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THE MAXIMUM SPECTRAL RADIUS OF GRAPHS WITH A LARGE CORE*

XIAOCONG HE'!, LIHUA FENG', AND DRAGAN STEVANOVICH

Abstract. The (k+1)-core of a graph G, denoted by Cj41(G), is the subgraph obtained by repeatedly removing any vertex
of degree less than or equal to k. Ci41(G) is the unique induced subgraph of minimum degree larger than k with a maximum
number of vertices. For 1 < k < m < n, we denote Ry, j,m = Ki V (Kp—k U In_m). In this paper, we prove that Ry j m
obtains the maximum spectral radius and signless Laplacian spectral radius among all n-vertex graphs whose (k + 1)-core has
at most m vertices. Our result extends a recent theorem proved by Nikiforov [Electron. J. Linear Algebra, 27:250-257, 2014].
Moreover, we also present the bipartite version of our result.
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1. Introduction. All graphs considered in this paper are simple and undirected. Let G = (V(G), E(G))
be a graph with the vertex set V(G) and the edge set E(G). Let |V(G)| be the order of G and |E(G)| be
the size of G. Two vertices of a graph G are said to be independent if they are not adjacent. A subset I of
V(G) is called an independent set if any two vertices of I are independent in G. Let I, be an independent
set of size r. The neighborhood of a vertex v, written by Ng(v), is the set of vertices adjacent to v in G.
The degree of v is defined as the number dg(v) = |[Ng(v)|. The minimum degree of G is denoted by §(G).
If v € V(G), then G — v denotes the graph obtained from G by deleting the vertex v and all its incident
edges. If uv € E(G), then G — uv is a graph obtained from G by removing the edge uv. The null graph is
the graph whose vertex set and edge set are empty. We adopt the notation and terminologies in [3] except
as stated otherwise.

The adjacency matriz A(G) of G is an n x n matrix with the (7, j)-entry equals to 1 if vertices v; and v;
are adjacent and 0 otherwise. The largest eigenvalue of A(G) is called the spectral radius of G and denoted
by p(G). Let D(G) = diag(d(v1),d(v2),...,d(v,)) be the diagonal matrix of vertex degrees. The signless
Laplacian matriz is Q(G) = D(G)+ A(G), and we call its largest eigenvalue, denoted by ¢(G), the Q-index of
G. It is well known that A(G) (Q(Q)) is irreducible if G is connected. From the Perron—Frobenius Theorem,
if G is connected, then there is a unique positive eigenvector corresponding to p(G) (¢(G)) whose entries
sum to 1. We call this eigenvector principle eigenvector. Spectral graph theory is an important branch of
algebraic graph theory. In particular, eigenvalues of graphs are important structural invariants which have
numerous applications in quantum chemistry and theoretical chemistry. Many upper bounds on p(G) and
¢(G) have been obtained (see [4, 5, 6, 7, 8, 15, 16, 17, 18, 19] for example).

The (k+1)-core of a graph G, denoted by Ci1+1(G), is the subgraph obtained by repeatedly removing
any vertex of degree less than or equal to k. It is easy to see that Ci11(G) is the unique induced subgraph of
minimum degree larger than k& with a maximum number of vertices. Cores were introduced by S.B. Seidman
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[13] and have been studied extensively in [2]. Note that we allow Cj41(G) to be a null graph; in this case,
the graph has no subgraph of minimum degree larger than k. Graphs whose (k + 1)-core is a null graph
are referred to as k-degenerate; see [1] and [10] for recent breakthrough in extremal graph theory. For two
vertex-disjoint graphs G and H, G U H denotes the disjoint union of G and H; GV H denotes the join
of G and H, which is obtained from G U H by adding all possible edges between G and H. For instance,
K, =1,V I;. We can observe that K V I,,_ is a k-degenerate graph on n vertices.

In 2014, Nikiforov [12] proved the following results for k-degenerate graphs.
THEOREM 1 (Nikiforov [12]). If G is a k-degenerate graph of order n >k, then

p(G) < p(Ky V In_t),

equality holds if and only if G = Ky V I, _y.
THEOREM 2 (Nikiforov [12]). If G is a k-degenerate graph of order n >k, then

9(G) < q(Ki V In—),
equality holds if and only if G = Ky V I, _y.
Let 1 < k < m < n be positive integers. We denote (see Fig. 1)
R =KV (Ko U In—pm).

Clearly, the (k4 1)-core of R,, i, m has at most m vertices. In particular, when m =k or k+1, Cr11 (R k.m)
is a null graph; when m > k + 2, we can see that Cyy1(Ry, k.m) is the complete graph K,,.

Fic. 1. Graphs R, i,m and B

n,m,k"

In what follows, we generalize Nikiforov’s results on both Theorems 1 and 2.

THEOREM 3. Let G be an n-vertex graph with |Cy1+1(G)| < m. Then,

p(G) < p(Rn,k,m)y

equality holds if and only if G = Ry, jm.-
THEOREM 4. Let G be an n-vertex graph with |Cy4+1(G)| < m. Then,

Q(G) < Q(Rn,k,m)a

equality holds if and only if G = Ry, jm.-
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Recall that a graph is k-degenerate if and only if its (k4 1)-core is a null graph. Hence, G is k-degenerate
if and only if |Cy+1(G)| < k. Our results extend Theorems 1 and 2. Indeed, setting m = k in Theorem 3,
we get Theorem 1. Similarly, Theorem 4 can imply Theorem 2.

