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GROUP INVERSES OF MATRICES OF DIRECTED TREES*

R. NANDI' AND K.C. SIVAKUMART

Abstract. A new class of directed trees is introduced. A formula for the group inverse of the matrices associated with any
tree belonging to this class is obtained. This answers affirmatively, a conjecture of Catral et al., for this new class.
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1. Introduction. Let us start by recalling the definition of the group inverse of a matrix, the object
of primary importance in this article. For a real n x n matrix A, the group inverse, if it exists, is the unique
matrix X that satisfies the equations AXA = A, XAX = X, and AX = XA. Such an X is denoted by A#.
Any matrix X that satisfies the first equation is called an inner inverse of A, while any matrix X that satisfies
the second equation will be called an outer inverse. For a symmetric matrix A, always A# exists and it is
easy to show (and as was observed in [13]) that, if a symmetric matrix X satisfies the equations AXA = A
and AX = XA, then X = A#. Let us recall that for a real rectangular matrix A, the Moore-Penrose inverse
of A is the unique matrix A" that satisfies the equations AATA = A, ATAAT = AT, (AAHT = AAT, and
(ATA)T = ATA. We refer the reader to [4] for more details on these notions of generalized inverses and
Moore-Penrose inverses.

Let us recall some notation from [8]. Let A = (a;;) be an n x n matrix with real entries. The digraph
D(A) = (V, E) corresponding to A is the directed graph whose vertex set is V' = {1,2,...,n} and whose edge
set E is described by the requirement that, (i,5) € E iff a;; # 0. For m > 1, a sequence (i1,%2, . . ., im, tm+1)
of distinct vertices with edges (i1,42), (i2,43),..., (im,im+1) in E is called a path of length m from i,
t0 imq1 in D(A). For m > 2, a sequence (i1,42,...,%m,%1) with distinct vertices 41,42, ...,%y,, where
(i1,92), (42,3), ..., (im, 1) € F, is called an m-cycle (a cycle of length m) in D(A). Digraph D(A) cor-
responding to a matrix A is called a tree graph if it is strongly connected, and all of its cycles have length 2.
For r even, a set of § disjoint 2-cycles in D(A) given by {(i1,42,%1), (43,94,%3), ..., (ir—1,%r,r—1)} is called
a matching of size r, and the product a;, i, @i, i, ig,is @iy is - - - Cip_q,inCip ., 15 called a matching product. If
this set of 2-cycles has a maximum cardinality, then the matching is referred to as a mazimum matching
and the matching product is then called a mazimum matching product. The sum of all maximum matching
products in D(A) is denoted by A4. Let us now recall a characterization for the existence of the group
inverse.

THEOREM 1.1 ([8, Proposition 1.1]). Let A be an n X n matriz with a tree graph D(A). Then, the group
inverse A% exists if and only if Aq # 0.

This result is interesting from the perspective of determining if the group inverse of a matrix exists,
purely based on the structure of the digraph D(A). Further, a formula for the entries of the group inverse
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of a matrix A with a path graph D(A) was derived, in terms of path length, sum of all maximal matchings,
and the number A4 [8, Theorem 3.7].

Reverting back to the general discussion, a matching is said to be a perfect matching if it covers all the
vertices of D(A). For a path (i1, 1z, ...,%m, im41), the product a;, i, @iy i, Qig,ig - - iy iy Qi i sy 15 S21d tO
be the path product, denoted by P(i1,imy1). For a cycle (4, ,¢) in D(A), the product a;ja;; is called the
cycle product. A sequence of m 2-cycles ((i1,i2,%1), (¢2,93,%2), - - -, (im, bm+1,4m)) With m+1 distinct vertices
11,92y, im41 In D(A) is called a cycle chain from 41 t0 iy,41 of length m and denoted by Cy, (41, 4mt1)-
Suppose, D(A) is a tree graph. For any two vertices ¢ and j in D(A), there is a unique cycle chain Cy(i, j)
for some nonnegative integer I. A cycle chain Cy(i, ) is said to be an alternating cycle chain with respect
to a maximum matching M if cycles of Cj(i,j) alternatively belong to M and M€, with the condition that
both the first and the last cycles of Cy(%, j) belong to M.

