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ON EIGENVALUES OF REAL SYMMETRIC INTERVAL MATRICES: SHARP BOUNDS
AND DISJOINTNESS*

GABOR ZOLTAN FARAGO! AND ROBERT VAJDAT

Abstract. In this paper, the eigenvalue problem of real symmetric interval matrices is studied. First, in the case of 2 x 2
real symmetric interval matrices, all the four endpoints of the two eigenvalue intervals are determined. These are not necessarily
eigenvalues of vertex matrices, but it is shown that such a real symmetric interval matrix can be constructed from the original
one. Then, necessary and sufficient conditions are provided for the disjointness of eigenvalue intervals. In the general n x n
case, due to Hertz, a set of special vertex matrices determines the maximal eigenvalue and a similar statement holds for the
minimal one. In a special case, namely if the right endpoints of the off-diagonal intervals are not smaller than the absolute
value of the left ones, he concluded the vertex matrix of the right endpoints provides the maximal eigenvalue. Generalizing it,
it is shown that in the case of real symmetric interval matrices with special sign pattern, a single vertex matrix determines one
of the extremal bounds.

Key words. Real symmetric interval matrix, Interval eigenvalue problem, Eigenvalue bounds, Vertex matrix of an interval
matrix, Disjointness of eigenvalue intervals.
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1. Introduction. In many real-life problems, we encounter some kind of uncertainty which can be
measurement error, manufacturing mistake or one originating from machine representation of numbers.
Applying intervals can be one of the ways to handle these problems. Interval analysis ([9]) was proposed
in the 1960s, and it has developed dynamically since then. One of its branches, the problem of computing
the eigenvalue bounds of interval matrices, originating from the eigenvalue problem of perturbated matrices
([11]), has been studied since the 1990s. Deif ([1]) has first introduced the interval eigenvalue problem.
Then, Rohn ([10]) gave bounds for the real and imaginary parts of complex eigenvalues. Hertz ([2, 3])
proposed a formula to determine the extremal eigenvalues of symmetric interval matrices, and Jian ([8]), in
the tridiagonal case, also gave the other two exact bounds of the extremal eigenvalue intervals. Furthermore,
Hladik et al. ([5, 6, 7]) and Su et al. ([12]) introduced several algorithms to approximate the eigenvalue set.

In this paper, we give the exact eigenvalue bounds of 2 x 2 real symmetric interval matrices and study the
disjointness of eigenvalue intervals. Then in the general n x n case, we show that, concerning real symmetric
interval matrices with special sign pattern, a single vertex matrix provides one of the extremal bounds.

2. Basic notations and lemmas. First, some notations and lemmas are introduced concerning real
symmetric interval matrices and basic linear algebra.

Let A,B € R**™. Then, A < Bif a;; < b;;, 1 <i<n, 1 <j <m. Define the real square interval
matrix A and the real symmetric interval matrix A° as

*Received by the editors on July 29, 2022. Accepted for publication on November 22, 2022. Handling Editor: Froildn M.
Dopico. Corresponding Author: Gabor Zoltan Farago

fBolyai Institute, University of Szeged, Aradi Vertanuk tere 1, 6720 Szeged, Hungary (farago.gabor99@gmail.com,
vajdar@math.u-szeged.hu).


mailto:farago.gabor99@gmail.com
mailto:vajdar@math.u-szeged.hu

Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 38, pp. 803-819, December 2022.

Gabor Zoltan Farago and Robert Vajda 804

A= [A,m ={AeR™": A AcR”" A< A< A}
and
A% :={AcA:A=A"}.
Let S [A,m be an alternative notation for AS. By

1 _

the midpoint matrix of A is denoted. Next, we recall some lemmas regarding basic linear algebra.

LEMMA 2.1. A symmetric matriz A € R™*"™ has n real eigenvalues.

The eigenvalues of a symmetric matrix A € R"*" are ordered in a nonincreasing manner:
AM(A) > X(A) > -+ > A\ (A). Henceforth, the first and the last of these, namely A\;(A) and A, (A),
are called extremal eigenvalues for which the following holds.

LEMMA 2.2. max 27 Az = A\ (A) and min 2T Az = \,(A) where the matriz A is symmetric and the

llll2=1 [|lz|l2=1
vectors, for which the extrema are attained, are the corresponding eigenvectors.