We continue our investigation on bipartite graphs. Let k£ < s < r be integers with r + s = m. We define
g p grap g
B . as the bipartite graph obtained from a bipartite graph K, ; and an independent set I,,_,, by joining

n,m,
n —m vertices of I,_,, to the same k vertices of K, s in the color class of size s (see Fig. 1).

In particular, if s = k, then B"® . = K}, ,_x. Let B ={B* | r+s=m}.

n,m,k n,m,k
Now, we present another main result, which is a bipartite version of Theorem 3.

THEOREM 5. Let G be a connected bipartite graph whose spectral radius p(G) is mazimum among all
n-vertex connected bipartite graphs whose (k + 1)-core has at most m vertices.

(1) If m <2k +1, then p(G) < p(Kk n—r) with equality if and only if G = Ki n—_.
(2) If m > 2k +2, then G € B.

COROLLARY 1. If G is a k-degenerate connected bipartite graph of order n > k, then,

p(G) < p(Kgn—k),

equality holds if and only if G = K p—p-

2. Technical lemmas. In this section, we introduce four specific graph operations, and our technique
is to employ these specific operations to make the transformed graph with larger spectral radius.

LEMMA 6 ([11]). Let M and N be two nonnegative irreducible matrices with same order. If (N);; <
(M);; for each i,j, then w(N) < u(M) with equality if and only if N = M, where u(N) and pu(M) denote
the spectral radius of N and M.

LEMMA 7 ([14]). Let u and v be two wvertices of a connected graph G. Suppose vi,va,...,v5 €
N@WN\Nw) (1 < s < d(v)), vi,vs,...,0s are different from u and x is the Perron vector. Let G* be
the graph obtained from G by deleting the edges vv; and adding the edges wv; (1 <i < s). If x, > x,, then
p(G) < p(G7).

LEMMA 8 ([9]). Let G be a connected graph and q(G) be the spectral radius of Q(G). Let u and v be
two vertices of G. Suppose v1,va,...,vs € N(v)\N(u) (1 < s <d(v)), v1,v,...,vs are different from u and
x 1is the Perron vector of Q(G). Let G* be the graph obtained from G by deleting the edges vv; and adding
the edges wv; (1 <i<s). If x, > %y, then ¢(G) < q(G*).

LEMMA 9. Let G be a connected graph. Let v be a verter of G and U,W be two vertex-disjoint sets
of V(G). Suppose v ¢ W, Ng(v) NU = U,Ng(v) N W = 0 and x is the Perron vector of A(G). Let G*
be the graph obtained from G by deleting the edge set Uycy{uv} and adding the edge set Uyecw {wv}. If
Y owet Xu <D pew Xw, then p(G) < p(G*).

Proof.
xTAGH)x  xTAG)x

x'x  x'x

2XU(Zw€W Xw — ZuGU XU)
x'x

p(G*) = p(G) =

> 0.
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If p(G*) = p(G), then x is a Perron vector of A(G*). Hence, we have

0=p(G") Y xuw—p(G) Y xu
weW weWw
= |Wlxy
> 0,

a contradiction. Hence, p(G) < p(G*). 0

3. Proof of Theorems 3 and 4. Let Qﬁ’m be the class of all n-vertex graphs whose (k + 1)-core has
at most m vertices.

Choose G € GF ,, such that p(G) is as large as possible. Order the vertices of G as follows: choose
a vertex v € V(G) with dg(v) = §(G) and set vy = v; further, having chosen vy, vs,...,v;, letting H be
the graph induced by V(G)\{v1,v2,...,v;}, choose v € V(H) with dg(v) = 6(H) < k and set v;41 = v.
Continuing the process until we obtain Ciy1(G). Since |Ciy1(G)| < m, in the ordering vy, va,. .., Up—m,
every vertex has at most k neighbors in the remaining vertices of V(G). Let Gy = G — {v1,v2,...,0p_m}.
In what follows, we shall first show that Gy is a complete graph on m vertices, and then we shall apply a
series of claims to prove that vy,...,V,_m_1,Vn_m form an independent set of G and each of these vertices

has the same neighborhood in Gjy.

First of all, we have
[E(G)| < k(n—m) +|E(Go)| < k(n —m) + (7).

By the maximality of p(G), in the ordering vy, vs,...,Un—m, every vertex has exactly k neighbors in the
remaining vertices of V(G) and Gy = K,,. Thus, we have |E(G)| = k(n —m) + (") and G is a connected
graph. Let V(Go) = {u1,ua, ..., up}. Without loss of generality, let Ng,(vn—m) = {u1,u2,...,ur} and x

be the Perron vector of A(G).
CLAM 1. vy 1Un—m ¢ E(G).

