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RANGES OF SYLVESTER MAPS AND A MINIMAL
RANK PROBLEM*

ANDRE C.M. RANT AND LEIBA RODMAN#

Abstract. It is proved that the range of a Sylvester map defined by two matrices of sizes p X p
and g X g, respectively, plus matrices whose ranks are bounded above, cover all p X ¢ matrices. The
best possible upper bound on the ranks is found in many cases. An application is made to a minimal
rank problem that is motivated by the theory of minimal factorizations of rational matrix functions.
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1. Introduction. Let F be a (commutative) field. We let FP*? stand for the
set of p x ¢ matrices with entries in F; FPX! will be abbreviated to FP. The following

minimal rank problem was stated in [8, Section 6] for the case when F is the complex
field C:

PrROBLEM 1.1. Given A € F™*™ and given an A-invariant subspace M C F™,
find the smallest possible rank, call it u(A, M), for the difference A — Z, where Z
runs over the set of all n x n matrices with entries in F for which there is a Z-
invariant subspace N' C F™ complementary to M. Also, find structural properties, or
description, of such matrices Z.

The problem (for F = C) is intimately connected with minimal factorizations of
rational matrix functions, in particular, if certain additional symmetry properties of
A, M, and Z are assumed; see [8] for more details. Pairs of matrices (A, Z) that
have a pair of complementary subspaces M, N, of which the first is A-invariant and
the second is Z-invariant, but without explicit rank conditions on A — Z, are studied
in [1, 2], for example, in connection with complete minimal factorization of rational
matrix functions.
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In the general formulation, Problem 1.1 appears to be difficult, even intractable,
especially the part concerning properties or description of all matrices Z. To illustrate,
assume F is algebraically closed, and let

0 1 1
A_<OO), M—Span<0).

r w

y oz
that rank (A — Z) = 1 and Z has an invariant subspace complemented to M if and

Then u(A, M) =1, and a matrix Z = < ), z,y,z,w € F, has the properties

only if Z is not a nonzero scalar multiple of A and the equality zz + y(1 — w) = 0
holds.

If A and M are as in Problem 1.1, by applying a similarity transformation we
can assume without loss of generality that M is spanned by first p unit coordinate
vectors in F™; thus A has the block form

Ay Apg
A:
< 0 A )’

where A, € FP*P Ay € F(»=P)x(n=P) If the minimal polynomials of A; and A, are
coprime, then it is easy to see that u(A, M) = 0, i.e., A has an invariant subspace N’

complementary to M. Indeed, such N is spanned by the columns of < ? ), where
the matrix Q) satisfies the equation
A A (QY_(Q) ,
0 A I I >
or
QA2 — A1Q = Apa. (1.1)

It is well known that the Sylvester map Q@ +— QA — A1Q is invertible if and only
if the minimal polynomials of A; and Ay are coprime. See, e.g., [5, 7] for this fact;
although this was established in [5, 7] only for the complex field, the extension to any
algebraically closed field is immediate, and to prove this fact for the general field [F one
considers the algebraic closure of F. Hence (1.1) can be solved for @ for any given A;s,
and p(A, M) = 0 is established. This example shows close connections of Problem
1.1 with properties of Sylvester maps. There is a large literature (in mathematical
and engineering journals) on numerical analysis involving Sylvester maps; see, e.g.,
[3, 4] and the references cited there.

Connected to the Sylvester map the following problem appears in the theory of
control for coordination (see [6]). Given is a linear system @(t) = Axz(t), where the
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matrix A has the form

A 0 Age
A= 0 Az A
0 0 A

with respect to a fixed decomposition X = X;+Xs+ X, of the state space. One allows
transformations A — S~'AS, where S is of the form

1
2

n n

I 0
S=10 I
0 0

~

Then

A 0 ApSi— S1Ace + Ase
0 0 Ace

(From the point of view of communicating as little as possible between the coordinator
acting in X, and the subsystems acting in X; and Xs, it is of interest to study when
the ranks of A;;S; — S;Ace + A;. are as small as possible for ¢ = 1,2. It is precisely
this problem we shall discuss in the next section.