Extending the notation of eigenvalues, the j-th eigenvalue set of the symmetric interval matrix A is defined
as Aj(A%) :={);(A): A€ A%} Tt is a compact interval which is stated in the following lemma.

LEMMA 2.3. A;(A5) = [A\;(AS), X, (AS)] (j = 1,...,n).

Proof. The roots of the characteristic polynomial vary continuously with their coefficients, and A® is
compact. Thus, the eigenvalue set is the union of n compact intervals. 0

3. Hertz’s theorem. In this section, Hertz’s theorem, concerning the bounds A; (AS) and A, (AS)7
is introduced. It says the maximal and minimal eigenvalue of a real symmetric interval matrix coincide with
the maximal and minimal eigenvalue of special sets of 2"~ symmetric vertex matrices, respectively. To
make this precise, the following notations are introduced.

Let V[P, Q] be the set of symmetric vertex matrices determined by the symmetric matrices P and @,
with notation,
VIP,Q] :={A € S[P,Q] : ari € {pri, qrt}}-

Let {Oi}flf denote the set of orthant pairs where orthants are paired with their opposites and are or-
dered in reverse binary order, that is, the first pair is (+,+,...,+) — (=, —,...,—) and the last one is
(+,—,...,—) = (—,+,...,+). B" stands for the n-dimensional unit sphere in Euclidean norm and let

B; == B"NO0O;, 1<i<ont

Obviously,
on— 1

B":LJB,
=1

The matrices Zi are defined as follows:
qkk ifl=k

(1) py =4 Qi if 2,2, >0, l£kandz e B, 1<i<2"}
Dkl if xpx; <0, I # Kk and x € B;
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thus, _
A e VIP,Q]

Since for a symmetric matrix A
n
(2) 2T Az = E akkx% +2 E ARITRT],
k=1 1<k<i<n

it can be noticed that

(3) A € argmax 27 Az Vzx € B;, 1<i<2or b
A€AS

Namely, Aisa symmetric vertex matrix maximizing the quadratic form in (2) for each z € B;.

Similarly, let

Dkl ifl=k
(4) ab,=pw x>0, l#£kandae B 1<i<2"!
Qi if xgx; <0, I #Fk and x € B;

thus,
A’ e V[P,Q]
and
(5) A’ € argmin 27 Az Vzx € B;, 1<i<on

A€AS

To become familiar with these notations, see Examples 5.5, 5.6 and 5.7. Next, the theorem is announced.

THEOREM 3.1 (Hertz’s theorem [2, 4]).

— s\ —

(6) AL (A7) = 1_111?2)571 A1 (A )
S\ _ : %

(7) Ay (4%) = min A (47)

4. Sharp bounds and disjointness of eigenvalue intervals of 2x2 real symmetric interval
matrices. By Hertz’s theorem, special sets of vertex matrices determine the sharp bounds A, (AS ) and
X1 (A9).

In this section, regarding 2 x 2 real symmetric interval matrices, it is proposed that for each of the
four endpoints of eigenvalue intervals, a single matrix can be chosen whose maximal or minimal eigenvalue
coincides with that. In a certain case, these are vertex matrices. Otherwise, a real symmetric interval matrix
can be constructed to do so.

In the remaining part of the section, the mutual position of eigenvalue intervals is studied. Depending
on the relative positions of the diagonal intervals and the sign of the off-diagonal intervals, necessary and
sufficient conditions are given for the disjointness of eigenvalue intervals.
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4.1. Middle bounds. In this subsection, results, regarding the endpoints Ao (AS) and A\ (AS), are
proposed. Moreover, in the remaining part of the section, the following notation is used:

ar= (o )

THEOREM 4.1.

min{ag,ca}  if by <0< by
®) X (AS) _ A2(A) if 0 < by < by where A = (Zf Z)
Ao (A) if by < by < 0 where A = (Zi Z)
and
max{ai,c1} ifby <0< by
() A (AS) _ A1(A) if 0 < by < by where A = <Zi 2) .
A (A) if by < by < 0 where A = <“1 b2>
by ¢
Proof.