Proof. Suppose to the contrary that v,—m—10n—m € F(G). Since v,_,,—1 has exactly k neighbors in
{Vn—m} UV(Gy), there is at least one vertex in {uy,us,...,ur} nonadjacent to v,_,—1. Without loss of
generality, we may assume that v,_,,—1u1 ¢ E(G).

If x4, > xy,_,,, then let G1 = G — Vn—m—1Vn—m + Un—m—1u1. It is easy to see that G; € ij’m. By
Lemma 7, we obtain p(G1) > p(G), a contradiction. If x,,, < X,,,_, , we complete the proof according to the
following two possible cases.

Case 1. m = k.

Swap the labels of two vertices u; and v,_,,, that is, letting vy = v,_, and v,_,, = u;. Thus,
Un—m—1Un—m
¢ E(G). In the new vertex sequence vy, vs,...,VUn—m, every vertex still has exactly k neighbors in the
remaining vertices of V(G).

Case 2. m > k.

Let Go = G — U2 ({wiui} + U, {vn—mu;}. Remove the vertices vi,va,..., Up_m—1,u1 in turn,
and it is easy to see that any vertex in this sequence has at most k neighbors in the remaining vertices of
Ga. Then, we have G € GF . By Lemma 7, we obtain p(G2) > p(G), a contradiction. 0
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Recall that Ng,(vn—m) = {u1,us,...,ur}. We have the following claim.
CLAIM 2. Ng,(Un—m—1) = {u1,ua, ..., up}.

Proof. Suppose to the contrary that Ng,(vn—m-1) # {u1,us2,...,ur}. Since v,_,,—1 has exactly k
neighbors in {v,_, } UV(Gp), by Claim 1, there is at least one u; (i > k) adjacent to vy,_y,—1. Without loss
of generality, assume that v,—;,—1u1 ¢ E(G) and vy—pm—1uk+1 € E(Q).

If X, > Xy, then let G35 = G — vy_ym_1Ug41 + Vp—m—1u1. It is easy to see that G3 € g’gvm. By
Lemma 7, we obtain p(G3) > p(G), a contradiction.

If X, < Xyyyys thenlet Gy = G — v _u1 + Vg1 It is easy to see that Gy € Qﬁm. By Lemma 7,
we obtain p(G4) > p(G), a contradiction. O

CLAIM 3. {Un—m,VUn—m—1,VUn—m—2} i an independent set.

Proof. Suppose vp_m—2Un—m € E(G). Since v,_,_o has exactly k neighbors in {v,—m—1,0n—m} U
V(Gy), without loss of generality, we may assume that v, _,—su1 ¢ F(G).

If xy, > xy,_,,, then let G5 = G — Vp—m—2Un—m + Un—m—2ui. It is easy to see that G5 € thm. By

Lemma 7, we obtain p(G5) > p(G), a contradiction.

If xy, <Xo,_,.,1let Go =G — u1vp—m—1+ Vn—mUn—m—1. We have Gg € g,’j)m. By Lemma 7, we obtain
p(Gg) > p(G), a contradiction. Similarly, we have vy,_pm—2Vn—m—1 ¢ E(G). |

CLAM 4. Ng,(Un—m—2) = {u1,ua, ..., up}.

Proof. Suppose to the contrary that Ng,(vn—m—2) # {u1,us,...,ur}. Since v,_,,—o has exactly k
neighbors in {v,—m—1,Vn—mt U V(Gp), by Claim 3, there is at least one u; (i > k) adjacent to v,_p,—a.
Without loss of generality, assume that v,—,,—ou1 ¢ E(G) and vy—m—oug+1 € E(G).

If xu, > Xy, then let G7 = G — vp_pm_2Upq1 + Vp_m_2u;. We have G7 € Qﬁ’m. By Lemma 7, we
obtain p(G7) > p(G), a contradiction.

If Xy, < Xy, then let Gg = G — vp_mus + Vp_nugs1. We have Gy € Qﬁ,m. By Lemma 7, we obtain
p(Gs) > p(G), a contradiction. O

By Claims 14, we have {vy,—m, Un—m—1,Un—m—2} is an independent set and

NGO (Un—m) = NGO(Un—m—l) = NGO (Un—m—Q) = {u17u27 o ,Uk}.
Next, assume that N; = {vp_m, Vn—m—1," " ,vn_m_(i_l)} is an independent set for some 3 < i < n —m,
and Ng,(Vp—m—j;) = {u1,us, - ,u} for 0 < j <i—1. In the following, we prove N;11 = N; U {vp_p—;} is
an independent set and Ng, (Vn—m—i) = {u1, w2, -, ug}.

Assume N;i1 = N; U {vy_m—;} is not an independent set. Without loss of generality, we may assume

Un—m—iVn—m € E(G). Since v, _p,—; has exactly k neighbors in {v,_p—(i—1), " s Vn—m—1,Vn—m} U V(Go),
Un—m—i 18 not adjacent to all vertices of {uy,usa,...,ur}. Without loss of generality, assume v,_,,_;u; ¢
E(G).