2. Ranges of Sylvester maps. We recall the definition of invariant polynomi-
als. For A € FP*P_ we let

A — A = E(\diag (pa1(N), ..., da,(N)F(N),

where E()), F()) are everywhere invertible matrix polynomials, and ¢4 ; are scalar
monic polynomials such that ¢4 ; is divisible by ¢ j41, for 5 = 1,...,p — 1. The
polynomials ¢4 ; are called the invariant polynomials of A; ¢ 4.1 is in fact the minimal
polynomial of A.

For two matrices A; and Ay over the field F of sizes p x p and ¢ X g, respectively,
define the nonnegative integer s(A1, A2) as

max{j | 1 <j <min{p,q}, ¢a,;(A) and ¢4, ;(A) are not coprime}.

The maximum of the empty set in this formula is assumed to be zero. Clearly,
s(A1, Az) = 0 if and only if the minimal polynomials of A; and As are coprime.

If all eigenvalues of A; and Ay are in F (in particular if F is algebraically closed),
then

s(A1, Az) = max min{dim Ker (4; — AI),dim Ker (A3 — AI)}.
€
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Consider the linear Sylvester map (for fixed 4; and Ap) T' : FP*? — [FP*4
defined by

T(S)=SAs — A;S, S eFr<a,

THEOREM 2.1.

(a) Every matrix X € FP*? can be written in the form
X =T(S)+Y,

for some S € FP*? qnd some Y € FP*9 with rankY < s(A1, As).

(b) Assume that s(A1, A2) # 0, and that the greatest common divisor of the min-
imal polynomials of A1 and Ag have all their roots in F (in particular, this condition
is always satisfied if F is algebraically closed). Then for fired Ay and Az, there is a
Zariski open nonempty set  of FP*4 such that for every X € €, there is no repre-
sentation of X in the form

X =T(S)+Y,

where S,Y € FP*? gre such that rankY < s(Aq, A2).

Theorem 2.1 can be thought of as a generalization of the well known fact that
the Sylvester map is a bijection if and only if the minimal polynomials of A; and As

are coprime.

Consider the following example to illustrate Theorem 2.1. Let
0 0 0 0 0 0
Ai=10 0 0 and A>=1]10 1 0
0 0 1 0 0 1
The invariant polynomials are

$41,1(A) = da,1(A) = AA = 1),

da,2N) =N, da,2N)=A—=1, ¢da,3(A) =0a,3(\) =1.

We have s(A1, A2) = 1. The range of the Sylvester map is easy to find:

* ok

0
RangeT = o * = ,
*0 0
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where by * we denote arbitrary entries which are independent free variables. For
every X = [z;,;] € F3*3, we have

T11 0 * *
X = T21 [ 1 T32 T33 ] +{ 0 * *
1 *0 0

3. Proof of Theorem 2.1. Part (a). We use the rational canonical forms for
Aj and Az (see, e.g., [5]), together with the invariance of the statement of the theorem
and of its conclusions under similarity transformations

Ay — GU'AGy, Ay — G5'AGy, Gy and Gy invertible.

We may assume therefore without loss of generality that

A, = diag (Agl), ce Agu)) and A = diag (Aél), ey Ag})), (3.1)
where
Agj) = diag (Agj’l), e Agjm’j)), j=1,...,u,
and where the characteristic polynomials of Agj ’k), k=1,...,7m,, are all powers of

the same monic irreducible polynomial f; ;. The matrices Agj ") are nonderogatory,
i.e., the minimal and the characteristic polynomials of Agj ") coincide. In addition,
we require that the irreducible polynomials fi1,..., f1,, are all distinct.