(1) b1 <0< by
By determining the roots of the characteristic polynomial, which are

+ \/4b2 —c)?
>\1,2(A):a+c 2+(a 9)

(10)
where A = (¢ %) € AS, the maximum of \(A) is attained at b = 0. Furthermore,

_ a+c—+/4b% + (a — ¢)?
A2 (AS) = Arréa;‘xs)\g(A) = max 5

=max———— = = min{as, co }.

a+c—la—( {ag if ap < g
2

co ifag > ey

Similarly,
A1 (A%) = max{ay, 1}

(2)0<b1§b2

: Oy 1 a—c OXa 1 a—c : :
Since T; =3 <1 — 41)2-‘,-(0,—0)2) > 0 and 6762 =3 (1 + 4b2+(a—c)z> > 0 hold for the part1a1 deriva-

tives, the section functions of Ao(A), with respect to a and ¢, are monotone increasing. Therefore,
the maximum is obtained at ¢ = as and ¢ = ¢p. Consequently, it is enough to optimize for b and b,
maximizes. Hence,

A2 (AS) = A2(A) where A = <Zf 2) .
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Analogically,
A1 (A%) = Ay (A) where A = (‘” b1> .

by

(3) b1 <by <O
It is similar to the previous case. 0

Remark 4.2. If 0 ¢ (b1,bs), then the middle bounds are attained by vertex matrices, given in Theo-
rem 4.1. Moreover, based on (2) and (10), also the bounds in Hertz’s theorem are determined by single
well-chosen vertex matrices, one by one. These bounds are Ay (A%) = A3(A) and Ay (A%) = A\ (B) where

b b
<zl 2) if [b1] < |bo] (Z"’ 2) if [b] < |be]
C C
A= 2 ! and B = 2 2

b b '
TP i by > (bl 2P i by > (bl
b1 b1 e

If 0 € (b1, b2), then an interval matrix can be constructed whose vertex matrices determine its eigenvalue
bounds which are the same as the original one’s.

THEOREM 4.3. Let 0 € (b1,b2) and

1S _ [a17a2] [O,max{|b1|,b2}]
AT = ([O»maxﬂbﬂ,bz}} [c1, c2] )

Then, the eigenvalue bounds of A®° and AS are identical.

Proof. Based on Remark 4.2, noticing that while alternating the sign of the off-diagonal elements of a
2 X 2 matrix, the eigenvalues remain the same; we get

M (A%) = n(A) =X (A7), 2 (A7) = ha(d2) = 2 (47)
where

Al _ ( as max{|b1|,b2}> ’ A2 _ ( ai max{|b1|,b2}> )

max{|b1|,b2} C2 max{|b1|,b2} C1

By Theorem 4.1, the middle eigenvalue bounds of AS are

A (A%) = (A%) = M(43), Xz (AF) =% (A5) = da(Ay)

ap O az 0
’ ( 0 Cl) o ( 0 02) 0

Overall, some special vertex matrices of AS determine the eigenvalue bounds of AS.

where

4.2. Disjointness of the eigenvalue intervals. In the following part, the disjointness of eigenvalue
intervals of 2 x 2 real symmetric interval matrices is studied. In this aspect, necessary and sufficient conditions
are proposed.

THEOREM 4.4. If 0 € [by, bs], then the disjointness of the intervals [a1,as] and [c1, o] is necessary and
sufficient condition for the eigenvalue intervals not to overlap each other. If O ¢ [b1,bs], then the previous
condition is sufficient but not necessary.
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Proof.
(1) b1 <0< by
Necessity:
min{as, ca} = Ao (AS) <AL (AS) = max{ai,c1}
I
as < c1 Or cp < ay
I
[a1, as] and [c1, 2] are disjoint.
Sufficiency:
(M) a2 <
as < ¢ = )Tg(AS) =az, M(A%) =¢;
(H) co < ay

< ay — YQ(AS) = Cg, A1 (AS) = a1

Thus, the eigenvalue intervals are disjoint.
(2) 0<by <by
Sufficiency:
(1) a1 <as<er <co

Co — Cq <\/4b% + (U,Q 762)2
as — ay <\/4b% + (a1 761)2

Cco—cC1+as —ay <\/4b%+(a2 762)2 + \/4()%4’(&1 761)2

1 1
3 (a2 + ca — /407 + (ag — 62)2) <3 <a1 + 1+ (/463 + (a1 — 61)2>

X (45) <Ay (49)

(II) c1<ca<ar <ay

It is similar to the previous case.
(3) b1 <by <O

It is similar to the previous case.