If x,, > X%y, ,,, then let Gog = G — Vp—y—iVn—m + Vn—m—it1. We have Gg € Qﬁ,m. By Lemma 7, we
obtain p(Gg) > p(G), a contradiction.
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If xu, < Xp,_,., let Gio = G — u1Vpn—m—1 + Un—mUn—m—1. We have Gig € g’g’m. By Lemma 7, we
obtain p(G10) > p(G), a contradiction. Similarly, we have vy, —iVp—m—; € E(G), for 1 < j <i—1. Thus,
Nit1 = N; U{vp_m—i} is an independent set in G.

Assume Ng,(Un—m—i) # {u1,us,- - ,ur}. Without loss of generality, assume v,_,—;u1 ¢ E(G) and
Un—m—itukt1 € BE(G). If x4, > Xy, ,,, thenlet G113 = G —vp_ iUk 1+Vn—m—iu1. We have G1; € Q’;ym. By
Lemma 7, we obtain p(G11) > p(G), a contradiction. If x,, < Xy, ,, thenlet Gio = G—vp_m U1 +Vp—mUpy1-
We have G12 € Gf ,,,. By Lemma 7, we obtain p(G12) > p(G), a contradiction.

Performing the above process, since V(G) is a finite set, we will obtain that {vn—m,Vn—m—1, -+ ,v1} is
an independent set and

NGU('Unfm) - NGo(vnfmfl) == NGO(Ul) = {u17u27~ .. 7uk:}-

Thus, G = Ry, k,m. Therefore, our result holds. [J

Proof of Theorem 1 Suppose G is a graph with maximum spectral radius among the set of k-
degenerate graphs of order n > k. Note that G is k-degenerate if and only if |Cr41(G)| < k. Letting m = k,
by Theorem 3, we obtain G = Ry, ;, ;. U

By Lemmas 6 and 8, and performing the same graph transformations as in the proof of Theorem 3, we
may obtain Theorems 4 and 2.

4. Proof of Theorem 5. Let thm be the class of all n-vertex connected bipartite graphs whose
(k + 1)-core has at most m vertices.

Choose G € BE
have a vertex sequence v1,vs,...,U,_m, such that, in the ordering, every vertex has at most k neighbors in
the remaining vertices of V(G). Let Go = G — {v1,v2, ..., Un—m}. Then, by the maximality of p(G), Gy is a
complete bipartite graph. Assume G = (X,Y) and Gy = (Xo, Yp) with Xy € X and Yy C Y. Let x be the

Perron vector of A(G).

REMARK 1. Ifm < 2k+1, then G is k-degenerate. Hence, V(Ciy1(G)) = 0 and we have Bf o, = B | =
Bﬁ,z == 32,2k+1'

such that p(G) is as large as possible. Similarly, as in the proof of Theorem 3, we

By Remark 1, in the following, assume m > 2k + 1.

CLAM 5. | Xy, |Yo| > 0.

Proof. If | Xo| = 0, then |Yo| = m > 2k + 1 and Gy = Y} is an independent set. We claim that for any
1 <i# j <n—m,either Ny,(v;) € Ny,(v;) or Ny,(vj) € Ny, (v;). Otherwise, there exist u € Ny, (v;)
and w € Ny, (v;) such that uwv; ¢ E(G) and wv; ¢ E(G). Without loss of generality, let x,, > x,,. Clearly,
G —wvj +uv; € B) . By Lemma 7, p(G — wv; +uv;) > p(G), a contradiction.

Since |Ny, (v;)] < k (1 <i <n —m), we can conclude that ‘U1<i<n—m Ny, (vl)’ < k. Since |[Yo| =m >
2k + 1, there are at least k& + 1 isolated vertices of G in Yy. Hence, G is disconnected, a contradiction.
Similarly, by the symmetry of X, and Yj, we also have |Yy| > 0. O

CLAIM 6. If m > 2k + 1 and at least one of Xy and Yy is less than or equal to k, then G = Kj, p—.
Proof. Note that Ky ,—i € BE _and if we delete n — m vertices of K n—r, with degree k, then the

n,m

remaining subgraph is Ky, ,,,—x with one color class of size k. By the maximality of p(G), we have p(G) >
(K n—r). Without loss of generality, assume |Xo| < k.
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Case 1.If | Xy| < k and v,,—p,, € X, by the maximality of p(G), then | Ny, (vn—m )| = k. Since |Yo| > k+2,
there is a vertex u € Yy nonadjacent to v,_,,. Let G* = G + uv,_,,. Since any vertex in the sequence
V1,V2, ..., Un—m—1,u has at most k neighbors in the remaining vertices of G*, we have G* € B’fb,m and
Xo U{vp—m} is a color class of G* — {v1,va,...,0n—m—1,u} with size at most k. By Lemma 6, we have
p(G*) > p(G), a contradiction.

