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EXTENDING CSR DECOMPOSITION TO TROPICAL INHOMOGENEOUS MATRIX
PRODUCTS*

ARTHUR KENNEDY-COCHRAN-PATRICK' AND SERGEi SERGEEV?

Abstract. This article presents an attempt to extend the CSR decomposition, previously introduced for tropical matrix
powers, to tropical inhomogeneous matrix products. The CSR terms for inhomogeneous matrix products are introduced, and
then, a case is described where an inhomogeneous product admits such CSR decomposition after some length and a bound on
this length is given. In the last part of the paper, a number of counterexamples are presented to show that inhomogeneous
products do not admit CSR decomposition under more general conditions.
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1. Introduction. Tropical (max-plus) linear algebra is the linear algebra developed over the set
Rmax = RU{—00} equipped with the additive operator & : a & b = max(a, b) and the multiplicative operator
® :a®b=a+b. For brevity, we denote ¢ = —oo: this element of the semiring is neutral with respect to
addition, thus playing the role of semiring zero. In turn, the usual zero 0 plays the role of semiring unity,
being neutral with respect to multiplication. Note that for any a € R, there is a multiplicative inverse:
element ¢~ = a such that a™ ® a =a®a™ =0.

We will be working with the max-plus multiplication of matrices A ® B defined by the operation

(A® B)iJ = @ air @by ;= 1r£13§n(ai7k + bk)j),
1<k<n

using two matrices A = (a; ;) and B = (b; ;) of appropriate sizes.

Consider the tropical dynamical system given by

z(0) = xp,
z(k)=a(k—1)® Ay for k>1,
thus (k) =20 ® 41 ® ... ® Ay, = 20 @ T'(k).

Here, the matrices A; are taken in some unspecified order from a possibly infinite set of matrices X. In
practical terms, this represents a dynamical system where some accidental changes may occur over time.
This has useful applications in modelling scheduling systems that are subject to change.

Much work has been done for the case where the matrix A; is the same at each step. Cohen et al. [8, 7]
were the first to observe that, under some mild conditions, the tropical powers {A’};~; become periodic
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after a big enough time. A number of bounds on the transient of such periodicity were then obtained, in
particular, by Hartmann and Arguelles [9], Akian et al. [2], and Merlet et al. [17, 16]. In particular, Merlet et
al. [17] offer an approach based on the CSR decompositions and CSR expansions of tropical matrix powers
introduced by Sergeev and Schneider [20, 22]. Let us note that a preliminary version of such decompositions
was introduced and studied before by Nachtigall [19] and Molnarova [18], and that similar decompositions
appear in Akian et al. [2].

It is difficult to speak of ultimate periodicity in the case of inhomogeneous products. However, one can
observe that CSR decompositions are an algebraic expression of turnpike phenomena occurring in tropical
dynamical systems driven by one matrix. Namely, they express the fact that in such systems there are optimal
trajectories (or walks) with a special structure: after a finite number of steps, they arrive to a well-defined
group of nodes called critical nodes, then dwell within that group of nodes, and then use a finite number
of steps to reach the destination. The same phenomena will likely occur in inhomogeneous products as
well, but only under certain restrictive conditions. In particular, we can agree that all matrices constituting
these inhomogeneous products have the same sets of critical nodes, and for a starter, we can consider the
case where all these matrices have just one critical node. Under this and some other assumptions, Shue et
al. [24] found that products I'(k) become tropical rank-1 matrices (i.e., tropical outer products) when & is
sufficiently big. Kennedy-Cochran-Patrick et al. [13] improved this result by giving a lower bound for & to
guarantee that T'(k) becomes a rank-1 matrix (i.e., a tropical outer product). In the present paper, we show
that the above results of [13, 24] can be generalised further by introducing the factor rank transient: the
length of the product after which the product is guaranteed to have a tropical factor rank not exceeding
certain number. Rather than directly proving the factor rank property from an inhomogeneous product, a
CSR analogue is used, which changes the aim to develop bounds on CSR transients rather than factor rank
transients. Upon showing that the analogue definition of CSR exhibits similar properties to the original
CSR (see the paper by Sergeev and Schneider [22]), then we can use similar proof methods and results from
Merlet, Nowak, Schneider, and Sergeev [16] as well as Brualdi and Ryser [5] to develop the key result, which
is Theorem 5.8, together with Corollary 5.9, which gives an explicit bound on the length of the product after
which it becomes CSR. However, there are limitations to this approach, namely where it can be shown for
other cases that no bound exists for the CSR transient, and then, we cannot guarantee a factor rank property.
Three cases where CSR does not work are given along with the counterexamples that demonstrate this. In
all these counterexamples, we present families of words of infinite length, in which the product made using
such a word is not CSR.

Recall that tropical factor rank of a matrix A, studied together with many other concepts of rank in
Akian et al. [1], can be defined as follows: for a matrix A € RX™, the tropical factor rank r of A is the

max ?

smallest r € N such that A = U ® L where U € RX7 and L € R} X7 for some n,m € N. Note that the

factor rank of A is also equal to the minimum number of factor rank-1 matrices whose sum is equal to A,
see [1][Definition 7.1].

For wider reading, Hook [11] shows that, by approximating the rank of the product in a min-plus setting,
one can find and express the predominant structure in the associated digraph of the matrices forming the
product. Hook has also looked at turnpike theory with respect to the max-plus linear systems in [12]. In this
paper, he studies infinite length products and then uses a turnpike property to develop a factorisation of
said matrix product. In terms of turnpikes, many results were obtained for them in the context of dynamic
programming, in both discrete and continuous settings. Specifically, Kontorer and Yakovenko [15] used
turnpike theory and Bellman equations to work with discrete optimal control problems. Following his work,
Kolokoltsov and Maslov [14] developed turnpike theory for discrete optimal control problems in the context
of idempotent analysis and tropical mathematics.
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The paper will proceed as follows. In Section 2, we will cover the necessary definitions and notation,
and in Section 3, we will introduce the CSR decomposition for tropical inhomogeneous matrix products.
In Section 4, we mostly generalise some important preliminary results obtained previously [13] for the
case where the critical graph consists of just one loop. In Section 5, we describe the case in which the
introduced CSR decomposition actually works and, for this case, obtain a bound on the factor rank threshold
of inhomogeneous tropical matrix products. For Section 6, we look at the counterexamples that show the
limitations of the proposed CSR approach.

2. Definitions and notation.

2.1. Weighted digraphs and tropical matrices. This subsection presents some concepts and notation
expressing the connection between tropical matrices and weighted digraphs. Monographs [6, 10] are our basic
references for such definitions.

DEFINITION 2.1 (Weighted digraphs). A directed graph (digraph) is a pair (N, E) where N is a finite
set of nodes and E C N X N ={(4,7): i,j € N} is the set of edges, where (i,7) is a directed edge from node
i to node j.

A weighted digraph is a digraph with associated weights w; ; € Ryax for each edge (i,7) in the digraph.

A digraph associated with a square matrix A is a weighted digraph D(A) = (Na, E4) where the set Ny
has the same number of elements as the number of rows or columns in the matriz A. The set E4 C Ng X Ny
is the set of edges in D(A), where (i, ) is an edge if and only if a; ; # €, and in this case, the weight of (i, )
equals the corresponding entry in the matriz A, i.e. w; ; = a;; € Ryax.

DEFINITION 2.2 (Walks, paths and weights). A sequence of nodes W = (iq, ... ,4;) is called a walk on
a weighted digraph D = (N, E) if (is—1,is) € E for each s: 1 < s <. This walk is a cycle if the start node
i9 and the end node i; are the same. It is a path if no two nodes in iq,...,i; are the same. The length of W
is (W) =1.
The weight of W is defined as the maz-plus product (i. e., the usual arithmetic sum) of the weights of each
edge (is—1,1s) traversed throughout the walk, and it is denoted by pp(W). Note that a sequence W = (ig) is
also a walk (without edges), and we assume that it has weight and length 0.
The mean weight of W is defined as the ratio pp(W)/I(W).

For a digraph, being strongly connected is a particularly useful property.

DEFINITION 2.3 (Strongly connected, irreducible, completely reducible). A digraph is strongly connected,
if for any two nodes i and j there exists a walk connecting i to j. A square matrix is irreducible if the graph
associated with it in the sense of Definition 2.1 is strongly connected.

A digraph is called completely reducible, if it consists of a number of strongly connected components,
such that no two nodes of any two different components can be connected to each other by a walk.

Note that, trivially, any strongly connected digraph is completely reducible.

The following more refined notions are crucial in the study of ultimate periodicity of tropical matrix
powers, and also for the present paper.

DEFINITION 2.4 (Cyeclicity and cyclic classes). Suppose that a digraph is completely reducible. Then,
the cyclicity of that digraph is the lowest common multiple of the greatest common divisors of the lengths of
cycles within each strongly connected component. It will be denoted by ~.
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Suppose now that a digraph with set of nodes N and cyclicity v is strongly connected. For two nodes
1,7 € N we say that i and j are in the same cyclic class if there exists a walk of length modulo v connecting i
to j or j toi. This splits the set of nodes into y cyclic classes: Cyp,...,Cy—1. The notation C; = C,, means
that some (and hence all) walks connecting nodes of C; to nodes of C,, have lengths congruent to k modulo .
The cyclic class containing i will be also denoted by [i].

The correctness of the above definition of cyclic classes follows, for example, from [5, Lemma 3.4.1]: in
fact, every walk from ¢ to 57 on D has the same length modulo 7.

In tropical algebra, we often have to deal with two digraphs: 1) the digraph associated with A and 2) the
critical digraph of A. The latter digraph (being a subdigraph of the first) is defined below.

DEFINITION 2.5 (Maximum cycle mean and critical digraph). For a square matriz A, the maximum
cycle mean of D(A) denoted as A(A) (equivalently, the maximum cycle mean of A) is the biggest mean weight
of all cycles of D(A).

A cycle in D(A) is called critical if its mean weight is equal to the maxzimum cycle mean (i.e., is mazimal).

