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NEW ESTIMATES FOR THE SOLUTION OF THE LYAPUNOV
MATRIX DIFFERENTIAL EQUATION*
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Abstract. In this paper, by using majorization inequalities, upper bounds on summations of
eigenvalues (including the trace) of the solution for the Lyapunov matrix differential equation are
obtained. In the limiting cases, the results reduce to bounds of the algebraic Lyapunov matrix
equation. The effectiveness of the results are illustrated by numerical examples.
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1. Introduction. Consider the Lyapunov matrix differential equation
(1.1) P(t)=ATP(t)+ P)A+Q, Py = P(ty),
and the algebraic Lyapunov matrix equation
(1.2) ATP+PA+Q =0,

where @ is a constant positive semi-definite matrix and A is a constant (Hurwitz)
stable real matrix, Py > 0, and solution of (1.1) and (1.2) are positive semi-definite.
The main objective of this paper is to find estimates for the positive semi-definite
solution matrices P(t) and P for (1.1) and (1.2), respectively.

The Lyapunov matrix differential equation is important to the stability of linear
time-varying systems. In many applications such as signal processing and robust sta-
bility analysis, it is important to find reasonable bounds for summations including
the trace, and for products including the determinant, of the solution eigenvalues of
the Lyapunov matrix differential equation and the algebraic Lyapunov matrix equa-
tion (ALE)([1]). Although the exact solution of the Lyapunov equation can be found
numerically, the computational burden increases with the dimension of the system
matrices. Therefore, it is necessary to find a reasonable estimate for the solution of
the Lyapunov equation in stability analysis and control design, such as the upper and
lower bounds for the eigenvalues of the solution ([2]).
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However, in some cases, we want to know about the mean size of the solution.
For example, in the optimal regulator problem, the optimal cost can be written as

(1.3) J = at Pxy

where xo € R"™ is the initial states of the system and P is the positive definite solution
of the algebraic Riccati equation(ARE)

ATP 4+ PA— PRP=—-Q.

An interpretation of tr(P) is that tr(P)/n is the average value of the cost (1.3) as zg
varies over the surface of a unit sphere.

Therefore, considering the applications, many scholars have attempted to pay
much attention to the bounds on summations of eigenvalues (including the trace) of
the solution for the Lyapunov matrix differential equation, the algebraic Lyapunov
matrix equation and the algebraic Riccati equation ([3]-[13]). However, most of the
previous bounds are presented under the restrictive assumption that A + A7 is neg-
ative definite. In this paper, by using majorization inequalities, we will remove this
assumption and provide bounds on summations including the trace, of the solution
eigenvalues of (1.1) and (1.2).

2. Notations and Previous Results. In the following, let R**™(C™*™) denote
the set of n x n real (complex) matrices. For A € R"*", we assume AT, |A|, A71,
tr(A), Ai(A)(1 < i < n) are the transpose, the determinant, the inverse, the trace and
n eigenvalues of A, respectively. Let A € R™ ™ be an arbitrary symmetric matrix,
then we assume that the eigenvalues of A are arranged so that A1 (A) > Aa(4) > -+ >
An(A). For any k =1,2,...,n, the term A;(A) + A2(A) + - -- + Ak (A) is denoted by
s(A, k) and the trace of A is tr(A) = s(A,n). The notation A > 0 (A > 0) is used
to denote that A is a symmetric positive definite (semi-definite) matrix. As in [5], we
define a matrix measure ji2(A) = A1 (A), where A, = (A + AT), and suppose there
exists some matrix F > 0 such that pp(A4) < 0, where pp(A4) = X (FAF~! + AT).
Let = (21,22, -+, x,) be areal n—element array which is arranged in non-increasing
order. i.e., T[] 2> Ty =+ 2 Tjp)-

Let z,y be two real n—element arrays, if they satisfy

k

k
(21) Zx[z]gzy[z]a k:17255n7
=1

i=1
then x is called weakly majorized by y, which is signed by = <, y.

We give the following lemmas to prove the main results.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 20, pp. 6-19, January 2010

8 Juan Zhang and Jianzhou Liu

LEMMA 2.1. M) Let H = HT € R"*™, U € C**" 1 < k < n, then

2.2 \Ni(H) = tUHUT.
(2.2) > Ni(H) Jmax

LEMMA 2.2. (15 248D Lot G >0 and H > 0 , then for k=1,2,---,n,

k k
(2.3) D ON(GH) <> X(G)Ni(H)

with equality when k = n.