Case 2. If | Xy| < k and v,_y, € Y, by the maximality of p(G), then Nx,(vn—m) = Xo. We will
prove v; € Y for any 1 < j < n —m. Suppose to the contrary that there is a vertex v,_m—; € X.
We choose vy, —m—; € X such that {vn_m,Vn—m—1,..,Vp—m—(i—1)} € Y. Since |[Yo| > k + 2, there is
a vertex u € Yy nonadjacent to v,_.,,_;. Let G* = G + wv,_,m_;. Since any vertex in the sequence
V1, V2, s Up—m—(i+1)s Un—m—(i—1)» - - - » Un—m, ¥ has at most k neighbors in the remaining vertices of G*, we
have G* € Bﬁ’m and Xo U {vp_m—i} is a color class of G* — {v1,..., Un_p—(i41)s Un—m—(i—1)> - - s Vn—m, U}
with size at most k. By Lemma 6, we have p(G*) > p(G), a contradiction. Thus, G = K|x,|n—|x, and
p(G) < p(Ky n—r), a contradiction.

Case 3.If | Xy| = k and v,_,,, € X, we claim that v; € X for any 1 < j < n—m. Suppose to the contrary
that thereis a v, _p,—; € Y. We choose vy, —; € X such that {vn—m, Vn—m—1,- -+, Vn—m—@i—1)} C X. By the
maximality of p(G), we have | Ny, (vn—m)| = k; Ny,(Vn—m) = Ny, (Un-m-1) = - -+ = Ny, (Vp—m—(i—1)) and
Un—m—q has exactly k neighbors in XoU{vn—m,VUn—m—1,--+,Vn—m—(i—1)}. We claim that v, _,_; is adjacent
to all k vertices of Xy. Otherwise, there is a vertex v, _,,_y adjacent to v,_,,_;, where 0 < ¢’ < i — 1. Let
z be a vertex of X nonadjacent to v, ;.

o If x, <x, let

n—m—i’?

G*=G - U {zy} + U {Yvn—m—ir }-

YEY0, YUy i E(G) YEY0, YUy i E(G)

Since any vertex in the sequence vy, ..., Vy_m—(i'41), Un—m—(i’—1)» - - - » Un—m, # has at most k neigh-
bors in the remaining vertices of G*, we have G* € Bf .. By Lemma 7, we have p(G*) > p(G), a
contradiction.

o If x, > x, _
V1,02, ..., Un_m has at most k neighbors in the remaining vertices of G*, we have G* € Bﬁ,m' By
Lemma 7, p(G*) > p(G), a contradiction.

s let G* = G — Vp_m—i'Vn—m—i + 2Up_m—_i. Since any vertex in the sequence

m

Hence, v;,—m—; is adjacent to all k vertices of Xo. Similarly, if v,,_,,_;+1) € Y, we also have v, _p, _(i41)
is adjacent to all k vertices of Xo. If v,,_p,_(i11) € X, we claim that vy, _p,—(i41)Vn—m—i ¢ E(G). Otherwise,
there is a vertex w € Ny, (vn—m) nonadjacent to v, _p,—(iy1y. If X0 < Xy, let G* = G — wv,_p +
Un—mUn—_m—¢. Since any vertex in the sequence v, ... y Un—m—(i4+1)s Un—m—(i—1)» - - - » Un—m Un—m—i has at
most k neighbors in the remaining vertices of G*, we have G* € B .. By Lemma 7, we have p(G*) > p(G),
a contradiction. If x,, > x,,_, _;, let G* = G — vy (i41)Vn—m—i + WV_m_(i41). Clearly, G* € Bfl’m.
By Lemma 7, we have p(G*) > p(G), a contradiction. Hence, vy_p—(i+1)Vn-m—i ¢ E(G) and vy, _p_(it1)
is adjacent to exactly k vertices of Yy. By the maximality of p(G), we have Ny, (vy,—m—(i+1)) = Nyy (Vn—m)-
Recursively, we obtain G is isomorphic to G’ (see Fig. 2).

If x, < x, for any € Xy and y € Ny, (vn—m), let

G =G - U {xvn—m—i} + U {yvn—m—i}-

zeXo YENyy (Vn—m)
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Clearly, G* € Bf ,,. By Lemma 9, we have p(G*) > p(G), a contradiction. Hence, x, > x,, for any z € X
and y € Ny, (Vp—m). Let

G'=G- U {yvn—m} + U {zvp—m}.

YENY, (Vn—m) z€Xo

Clearly, G* ¢ thm. By Lemma 9, we have p(G*) > p(G), a contradiction.

Hence, v; € X for any 1 < j <n —m. By a direct calculation, we have

p(G) = g\/(kn —k2) +/(kn — k2)2 — 4k2(n — m)(m — 2k).

It is easy to see that p(G) < \/k(n — k) = p(Kk n—r), a contradiction.