The critical digraph of A, denoted by C(A), is the subdigraph of D(A) whose node set N, and edge set E..

consist of all nodes and edges that belong to the critical cycles (i.e., that are critical).

Note that any critical digraph is completely reducible. As shown already in [8, 7], the cyclicity of critical
digraph of A is the ultimate period of the tropical matrix powers sequence {A'};>;, provided that A is
irreducible and A(A) = 0. See also Butkovi¢ [6] and Sergeev [20] for more detailed analysis of the ultimate
periodicity of this sequence.

Below we will use notation for walk sets and their maximal weights that is similar to that of Mer-
let et al. [17].

DEFINITION 2.6 (Sets of walks). Let D = (N, E) be a weighted digraph and let i,j5 € N. The three sets
W (i — 5), WE (i — j) and Wp (i N, j), where N C N is a subset of nodes, are defined as follows:

Whp (i — j) is the set of walks over D connecting i to j;
WE (i — 7) is the set of walks over D of length k connecting i to j;

W (i N, J) is the set of walks over D connecting i to j that traverse at least one node of N.

The supremum. of the weights of walks in these sets will be denoted by p(W).

2.2. Main assumptions. In this subsection, we set out the main assumptions about X and the matrices
A, that are drawn from this set and give some relevant definitions.

DEFINITION 2.7 (Geometrical equivalence). Let the matrices A and B have their respective digraphs
D(A) = (Na,E4) and D(B) = (Np,Ep). We say that A and B are weakly geometrically equivalent if
Ns = N and E4 = Ep, and they are strongly geometrically equivalent if they are weakly geometrically
equivalent and C(A) = C(B).

We cannot assume that the maximum cycle mean of each A, € X is zero therefore we normalise each
matrix to give the new set of matrices ), where

V={A, A =2\ (Aq) ® Ay VA, € X}
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Here, A7 (An) = —A(An). From Assumption A stated below, it follows that A(A,) € R; thus, the inverse
A7 (A,) is well-defined.

NOTATION 2.8 (AS"P and A'™f).

A'SUP : entrywise supremum of all matrices in Y. In formula, AP =P, 4 cy Aa-
A entrywise infimum of all matrices in Y.

Note that the concept of A%"P has been used before for various purposes. In [4], Gursoy, Mason and
Sergeev use the same definition to develop a common subeigenvector for the entire semigroup of matrices used
to create AS"P| which is a technique we will use later on. In [3], Gursoy and Mason use AP, and A(A%"P) to
develop bounds for the max-eigenvalues over a set of matrices.

We now state the main assumptions to be used in the paper.
AsSUMPTION A. Any matriz A, € X is irreducible.

ASSUMPTION B. Any two matrices Ay, Ag € X are strongly geometrically equivalent to each other and
to ASYP, which has all entries in Ryax.

The following notation is defined under assumptions A and B.

NOTATION 2.9. The common associated digraph of the matrices from X will be denoted by D(X) = (N, E),
and the common critical digraph by C(X) = (N.,&.). In general, this critical digraph has m > 1 strongly
connected components, denoted by C,, forv=1,...,m.

ASSUMPTION C. Any matriz A, € X is weakly geometrically equivalent to A™. In other words, for each
(i,7) € E, we have (A"™);; # —o0.

ASSUMPTION D1. For the matriz AS'P, we have A\(A%"P) = 0.

The first three assumptions come from the previous works by Shue et al. [24] and Kennedy-Cochran-
Patrick et al. [13]; however, we will no longer assume that the critical graph consists just of one loop.

The final assumption below is inspired by the visualisation scaling studied in Sergeev et al [23], see
also [21] and references therein for more background on this scaling.

DEFINITION 2.10 (Visualisation). Matriz B is called a visualisation of A if there exists a diagonal matriz
X = diag(x), with entries X;; = x; on the diagonal and X;; = € off the diagonal (i.e., if i # j), such that
B = X7'AX and B satisfies the following conditions: B;; = A(B) for (i,7) € E.(B) and B;; < X(B) for
(i,7) & E(B).

Once A(A) # ¢, a visualisation of A always exists, and, moreover, vectors x providing a visualisation
by means of diagonal matrix scaling A — X 1AX are precisely the tropical subeigenvectors of A, that is,
vectors satisfying Az < A(A)z. Using this information, we have the following lemma.

LEMMA 2.11. Suppose that the vector x satisfies AS"Px < x. Then, x provides a simultaneous visualisation
for all matrices of X (and Y).

Proof. Let x be the vector that satisfies AS*Px < x. By construction, AS"P is the supremum matrix of
all the normalised generators in X'. Therefore for these normalised generators A,, A, < A%"P. Hence, the
vector x also satisfies A,z < x, and it can be used to visualise A,. As this applies for all «, then they can
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be simultaneously visualised. As ) is the set of normalised matrices from X', then the same applies to any
matrix from ) as well. 0

This is referred to as the set of matrices having a common visualisation, therefore, in what follows we
assume that we have performed this common visualisation on all of the matrices in X (and ) to give the
final core assumption.

ASSUMPTION D2. For all A, € Y, we have (Ay)ij =0 and (A%"P);; =0 for (i, ) € &, and (An)ij <0
and (A"P);; <0 for (i,7) & E..

From now on, we will use Assumption D2 instead of Assumption D1. Note however, if the theory
developed in this paper is applied to a set of matrices satisfying Assumption D1, then the parameters
appearing in the bounds are computed using the entries of their visualised counterparts.

2.3. Extension to inhomogeneous products. Recall now that we have a set of matrices ), from
which we can select matrices in arbitrary sequence.

DEFINITION 2.12. The word associated with the matriz product T'(k) is the string of characters (subscript)
i from A; € Y that make up said T'(k).

Let us also introduce the trellis digraph associated with a matrix product I'(k) = 41 ® A2 ® ... ® Ay, (as
in [13], inspired by Viterbi algorithm).

DEFINITION 2.13. The trellis digraph 7 (P) = (N, £) associated with the productT'(k) = A1 A2®. .. @A
made from the word P is the digraph with the set of nodes N' and the set of edges £, where:

(1) N consists of k+1 copies of N which are denoted Ny, ..., Ny, and the nodes in N; for each 0 <1<k
are denoted by 1:1,... , n:1;
(2) & is defined by the following rules:
a) there are edges only between N; and N1 for each l,
b) we have (i : (I—1),5:1) € € if and only if (3,7) is an edge of D(Y), and the weight of that edge
18 (Al)i,j-

The weight of a walk W on T (P) is denoted by p(W).

Below we will need to use (1) walks that start at one side of the trellis and end at an intermediate node,
(2) walks that start at an intermediate node and end at the other side of the trellis, (3) walks that connect

one side of the trellis to the other. More formally, we give the following definition.

DEFINITION 2.14. Consider a trellis digraph T (P).

By an initial walk connecting i to j on T (P), we mean a walk on T (P) connecting node i : 0 to j: m,
where 0 < m < k.

By a final walk connecting i to j on T(P), we mean a walk on T (P) connecting node i : 1 to j : k, where
0<I<Ek.

A full walk connecting i to j on T (P) is a walk on T (P) connecting node i : 0 to j : k.

We will mostly work with the following sets of walks on 7.
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NOTATION 2.15 (Walk sets on T (P)).

Wi (i = 3), Wh i (0 = §) and Wi 1 (i — ) = set of full walks (of length k), and sets of initial
and final walks of length | on T connecting i to j.

W4 (4 Ne, 3)s W e (é N, ) and Wi g,..(i N, J) : set of full walks (of length k), and sets of
initial and final walks of length | on T traversing a critical node and connecting i to j;

Wrinit (1 — N¢||): set of initial walks connecting i to a node in N so that this node of N, is the
only node of N, that is visited by the walk and it is visited only once;

Wr sinal (|Ne = J): set of final walks connecting a node in N to j so that this node of N is the only
node of N, that is visited by the walk and it is visited only once.

i —7 j: this denotes the situation where i : 0 can be connected to j : k on T by a full walk.

Recall that p(W) denotes the optimal weight of a walk in a set of walks W. The optimal walk interpretation
of entries of I'(k) in terms of walks on T = T (P) is now apparent:

(2.1) L(k)ig =p (WFaan(i = J)) -

We will also need special notation for the optimal weights of walks in the sets Wy inis (i — Ne||) and
W7 final (JJVe — j) introduced above.

NOTATION 2.16 (Optimal weights of walks on T (P)).

wi e, = P inic(i = NCI|)) ¢ the mazimal weight of walks in Wr it (i — Nell),
VN = POVT final(INe = 7)) © the mazimal weight of walks in Wr ginal(JINe — ).

The following notation is for optimal values of various optimisation problems involving paths and walks
on D(A%%P), D(A™), which will be used in our factor rank bounds.

NOTATION 2.17 (Optimal weights of walks on D(AS'P) and D(A®")).

a; N, : the weight of an optimal path on D(A®"'P) connecting node i to a node in Ng;

Bn..; : the weight of an optimal path on D(A®P) connecting a node in N, to node j;

vi,; © the weight of an optimal path on D(AS'P) connecting node i to node j without traversing any
node in N.

w; v, © the weight of an optimal path on D(A™) connecting node i to a node in N.;

VN, © the weight of an optimal path on D(A™) connecting a node in N, to node j;

ufj : the weight of an optimal walk on D(A™) of length k connecting node i to node j.

We remark by saying that the Kleene star, which is explored in [6] and is defined as (A)* = I ADA?SP. . .,
of A%"P can be used to find the values of o a7, and Bas, ;. Similarly, the Kleene star of A™ can be used to
find w; a7, and vy, ;. Let us end this section with the following observation, which follows from the geometric
equivalence (Assumptions B and C)

LEMMA 2.18. The following are equivalent: (1) i — j; (ii) (I'(k)):,; > €; (iii) ufj > €.