LeEmMA 2.3, (14, p-95, H.3.0]) Ifey > > @y, y1 >+ > yYp and T <y Yy, then
for any real array uy > -+ > up >0,

k k
(2.4) Z:z:lul < Zyiui, k=12 ---, n.
i=1 i=1

LEMMA 2.4. (16, 2515 For any Ay .- A € R™" and all m = 1,2, -,

(2.5) lim [e%e% . ~e%]m = et Aatt Ak
m—00

LEMMA 2.5. For any matriz A € R™ ", we have

k
(2.6) ST hiete)

A+AT

H'M»

Proof. From [14, ch. 9, A. 1. a], we know \;(BC) = \;(CB), for B,C € R"*"™.
Considering Lemma 2.2, for any matrix X € R"*" and all m = 1,2, - - -, we obtain

k k

(2.7) Z)\i(Xm(Xm)T) = Z)\i(Xm(XT)m)

i=1 i=1

)\i(X(mel)(XT)mleT)

I
'M”

=1

k
= D AT IXTX)
i=1
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k
Z Xm 1 XT)mfl))\l(XTX)
We proceed by induction on m, then in the same manner as (2.7), we have
k
(2.8) >’ Z Ai(xxTym

Let Y = X™ in (2.8), then we have

k k
(2.9) > nyy") < Z w (YTYm ™,
i=1 i=1
Then for any matrix A € R"*" if we choose e =Y in (2.9), we obtain

k
(2.10) in(eAeAT) < Z)\i[e%e%]m.

(LA AT . A AT m
(2.11) ZM@ e )grgnooz&[e e ]

This completes the proof. O

3. Main Results. In this section, we first give a new upper bound on summa-
tions including the trace, of the solution eigenvalues of (1.1) under the single assump-
tion that A is a constant (Hurwitz) stable matrix. Then, we give a modification of
(1.1), and give a new upper bound on summations including the trace, of the solution
eigenvalues of (1.1).

THEOREM 3.1. Suppose that the real matriz A is stable and A+AT is nonsingular,
then we have

k
) (t—to Ai
) S S Ry Lo
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k /\i(Q)e)\i(AJrAT)(tftg)
- ; N(A T AT)

Proof. The solution of (1.1) can be expressed as
¢
P(t) — eAT(t—tO)P(tO)eA(t—to) + / eAT(t_S)QeA(t_S)dS.
to

Since P(t) = PT(t), then from Lemma 2.1, we know there exists a k x n functional
matrix U(t) such that

= max T T
= v Y=r" UOPHUT (1))

= tr(U(t)ed” 10) P(to)e At U7 (¢
o | [trU)e (to)e (1)

t
+tr(U(t) / A (=9 QeAl=9)gsUT (1))

to

< tr(U(t)ed” ¢t p(r)eAt—t) T ¢
< ol r(U(t)e (to)e (1))

t
+ max tr(U(t / A (t=3) eAt=9)gsuT (#)).
o ) [ 0 )

Note that there is no relation between the functional matrix U(t) and the integral
variable s, and for any function matrix w(t) with order n, we have

t n oot t t
tr/ w(s)ds = Z/ wi; (8)ds = / Zwii(s)ds = / trw(s)ds.
to i=1"to to =1 to
Since P(tp), Q@ > 0, then from Lemma 2.2, we obtain

3.2 P(t),k) < tr(P(t0)e A=) T (U (¢ AT (t—t0)
B2 APORS, mex (P (U@ ¢0)

t
+ max tr/ U(t)eA" =9 QeAt=97T (1)ds
UUT (t)=1Ix to () @ 0
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Plto)eAt=t) T () U (+ AT (t—t0)
oot r(P(to)e (O)U(t)e )

t
max tr(U(t AT (t=s) pAlt— YT (4))ds
o / (U #)eA Qe (1))

A A(t )T (U (¢ AT (t—to)
= oy Ik; (U (t)e )

max
UUT (=1

t k
/ X (U @) =) QeAt=yT (¢))ds

to =1

A A(t )T (U (¢ AT (t—to)
= gy T _ Ik; (U (t)e )

/ Z)\i(QeA(t_S)UT(t)U(t)eAT(t_s))ds
to ;—

max
U®UT (t)=1

A(t t[))UT( )U(t)eAT(tfto))

max Z Al

U®UT ()=

max

A(t— s)UT Ult AT(t—s) d
b max / (U =) ds

i= 1

(tfto)eA(tfto)UT (t)U(t))

max E Al

UBUT ()=

t k
max Y Y eAT(t_S)eA(t_S)UT U (t))ds.
somes | DM@ OU()
For any I = 1,2,---,k, put u; = N\;(P(to)) > 0 and u; = \(Q) > 0 in (3.2), from
Lemma 2.2 and Lemma 2.3, we have

k
Do NPt AU (1)U (1))

=1
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k T
(3.3) <D N(Pto) (e AN UT (1)U (),
=1
k T
Y A@Ai(et AU (U (1)
=1
k T
(3.4) < Z et AN\ (UT (U (1))