If 0 ¢ [by, bo], then the disjointness of the diagonal intervals is not a necessary condition for the disjointness
of the eigenvalue intervals as the following example shows. Let
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Then,
2=(3 1) (@)=} (- v@)
e R
A1:<32 i) A (A7) =3+ V10

|
[\v]
|
PR
)
O
N~
>
=
/N
|
[\v)
N—
|
w
Jr
=

()
I

Therefore, due to Hertz’s theorem,

(5.

=

Ap (A7) = min{

and

Xi (A%) = max {3+ V10,3 + 5} =3+ VI0.

Furthermore, according to Theorem 4.1,

s (2 )+

))-

Az (AS) = [i (3 - \/ﬁ) 3 \/5} ~ [ — 2.2604, 0.7639)]

and

DO bl

(3+V65).

e

X (4%) = ((

Thereby, the eigenvalue intervals are

and

A (A%) = E (3 + JGE) 34+ \/E} ~ [2.7656,6.1623). 0

It has been shown before, in general, the disjointness of the diagonal intervals is not necessary. Next,
necessary and sufficient condition, regarding the endpoints of the off-diagonal intervals, is provided for the
disjointness of eigenvalue intervals, given the diagonal intervals [a1, as] and [e1, co] overlap each other.

THEOREM 4.5. If the nondegenerate intervals [ay, az] and [c1, ca] overlap each other, then

/\72(AS) < ﬁ(AS) = max(bi, —by) > \/(az - m()l(ai; cjr)(ccz:cal)(c2 _ 01).

If 0 ¢ [b1,bs) and at least one of the diagonal intervals is degenerate, then the eigenvalue intervals are
disjoint.

\/(az_al)(fzzlcfc(i_cfl)(62_61) is well-defined because the product

(a2 — a1)(ag — ¢1)(ca — a1)(ca — ¢1) is nonnegative, and the denominator is positive due to the overlap-

Remark 4.6. The expression

ping and nondegenerate diagonal intervals.
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Proof.

(1) At least one of the diagonal intervals is degenerate.
(I) 0< b1 < bg
By Theorem 4.1,

02—01§|a—62\+|a—cl\:\/(a—02)2+\/(a—01)2
co—c < \/4b%+(a—02)2+\/4b§+(a—01)2

— — /It (a—c)? VAZ + (a—c1)?
X, (a%) = CFesViTaz el arat VIE@zal_, (a)

(ii) c:=c¢1 = co

as —ay < \/4b%+(a2—c)2+\/4b%+(a1 —¢)?

— — \/4b? —c)? \/4b? —c)?
)\Q(AS):angc 21+(a2 c) <a1+c+ 21+(a1 c) :ﬁ(AS)

(II) b1 <by <0
It is similar to the previous case.
(2) The diagonal intervals are nondegenerate.
(I) 0<b <bgy
(i) The diagonal intervals touch each other.
(a) a1 <ag=rc1 <y

X (A4) <Ay (49)

az + ca — \/4b? + (az — ca)? <a1+cl—|— 4b7 + (a1 — c1)?
2

as — a1 +ca—c <\/4b% + (a1 —c1)? + \/4b% +(ag — )2 =

= \/41)% =+ (a1 — a2)2 + \/4()% + (Cl — 02)2

which holds for every b; > 0.
(b) c1 <cp=a; <as
It is similar to the previous case.
(ii) There are more than one point of intersection.
Starting from the disjointness of eigenvalue intervals, we would like to cancel the terms (a; — ¢;)? and

(CLQ — 02)2.
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Az (A7) < (A7)

az + co — 4b%—|—(a2 —02)2 <CL1 “+c1 + 4b%+(a1 —61)2
2

a2 — a1 +c2—Cp <\/4b% + (a1 — 01>2 + \/4()% + (G,Q — 02)2 /()2
(CLQ —ai1 +ca— 01)2 <8b% + (CLl — 61)2 + (a2 — 62)2+

+20/ (482 + (a1 — e1)?) (403 + (a2 — 2)?).