3. CSR products. In this section, we introduce CSR, decomposition of inhomogeneous products and
study its properties. It should be noted that in this section, we will use Assumptions A, B and D2 for
every proof presented. We will give the two definitions of the CSR decomposition of I'(k) and prove their
equivalence. However in order to do that we require another definition.
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DEFINITION 3.1. Let the matriz A have cyclicity v. The threshold of ultimate periodicity of powers of
A is a bound T(A) such that Vk > T(A), AF = AF+7.

This threshold is required to develop the CSR decomposition for I'(k) as seen in the following definitions.

DEFINITION 3.2 (CSR-1). LetT'(k) = A1 ® ... ® Ay be a matriz product of length k made using the
word P. Define C, S and R as follows:

S is the matriz associated with the critical graph, that is,

(3.1) S:(Sm):{o if (i,)) € &

€ otherwise.

Let v be the cyclicity of critical graph and t be a big enough number, such that ty > T(S), where
T(S) is the threshold of ultimate periodicity of (the powers of) S.
C and R are defined by the following formulae:

C = F(/{Z) ® S(t—i—l)’y—k(mod'y)’ R= S(t—i—l)’y—k(modfy) ® F(k‘)

The product of C', S¥m°d7) and R will be denoted by CS*™°dMR[T(k)]. We say that T'(k) is CSR
if CSFMdN RIT (k)] is equal to T'(k).

For completeness, we must also state that for any matrix in A € R?X?, A? = I, where I is the tropical

max ?

identity matrix, that is, I = diag(0). In the next definition, we prefer to define CSR terms corresponding to
the components of the critical graph.

DEFINITION 3.3 (CSR-2). LetI'(k) = A1 ® ... ® Ay be a matriz product of length k, and let C,, for
v=1,...,m be the components of C()). For each v =1,...,m define C,, S, and R, as follows:

S, € RPX% is the matriz associated with the s.c.c. C, of the critical graph, that is,

0 if (i,5) € Cy,
e otherwise.

(2) 50 = (s1) = {

Let 7y, be the cyclicity of critical component, and t, be a big enough number, such that t,~, > T(S,),
where T'(S,) is the threshold of ultimate periodicity of (the powers of) S, .
C, and R, are defined by the following formulae:

C, = F(k) ®Q Sl(/ty%»l)’Yufk(mod 7,,)7 R, = Sét,ﬂrl)'y,,fk(mod'yy) ® F(k)

The product of C,,, Sl’f(mOd%) and R, will be denoted by C’,,Sf(mOdW")RV [['(k)]. We say that T'(k) s
CSR if

T(k) = écus’ﬁmodwm[r(k)].

v=1
Using the definitions given above, we can write out the CSR terms more explicitly:
CS§FmedY RIP(E)] = (k) @ SEFD1—kmod ) g gh(mody) o gt+1)y—k(mod ) @ (k)
=T(k)® §2(t+1)y—k(mod7) o I'(k),
C, Syt Ry [D(k)] = (k) @ S5 1 mkimeda) g D(k),
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Since the powers of S are ultimately periodic with period « and the powers of S, are ultimately periodic
with period ,, and since also we have ty > T'(S) and t,7, > T(S, ), we can reduce the exponents of S and
Sy, to (t+ 1)y — k(mod~) and (¢, + 1)v, — k(mod~, ), respectively, and thus

CSFmANRID(K)] =T(k) @ S* @ [(k), C,8kmedw)R [D(k)] = T'(k) ® SU @ T'(k),

3.3
(3.3) for v = (t+ 1)y — k(mod~), v, = (t, + 1)y, — k(mod~,), ty > T(S), tuy, > T(S,).

Below we will also need the following elementary observation.

LEMMA 3.4. Let v = (t 4+ 1)y — k(mod ), where ty > T(S). Then, for any v, we can find t, such that
v=(t, + 1)y, — k(mod~,) and t,v, > T(S,).

Proof. The existence of t, such that v = (¢, + 1), — k(mod ~, ) follows since v is a multiple of v,, and
then we also have t,y, >ty > T(S) > T(S,). ad

This lemma allows us to also write
(3.4) C,SEmed R, [T (k)] =T(k) ® S @ T(k),

with v as in (3.3).
ProPOSITION 3.5. T'(k) is CSR by Definition 3.2 if and only if it is CSR by Definition 3.3.
Proof. We need to show that

m

(3.5) CSHmANRIN (k)] = @ C, S5 R, [T (k)
r=1

for arbitrary k. Using (3.3) and (3.4), we can rewrite this equivalently as

(3.6) [(k) ® St =kmed ) @ P(k) = T'(k) (@ Sgt“h—k(modﬂ) @ (k), O

v=1

with ¢y > T'(S). To obtain this equality, observe that S = @], S,, and as S,, ® S,, = —oco for any v; and

v we can raise both sides to the same power to give us S* = @, ; St for any ¢. This shows (3.6), and the

claim follows.
For a similar reason, we also have the following identities:

m m

c=c, R=EPR.,
v=1

C® Sk:(mod'y) _ @O,/ ® Sll/c(mod'yl,), Sk(mod'y) @R = @Sllj(mod'yy) ® R,.

v=1 v=1

(3.7)

To give an optimal walk interpretation of CSR, we will need to define the trellis graph corresponding to
these terms, by modifying Definition 2.13.

DEFINITION 3.6 (Symmetric extension of the trellis graph). Let v = (t + 1)y — k(mod ), where t is a
large enough number such that tv > T(S).
Define T'(T'(k)) as the digraph T' = (N, E") with the set of nodes N and edges &', such that:
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(1) N7 consists of 2k +v + 1 copies of N which are denoted Ny, ..., Nagi, and the nodes for Ny for each
0<I1<2k+wv are denoted by 1 :1,...,n:1;
(2) &' is defined by the following rules:
a) there are edges only between N; and Nii1,
b) for1 <1<k, we have (i : 1 — 1,5 :1) € & if and only if (i,5) € E(Y), and the weight of the
edge is (Ar)i j,
c) fork+v+1<1<2k+wv, we have (i : 1 —1,j:1) € & if and only if (i,5) € E(Y), and the
weight of the edge is (Aj—k—v)i s
d) fork<l<k+4+v+1, wehave (i:1—1,7:1) € & if and only if (i,7) € C(Y), and the weight
of the edge is 0.

The weight of a walk on T'(I'(k)) is denoted by pr(W).

If we consider the walks in W%E’H(i — j) then, in the middle of the walk for [ satisfying k <l < k+v+1,

the walk is confined in one of the components of C())). The set of walks confined in the v** component

of C(}) in the middle of the walk for [ satisfying k < I < k+ v + 1 is denoted by W%E’H(i W_C]> 4). The

following optimal walk interpretation of CSR terms on 7" is now obvious.

LEMMA 3.7 (CSR and optimal walks). The following identities hold for all i,j

(CS* DRIk 5 = p (W = ).
(38) k(mod ) 2hto o, NI
(G SEmoA ) R, [P (R)])i 5 = p (w o L, g>> ,

where v = (t + 1)y — k(mod ~), with ty > T(S).

Proof. With (3.3), the first identity follows from the optimal walk interpretation of I'(k) ® SV ® I'(k),
and the second identity follows from (3.4) and the optimal walk interpretation of I'(k) ® SP ® I'(k). ad

In what follows, we mostly work with Definition 3.3, but we can switch between the equivalent definitions
if we find it convenient.

We now present a useful lemma that shows equality for columns of C,, and rows of R, with indices in
the same cyclic class.

LEMMA 3.8. For any i and for any two nodes x and y in the same cyclic class of the critical component
C, we have

(3.9) (Cliz=(Co)iy and (Ry)zi= (Ry)y,-
Proof. We prove the lemma for columns, as the case of the rows is similar.

For any 4,z, denote (Cy);» by ¢; . From the definition of C,, it follows that ¢; , is the weight of

_ N .
ktfﬁ;’jl)% k(mOd'y”)(z — ) where t,y, > T(S,), and such walk consists of two

parts. The first part is a full walk on T connecting i to the critical subgraph at some node s. The second
part is a walk over the critical subgraph of length (¢, + 1)v, — k(mod ~,) connecting s to z with weight
zero. As the length of the second walk is greater than T'(S,), a walk connecting s to x exists if and only

an optimal walk in W.

if [s] = _k@mod~,) [#]. If a full walk connecting i to [s] on T exists then, for arbitrary x,y in the same
cyclic class, ¢; » and ¢;, are both equal to the optimal weight of all walks connecting i to [s] on 7, where
[s] = _k(mod~,) [], otherwise both ¢; , and ¢; , are equal to —oo. This shows that ¢; ., = ¢; .
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The case of rows of R, is considered similarly, but instead of initial walks one has to use final walks on

T O

We can use this to prove the same property for C' and R of Definition 3.2.

COROLLARY 3.9. For any i and for any two nodes x and y in the same critical component and the same
cyclic class of said critical component, we have

(310) Ciﬂj = Oi,y and Rmﬂj = Ry,i-

Proof. We will prove only the first identity, as the proof of the second identity is similar. Let z,y belong
to the same component C,, of C()) and let them belong to the same cyclic class of that component. By
Lemma 3.8, we have (C,);» = (Cy)i,y, and we also have (C,);» = (Cy);i,y = € for any v # p. Using these
identities and (3.7), we have

Ci,a: - (@ Cy) - (Cu)i,w = (Cu)i,y - <® Cu) - Ci,zr o
v=1 i,z v=1

Y

The next theorem explains why CSR is useful for inhomogeneous products. Note that in the proof of it
we use the CSR structure rather than the I'(k) ® S” ® I'(k) representation that was used above.

THEOREM 3.10. The factor rank of each C’,,Sl]f(m‘)d%)RV[F(k)] is no more than v,, forv =1,...,m,
and the factor rank of C'S*™dMRIT' (k)] is no more than 3 1| ..