Similarly,

AP = diag (AGD, . A=) =1, 0,

where the characteristic polynomials of Aéj ’k), k=1,...,72,, are all powers of the
same monic irreducible polynomial f5 ;, and the polynomials fs1,..., f2, are all

distinct. Again, the matrices Aéj ) are nonderogatory.

Moreover, we arrange the blocks Agl), ey Agu) and Agl), ceey Aév) so that
fl,l = f2,17 v 7fl,€ = f2,€7
but the irreducible polynomials

frs oo frw foert, o5 fow

are all distinct. (The case when ¢ = 0, i.e., the polynomials f; ; and fo; are all
distinct, is not excluded; in this case the subsequent arguments should be modified in
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obvious ways.) Note that since powers of distinct irreducible polynomials are coprime,
it follows that the characteristic polynomials of the matrices

AW A A AW (3.2)

are pairwise coprime.

We assume in addition that Agj ) are companion matrices. To set up notation,
we let e; be a row with 1 in the jth position and zeros in all other positions (the
number of components in e; will be evident from context), and analogously let ejT
(the transpose of ;) be the column with 1 in the jth position and zeros in all other
positions. Let &1 ;i (resp., &2 5.1) be the size of the matrix Agj’k) (resp., Aéj’k)). Thus,
we let

e
€3

APR =1 (3.3)

€&y 5k

Qi 5.k

or
AUk [ T T o7 ol } (3.4)
1 - 2 3 €15,k 1,5,k :

for some row o ;5 (with entries in IF), and analogously,

€2

€3
AGP = : (3.5)

€& 5k
| @2k |
or

A(Jvk) — T T T T_ 3 6
5= ey ez .. e 0y (3.6)

for some row as j k.

The forms (3.3) and (3.5) will be used if v1 ; < 72 ;, and the forms (3.4) and (3.6)
will be used if v1 ; > v2,5.

We return to the Sylvester map T. Conformably with (3.1), we partition

S = [Si1jalin=1,. . usga=1,...0-
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Thus,

T(S) = SAs — A1S = [Sj, 1, AY?) — AVVS )i, ujamt o

1,J2

Also, if X € Fpxq is an arbitrary matrix, then we partition again conformably with
(3.1):

X = [Xj ialjn=1,usjo=1,...0-

We will show that for any given X € FP*?, there exist

S;, € Fléraat+egm )Xot 4ebm;) 521 ¢,
with the property that
Xjg =Yig+ (Sj,jAgj) - A&”Sj,j) : (3.7)
for some matrix Y; ; such that
rankY; ; < min{vy1 j,v2,}, j=1...,L (3.8)

Assuming that we have already shown the existence of S; ; satisfying (3.8) and (3.7),
we can easily complete the proof of Part (a).

Indeed, let

p= max (min{~v1,4,72.5}) s

and notice that p = s(Ay, A2). Now let
Yij=WjiZjj j=1....¢

be a rank decomposition, where the matrix W, ; (resp., Z; ;) has p columns (resp.,
w rows). We also put formally W, ; =0 for j = ¢+ 1,...,u, and and Z; ; = 0 for
j=4~4+1,...,v. Using the property that the characteristic polynomials of matrices
(3.2) are pairwise coprime, and that the Sylvester map S — SBs — B1.S is onto if the
characteristic polynomials of B; and By are coprime, we find

S; 6F(&l,j’l,1+"'+£1,j1,'yl,j1)X(52,j2,1+"'+52,j2,’72,j2)
1,J2
for
j1:1,...,u, j2:1a---7vv (.]17]2)€{(171)a(£a£)}a
such that

Xirge = Win i Zja g + (thjzAgD) - Agh)thh) :
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Now letting

Wia
Wa o

Y = | Z11 Zap - Zuw |

Wu,u
we have X = T(S) + Y, and obviously, rankY < p.