Therefore, by Lemma 2.5 and (3.2), (3.3), (3.4), we obtain

k

(35) S(P(f), k) < U(t)[r]nl'aé():lk ; /\l(P(tO)))\Z (eA (t_tO)eA(t_tO))/\i(UT(t)U(t))

t k
max i (@) (AT =9 A=)\ (UT (1)U (t))ds
Ut)UT (t)=I /to ; (Q) ( ) ( ( ) ( ))
M CATEA )\ (DT (¢
tﬁﬁu; MU OUT ()

t k
+  max M (Q)N; (eA DN\ (UL (£))ds by (2.6
o, [ oN@x MU (U (6)ds by(2.6)

k
Z to A (AT +A)(t—to) +/ Q)exi(AT.;.A)(t—s)dS

to j=1

k k T
T B )\i(Q)eM(A-i—A )(t—s)
— § : . i (A" +A)(t—to) § : _ t
2 Az(P(tO))e + i:1( )\1(A+AT) )|t0

k
= D Ni(P(to)) et A Z%
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This completes the proof. O
Let k = n, from (3.1), we obtain the following Corollary about (1.1).

COROLLARY 3.2. Suppose that the real matriz A is stable and A+ AT is nonsin-
gular, then we have

- n ) Ty (p_
< 37 M(P(to))eM (A AT o) Z Q) § M@ )
i=1 M(A+AT) & N(A+AT)

(3.6)

REMARK 3.3. Note that fori = 1,---,n, we have \;(P(t0)) < A1 (P(to)), Mi(Q) <
)\1(@) Then

), ATt S Q) M@
;)\Z(P(to)) X (A+AT) (t—t Z)\ (41 4T) -i-; AT AT)

< M\ (P(t ))tr(e(A-l-AT)(t—to)) A\ (Q)tr((A+AT)—1)+,\ (Q)i i (A+AT) (t—t0)
<A1 0 -\ ) e ama o)
— Ni(A+AT)

This implies that (3.1) is better than Theorem 3.1 in [5].

If \(A+ AT) <0, when t — oo in (3.1) and (3.6), we obtain estimates for the
algebraic Lyapunov matrix equation (1.2) and we have the following corollaries.

COROLLARY 3.4. Suppose that the real matriz A is stable and A\ (A + AT) <0
then we have

7

(@)

COROLLARY 3.5. Suppose that the real matriz A is stable and A\ (A + AT) <0,
then we have

(3.8) mmg—ijxg%%ﬂ

Note that (3.8) is Theorem 3.5 in [5].

To remove the restrictive assumption that pz(A) < 0, we give a modification of
(1.1) as follows:

(3.9) P(t) = ATB(t) + P()A+ Q.
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A=TAT™', Pt) =T"'P()T"", Q =T"'QT ",

with T = V/F, F > 0 such that ur(A4) < 0. Obviously, ﬁ(f) =T 'P(t)T!

Applying Lemma 2.3 and Theorem 3.1 to (3.9), we can easily obtain the following
theorem.

THEOREM 3.6. Let F' be a positive definite matriz satisfying up(A) <0, then

k k A F-10)
1 D X (A+ATY(t— to
(3.10)s ; to))(e ;/\l FAF 1+AT)
k )\i(F)/\i(FflQ)e)\i(FAF71+AT)(t7tg)
+ ; N(FAF-1+ AT)

Proof. Note that
T=VF, MQ) =MTT'QT")=XNFQ)
N(A+ AT) = M(TATH + T PATT) = \;(FAF~' + AT).

So pp(A) < 0 is equivalent to pus(A) < 0, ie., A+ AT is nonsingular. Then from
Theorem 3.1, we obtain

(3.11) s(P(t),k) = Z Ai(P(t))

k ~ k (ALAT
— L o) /\Z(Q)e)\l(AJrA )(t—to)
P e T ST
=1 =1 g

And (3.11) can be written as

<

'Mw

Il
=

3

. p Ai P! ) —1 AT (p—t
(3.12) S N (P() - Ai(Fj;F_lg)AT)eMFAF AT 110

~ A ATVt N(F1Q
[)\i(P(tO))eM(A-i_A Y=to) _ )\1(FA(F1 +)AT)]'

-

As
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M(P(to)) = -+ > M(P(to)) >0,

METIQ) > > M(FIQ) >0,

MFAFT AT (t—t0) » > eAn (FAF1+AT)(t—t0) >0,

[—/\1(FAF71 —I—AT)]*l >0 > [_/\n(FAFfl +AT)]71 > 0.