Proof. For each v =1,...,m, take all the nodes from G, and order them into cyclic classes Cg,...,C5 _;.
Take two columns with indices z,y € C/ from the matrix C,. As they are in the same cyclic class, by
Lemma 3.8 the columns are equal to each other. This means that we can take a column representing a single
node from each cyclic class, and since there are -, distinct classes, then there will be ~, distinct columns of
C,. The same also holds for any two rows of R,: if the row indices are in the same cyclic class, then the
rows are equal, so that we have -, distinct rows.

Let us now check that the same holds for Sf(mOd 2 ® R,. By the construction of S,]f(mOd ), we know

that if (Sllf(mOd’Y”))ij # 0 then [i] =4 (mod~,) [j]. Therefore,

(Sf(mod'yy) ®R,)i. = @ (Sf(mOd'y”))i]‘ @ (Ry)j. = @ (Sf(mod'yu))ij ® (R,)j. = (Ry);..

s )

JEN. 7+ [i]=k(mod vu) 1]

This means that for a row i such that [i] —%(mod~,) [j], we have (Sllf(mOd ") & R,);. = (R,);,. and all such

mod 7y,

rows of S’lf ( ) ® R, are equal to each other.

Our next aim is to define, for each v, matrices C/ and R with 7, rows and 7, columns, such that
CVS’J(mOd%)Rl,[F(k)] = C/, ® R,. To form matrix C}, we select a node of C, from each cyclic class
Cy,.--,CY _; and define the column of Cj, whose index is the number of this node to be the column of C,
with the same index. The rest of the columns of C!, are set to —oo. To form matrix R!,, we use the same
selected nodes, but this time (instead of taking columns of C, and making them columns of C!,) we take the
rows from S,If (mod,,) ® R, whose indices are the numbers of selected nodes and make them rows of R],. The
rest of the rows of R/, are set to —oo. Since the rows of C, with indices in the same cyclic class are equal to
each other and the same is true about the rows of S£™°4") @ R, we have C, SE™4") R, ['(k)]=C,®R.,;

thus, the factor rank of any of these terms is no more than -,.
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We next form the matrices ¢’ = @, C}, and R’ = @, R,,. Obviously, C], ® R, = —oo for v # v,
and therefore

m

C'oR = C, @R, =P C, SR, [N (k)] = CSHmADRID(k)]. 0
v=1 v=1

Finally, as C' and, respectively, R’ have )", v, columns with finite entries and, respectively, rows with
finite entries with the same indices, C.S*™m°d M R[['(k)] = ' ® R’ has factor rank at most "1 7.

COROLLARY 3.11. IfT'(k) is CSR, then its rank is no more than .- v, .

Let us also prove the following results that are similar to [22, Corollary 3.7].

ProrosiTiON 3.12. For eachv=1,...,m

(C, @S @ R,). 5 = (C, @ SN 5 for j e NY
(Cy @ SEMeI) @ R,); . = (SE™ @ R,);. for i€ NY.

Proof. As the proofs are very similar for both statements, we will only prove the first and omit the proof
for the second statement. We begin by observing that
k v v ; -
(Cy @ SEmod )y, s =p (W Tt (i — J)) ;
where we used the definitions of C,, and S, and the identity S,St"ﬂ)% = Sk (since t,v, > T(S,)). Here, it
is convenient to choose t, that satisfies (¢, + 1)y, — k(mod~,) = (t + 1)y — k(mod ), with ¢ used in the
definition of 77. With this choice t,7v, < t.

Using (3.8), all we need to show is that p (W%i{fll(i E[iy}»])) =0p (WkH”” (¢ %j)), where v =

/,init

(t+ 1)y — k(mod ). We will achieve this by proving these two inequalities:

,init

v . W VYo (; :
P (Wzlffguu(z = j)) >p (kar.t (G — ])) ,

(3.11)
o WL s
p <W2’7,+fu11(2 — J)) <p (Wit =)

To prove the first inequality of (3.11), we first consider Wk'ff;l” (i = j'), where j' € [j]. Optimal walk in
any of these sets can be decomposed into 1) an optimal full walk on 7 connecting ¢ to a node of [j], and 2)
a walk of weight 0 and length ¢,7, on C, connecting that node of [j] to j/, whose existence follows since
t,y, > T(S,). This decomposition implies that the weights of all these optimal walks are equal. One of them,
denote it by W can be concatenated with a walk Wy on C, of length k — k(mod~,) + v and ending in j.

v e W1
We see that p(W1Ws) = p(W7) and Wi W5 € Ww’f}un(z — ).

NY
To prove the second inequality of (3.11), we take a walk in W%E)H(Z Wel, j) and decompose it into (1) a

walk in kaf;l” (i — j'), where j' € [j], (2) a walk in Wkigﬁzllodw”)+v” (4" = 7). The weight of the first walk
is bounded by p (kaf;;g“ (i — j)), and the weight of the second walk is bounded by 0; thus, the second

inequality also holds. O



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 38, pp. 820-851, December 2022.

A. Kennedy-Cochran-Patrick and S. Sergeev 832

COROLLARY 3.13. For CSR as defined in Definition 3.2, we have,

(C @ §HmedM @ Ry ; = (C @ Skmed) o for je N,
(C @ §kmedM) @ Ry, = (§¥medM) & RY,  for i€ N..

Proof. The proofs for both statements are similar so we will only prove the first one.

Let j € N.. As all nodes from N, can be sorted into N” for some v =1, ..., m, assume without loss of
generality that j € N/,

Taking the right-hand side of the first statement and using (3.7), we have

(C ® Sk: mod'y) ) (@C ® Sk(mod'\/u ) )
J

v=1

“\J

By Definition 3.3, if j € N} then for all v # u, (C, ® S’,f(mOd%)).j

4 = —oo. Therefore, for every v,
(C,® gp(mod ’Y”)).,j will be dominated by (C,, ® Sﬁ(mc’d V”)).’j. Hence,

(3.12) (@ C, ® Sﬁ(mod’yu)> =(C,® Sﬁ(mOd w)),’j.

v=1 i

Turning our attention to the left-hand side of the first statement, by (3.7) we get

(C @ SkmedM @ Ry . = (@O ® Sklmedv) ¢ R, >

Now we must show that, for j € N* and for all v, (C, ® gEmedy) R)).; <(C.® S,Ij(mOd’y“) ® Ry). -
By (3.8), this is the same as saying

v N v N
p (WZIf}ull( el J)) <W2]§J§uu(z — J))

for some arbitrary node 7. Let W be the walk of length 2k + v connecting ¢ to j that traverses N”, such that

p(W)=p (W%E’H(z W—]> j)) As j € N¥ then W is also a walk of length 2k + v connecting ¢ to j that

NE
traverses N* ; hence, W € Wwf"f’;’n(z ~—+ 7) and the inequality holds.

Therefore, as with the right-hand side, we have

(3.13) <@ C, ® Skmodm) g R,,) =(C,® Sﬁ(mod'w) @R,
J

v=1

Finally, the first statement of Proposition 3.12 gives us equality between (3.12) and (3.13). As j was chosen
arbitrarily, this holds for any j € A, and the result follows. ]

4. General results. This section presents some results that hold for general inhomogeneous products
satisfying Assumptions A, 5 and D2. Before we proceed, let us introduce the following piece of notation,
inspired by the weak CSR expansion of Merlet et al. [17]:



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 38, pp. 820-851, December 2022. I L

833 Extending CSR decomposition to tropical inhomogeneous matrix products

NOTATION 4.1 (B®*"P and \.). Denote

(Bsup)m _ {E’ if i ENC orj ENC?

(A%UP); 5,  otherwise

and by A. the mazimum cycle mean of BSP.

We remark that the metric matrix, given in [6] and defined as AT = A @ A%2 @ ..., of BS" is useful in
calculating all the entries of v; ; simultaneously.

NOTATION 4.2 (q). We will denote by q the number of critical nodes, that is, q = |N¢|.

The following results generalise [13, Lemmas 3.1 and 3.2] for initial and final walks to the case of a general
critical subgraph. Observe that, under Assumptions B and D2, we have A, < 0, so that the bounds in the
following lemmas make sense. Recall the sets of walks W init (i — Nc||) and Wr final (|| Ve — j) introduced
in Notation 2.15.

LEMMA 4.3. Let W; , be an optimal walk in Wr inis(i — N||), so that p(W; n,) = wj ... Then, we
have the following bound on the length of Wi ar, :

n—gq, Zf>\* -5
4.1 l Wi,NF S wr —Qy
(4.1) ( ) {W+(n—q), if A >¢€

*

Proof. If X\, = ¢, then any walk in Wy init (¢ — N||) has to be a path, and its length is bounded by n — q.
Now let A, >e. As A, < 0, the weight of the walk W; s, connecting ¢ to a node in N, is less than or equal
to that of a path P; »;, on D(A%"P) connecting ¢ to a node in N, plus the remaining length multiplied by A,.
The remaining length is bounded from above by n — ¢, since all intermediate nodes in W; ar. are non-critical.
Hence

PT(Win.) < psup(Pin.) + ((Win.) = (n = q))As.

We can bound psup (P n,) < @i n,, SO
(4.2) pTr(Win,) < ain. + (((Win,) — (n— @) A

n —q) . This is equivalent to

Now assuming for contradiction that I(W; x;,) > —2e20Ne 4 (

(4.3) ain, + ((Win,) = (n = @)h <wiy,.

In combining (4.2) and (4.3), we get pr(Wi ;) < wj , meaning that W; x, is not optimal, a contradiction.
So we know that for any I € N,

(Win) <

The proof is complete. ]

LEMMA 4.4. Let Wy, j be an optimal walk in Wr ginai(||[Ne = J), so that p(W., ;) = vy, ;- Then, we
have the following bound on the length of Wy, ;:

— if A\ = ¢,
(4.4) Wy )< b i ¢
Hed el 4 (n—gq), if \*>e.
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As the proof of this lemma is analogous to the proof of Lemma 4.3 it is omitted. Also, we can observe
that n — ¢ is the limit of the expressions on the right-hand side of (4.1) and (4.4) as A. — &; hence, we will
not consider this case separately in the rest of the paper.