A cycle (i,7,1) is said to be incident to i as well as j in D(A). A vertex i is called a pendant vertex if
it is incident to only one 2-cycle and non-pendant vertex if it is incident to more than one 2-cycle in D(A).
A cycle (4, 7,1) will be called a pendant cycle if at least one vertex i or j is pendant in D(A), while a cycle
which is not pendant will be called a non-pendant cycle. A pair of vertices 4, j is said to be adjacent to each
other if there is a cycle (¢, ,7) in D(A).

Before we define a new class of directed trees, we recall some more terminology for a tree graph D(A).
For arbitrary vertices, ¢ and j in D(A) denote M(4, j) to be the set of all maximum matchings M in D(A)
such that C,, (i, ) is an alternating cycle chain with respect to M. Clearly, M(i, j) = M(j,4). A necessary
condition for the set M(i, j) to be non-empty is that the length of the path from ¢ to j be odd. If (i, 7,4) is a
2-cycle of some maximum matching, then M(i, j) is non-empty. Two distinct vertices ¢ and j will be called
mazimally matchable if M(i, ) # ¢.

Further, for any maximally matchable vertices 4, j and a maximum matching M € M(s, j), let ﬂU(M )
denote the product of all cycle product, ranging over all the cycles of M that are not contained in the
unique cycle chain Cp,(4,7) in D(A) (product over an empty set is considered to be equal to 1). Since
M(i, j) = M(j,4), note that B;=(M) = B;7(M). For a maximum matching M in D(A), n(M) denote the
maximum matching product. Set

B = { (=1)™2 P(i,j) ifi,j are maximally matchable,
(/.

0 if 7, j are not maximally matchable.

and

pij = Bij - Z Brz(M).

MeM(i,5)

It follows p;; = 0 if 7, j are not maximally matchable. This includes the case ¢ = j.
Let us now introduce a new class of graphs.

DEFINITION 1.2. Let D denote the set of all directed trees D such that each non-pendant vertex of D is
adjacent to at least one pendant vertex of D.

EXAMPLE 1.3. It is clear that the tree digraph D1 € D, (Fig. 1), while Do ¢ D (Fig. 2). The non-
pendant vertex 3 (in D) is not adjacent to any pendant vertes.
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FIGURE 1. D;.

FIGURE 2. Ds.

Here is the main result of this article:

THEOREM 1.4. Let A be an n x n real matriz with a tree graph D(A) € D and assume that A4 # 0. Let

A# = (aij) and let p;; be defined as above. Then, a;; = Z;

An interesting problem in matrix theory is to provide a formula for the inverse or the group inverse of
a matrix, based on its graph structure. We refer the reader to the following articles, on determining the
inverse [1, 2, 3, 12] and the group inverse [5, 7, 8, 9, 10, 13].

In [8], a formula for the group inverse of a 2 x 2 block matrix with bipartite digraph as well as a graphical
description of the group inverse of a matrix A with path digraph D(A) are presented. In the work [9], a
necessary and sufficient condition for the existence of the group inverse of a special bipartite matrix is given
and a formula is obtained for the group inverse in terms of block submatrices. A graphical description for
the entries of the group inverse of a matrix A with directed broom tree D(A) is presented.

In a recent work, the authors of [13] derived a formula for the entries of the group inverse of the adjacency
matrix of an undirected weighted tree. The entries are given in terms of alternating paths and maximum
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matchings. A group inverse formula for the adjacency matrix of singular undirected cycle appeared in [11];
it can be obtained from [10, Theorem 5.5], too.

Let us present a brief overview of the main results of this article. In [8], the authors proposed a conjecture
for the entries of the group inverse of a matrix with tree graph. We show that the conjecture is true for the
class of trees D, introduced here. This is presented in Theorem 2.11, achieved via a formula for the group
inverse of matrices whose digraphs belong to D proved in Theorem 1.4. Extending another result of [g],
we show the zero—nonzero pattern of the group inverse (when it exists) and the Moore—Penrose inverse of
matrices A, for which D(A) € D.