By
(ag—a1+02—c1)2 = ((a2—02)+02—a1 +02+(a1 —Cl)—a1)2 =
= (((a2 — 2) + (a1 — 1)) + 2(c2 — a1))” = (a1 — 1) + (a2 — e2)*+
+2(a1 — c1)(az — ¢2) +4(c2 —ar)(a1 — c1 + az — ¢2) + 4(c2 — a1)* =
= (a1 —c1)? + (ag — ¢2)? +2(a1 — ¢1)(az — ¢2) + 4(cz — ay)(ag — c1),
we get
(a1 — Cl)(ag — CQ) + 2(62 — al)(ag — Cl) — 4b% <
(11)

< @B+ (a1 — e1)?) (463 + (a2 — e2)?).

If we know which side of (11) has greater absolute value, we can decide the sign of the difference of
their squares. Next, it is proven that the absolute value of the right-hand side of (11) is greater than
the left-hand side’s. If the left-hand side is nonnegative, then it holds trivially. If it is negative, then,
because (cz — a1)(az — ¢1) > 0, the inequality

(a1 — Cl)(a2 — CQ) + 2(02 — al)(ag — Cl) — 4b% > (a1 — Cl)(ag — 02) — 4b%
holds. By

(4b§ + (ay — c1)2) (4b% + (ag — 02)2) — ((a1 —c1)(ag —¢3) — 4b§)2 =
= 16b] + (a1 — c1)?(az — c2)® + 463 ((a1 — 1) + (a2 — ¢2)?) —
(12) — (16b1 + (a1 — e1)? (a2 — c2)® — 8b3 (a1 — 1) (a2 — ¢2)) =
=467 ((a1 — c1)® + (a2 — e2)* +2(a1 — 1) (a2 — ¢2)) =
=4b} (a1 — e1) + (a2 — ¢2))* > 0,
the right-hand side of (11) is greater than the absolute value of the left-hand side. Based on (11) and
(12),
0< (4b% + (aq — 01)2) (46% + (ag — 62)2) —
— ((a1 —c1)(ag —ca) +2(az —c1)(ea —ag) — 4b%)2 = 1601+
+4b7 ((a1 — c1)® + (a2 — ¢2)?) + (a1 — e1)*(az — ¢2)*—
— ((a1 — c1)?(az — 2)® + 4(az — 1)*(c2 — a1)® + 16b1+
+4(a1 — c1)(ag — ¢c2)(az — ¢1)(ca —ay)—
— 8bi (a1 — c1)(az — c2) — 16b%(az — c1)(c2 — ay)) /4
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0 <b% ((a1 — 01)2 + (az — 02)2) — (a2 — Cl>2(02 — a1)2—
— (a1 — c1)(az — c2)(az — c1)(c2 — a1)+
+ Qbf(al — Cl)(az — CQ) =+ 41)%(0,2 — C1)(CQ — al) =
= b% ((al — 01)2 + (ag — 62)2—|—
+ 2(&1 — Cl>(a2 — 02) + 4(@2 - Cl)(CQ — a1>)—
(13) — (a2 = 1)*(e2 = a1)® = (a1 — 1) (az — e2) (a2 — e1)(c2 — a1) =
= b%((al —C1 =+ ag — 62)2 =+ 4((12 — Cl)(CQ — 0,1))—
— (CLQ — 01)(02 — al)((ag — Cl)(CQ — al) + (a1 — Cl)(ag — Cg)) =
2
=bi((az —c1) + (2 —a1)) —
— (a2 —c1)(e2 — a1)(azce + arer — ajco — azer) =
2
=b{((az —c1) + (c2 —a1))” — (a2 — e1)(c2 — ar)(az — a1)(c2 — c1).
By rearranging (13) and taking square root,
p o Va2 —ai)(az —er)(ez —ar) (e — 1)
1> .
as — a1 +c2 —Cy
The other direction of the equivalence can be proved using the previous steps.
(II) bl < b2 <0
It is similar to the previous case. |

Ezxample 4.7. Nlustrating the results of Theorem 4.5, let

e W)

Then,

\/(ag—al)(ag—cl)(CQ —al)(02 —01) - \/21(2+\/S)(1+\/S) o \/2(7+3\/5)
az —ay+ 2 — ¢ B 3+5 3445
V14465

BTV

by

@

A

2 -1 1 2 3 4

Fig. 1: Eigenvalue intervals of A® for different values of b;.
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thus, if b > 1, then the eigenvalue intervals are disjoint, otherwise they overlap each other. It can be seen
in Fig. 1.