The following result is a generalised form of [13, Lemma 3.4] which uses a nominal weight w.

LEMMA 4.5. If v, ; = €, then any full walk connecting i to j on T (P) traverses a node in N..

If’}/i,j > ¢, let
W= Vi

4. k
(4.5 >4

+(n7q)7

for some w € R. Then, any full walk W connecting i to j on T (P) that does not go through any node | € N,
has weight smaller than w.

Proof. In the case when v;; = ¢, the claim follows by the definition of v; ; and by the geometric
equivalence between AP and the matrices from ). So we assume that y; ; > ¢. Any walk W that does not
traverse any node in N, can be decomposed into a path P connecting i to j avoiding A, and a number of
cycles. Hence we have the following bound:

pT(W) < paup(P) + (k = (n— q)) s
We can further bound pgup(P) < 7, s0
(46) prOV) <05+ (k= (1 — )\
Now (4.5) can be rewritten as
(4.7) vij+(k—(n—qg)A <w.
By combining (4.6) with (4.7), we have p7 (W) < w, which completes the proof. |

Using this bound, we can obtain a condition under which the CSR term is (non-strictly) above T'(k).

THEOREM 4.6. If 7; j = € then T'(k) < CS*odMRIT(k)].
If vij > ¢, let
(4.8) k> max ((k);\’“ +(n— q)) .

43 A= T gy Yi, >

Then ,T'(k) < CSFmodM RIT(K)].
Proof. If i /+1 j, then (I'(k)); ; = —oc. In this case, obviously, I'(k); ; < (C.S*™dM) RIL(K)]); ;.

If i =7 j, then (I'(k));; # €. Let W* be the optimal walk of length k on 7 (P) connecting ¢ to j with
weight I'(k); ;. If k is greater than the bound (4.8) then, by Lemma 4.5, for the walk to have weight equal
to I'(k), ;, it must traverse at least one node in N, and the same is true when 7, ; = €. Hence, this walk

belongs to the set Wk (i Ne, j) and further I'(k); ; = p(W*) <p (W%“—(z Ne, ]))

Let f € N, be the first critical node in the first critical s.c.c C,, with cyclicity ~,, that W* traverses.
We can split the walk into W* = W1 W3 where W is a walk connecting i to f of length r and W3 is a walk
connecting f to j of length k — r. We have p(W*) = p(Wy) + p(W3).



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 38, pp. 820-851, December 2022.

835 Extending CSR decomposition to tropical inhomogeneous matrix products

Let 77 be the trellis extension for the matrix product CS¥Mm°d7) R[T(k)] with length 2k + v where
v = (t+ 1)y — k(mod ) as described in Definition 3.6.

We now introduce the new walk W’ = WWoW3 on T7'. Here, W; and W3 are the subwalks from W*
introduced before, where W is viewed as an initial walk on 7’ and W3 as a final walk on 77, and W5 is a
closed walk of length k 4 v that starts and ends at f. Since k + v = 0(mod ) and k +v > T(S) > T(S,),
this closed walk exists and can be entirely made up of edges from C,. This means the walk W’ is of length

2k + v, and it traverses the set of nodes N therefore W’/ € W2k+v(; Wel, 7)-
As Wy is made entirely from critical edges, we have p(W2) = 0 and p(W*) = p(W') <

D (W%“’(i W—CV]> j)), and using (5.8) gives us

L(k)ij = p(W) < (G800 R, [D(K)])iy < (CSM™ IV RID(K)])sg,

s

where the last inequality is due to Proposition 3.5. The claim follows.

This condition looks like a bound for T'(k) to become equal to the corresponding CSR product, but it is
implicit since it requires I'(k) to be calculated in order to generate the bound. However, we can develop a
condition that does not depend on I'(k). This following result requires Assumption C.

COROLLARY 4.7. Let

6, 12T, Yi,>€

’LL]-C s — Yiq
(4.9) k> max <”)\7] +(n— q)> .

Then, T'(k) < CS*med ) R[T(k)].

Proof. By Lemma 2.18, i — j is equivalent to ufj > €, so maximum in (4.9) is taken over 4, j for which

uf] and v, ; are finite. We also have ufj < (I'(k))s,; by the definition of A™f.

Further, as A, < 0, then any k that satisfies (4.9) will also satisfy (4.8). The claim now follows from
Theorem 4.6. d

5. The case where CSR works. In the case, when C(X) is just one loop, Kennedy-Cochran-Patrick
et al. [13] established a bound on the lengths of inhomogeneous products, after which these products are of
tropical factor rank 1. In this section, we extend this result to the case when D(X) and C(X) satisfy the
following assumption, in addition to Assumptions A, 3 and D2.

AssuMPTION P0. C(X) is strongly connected and its cyclicity v is equal to the cyclicity of D(X).

The equality between cyclicities means that the associated digraph D(X) has the same number of cyclic
classes v as C(X).

NoTATION 5.1. The cyclic classes of D(X) are denoted by Cy, ...,C_;.
For a node i € N, the cyclic class of this node with respect to D(X) will be denoted by [i] .

For a node i € N, we will use both [i] (the cyclic class with respect to C(X)) and [i]’ (the cyclic class

with respect to D(X)), and an obvious inclusion relation between them: [i] C [i]’.
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One of the ideas is to combine Lemmas 4.3 and 4.4 together with Schwarz’s bound. To define this bound,
following [17], we first introduce Wielandt’s number

—1)24+1 ifn>1
Wi = {0

and then Schwarz’s number
|n
Sch(y,n) =y Wi ( {J ) + n(mod ).
Y

Let us now prove the following lemma.

LEMMA 5.2. Let

* .
Wi N, — Q4N
Agr

ey ~ BN

1 k>
(5.1) > -

+ (n —q) + Sch(v,q) + +(n—q).

Then

(i) If i) /~kl7]), then there are no full walks connecting i to j on T(P) (i.e., i A7 7).
(i) If [i] —k [J], then there is a full walk W connecting i to j on T (P) and going through a critical
node, and we have pr(W) = w; 5, + vy, ; if W is optimal.

Proof. The property [i]’ /1 [j]’ implies that there is no full walk W connecting ¢ to j on T (P).

In the case [i]) = [j]’, we construct a walk W’ = W; n, W. Wy, ; of length k, where W; xr, be an optimal
walk in Wy init (i = N¢||) (see Lemma 4.3) , Wy, ; be an optimal walk in Wy ginai (|| Ve — j) (see Lemma 4.4),
and W, is a walk that connects the end of W; ar, to the beginning of Wy, ; and such that all edges of W, are
critical (the existence of such W, is yet to be proved). Without loss of generality set [i]' = Cj and [j]" = C,,_:
the cyclic classes of D(X) to which ¢ and j belong. Let = be the final node of W; ., and let y be the first

node of Wy, ;. Set [z]' = C}, and [y]' =C,,.

By [5, Lemma 3.4.1.iv] {(W; n,) = p1(mod ), {(Wy., ;) = (p3 — p2)(mod ). Hence, the congruence of
the walk W, to be inserted is (p3 — p1 — (p3s — p2))(mod y) = (p2 — p1)(mod ). As the cyclicity of the critical
subgraph is the same as that of the digraph, the cyclic classes of the critical subgraph are Cy, ...,C,—1, and we
can assume that the numbering is such that Co C Cg,..., Cy—1 € C,_;. Then, z € C,, and y € Cp, and by [5,
Lemma 3.4.1.iv] there exists a walk on the critical subgraph of length congruent to (p2 —p1)(mod y). Moreover,
all walks connecting x to y have such length and by Schwarz’s bound if k — I(W; n,) — I(W, ;) > Sch(v,q)
then there is a walk of length equal to I(W') — I(W; n;,) — (W, ;). According to Lemmas 4.3 and 4.4
I(Win,) < w*N/\i:aNc +(n—q), (W, < % + (n — q); therefore, k is a sufficient length for
kE—1(W;n.) —U(Wy,,;) to satisfy Schwarz’s bound, so a walk of the form W’ = W; ,, W.Wy. ; exists and
p(W') = wiy, + i -

Let now W be an optimal full walk connecting i to j on 7 that passes through N, at least once. As it
passes through the critical nodes, then the walk can be decomposed into W = Wi, N, WCWNM where Wl N, is
a walk in Wr it (i — N||), and WNc,j is a walk in Wr gnai (|| Ve — 7), and W, connects the end of Wi7Nc
to the beginning of WNc,j on T(P). We then have pr(Wi.) < pr(Win.) and PT(WNc,j) < pr(Wn. ;)

and also pr(W,.) < p(W.) = 0. Since W is optimal, then all of these inequalities hold with equality, and
pr(W) = wj 5, + vy, j» as claimed. 0
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REMARK 5.3. It follows from the proof that, under the conditions of this lemma and in the case [i] = [J],
there is an optimal full walk connecting i to j on Tr) and traversing a critical node that can be decomposed
as W = W; y.W. W, j, where W; nr. is an optimal walk in Wr it (i — Ne||) and Wi, j is an optimal walk
in Wr sinal(INe = 7), and W, consists of edges solely in the critical subgraph. If the elements of Y are also
strictly visualised in the sense of [23], then any such optimal full walk has to be of this form.

Lemma 5.2 gives us the first part of the final bound for the case. In order to be able to use this lemma,
we must ensure that the walk must traverse N,; hence, we can use Lemma 4.5 in conjunction with Lemma 5.2
to give us the following theorem.

THEOREM 5.4. Denote u; ;. ;= wiy, + Ui, ;- Let
u;i c»J — ’YZ’]

Ax

u; . — O — .
(52) k Z max ( ARV >\7Nc ﬁNC,]

+2(n — q) + Sch(v, ), +(n—q+1)>,

if vi,j > € or just

UL s — QN — BN
(5.3) k> —iNew  TH J

= B\ + 2(77’ - q) + SCh(’Ya Q)v

if vi,; =€, for somei,j € N. Then

(i) If (il /ok [j]’ then T(k);; = —oo,
(11) [f [Z]' —k []]’ then F(k)l,j = ’LL;:NC,], = w;,./\/'c + Uj\/c,j‘

Proof. We only need to prove the second part. By Lemma 4.5 and taking w = w; . + v, ;, if
WiN, TN~ Vi

k
> .