2. Proof of the main result. Let usrecall that a real square matrix A = (a;;) is called combinatorially
symmetric if a;; = 0 iff aj; = 0. Trivially, any symmetric matrix is combinatorially symmetric. Let A be an
n X n matrix with real entries such that D(A) is a directed tree. Let a;; # 0. If aj; = 0, then there is no
path from j to ¢ in D(A), a contradiction, since D(A) is strongly connected. Thus, A is a combinatorially
symmetric matrix. It also follows that if (i,7) is an edge in D(A), then there is a 2-cycle (i,7,4) in D(A).
Further, since D(A) has only 2-cycles, the diagonals of A are zero.

The first result identifies a matrix that commutes with A (for which D(A) is a tree); later, this is shown
to satisfy further properties, under an additional assumption. It is pertinent to point to the fact that the
proof of this result is a modification of the proof of [13, Proposition 2], which considers the case when A is
symmetric.

THEOREM 2.1. Let A = (a;j) be an n X n real matriz such that D(A) is a tree. Let Ay # 0. Let
B = (b;j) be the matriz given by b;; = K41 < i,j < n. Then, AB = BA.

A

Proof. Let A = (a;;). Then, AB = BA has following equivalent form:

(2.1) Zaikukj = Z,uilalj for every i,j€{1,2,...n}.
k=1 1=1

Note that (2.1) is vacuously true if the length of the path from 7 to j is odd. Now, we discuss the case i = j.
Let {i1,92,...,4-} € {1,2,...,n} besuch that for any s € {1,2,...,7}, a;;, # 0 and the cycle (3, is, ¢) belongs
to some maximum matching in D(A). Since M((4, j) = M(j, i) and B;5(M) = B57(M), the expressions on both
the sides of equation (2.1) are equal, and they equal the common value Y7, (ai;, a;,; Do MeEM(iv i) Bﬁ(M))
Let M(%) be the set of all maximum matchings where i is matched. Then, this common value is equal to
ZMGM(Z’) n(M).

Assume therefore, that the length of the path from i to j in D(A) is even (say m). Let (¢,p,...,q,7)
be the unique path from i to j in D(A). Let M(4, ) be the set of maximum matchings M € M(i, ) not
containing j, so that

(2.2) M(4,q) = Usen i) (g} M(3, £) UM, 7).

By using (2.1), (2.2), and the definition of y;;, we obtain

PiqQqj = aqj | Big Z 5i,q(M)

MeM(i,q)

=agBiq | D apay Y BEp(M)+ D Brg(M)

teN(j)\{q} MeM(i,t) MeM(i,j)
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= — Z aj | Bt Z ﬁzt + aq58iq Z m(M)

teN()\{q} MEM(3,t) MeM(4,5)
= - Z Qtjlbit + aq]ﬂzq Z 6?
teN()\{q} MeM(s,5)

The above calculation implies that
(2.3) Zﬂizalj = HigQqj + Z pira; = aq;iBiq Z B (M).
=1 leN(H)\{q} MeM(4,7)

In an entirely similar manner, by interchanging the roles of i and j (as well as p and ¢), and letting M(j, )
denote the set of all M € M(j, p) not containing %, one obtains

(2.4) Zazkﬂkg = ipfp; Z 7

M eM(g, 7,)

Since aq;Biq = @ipBp;, (2.3) and (2.4) imply that (2.1) holds if and only if

(2.5) Yo By =Y (M)

MeM(4,5) MeM(j,)

Note that, there is a bijection f : Mi(i, ) — M(j, 7) which transforms every maximum matching M € M(i, 7)
of D(A) to a maximum matching M7 € M(j,7) by trading the matched cycles on the unique cycle chain
Cp(i,7) of D(A) with the unmatched cycles. By its very definition, it is clear that this bijection satisfies
Birg(M) = ﬁﬁ(Mf). This completes the proof of the validity of (2.1). |

Recall that an undirected corona tree is a tree obtained by attaching a new pendant vertex to each vertex
of a given undirected tree. Let {i1,42,...,i5} C V(D(A)). Then, D(A)\{é1,%2,...,is} is the forest obtained
from D(A) by deleting the vertices {i1, 2, ...,4s} together with their incident 2-cycles.

In the next result, we identify a certain property that is satisfied by all the members of D). This will be
useful in further discussions.

PROPOSITION 2.2. Let D € D. Then, no non-pendant cycle can belong to a mazximum matching of D.