Then

> M(F'Q) M (FAF~ 14 AT ) (t—to
Al(P(t)) — /\1(FAF_1 —|—AT)6 ( +A7)(t—to) >

> An(F7'Q) An(FAF~ 4 AT)(t—t,

~ T AT 4 A (F_IQ)
P t )\1(A+A )(t t()) _ 1 >
A1(P(to))e M(FAF-1 4 AT) =

A )
> APt An(A+A7)(t—t0) _ n > 0.
> A (P(to))e /\n(FAF_l—i—AT) 20

Let

~ Ni(F1Q) M(FAF~ 4 AT) (t—to
w= NP = STEaET ATy ( e,

-1
(P MNALAT)(—t0) __ N(FTQ)
Yi /\l(P(tO))e )\l(FAF,1+AT)

From (3.12), then we have

(.%'1,5[]2,' o 7xn) <w (y17y27" 7yn)

Choose u; = \;(F), since A1 (F) > Aa(F) > -+ > A (F) > 0. Then applying Lemma
2.3 to (3.12), we have

k

~ ; -1 —1 T
(3.13) > N (P() - Ai(;;;(?—l?AT)eMFAF AT 0] ()

k ~ A AT\(4_ i Ft
S ;[/\i(P(tO))eM(A-’_A J(=to) _ /\Z(FA(Fl?—)AT)])\Z(F)
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k k ~
From (3.13), using the relationship > X\;(P(¢)) = > X\i(P(t)F) and Lemma 2.2, it
i=1 i=1

follows that

Y N(P(1) = N(PF)
k ~
< Do MPE)N(E)
‘ D AL AT . -1
< ;[Mmo))emﬂ (t—to) _ — ;,2(5-1 g)AT)] M(F)
. N (F)A\; (F~1Q)eri(FAF T +AT) (t—to)
+; Ni(FAF—T + AT)

This completes the proof. O
Let k = n, from (3.10), we obtain the following corollary about (1.1).

COROLLARY 3.7. Let F be a positive definite matriz satisfying pr(A) <0, then

(3.14)  tr(P(t)) < zn: )\i(F),\i(ﬁ(to))exi(@rﬁ)(t—to)

NPNFTIQ) s M(F)\(FLQ)eMFAFT AT (o)
_Z Z e .

N(FAF-T A7) © MN(FAF—T + A7)

=1 i=1

When t — oo in (3.10) and (3.14), we obtain estimates for the algebraic Lyapunov
matrix equation (1.2) and we have the following corollaries.

COROLLARY 3.8. Let F be a positive definite matriz satisfying pr(A) <0, then

k
AP\ (F1Q)
(3.15) s(Pk) < — ;AZ FAF 1+AT)

COROLLARY 3.9. Let F' be a positive definite matriz satisfying up(A) < 0, then

— i F'Q)
(8.16) )s- ; i FAF 1 T ATy
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REMARK 3.10. Note that for ¢ = 1,---,n, we have \;(F) < A1 (F). Then

X (F)A(F1Q) —~  N(FT'Q)
(FAF-T{AT) = Ry N (FAF-1 4+ AT

i=1 i=1 """

n

This implies that (3.15) is better than Theorem 3.7 in [5].

4. Numerical Examples. In this section, we present examples to illustrate the
effectiveness of the main results.

EXAMPLE 4.1. Let

-1 -2 0 1 0 0
A= 1 -1 5 |, @=(0 1 0],
0 -4 -1 0 0 1
1 -2
P(ty) = P(0) = 1 4 0
-2 0 2
Case 1. k=2,t=0.5.
By (3.1), we obtain
s(P(0.5)),2) < 4.0643.
However, ([5, Theorem 3.1]) can’t be used.
Case 2. k=3,t=0.5.
By ([5, Theorem 3.1]), we obtain
tr(P(0.5)) < 6.6676.
By (3.1), we obtain
s(P(0.5)),3) = tr(P(0.5)) < 6.1845.
Thus, (3.1) is better than ([5, Theorem 3.1]).
EXAMPLE 4.2. Let
-1 2 0 1 0 0
A= 0o -1 0o ], =101 0
0 0 -1 0 0 1
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Since p2(A) = 0, we can not use Theorem 3.1.

e2 0 0
We choose F' = 0 1 0 |, where e > 0 is to be determined, we choose
0 0 1

e =0.5.

Using Corollary 3.2 in [5], we have

tr(P) < 6.0000.

Using Theorem 3.6 in [5], we have

tr(P) < 5.0000.

Using Theorem 3.7 in [5], we have

tr(P) < 4.8333.

Using (3.15), we have

tr(P) < 4.5833.

From this example, (3.15) is better than some results in [5].

Acknowledgment. The authors would like to thank Professor Daniel Szyld and
the referees for the very helpful comments and suggestions to improve the contents
and presentation of this paper.
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