+(n—q),

then any walk on T (P) that does not traverse the nodes in A, will have weight smaller than Wi N, T UN
or such walk will not exist if ; ; = €. Using Lemma 5.2, if

* .
wi,Nc - QN
Agx

VN, G~ PN

k>
= or

+(n —¢q) + Sch(v,q) + +(n—q),

and [i]" — [j]’ then the weight of any optimal full walk on 7 (P) connecting 4 to j and traversing a critical
node will be equal to w} . + v}, ;. If vi; =€, [i]' = [j]’ and the above inequality holds, or if v; ; > €, k
satisfies both inequalities and [i] — [4], then any optimal full walk traverses nodes in A, and has weight

L(k)ij = win, + VN - 0

Our next aim is to rewrite Theorem 5.4 in a CSR form, and we first want to look at the optimal walk
representation of w5, and vy, ;. This leads to the following lemma.

LEMMA 5.5. We have
(5.4) U’ZNC = p(W’]IC',full(i — No)), ”/*\fc,j = p(W'I;',full(NC = 7))

Proof. We will prove only the first of these two equalities, as the second one can be proved in a similar
way.
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Let W; ar. be an optimal walk in Wr it (4 — Nc|), with weight wfﬁ N We are required to prove that
(5.5) P Wrinie(i = Ne|))) = p (W’]Tc_,full(i — N(‘)) )

where on the right we have the set of full walks connecting ¢ to a critical node on 7 (P). We split (5.5) into
two inequalities,

(5'6) p (WT,init(i — NCH)) <p (W%full(i — NC)) y P (WT,init(i — NCH)) >p (W%full(i - NC)) .

For the first inequality in (5.6), observe that we can concatenate W; s, with a walk V' on the critical graph
which has length [(V) = k — (W, xr.). The resulting walk W; -,V belongs to W%fuu(i — N.) and has weight
w; xr,» which proves the first inequality. For the second inequality, take an optimal walk W* € W%fuu(i — N),
whose weight is p(W%qu(i — N.)). By observing the first occurrence of a critical node in this walk, we
represent W* = WV, where W € Wr it (i — Ncl|). We then have p(W*) = p(W) +p(V) < p(W) < wj .
proving the second inequality. Combining both inequalities gives the equality (5.5) and finishes the proof of
Wy, = p(W%qu(i — MN,.)). The second part of the claim is proved similarly. |

REMARK 5.6. In the previous lemma, the length of the walks on the right-hand side does not have to be
restricted to k. We can obtain the following results:

* .
Wi N, — QN
Agr

. . (VN PN
v.;k\/’mj = p(W%ﬁnal(Nc — J)) fOT’ any m Z min <Afm])\] + (’I'L - Q)a k) .
q*

Whn, = pWh (i = N2)) for any | > min (

+ (n - q)a k
(5.7) >

We now establish the connection between the previous Lemma and CSR.
LEMMA 5.7. We have one of the following cases:

(i) (CSMmodNRID(K)])i ;= e if [i) . [)',
(ii) (CSHmADRID(K)))i; = w]n, + Vi, ; o i = ]

Proof. By Lemma 3.7, we have p (W%E’H(i —>j)) = (CSFmodN RIT(k)])i;, where v = (t + 1)y —

k(mod~) and ¢ty > T(S), and let W € Wmf:’f'fl’n(i — 4) be optimal. W can be decomposed as W1 Wy W3 where
Wy is a full walk (of length k) connecting i to some | € N, on T, W3 is a (full) walk of length k connecting
some m € N, to j and W5 is a walk on the critical graph of length v connecting the end of W; to the
beginning of W3. In formula,

(CSHEAD RID(b)]);,; = max{p(Wi) + p(W2) + p(Ws):

5.8

If the weights of Wy, Wa, and W3 in (5.8) are finite then [i]" — [I], [I]' =+ [m]" and [m]) — [j]’, hence
[{) =k [4]'. Thus, (CS*R[T(k)]; ;) > € implies [i]’ — [j]" proving (i).

As the cyclicity of the associated graph is the same as the cyclicity of the critical graph, Lemma 5.5
implies that
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(5.9) wi . =pWH(i = Cik)),  vr.; = POVF(Crj — 5)),

where C; , = Cz/',k N, is the cyclic class of C(X) that can be found by intersecting with critical nodes N, the
cyclic class Cj ; of D defined by [i] —, C] ;. Similarly, Cy ; = C; ; NN, is the cyclic class of C(X) that can
be found by intersecting with critical nodes N. the cyclic class Cy, ; of D defined by C; ; — [5]".

Now note that in (5.8), we can similarly restrict ! to C; ; and m to Cy_;, which transforms it to

(Csk(modv)R[F(k)Dm = max{p(W1) + p(W2) + p(W3):

Wy e Wi(i = 1), Wo e Wl = m), Ws e Wi(m — j), L €Cik, m € Cy i}

Note that if a walk Wy exists between any | € C; , and m € Ci; then using (5.9) we immediately obtain
(CSFmedM RIT(K)]); j = w; nr. + Vs, ;- Thus, it remains to show existence of W2 € Wg (I — m) between any
l € Cip and m € Cy ;. For this, note that since v = (£ + 1)y — k(mod y) > T'(S), either C; x —(y—k(mod +)) Ck.;
and a walk on C(X) of length v exists between each pair of nodes in C; , and Cy;, or Cik, 7 (y—k(mod~)) Ck.j
and then no such walk exists. We thus have to check that C; x —(y_g(mod~)) Ck,; on D. But this follows
since we have [i]" — [j]’, and since in the sequence [i]' =y C, — Ci; — [j]’, we then must have
l =, ~v— k(mod~).

Combining Theorem 5.4 and Lemma 5.7 we obtain the following result.

THEOREM 5.8. Denote u; ;. ; = wiy, +Ux, ;. Let k be greater than or equal to

c.

* . .
Ui NG — i

u¥ = N, — BN
e (max Ned e +2(n —q) + Sch(v,q), = max

+n—q+1]).
i, Ax .50 i >e As nd >

Then T'(k) = CSkmod7) RD(k)].

As with Theorem 4.6, this bound requires T'(k) in order to calculate the bound, which makes it implicit,
but as with Corollary 4.7 we can use w; n, < w; y, and vn,,; < v, ; to give us an explicit bound. The
following result requires Assumption C on A™.

COROLLARY 5.9. Denote u; v, j = Win, + Un,,;. Let k be greater than or equal to

max +2(n — ) +Sch(y,q),  max  eNed Z T

e Ui N,j — Qi N, — BN
i, Ax 50 Y > s

+n—q+1>.

Then, T'(k) = CS*modv R[T(k)].

We will now present an example of this bound in action.

Let D(G) be the eight node digraph with the following structure:
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(1) (2)
(4) 3)

along with the associated weight matrix.

€ 0 € 0 € € €
€ € 0 ¢ € As 7 €
€ 0 € 0 € € € €
. 0 ¢ € € € Asg € 5
As1 € € € ¢ e As7 €
e € € ¢ Ass € €
€ € € € Az
g Ag,g g g Ag’g g

There are three critical cycles in this digraph, one cycle of length 4 traversing 1 — 2 — 3 — 4, and two cycles
of length 2 traversing 1 — 4 — 1 and 2 — 3 — 2, respectively. There are also cycles of length 4, 6, and 8
which means that the cyclicity of the whole digraph is 2, which is the same cyclicity of the critical subgraph.
Therefore, Assumption PO is satisfied, and we can continue.

The semigroup of matrices X used by this example will be generated by these five matrices:

€ 0 € 0 € € € € € 0 € 0 € € €
€ € 0 € € e —16 € € € 0 € € -3 ¢
€ 0 € 0 € € € € € 0 € 0 € €
A= 0 € € € € —6 € € Ay — 0 € € € € -6 ¢ € 7
—11 ¢ 5 € € e —14 € —-17 ¢ € € € e —6 ¢
€ € € e —18 ¢ € € € € e —17 € € €
€ € € € € € —20 € € € € € € -5
€ e —11 ¢ € -3 € € e —19 ¢ € -7 €
€ 0 € 0 ¢ € € € 0 ¢ 0 ¢ € €
€ € 0 e € —4 € € e 0 € ¢ -19 €
€ 0 € 0 e € € € € 0 ¢ 0 ¢ € € €
Ay = 0 € € € € —6 € € Ay = 0 e € € € —6 € €
-13 ¢ & € ¢ e =10 ¢ |’ -16 ¢ e € ¢ e —16 ¢ |’
€ € € e -8 € € e € € =8 €
€ € e € —17 € € € € € —12
e —12 ¢ —11 € € e =2 ¢ —2 €
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€ 0 € O e € € €
€ e 0 ¢ € € —11 €
€ 0 ¢ O € € € €
Ay = 0 e € € € —16 € €
—19 ¢ € ¢ e -3 €
€ e e & -—12 €

€ € E € € € —10
€ e —1 ¢ € -7 €

Using these matrices, we can calculate AS"P and A™,

€ 0 ¢ 0 e € € € 0 € 0 € €
€ e 0 & ¢ -3 € € € 0 € € —19 €
€ 0 ¢ 0 e e 5 0 e 0 5 e
e 0 e € € € —6 ¢ € At _ 0 € € € € —16 €
11 ¢ € e ¢ -3 e |’ —-19 ¢ e & ¢ -16 e |’
€ e € € =8 € € € € e —18 €
€ E € € € -5 € € 5 € € —20
€ e —1 ¢ -2 € e e e —19 ¢ e —11 e
as well as a; ar., BN,y Vi Wi N, and vn, j:
0 0 € € € ¢ € € € €
0 0 e € € € € € € €
0 0 €E € € € € € € €
0 AT 0 E € € ¢ € €
o — - I
WNe= g |0 Ned T | 214 | TiT e 6 e e —18 10 -3 -8
—17 —6 e € € € —18 —-10 -3 -8
—6 -3 e € € ¢ —15 -7 -—-18 =5
-1 -8 e € € ¢ —10 -2 -—-13 -18
wiy, =0 0 0 0 —19 —37 -39 —19),on.;,=(0 0 0 0 —34 —16 —19 —39).
With all the pieces ready, we can now form the bound of Corollary 5.9,
12 12 12 12 16.4 14.2 15.6 18.9 e € € € e 5 € €
12 12 12 12 16.4 14.2 15.6 18.9 e € € ¢ e e € €
12 12 12 12 16.4 14.2 15.6 18.9 E € € € € € € €
k> max 12 12 12 12 16.4 14.2 15.6 18.9 e € € € e e € €
- 14.2 14.2 14.2 14.2 18.7 16.4 178 211 |’ |e € e e 128 106 128 16.1
16.4 16.4 16.4 16.4 20.9 18.7 20 23.3 E € € € 19 12.8 15 18.3
19.3 193 19.3 19.3 23.8 21.6 229 26.2 e € € € 179 157 139 21.2
16 16 16 16 20.4 18.22 19.6 229 e € € € 146 123 106 13.9
= k> 23.8.