Proof. If the underlying graph of D is a corona tree, then it has a perfect matching and each matching
cycle is a pendant cycle. Now, we consider the case where the underlying graph of D is not a corona tree.
In that case, there is at least one non-pendant vertex which is adjacent to at least two pendant vertices in
D. We prove the assertion by induction on the number of vertices in D.

The smallest tree in D is directed star K 2, and every maximum matching has only pendant cycles. Let
D € D with n vertices. Let the statement be true for any D € D having less than n vertices. Let i be a
non-pendant vertex adjacent to s pendant vertices {i1,42,...,4s} in D. Let C' be an arbitrary non-pendant
cycle contained in a maximum matching M in D. Then, we show that this leads to a contradiction.

Case (i): C is incident to ¢. Then, none of 2-cycles (,%,,4), p € {1,2,...,s} belongs to M. So, M will
also be a maximum matching of the tree D\{i1} € D. This contradicts the fact that a non-pendant cycle
belongs to a maximum matching in D\{i; }.
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Case (ii): C is not incident to vertex 7. Then, one of the 2-cycles (i,ip,7), p € {1,2,...,s} belongs to
M; otherwise, M will not be maximum. Let (4,4,,47) belong to M for some p € {1,2,...,s}. Then, M will
also be a maximum matching of the tree D\{i,} for some ¢ # p, which again contradicts the fact that a
non-pendant cycle belongs to a maximum matching in D\{ég}.

The proof is complete. ]

COROLLARY 2.3. Let D € D. Then, the length of any alternating cycle chain is at most three.

Proof. Suppose D has an alternating cycle chain C' of length at least five. Then, C must have at least
one non-pendant maximum matching cycle, a contradiction to Proposition 2.2. 0

REMARK 2.4. Let D € D have k non-pendant vertices. Then, a mazximum matching of D has a set of
k pendant cycles incident to k mon-pendant vertices. So, the number of edges in a maximum matching is
always k. Note that, every non-pendant vertex is matched in any mazimum matching of D.

REMARK 2.5. Let D € D. Then, both the end points of a length three alternating cycle chain are pendant
vertices and a length one alternating cycle chain is nothing but a pendant cycle.

In the next result, we present a graph theoretic interpretation to the product AB, where A and B are
as defined in Theorem 2.1, with D(A) € D.

THEOREM 2.6. Let A and B satisfy the hypotheses of Theorem 2.1. Let D(A) € D and let M(z) be the
set of all mazimum matchings, where the vertex i is matched. Then,

AB 1 if 1 is a non-pendant vertez,
(AB)i = { W if © is a pendant vertex
while for i # j,
%A’ii" if 1,7 are pendant vertices and
(AB);; = have a common neighbor g,
0 otherwise.

Proof. By Theorem 2.1, it is clear that
1
(AB);; = FA Z n(M).
MEM(3)

By Remark 2.4, a non-pendant vertex is matched in every maximum matching, and so for a non-pendant
vertex i, (AB);; = ALA Ay =1.

Now, let ¢ # j. Let (i,p,...,q,7) be the unique path from i to j in D(A). If the length of this path is
odd, then (AB);; = 0. If the length is even, then, again from Theorem 2.1,

1
(AB);; = A “agjBiq Z Bi,q<M)7

MeM(4,5)

where M(4, j) is the set of all maximum matchings M € M(i, ¢) not containing j. We consider four mutually
exclusive and collective exhaustive cases.
Case (i): i is a non-pendant vertex. Then, ¢ is a non-pendant vertex, irrespective of whether j is a pendant
or a non-pendant vertex. By Remark 2.5, there is no alternating path between any two non-pendant vertex
in D(A) and so ;4 = 0. So, (AB);; = 0.
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Case (ii): 7 is pendant and j is non-pendant. Again, by Remark 2.4, since each non-pendant vertex is
matched in every maximum matching of D(A), M(4,j) = ¢. So, (AB);; = 0.

Case (iii): 7, are pendant vertices having no common neighbor. Note that, to get a nonzero (AB);;, the
length of the path from ¢ to j should be at least 4. Since the last cycle of the cycle chain C,, (i, q) for some
odd m > 3 is always a non-pendant cycle, by Remark 2.5, C,,(i,¢q) is not an alternating cycle chain with
respect to any maximum matching in D(A4). So, B;q = 0, which in turn, implies that (AB);; = 0.