Case 4. If | Xo| = k and v,,—,, € Y, by the maximality of p(G), v,—_., is adjacent to all vertices of Xj.
We claim that v; € Y for any 1 < j < n —m. Suppose to the contrary that there is a v,—;m—; € X. We
choose v,y i € X such that {vn—m, Vn—m-1,-, Vn—m—@—1)} S Y. Then, vn_m,Vn_m—1,. -, Vp_m—(i—1)
are adjacent to the k vertices of Xy. Assume v,_,,_; has exactly s neighbors in Yy, k — s neighbors
in {vn—m,Vn—m-15-+,Vn—m—(i—1)}, where 0 < s < k. Let uy,ug,...,u_(4—s) be the i —k + s vertices
in {Vn—m,Un-m—1,--+,Vn—m—(i—1)} nonadjacent to v, _m_;. Let yi,y2,...,yp—s be k — s vertices in Yp
nonadjacent to vp_m—i. Then, vi, ..., Vp_m_(ig41), Uls -+ Ui (k—s)> Y15 - - - » Yk—s, Un—m—i 1S & Vertex sequence
in which any vertex has at most k neighbors in the remaining vertices of G. Note that v,,_,,_; is the finally
deleted vertex in the above vertex sequence. Since v,_,,—; € X, similarly as in Case 3, we can prove
p(G) < p(Ky n—r). Hence, v; € Y for any 1 < j <n —m. Thus, G = Ky, ,,—k. 1]

F1G. 2. Graph G’ in the proof of Claim 6.

Cram 7. If | Xol, |Yo| > k, then G = B>® . for some integers r,s with s > k.

n,m,k

Proof. Without loss of generality, assume v,,_,, € X. We proceed with the following two cases.
Case 1. v,,__1 €Y.

o Ifv,_,m_o €Y, we claim that v,_,,—2 and v, _,,—1 have exactly the same neighbors in {v,,—, } U Xj.
Otherwise, since both v, and v,_,,—1 have exactly k neighbors in {v,_.,,} U Xq, there are
vertices 21,22 € {Up—m} U Xo such that z10p_m—1, 220pn—m—2 € E(G) and 210p—m—2, 220n—m—1 ¢
E(G). If x,, > X,,, let G* = G — 200p—m—2 + 210n—m—2. I X, < X,,, let G* =G — z10p_m—1 +
ZoUp—m—1- Since any vertex in the sequence vy, vs, . .., vy—y, has at most k neighbors in the remaining
vertices of G*, we have G* € Bf . By Lemma 7, we have p(G*) > p(G), a contradiction.

o If v,,__o € X, we claim that v,,—pm—2Up—m—1 ¢ E(G) and Ny, (vp—m—2) = Ny, (Un—m). We first
Prove vp_m—oUn—m—1 ¢ E(G). Otherwise, v,_,,—2 has exactly k — 1 neighbors in Yj. Recall that
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Un—m has exactly k neighbors in Yy. Then, there is a vertex w € Ny, (vy,—m,) satisfying wv,_,—2 ¢
EG). Ifxy > Xy, _, 1, et G* =G —vp_ym—1Un—m—2 +W0p_m_o. Since any vertex in the sequence
V1, V2, ..., Un_m has at most k neighbors in the remaining vertices of G*, we have G* € Bﬁym. By
Lemma 7, we have p(G*) > p(QG), a contradiction. If x,, < x,,,_, _,, let

G*=G - U {zw} + U {zvp—m—1}

2€X0,2Vn—m—-1¢E(G) 2€X0,xVn—m-1¢E(G)

Note that Ng«(w) N Xg = Ng(vn—m—1) N Xo. We have |[Ng«(w) N Xo| =k — 1 if vp_pp_10p—m €
E(G), and |Ng=(w) N Xo| = k if vp—m—1Vpn—m ¢ E(G). For vy_pm_10n_m € E(G), any vertex in
the sequence v1,vs,...,Vp—m—2, W, Vy—_yn, has at most k neighbors in the remaining vertices of G*.
For vy—m-1Vn—m ¢ E(G), any vertex in the sequence vy, vs, ..., Un—m—2,Un—m,w has at most k
neighbors in the remaining vertices of G*. Hence, G* € BE . By Lemma 7, we have p(G*) > p(G),
a contradiction.

Now, we prove Ny, (Vn—m—2) = Ny, (Un—m). Otherwise, there are vertices y; € Ny, (vp—m) and
Y2 € Ny, (Un—m—2) such that y1v,_m—2,Y2Un_m ¢ E(G). If xy, > xy,, let G* = G — yovp_m—2 +
Y1Un—m—2. Since any vertex in the sequence vy, va, . .., Uy, has at most k neighbors in the remaining
vertices of G*, we have G* € thm. By Lemma 7, we have p(G*) > p(G), a contradiction. Similarly,
if x,,, < x,,, we also have a contradiction.

Recursively, we have G is isomorphic to graphs Gy or Gy (see Fig. 3). In the following, we prove G is
not isomorphic to GG;. Suppose to the contrary that G is isomorphic to G;.

For graph G, since |Xo| > k, there is a vertex € Xo\Nx, (Vn—m—1). If xz <%, , let

G* =G — U {zy} + U {vn-my}-

yE€Yo\Nyy (vn—m) y€Yo\Nyy (Vn—m)

Remove the vertices v1,v2,...,%n—m—2,Un—m—1,2 in turn, and it is easy to see that any vertex in this
sequence has at most k neighbors in the remaining vertices of G*. Then, we have G* € Bﬁ)m. By Lemma 7,
we have p(G*) > p(G1), a contradiction. If x, > x,, _ . Let

*
G" = G1 = VpemVUn—m—1+ TVp_m—1.