5. Extremal eigenvalue bounds of nxn real symmetric interval matrices. In this section, the
extremal eigenvalue bounds are studied in the general n x n case. One of Hertz’s works ([3]) motivated the
achieved results. It says that in the case of a special sign pattern of an interval matrix, the vertex matrix,
whose maximal eigenvalue coincides with A; (AS )7 can be given. This can be generalized and extended to
the bound A, (AS), too.

Based on Hertz’s theorem, by calculating the extremal eigenvalues of some vertex matrices, the sharp
bounds ﬁ(AS) and X(AS) can be given. Motivated by Xin’s works ([13]), in a special case, Hertz
concluded that if the right endpoints of the off-diagonal intervals are not smaller than the absolute values of
the left ones, then the bound A1 (AS ) is the maximal eigenvalue of the matrix of the right endpoints, namely
a ([3]). This result can be generalized by utilizing the sign pattern of the midpoint matrix. It is noticed
that the orthant pairs O; (i = 1,...,2" 1) reserve the sign of the outer product xz? (z € B"). That is, if
we have two vectors from the same orthant pair, then the signs of their outer products with themselves are
identical, while if they belong to different orthant pairs, then the corresponding signs differ. It is observed
that if the sign of the midpoint matrix is similar to one of the sign patterns reserved by the orthant pairs,

then the matrix (or possibly matrices) 4™ e {Al}. L e, Can be given for which A (A%) = A\, (A]O)

holds. (ZJO maximizes in such orthant, with positive first coordinate, which has the same sign as the first
row (or column) of that certain sign pattern.) As it is shown, a similar statement holds for the bound
An (AS ) Below, in Fig. 2, all the 3 x 3 special sign patterns are illustrated and ordered in accordance with
the orthant pairs (1-black, -1-white).

=,

Fig. 2: All the special sign patterns reserved by the orthant pairs in R3*3.

THEOREM 5.1. Let

ot sign((Ac)w) ifk#1
A ifk=1

If the midpoint matriz A. of the real symmetric interval matriv A° = S[P,Q] has a special sign pattern,
except the diagonal intervals at most, that is, if S* € {me rx e H = {({1} X {:l:l}”*l)T}}, then con-

cerning the index i € {1, 2,..., 2"*1} for which Sfl € H N O;, where Sfl is the first column of S*, it holds
that

(14) X (A%) = x (A1)

Remark 5.2. In Theorem 5.1, the main emphasis is on the signs of the off-diagonal elements of the
midpoint matrix A. which can be seen in the proof.
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Remark 5.3. Theorem 5.1 says that, in the case of special sign patterns, the single A’ matrix can be
chosen which determines A; (AS )

Proof. The proof will be carried out by contradiction. Since the quadratic form 7 Az is continuous on
the compact set A% x B™; thus, it attains its maximum A (AS) for some (0 € B™ and A©) ¢ A°. Assume
that (14) is incorrect, that is

TTAT < 20T 4(0)5,(0),

where Si € HNO,; and T is the eigenvector corresponding to A; (Zl> Let S* = (sk1) and y(o) =

T
0
(311 ‘x(l , So1 .y Snl 1’51) ) , then

OTZ'O0 < 7T A'F < 2O A0 5(0) < (OTF(0)

Only the last inequality has to be proved. It is carried out by overestimating each of the addends of the

quadratic form
n

OT 400 = 30202 4 23 40202

k=1 1<k<I<n
(1) k=1
- D0 <
@) k<l
We utilize the fact that S* has a special sign pattern, that is, sx = sk15/1-
(D) sp =1
Then,
yk(o)yl(o) = Sp1 ‘xfco)’ s ’xl(o)‘ = Skl ’f;(go)’ ’zl(O)’ 20
and
‘a;l ‘ € [Pk, qrt)-
Thus,
(16) a oV < |0 | yu < guny”-
(IT) sp =—1
Then
yk(o)yl(o) = Sp1 ‘xlgo)' s ’xl(o)‘ = Ski ’x;(go)’ ’%(0)’ =0
and
'a,(d ‘ € [Pki, qril-
Thus,

