A, Bl+it(A+ BG3B*), (2.54)
r(My) =r(A) +2r(B) —r(A— AG,A), (2.55)
r(My) =2r[A, B] —r(A+ BG3B*). (2.56)
Hence,
(a) A> AGHA & i_(My) =1i_(A) +r(B).
(b) A< AG1A & iy (M) =iy (A) +r(B).
(c) A= AG1A & r(My) =r(A) + 2r(B)
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(d) A+ BG3B* >0 < iy (M) =r|A, B].
(e) A+ BG3B* <0 < i_ (M) =r|A, B].

In addition to (1.2), other types of generalized inverses of M can also be written
in partitioned forms. For example, we can partition the Hermitian g-inverse of M in
(1.1) as

R
B* D], |Gy Gs)

where G; € CJ"*™, Gy € C™*™ and Gg € C}*". Then, the rank and inertia of Gy,
G2 and G'3 may vary with respect to the choice of M, . In such a case, it would be of

interest to consider the maximal and minimal possible ranks and inertias of G1, G2
and Gg.

In an earlier paper [10], Johnson and Lundquist defined the inertia of Hermitian
operator in a Hilbert space, and gave some formulas for the inertias of Hermitian op-
erators and their inverses. Under this general frame, it would be of interest to extend
the results in this paper to inertias of Hermitian operators in a Hilbert space.
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