Remove the vertices vy, vs,...,v,—y in turn, and it is easy to see that any vertex in this sequence has
at most k neighbors in the remaining vertices of G*. Then, we have G* € Bflym. By Lemma 7, we have
p(G*) > p(Gh), a contradiction. Hence, G is isomorphic to Gs.

Case 2. v,_p-1 € X.

o Ifv,_,,_o €Y, weclaim that v,,_,,_2 is neither adjacent to v,_,,_1 nor adjacent to v,,_,,. Suppose
to the contrary that v, _.,,_o is adjacent to u € {vp—m—1,Vn—m}. By Lemma 7, v,_pmm—1 and v,_,
have exactly the same neighbors in Yy. Since |Xo| > k, there is a vertex € Xy nonadjacent
t0 Up_m_o. If xXp > xy, let G* = G — uvp_m_92 + TV,_m_o. Since any vertex in the sequence
v1,V2,...,VUn_m has at most k neighbors in the remaining vertices of G*. Then, we have G* € thm.
By Lemma 7, we have p(G*) > p(G), a contradiction. If x, < x,,, let

¢=¢- UJ i+ U A{wh

YyEYo\ Ny, (u) YEYo\ Ny, (u)
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G satisfying v,—m—1 € X G

F1G. 3. Graphs G1,G2,G3 and G .

Let w be the vertex different from u in {v,,—m—1,Un—m - Since any vertex in the sequence vy, vs, .. .,
Un—m—2,W, T has at most k neighbors in the remaining vertices of G*. Then, we have G* € thm.
By Lemma 7, we have p(G*) > p(G), a contradiction.

o If v, ,—o € X, by Lemma 7, vy,_p—2,Vp—m—1 and v,_,, have exactly the same neighbors in Yj.

Recursively, we have G is isomorphic to graph Gs (see Fig. 3).

Note that both Go and G5 have the form G, where X; U X3 = X, Y3 UYs = Y, and S|+ |T|=n—m
(see Fig. 3).

Let x be a principle eigenvector of G corresponding to p(G"). By symmetry, we have X,, = X, for
any x1, 22 € Xo (resp. x,, = Xy, for any y1,y2 € Y5). Without loss of generality, assume x, < x,, for z € Xy
and y € Yo. We claim |S| = 0. Otherwise, let v € S and

G'=G — U {ux} + U {uy}.
zEXso YyEYs
It is casy to see that G* € BE . By Lemma 9, we have p(G*) > p(G"), a contradiction.

We can see that A(G) has the following equitable quotient matrix (with respect to V(G) = X7 U X5 U
YiuYo U T):

0 0 vil kK 0

0 0 vi| kK 0

B=1||X4y k£ 0 0 0
IXi] &k 0 0 mn—m

0 0 0 &k 0
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By a simple calculation, the characteristic polynomial of B is equal to
fixa i N)= A = (k* — km + kn + k| X1 | + kY| + | X1][Y1])A?
—(F*m|Y1| = k*n|Ya| + km| Xu[[Y] = kn|Xa[[Ya])A.
Fact 1. V1| < |X4].
Proof. By a direct calculation, we have fix, 41, vi|-1(A\) = fix,,va|(A) + (1 X1] = [Ya] + DA? + k(n —

m)([V1| = [Xi| =k = DA I Vi = [Xi| 4+ 1, then fix, 11, vi)-1(N) = fixy)va)(A) — k*(n — m)A. Note
that —k%(n — m)A < 0 in [p(G),0). Hence, G is not the graph in BX = with maximum spectral radius, a

contradiction. If |[Y1| > | X1+ 1, then fix, 41, 1vi1=1(A) = fixup,va|(A) = (1 X1] = [Y1| + DA + k(n —m) (V1] —
| X1|—k—1)\is a decreasing function of A in (0, 00). Since p(G) > p(Kkn—m) = \/k(n —m), when A > p(G),
we have
fixirnmi-1 () = fix (V)
<f|X1\+1,|Y1|—1( k(n —m)) — f\xl\,ml( k(n —m))
— /G m) (1] — ]+ 1)k~ m) + b — m)(Va] — |Xa] — &~ 1)

— — VHa—m) - B - m)

<0.
Hence, G is not the graph in Bﬁ)m with maximum spectral radius, a contradiction. O
Combining Cases 1 and 2, we obtain G = B, , for some integers r, s with s > k. 0

Proof of Theorem 5. If m < 2k + 1, by Remark 1, Claims 5 and 6, we have p(G) < p(K n—k) with
equality if and only if G = Ky, ,,—j. Note that if s = k, then Bg”fmk = Kgpn—k- If m > 2k + 2, by Remark 1

and Claims 5-7, we have G = B’ . for some integers r, s with s > k. O

Proof of Corollary 1. G is k-degenerate if and only if |Cr41(G)| < 2k + 1. Letting m = 2k + 1, by
Theorem 5, we have p(G) < p(Kk,n—t) with equality if and only if G = K, 5. O

REMARK 2. In case (ii) of Theorem 5, the extremal graphs are not unique and determining them does
not seem easy. We take a few examples to illustrate.