(17) ag?)xk ‘akl ’yk (©) < pri y( ) ( ).
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Therefore, if si; = 1, then the right endpoint is chosen, otherwise, the left endpoint. Hence, we get the
matrix A'. By (16) and (17), we get

2OT 4020 < o (OTZ(©)

which leads to contradiction. O

Remark 5.4. If the centers of some intervals are zeros, but there is a sign pattern (or possibly more)
which coincides with S + except the zeros, then, by choosing the endpoints corresponding to this sign pattern,
we get the matrix A' which maximizes since the inequalities (15), (16) and (17) still hold. (If there are more

appropriate sign patterns, then all the corresponding matrices A maximize.)

Next, the results of Theorem 5.1 and Remark 5.4 are illustrated. For determining the sharp bounds
A1 (A%), roots of third-order polynomials are calculated. Due to complicated expressions, these are given as
Root[p, k] objects, where p is a polynomial and k is the serial number of the root according to the increasing
order, regarding real roots.

Ezample 5.5. Let

[—3,—1] (2, 3] [—2,1]
A% =1 [2,3 2,4  [-2,-1]
[—2,1] [—2,—-1] [-3,4]
Then,
1 1 -1
StF=11 1 -1,
-1 -1 1
which coincides with the second pattern of Fig. 2; thus based on Theorem 5.1, the largest eigenvalue of the
matrix
-1 3 -2
=3 4 -2
-2 =2 4

gives the sharp bound A; (AS ) It is reinforced by the fact that

1 3 1
Al=|3 4 -1 At (Zl) —Root[z® — 72? — 3z + 61,3] ~ 5.58
1 -1 4
L (-1 3 -2 .
=3 4 -2 At (Z ) —Root[z® — 72? — 9z + 40, 3] ~ 7.49
2 2 4
L1 2 .
=2 4 -2 At (Z ) —Root[z® — 72? — z + 40, 3] ~ 6.08
2 4
L[ 2 -2 )
=2 4 21 A (Z)zZerzG.lZ,
2 1 4

thus according to Hertz’s theorem,

X1 (A%) =max {2 (A) x0 (A7) a0 (7)o (31} = a0 (37).
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Example 5.6. Let

[—-3,-1] [-3,3] [—2,1]
A5 = [-3,3 2,4 [—5,5]
[—2,1] [-5,5] [—3,4]
Then,
1 0 -1
st=(o0o 1 o],
-1 0 1

thus, there are two special sign patterns that are the same as S* except the zeros. These are

1 1 -1 1 -1 -1
1 1 -1, -1
-1 -1 1 ~1

Based on Remark 5.4, the largest eigenvalues of the matrices

1 3 -2 1 -3 -2
A=|3 4 —5|andd =(-3 4 5
9 5 4 2 5 4

coincide with the sharp bound Ay (AS ) It holds since

131
A=(3 45 A (Zl) —Root[z® — 7a% — 272 + 1,3] ~ 9.76
1 5 4
103 2
=3 1 -5 M (A7) =Root[s® — 72 — 302 — 17,3] ~ 10.13
2 5 4
1 -3 1
A=(-3 4 -5 A (Z?’) —Root[z® — 7a% — 272 + 1,3] ~ 9.76
1 5 4
1 -3 2
=3 4 5 A (Z“) —Root[z? — Te? — 30z — 17, 3] ~ 10.13,
2 5 4

and by Hertz’s theorem,
X (A%) =max {2 (A)  x0 (A7) 0 (A7) a0 (1) ] = (37) =2 (2.

The following example shows that if the sign pattern of the interval matrix is general, then based merely
on it, we cannot state stronger than Hertz’s theorem.