Thus, it remains to show the existence of S;; satisfying (3.7) and (3.8). We
fix j, j =1,...,¢. We assume that 71 ; < 725, thus (3.3) and (3.5) will be used; if
Y1,; > 72,; the proof is completely analogous using (3.4) and (3.6). Choose rows o ;

(k=1,...,7,;) so that the characteristic polynomials of the matrices
€2
es
.
B§J ) = ) kzl, -7'71,]';
€15k
L jik

are coprime to fz; = f1,5, and let
B = diag (BU,..., BI).
Therefore, we can find S; ; so that
X5 = S48 - BYS; ;5.
Now (3.7) holds with
Y= (39) - Agj)) Sid»
and since the matrix Yj ; has at most 1 ; nonzero rows, we have rankY; ; < vy, as

required.

Part (b). We assume that A; and Ay have the form (3.1), and use the notation
introduced in the proof of Part (a). We have £ > 1. Let jo be such that u =
min{vy1,j,, V2.5, }- Without loss of generality we may assume jo = 1. Let p1 x p; and
q1 X q1, be the size of

Agl) = diag (Agl’l), . Aglm’l)) and Aél) = diag (Aél’l), . Aél"m’l)),

respectively. It is easy to see that it suffices to find a Zariski open nonempty set 1 of
FP1*41 guch that for every X7 € €1, there is no representation of X7 in the form X; =
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(SAgl) - Agl)S) +7Y, where S,Y € FPr*9 and rankY < min{vy 1,72,1}. Because of
the hypotheses of Part (b), we may assume that every matrix A,lg’w, w=1,2,..., %1,
k =1,2,is an (upper triangular) Jordan block with the same eigenvalue A; let the size
of this block be py 4 X pi . Consider a matrix of the form SAél) - Agl)S, S e Frxan
which is partitioned

SA3) = A = [Qaslal B (3.9)
where the block Qo3 has the size
(size of A}’O‘) X (size of Aé’ﬁ) .

Since the Ai’w’s are Jordan blocks, the bottom left corners of the blocks (), g are all
zeros. Now partition

X1 = [Xa,ﬁ]’;:f, 732:11 € Frxa

comformably with the right hand side of (3.9). The Zariski open set 21 consists of
exactly those matriceds X; for which the v; 1 X 72,1 matrix formed by the bottom left
corners of the X, g’s has the full rank, equal to min{vy 1,721} |

4. A special case of the minimal rank problem. Given a subspace M C F"
and a matrix Z € F"*" we say that M is a complementary Z-invariant subspace if M
is Z-invariant and some direct complement to M in F” is also Z-invariant. Denote by
CZ(M) the set of all matrices Z for which M is a complementary invariant subspace.

The following problem is closely related to Problem 1.1.

PROBLEM 4.1. Given a matriz A € F™*™ and its invariant subspace M C F™,
find the smallest possible rank of the differences A —Y, where Y is an arbitrary
matriz in CL(M), and find a matric Z € CL(M) such that the difference A — Z has

this smallest possible rank.

In fact, Problem 4.1 requires an extra condition for Z in comparison with Problem
1.1, namely, that M is an invariant subspace for Z.

Using similarity, we assume without loss of generality that

_ T P - Ar o Ar PXp axq
M {(O>.xeF}, A (O Ag)’ Ay e FP7P Ay € F979,

Theorem 2.1 sheds some light on Problem 4.1, as follows.

THEOREM 4.2. Let k := s(Ay, As). There exists a matrix Z € CZ(M) such that

rank (A — Z) < k. (4.1)
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Moreover, Z can be taken in the form

Z_<f(1)l X ) (4.2)

for some W.

Proof. We use Theorem 2.1. Indeed, if Z is in the form (4.2), then Z € CZ(M)

(4.
if and only if for some matrix Q € FP*? the subspace Span ( ? ) is Z-invariant,

i.e., the equation

holds, or equivalently,
QAz — A1Q — (W — Aya) = Aj.

By Theorem 2.1, such Q exists for some W with the property that rank (412—W) < &.
Since obviously

rank (A — Z) = rank (412 — W),

the result follows. a
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