Example 1. m = 2k + 2. In this case, if k = 2 and n = 7, then B;’g’z is the unique graph having
the largest spectral radius among B%G. If k =2 and n = 8, then Ko and Bg’:g’y2 are the only two graphs
having the largest spectral radius among Bg,ﬁ. If k=2 andn > 9, then Ky, _o is the unique graph having
the largest spectral radius among B?L,ﬁ. If k > 3, then Ky n—k 1s the unique graph having the largest spectral
radius among 8272,€+2.

Example 2. m = 2k + 3 and k > 2. In this case, Bﬁ‘;if;i s the unique graph having the largest
spectral radius among BZ’%%.

Example 3. m = 2k +4 and k > 2. In this case, if n < L%J, then p(G) < p(Bszif;i)
with equality if and only if G = BZEi-ﬁIi Otherwise, p(G) < p(BfLJgifiz) with equality if and only if
G — BFt3k+1 ' ' ’ '

= Op 2k+3,k"

Example 4. n = 91,m = 41, and k = 10. By a direct calculation, Bﬁti‘i’ﬁf = Bgf,’iim is the unique

graph having the largest spectral radius among 85(1),41-



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 39, pp. 78-89, February 2023.

89 The Maximum Spectral Radius of Graphs with a Large Core

Acknowledgments. The authors are grateful to the referees for their help. This work was supported by
NSFC (Grant Nos. 12271527, 11871479, 12071484), Hunan Provincial Natural Science Foundation (Grant
Nos. 2018JJ2479, 2020JJ4675) and the Fundamental Research Funds for the Central South University
(Grant No. 2021zzts0034). D. Stevanovi¢ was supported by Serbian Ministry of Education, Science, and
Technological Development (ON174033).

REFERENCES

[1] N. Alon, M. Krivelevich, and B. Sudakov. Turdn numbers of bipartite graphs and related Ramsey-type questions.
Combin. Probab. Comput., 12:477-494, 2003.

[2] A. Bickle. The k-Cores of a graph. Ph.D. Dissertation. Western Michigan University, 2010.

[3] J.A. Bondy and U.S.R. Murty. Graph theory. In: Graduate Texts in Mathematics, Vol. 244, Springer, 2008.

[4] A. Berman and X.D. Zhang. On the spectral radius of graphs with cut vertices. J. Combin. Theory Ser. B,
83:233-240, 2001.

[5] S. Cioaba, L.H. Feng, M. Tait, and X.D. Zhang. The maximum spectral radius of graphs without friendship
subgraphs. FElectron. J. Combin., 27(4), Paper No. 4.22: 19 pp., 2020.

[6] L.H. Feng, L. Lu, T. Réti, and D. Stevanovié. A bound on the spectral radius of graphs in terms of their Zagreb
indices. Linear Algebra Appl., 597:33-45, 2020.

[7] L.H. Feng, J.X. Cao, W.J. Liu, S.F. Ding, and H. Liu. The spectral radius of edge chromatic critical graphs.
Linear Algebra Appl., 492:78-88, 2016.

[8] Y. Hong, J.L. Shu, and K. Fang. A sharp upper bound of the spectral radius of graphs. J. Combin. Theory Ser.
B, 81:177-183, 2001.

[9] Y. Hong and X.-D. Zhang. Sharp upper and lower bounds for largest eigenvalue of the Laplacian matrix of trees.
Discrete Math., 296:187-197, 2005.

10] C. Lee. Ramsey numbers of degenerate graphs. Ann. Math. (2), 185(3):791-829, 2017.

11] H. Minc, Nonnegative Matrices. New York, 1998.

12] V. Nikiforov. Maxima of the @-index: Degenerate graphs. Electron. J. Linear Algebra, 27:250-257, 2014.

13] S.B. Seidman. Network structure and minimum degree. Social Netw., 5:269-287, 1983.

14] B. Wu, E. Xiao, and Y. Hong. The spectral radius of the trees on k pendent vertices. Linear Algebra Appl.,
395:343-349, 2005.

[15] G. Yu, L.H. Feng, A. Ili¢, and D. Stevanovié¢. The Signless Laplacian spectral radius of bounded degree graphs
on surfaces. Appl. Anal. Discrete Math., 9:332—-346, 2015.

[16] G.L. Yu, S.G. Guo and Y.R. Wu, Maxima of the Q-index for outer-planar graphs, Linear Multilinear Algebra.
63 (2015) 1837-1848.

[17] M.Q. Zhai, H.Q. Lin, and J.L. Shu. Spectral extrema of graphs with fixed size: Cycles and complete bipartite
graphs. European J. Combin., 95, Paper No. 103322: 18 pp., 2021.

[18] M.Q. Zhai and H.Q. Lin. Spectral extrema of graphs: Forbidden hexagon. Discrete Math., 343(10):112028, 6
pp-, 2020.

[19] M.Q. Zhai, J. Xue, and Z.Z. Lou, The signless Laplacian spectral radius of graphs with a prescribed number of
edges. Linear Algebra Appl., 603:154—165, 2020.

[
[
[
[
[



	Introduction
	Technical lemmas
	Proof of Theorems 3 and 4
	Proof of Theorem 5
	References