Therefore, by Corollary 5.9 if the length of a product using the matrices from X is greater than or equal to
24 then the resulting product will be CSR. We will show such a product. Let I'(24) be the inhomogeneous
matrix product made using the word P = 551541235515535135454155 which gives us:
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0 € 0 € € —-16 —11 e
€ 0 5 0 —28 € e —21
0 € 0 € € —-16 —-11 €
€ 0 € 0 —28 e 15 —21
I'(24) =
(24) € —19 € —19 —47 € e —40
—31 € —31 € € —47  —42 e
—11 e —11 € € —27 =22 €
e -1 € -1 =29 € e —22
This matrix product is indeed CSR, and by Definition 3.2 we have,
0 € 0 €
€ 0 € 0
o & 0 e 0 € ¢ ¢ 0 6 0 e e =16 —-11 =
r(24) — € 0 € 0 ®5055®5050—28 e € —21
€ —19 € —19 e ¢ 0 ¢ 0 ¢ 0 ¢ € —16 —11 €
—31 € —-31 € e € € 0 e 0 ¢ 0 -—28 € € —21
—-11 € —11 €
€ -1 € -1
0 €
€ 0
0 €
€ 0 0 € 0 ¢ 0 ¢ € —-16 —11 e
I'(24) =
(24) € —19 ®<€ O>®<e 0 ¢ 0 -—28 € € 21)
—-31 €
—11 €
€ —1

We can see that, for the C matrix, columns 3 and 4 are copies of columns 1 and 2, respectively. The same is
also true for the rows of the R matrix so they can be deleted. As 24(mod 2) = 0, we replace the S matrix
with the tropical identity matrix which shows us that the matrix product I'(24) using the word P is indeed
CSR, and it has factor rank-2.

6. Counterexamples. Here we present a number of counterexamples for the different cases of digraph
structure. These counterexamples present families of products which are not CSR, and we construct them in
such a way that they have no upper bound on their length.

6.1. The ambient graph is primitive but the critical graph is not. We will now look at two
cases where we are unable to create a bound for matrix products to become CSR. For the first case, we will
be looking at digraphs that are primitive but have a critical subgraph with a non-trivial cyclicity. Therefore,
we have the following assumption:

ASSUMPTION P1. D(X) is primitive (i.e., y(D(X)) = 1) and the critical subgraph C(X), which is a
single strongly connected component, has cyclicity v(C(X)) =~ > 1.
We now present a counterexample which shows that under this assumption, in general, no bound for k in

terms of AP and A™f can exist that ensures that I'(k) is equal to the corresponding CSR product.

Let D(G) be the five node digraph with the following structure:
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This digraph will have the following associated weight matrix.

€ 0 Aigs € € €
0 € € € Az s €
A= g g g A3,4 g Ag,e
I VR - € € € €
€ € € € e Asg
€ Aa 2 A673 € € g

)

There is a critical subgraph consisting of the cycle between nodes 1 and 2. There also exist two cycles,
1-53—>4—1and2—5— 6 — 2, both of length 3 which makes D(A) primitive. We aim to present a
family of words with infinite length such that the products made up using these words are not CSR. Since
the cyclicity of the critical subgraph is 2, then we will have to create two classes of words, one of even length
and one of odd length to define the family.

The semigroup of matrices we will use is generated by the two matrices:

€ 0 —100 € € € € 0 —100 € € €
0 € € € —100 € 0 € € € -1 €
A = € € € —100 € € Ay — € € € —100 ¢ €
—100 € € € € € -1 € € € € €
€ € € € € —100 € € € € e —100
€ —100 € € € € e —100 € € € €

Let us first consider the class of words (1)2¢2 where ¢ > 2, and let U = (A;)?! Ay for arbitrary such t. We
will first examine entries U6,17 U2757 U6,2 and U1,5.

The entry Us 1 can be obtained as the weight of the walk 6 (21)(21)...(21) 341, which is —301. For this
—_———
t—1
observe that the walk 621 has an even length and therefore we need to use one of the three-cycles to make it
odd, and using the southern three-cycle in the end of the walk is the most profitable way to do so. The entry
Uss is equal to —1, as there is a walk that mostly rests on the critical cycle and only in the end jumps to
node 5. We also have Us 2 = —100 (go to node 2 and remain on the critical cycle) and Uy 5 = —301 (use the
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southern triangle once and then dwell on the critical cycle and in the end jump to node 5). Note that in the
case of Uy 5 we again need to use one of the triangles to create a walk of an odd length.

We then compute

(CSR)[Ules = (US*U)g 5 = max(Us 1 + Uas, Usa + Uy 5) = —301 — 1 = —302.

However, Us 5 results from the walk 6 (21)(21) ... (21) 2562, with weight —401, needing to use the northern

—_—
t—1

triangle to make a walk of odd length.

The following an example of U and CS?*!R[U] for ¢t = 10:

—201 0 —100 =500 —-301 —200

0 -300 —400 —-200 -1 —500
—-401 -200 -300 -700 —501 —400
—-100 —400 -500 -300 -101 —600
—200 -500 —-600 —400 -201 —-700
-301 —-100 —-200 —-600 —401 —300

—201 0 —-100 —401 -—-202 —200

0 —-300 —400 —-200 -1 =500
—401 —-200 —-300 —-601 —402 —400
—-100 —400 -500 -300 -101 —600
—-200 -500 —-600 —400 -201 -—700
-301 -100 —-200 -501 —302 —300

CSZl(mod 2)R[U] —

We now consider the class of words (1)%712 where ¢t > 1, and let V = (A;)*'T1 A, for arbitrary such ¢.
We will first examine entries V51, V15, Va2 and Vo 5.

The entry V21 = —201 is obtained as the weight of the walk 2 (12)(12)...(12) 341: it is necessary to use
—_—

one of the triangles to create a walk of even length, and using the soutlferln triangle once in the end of the

walk is the most profitable way to do so. The walk 125 already has an even length, and we only have to

augment it with enough copies of the critical cycle and use the arc 2 — 5 in the end of the walk, thus getting

Vi,5 = —1. Obviously, Vo 2 = 0 : we just stay on the critical cycle. The entry Va5 = —301 is obtained as the

weight of the walk (21)(21)...(21) 5625, where we have to use the northern triangle in the end of the walk to
—_—

create a walk of even waltk ;nd minimise the loss.

We then find
(CS?R[V))a5 = (VS?V)a5 = max(Vay + Vi 5, Voo + Vas) = Va1 + Vi 5 = —202,

which is bigger than V5 5 = —301.

The case for V5 5 is one for connecting a critical node to a non-critical node. For completeness, we should
also look at a walk connecting two non-critical nodes, namely the walk representing V4 5. To do this, we will
need to also look at the entries V4 ; and Vy 5. For Vi 1 = —301, the entry is obtained as the weight of the walk



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 38, pp. 820-851, December 2022. I L

845 Extending CSR decomposition to tropical inhomogeneous matrix products

4(12)(12)...(12) 341. As the walk 41 has odd length, one of the triangles is required to make the walk even
—_—

t—1
so choosing the southern triangle is the most profitable way to achieve an even length walk. The walk 412

already has an even length so we can augment it with enough copies of the critical cycle to give us the desired
length for the walk representing the entry V4o = —100. Using Vi 5 and V5 5 discussed earlier we calculate

(CS?R[V))a5 = (VS*V )45 = max(Vyq + Vi, Vao + Vas) = Va1 + Vis = —302,

which is bigger than V4 5 = —401.

We now show an example of V' for ¢ = 10:

0 -300 —400 —-200 -1 —500

—201 0 —-100 —-500 —-301 —200
v — —-200 -500 —-600 —400 -201 -700
| -301 —100 —200 —600 —401 —300
—401 —-200 —-300 -—-700 —-501 —400
—100 —400 —-500 —-300 —-101 —600
0 —-300 —400 -200 -1 —500
—201 0 —100 —401 —-202 —200
—200 —-500 —-600 —400 —-201 —-700
22(mod 2) _
oS v -301 -100 —-200 -501 —302 —300
—-401 -200 -300 -—-601 —402 —400

—100 —400 —-500 —-300 —-101 —600

Combining both classes, we have a family of words covering all lengths greater than 29 such that any
product made using these words will not be equal to the corresponding CSR product. Therefore, there cannot
be a transient for this case as there is no upper limit to the lengths of these words.

We now also construct a counterexample where all nodes of D(G) are critical. Let D(G) be the three
node digraph with the following structure:

(1)
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The digraph has the following associated weight matrix.