Ezxample 5.7. Let

[—2,1] 2,4 [-2,1] [—2,1] [2,4] [-8,3
AS =1 [2,4 [-1,3 [-25]| and BS=| [2,4 [-1,3] [—2,5]
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Then, in both cases

11 -1
St=(1 1 1
11 1
Since

141

A =4 3 5 At (Zl) =Root[z® — 827 — 23z + 40, 3] ~ 9.91
15 4
1 4 2

=4 3 -2 A (Zz) —Root[z® — 822 — bz + 36, 3] ~ 8.07
2 2 4
12 1

—3 —3 1

1= 3 -2 A (A):5 (9+V5) = 5.62
1 -2 4
1 2 -2

A= 3 5 At (Z‘*) =Root[z® — 827 — 14z + 81,3] ~ 8.53
2 5 4
1 4 3

B =435 At (El) =Root[z® — 822 — 31z — 16,3] ~ 10.96
35 4
1 4 -8

B=[4 3 -2 At (EQ) =Root[z® — 822 — 652 + 120, 3] ~ 12.45
8 2 4
1 2 3

B=[2 3 -2 At (Fg) =Root[z® — 82 + 2z + 59, 3] ~ 6.07
3 2 4
1 2 -8

B' =2 3 5 A (F“) —Root[z® — 822 — T4z + 381, 3] ~ 11.55,
8 5 4

thus according to Hertz’s theorem,

A (A%) =max {n (A) a0 (A7) 0 (A7) (21 ) = 0 ()
X (B¥) = max {)\1 (El) Y (Ez) Y (Eg) A (E“)} -\ (EQ) .

Consequently, despite the fact that the modified sign patterns of the interval matrices are the same, the

and

maximizing matrices, at which the sharp bounds A; are attained, belong to different orthant pairs.

Next, we provide a theorem for the sharp bound A, (AS ) similar to Theorem 5.1.

THEOREM 5.8. Let
. sign((Ae)k) if k#1
Sp = .
-1 if k=1
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If the midpoint matriz A. of the real symmetric interval matriv A° = S[P,Q] has a special sign pattern,
except the diagonal intervals at most, that is, if ST € {fa:xT rx e H = {({71} X {:I:l}”*l)T}}, then
concerning the index i € {1, 2,..., 2"’1} for which ST, € HNO;, it holds that

(18) An (A7) = A (47).
Proof. The proof is similar to the one after Theorem 5.1. a0

Based on Theorems 5.1 and 5.8, the question arises as to what the proportion of the special sign patterns
is. In the following remark we give the answer.

Remark 5.9. Assume that the midpoints of the diagonal intervals are positive, then there are 27!
n(n—1 _
special sign patterns, and in total, we have 2 = ), concerning the bound A (AS). Thus, we get that the
proportion of special sign patterns is

on—1 1

B 2 (n-1) *
n(n2 ) 2(" )2(” )

Similarly, it is also the proportion of special sign patterns relating to the bound A, (A®). Thus, in the case
of 2 x 2 real symmetric interval matrices, all the patterns are special, consequently, for the sharp bounds
An (AS ) and A\; (AS ) we can give the two vertex matrices whose corresponding extremal eigenvalues coincide
with them. This agrees with the relevant part of Remark 4.2, and the example from the proof of Theorem 4.4
also indicates this. Furthermore, if n = 3, then half of the 8 sign patterns are special, regarding the bound
AL (AS ), which is shown in Fig. 2. The same proportion holds concerning the bound A, (AS ) However,
given a real symmetric interval matrix, both sign patterns S* and ST are special only in the 2 x 2 case. In
the 3 x 3 case, only one of them, in the n X n case, n > 3, at most one of them is special.

6. Conclusion. First, in the case of 2 X 2 real symmetric interval matrices, we determined all the
four endpoints of the eigenvalue intervals. Then, necessary and sufficient conditions were shown for the
disjointness of the eigenvalue intervals. Finally, in the general n x n case, we presented that if the interval
matrix follows a special sign pattern, then we can give the vertex matrix one of whose extremal eigenvalues
provides the sharp bound A, (AS ) or A\; (AS )

However, the study of real symmetric interval matrices still has open problems. A similar construction to
that in Theorem 4.3 and the further investigation of sign patterns and vertex matrices can lead to determine
the other two endpoints of the extremal eigenvalue intervals. Moreover, it may help characterize the other
eigenvalue intervals, and we can study their disjointness as well.
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