€ 0 €
A= € A2’2 0
0 Az Ass

For this example, there is a single critical cycle of length 3 traversing all of the nodes. There also exists
two loops 2 — 2 and 3 — 3 and a cycle 2 — 3 — 2 of length 2. Like the previous example, this digraph is
primitive but the critical subgraph has cyclicity 3. As the cyclicity is greater than one we need to present
three different classes of words making up a family of words such that any product I'(k) made using these
words will not be CSR.

The semigroup of matrices that we will use is again generated only by two matrices:

€ 0 € € 0 €
A =|e -100 0 Ay =1e -1 0
0 —100 -100 0 —-100 -1

Let the first class of words be (1)3*+22 for ¢t > 0, and let M = (A;)3!+2 A, for any arbitrary t. We will
now examine the entries My 1, My o, Moo M 3 and M3 5.

Since all the walks are of length 0 modulo 3, then any walk connecting ¢ to ¢ will have weight zero as
we can simply use the critical cycle. This gives M;; = My = 0. The entry M; 2 can be obtained as the
weight of the walk (123)12 which is —100. In this entry, observe that the walk 12 is of length 1 modulo 3;
therefore, we need to use the two cycle 2 —+ 3 — 2 to give us a walk of the desired length. The entry M; 3 is
equal to the weight of the walk (123)'713 and the entry Ms  is equal to the weight of the walk (312)*12.
For these entries, observe that the walks 123 and 312 are both of length 2 modulo 3; therefore, we require a
loop for both walks to give us the required length. The most profitable time to use these loops are right at
the end of the walk.

We then compute

(CSR)[M]LQ = (MSgM)l)Q = maX(Ml)l —|— M1)27M172 —|— M272,M173 —|— M372) =—-1—-—1=-2.

However, as seen earlier the entry Mjs has weight —100 which is less than the CSR suggestion.

The following is an example of M and CS***2R[M] for t = 10:

0 —100 -1 0o -2 -1
M=[-100 0 —100]| C8§¥3@dIRM]=-100 0 —100
-100 -1 0 -100 -1 0

For efficiency, we will simply present the final two classes and omit the in-depth analysis of them:

For walks of length 1 modulo 3, we have the class of words (1)3+32 for ¢ > 0.
For walks of length 2 modulo 3, we have the class of words (1)3+42 for ¢t > 0.

We will also present examples of products and their CSR counterparts made using these words for ¢ = 10
where N = (A1)3t+3A2 and P = (A1)3t+4A2.
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—100 0 —100 —100 0 —100
N=|[-100 -1 0 083 med3RINI = [ =100 -1 0
0 —-100 -1 0 -2 -1
—-100 -1 0 —-100 -1 0
P=( 0 —100 -1 0§3meddppl=( 0 -2 -1
—100 0 —100 —100 0 -—100

The combination of these three classes create a family of words such that any product I'(k) made using these
words is not equal to the corresponding CSR product.

We now extend these counterexamples to a more general form where we consider digraphs with non-trivial
cyclicity r along with critical subgraphs with cyclicity v which is greater than r. This leads to the following

assumptions.

6.2. More general case.

ASSUMPTION P2. D(X) has cyclicity v and the critical subgraph C(X'), which is strongly connected, has
cyclicity v > r.

In a similar method to the primitive example above, using the new assumptions, we can now describe
a counterexample that shows that no bound for k in terms of 45" and A™ can exist that ensures I'(k) is
equal to the corresponding CSR product.

Let D(X) be a six node digraph with the following structure:

(1) (4) (6)
° ° °

(2) (3) (5)

along with the following associated weight matrix,

e 0 ¢ € €
e € 0 € € €
A_le € ¢ 0 Asps €
0 ¢ ¢ € €
€ € € € € As 6
€ € € Aga € €

Here, the critical cycle traverses nodes 1 — 2 — 3 — 4 — 1; however, there also exists another non-critical
cycle of length six traversing 1 —+2 —+ 3 — 5 — 6 — 4 — 1. This means that while the cyclicity of the critical
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subgraph is 4 the cyclicity of D(G) is 2. Therefore, the digraph structure satisfies the assumptions, and we
can develop a family of words with infinite length such that any I'(k) made using these words will not be
equal to the corresponding CSR product. As the cyclicity of the critical subgraph is 4, then we will require
four classes of words to fully define the family.

The semigroup of matrices that will be used is generated by two matrices:

e 0 € € € € e 0 ¢ ¢ €

e ¢ 0 € € € e ¢ 0 ¢ €
A = E € € 0 —100 € Ay — e € € 0 -1 €

0 ¢ ¢ € € € 0 ¢ ¢ ¢ € €

E € € € € —100 € € € ¢ e —100

e € € —100 € € e € e —1 ¢ €

Let us begin with the first class of words (1)4'2 where t > 2, and let L = (A;)* A, for arbitrary such t. We
will begin by examining the entries L; 2, L15, L1 4 and L3 5.

The entry L; 2 can be obtained as the weight of the walk (1234) 12, which is 0. As the walk 12 has
——

t
length congruent to 1(mod4), then a walk exists on the critical cycle connecting these nodes. The entry

L, 5 is obtained from the weight of the walk (1234) 1235641235, which is —301. As the walk 1235 has length

——
t—2

congruent to 3(mod4), then we need to add on the six cycle with weight —300 to give us a walk of length

congruent to 1(mod4) and finally the last step of the walk is to go from 3 to 5 with weight —1. For the entry,

L 4 = —201 which is the weight of the walk (1234) 123564 and the entry Lss = —1 comes from the weight of
——

t—1
the walk (3412) 35. Note that in the case of L 4, we used the six cycle to give us the desired length of walk.

t

We then compute
(CSR)[L}L{) = (L ® 53 & L)1’5 == HlaX(LLQ + [/1’57 L1’4 + L3’5) =—-201 —-1=—-202.

However L5, as explained earlier, results from a walk with weight —301.

The following is an example of L and CS**1R[L] for t = 10

€ 0 € —201 =301 €
—300 € 0 € € —401

I € —300 € 0 -1 €
0 € —300 € € —101
—500 € —200 € € —601

€ —400 € —100 -—101 €

€ 0 € —201 —202 €
—300 € 0 € € —401

41(mod 4 € —300 € 0 -1 €
s 'RIL] = 0 € —-300 ¢ e —101
—500 € —200 € € —601

€ —400 € —-100 101 €
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The other classes behave in a similar way so we omit the in-depth explanation of them. We present the
words used for each class:

For walks of length congruent to 2(mod4), we have the words (1)4+12 for t > 2;
For walks of length congruent to 3(mod 4), we have the words (1)**22 for t > 2;
For walks of length congruent to 0(mod 4), we have the words (1)%*32 for ¢ > 2.

For example, if ¢ = 10 then for the first of these classes

—-300 € 0 € € —401
€ —300 € 0 -1 €
0 € —300 € € —101
F=(A)"® A4, =
(A)" ® Az 0 e —201 -301 ¢ |’
€ —500 € —200 —-201 €
—100 € —400 € € —201
—300 € 0 € € —401
€ —300 € 0 -1 €
0 € —300 € € —101
42(mod 4) Fl =
cs R[F] € 0 € —201 —202 €
€ —500 € —-200 -201 €
—100 € —400 € € —201

Combining all classes gives us a family of words covering all lengths greater than 9 such that any product
made using these words will not be equal to the corresponding CSR. product.

6.3. Critical graph is not connected. For this counterexample, we now consider a digraph with

multiple critical components Cq, ..., C,, which are each strongly connected components with respective
cyclicities v1, ..., Ym-
AsSUMPTION P3. C(X) is composed of multiple strongly connected components Cq, ..., C,, where the

component C; has cyclicity v;. The cyclicity of D(X) is lem;(v;), which is the same as the cyclicity of C(X).

Let us now show a counterexample, which demonstrates that, for the case of several critical components,
we cannot have any bounds after which the product becomes CSR in terms of A%" and A™f. The reason is
that the non-critical parts of optimal walks whose weights are the entries of C' and R cannot be separated in
time: in general, they will use the same letters, and such walks on the symmetric extension of 7 (P) cannot
be transformed back to the walks on T(P).

Let D(X) be the four node digraph with the following structure:

Q .

(1

C/ N
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along with the following associated weight matrix

0 A12 3 e

0 A23 9
A =
0 Ay
Aq € € €

For this digraph, we have a the critical subgraph comprised of three separate loops at nodes 1,2 and 3.
There is also a cycle of length 4 which means the cyclicity of the digraph is 1. We are going to present a class
of words of infinite length such that the matrix generated by this class of words is not CSR.

We introduce a semigroup of tropical matrices with two generators X = {A;, A2} where A; to Ay are

0 —100 € € 0 -1 ¢ e
€ 0 —100 € e 0 -1 5

A = Ao =

! e e 0o -—100]|" 7 e e 0 -—100[’
—100 € € € —100 € € e

and the class of the words that we will consider is (1)!2, where ¢t > 2. In other words, we will consider a set
of matrices of the form U = (A4;)" Ay (the actual value of ¢ > 2 will not matter to us).

We have: Uy = —1 (as the weight of the walk 11...12), Us3 = —1 (as the weight of the walk

41
22...23),and therefore (CS* ' R[U])13 = Uy = U2 ® Uz s = —2, but Uy 3 = —101 (as the weight of the

t+1
walk 122...23).
_

t
Similarly, we can also look at the entry Uy 3. Then, we have Uy 2 = —101 (as the weight of the walk
411...12), U3 = —1 and hence (CS™ R)y3 = (USU)s3 = Uy ® Uz 3 = —102, but Uy 3 = —201 (as the
t
weight of the walk 4122...23).
t—1

Here is an example of the word from the class for ¢ = 10 and the corresponding CSR

0 -1 —101 —300 0 -1 -2 =201
(=30 o -1 —200 11(mod 1) (=201 0o -1 -—101
W=1_200 201 0o -0 BWI=1 000 —201 0 -100

—100 —101 —-201 —400 —-100 -101 -—-102 —-301

Therefore, any matrix product of length greater than 3 which has been made following this word will not
be CSR. Hence, there can be no upper bound to guarantee the CSR decomposition in this case.
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