Case (iv): i,j are pendant vertices having a common neighbor. Let ¢ be such a common neighbor. Then,
(i,q,1) and (j,q,j) cannot simultaneously be present in a maximum matching. So, M(3, ;) = M(i, q) and

(AB)ij = &7 - 64iBiq Xonremig) Brg(M) = “5E2. g
Next, we show that B is an outer inverse of A.
THEOREM 2.7. Let A and B satisfy the hypotheses of Theorem 2.6. Then, BAB = B.
Proof. By Theorem 2.1, if we prove ABB = B, then we are done. This is equivalent to proving that,

Ly Wij, if 4,7 are maximally matchable
26 JE— i J— J 9 s
(2.6) kzl (AA l_zla lMlk:) Kk { 0, otherwise.

Fix j and let b be the left hand side of (2.6). Then, b can be written in the form b = b; + b;, where

1 n _ n 1 n
bi= |+ il | Hig d b= ~ i -
(AA;azuz>ug an Z(AA;alﬂlk>ng

=1
#i

Ealke

First assume that 4, j are maximally matchable. Then, by Corollary 2.3, the length of the path from i to j
is at most three.

Case (i): The length of the path from ¢ to j is one.

Subcase (i) : ¢ is a non-pendant vertex. Then, by Corollary 2.6, the term in the parenthesis in b; is 1 and
the term in the parenthesis in b; is zero. So, b = p;;.

Subcase (ii): i is a pendant vertex. Now, since the length of the path from i to j is 1, j must be a
non-pendant vertex. Let M be the set of all maximum matchings and M(¢) denote the set of all maximum
matchings in which the vertex i is matched. Let {i1,i2,...,4s} be the set of all pendant vertices other than
i which have a common neighbor j. Then, M = M(i) US,_; M(i,,), and they are mutually disjoint sets of
maximum matchings. By Corollary 2.6, for ¢ # k, (AB);; can be nonzero only when ¢ and k are pendant

. . > » M(M)
vertices and have a common neighbor. So, b; = % pi; and

S

n
b;- = Z <A1A Zailﬂlim> iy j
=1

m=1

S
_ Qi Hig o
=3 ()

m=1

= Zli Z Wi | Bimi Z Bins

m=1 MEM(%mm,,5)

(M)
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S
_ Mg
Ay

Ay, Qi Z /877”“7 (M)

m=1 MEM(ipm,j)

—RLST ST o,

m=1 MEM(iwn)

Thus, b = Zﬁ]‘ ( ZMeM(i) n(M) + an:1 ZMeM(im) W(M)) = Zﬁ AL = g

Case (ii): The length of the path from i to j is three. Since ¢ and j are maximally matchable, ¢ and j
must be pendant vertices. Let ¢ be the non-pendant vertex adjacent to 7 and {i1,4s,...,7s} be the set of
all pendant vertices adjacent to ¢, other than i. Since {i,41,42,...,7s} have common neighbor ¢, for all
me{1,2,...,s},

(2.7) Yo B = Y Br(M)

MeM(i,q) MEM(im,q)

and

(2.8) Z Br7(M) = Z Birg(M).
MeM(i,5) MEM(ir,5)

Let (i,q,2,j) be the unique path from i to j. Now, by (2.7), (2.8), Corollary 2.6 and using the mutual
ZIWEM(i) n(M)

disjointness of the maximum matchings M(i), M(i1), ..., M(is), we obtain b; = =*<5——pu;; and
o1
b = Z (AA Zailﬂlim> Wiy,
m=1 =1
S A l,L
- (‘”AT"A"]) iy j
m=1

1
A 2 Gain Biq Z Big(M) | | Bi,j Z B (M)

m=1 MeM(i,q) M EM (i ,5)
1 S

S (o ¥ ) (o ¥ a0
AT MEM(im ,q) MEM(i.j)
1 S

T A4 GimqQqim Z Brra(M) T GiqQqzlzj Z Bz (M)
A= M EM(i, ,q) MeEM(i,5)

:ALAZ Soan| (8 Y (M)

m=1 \ MeM(i,,) MeM(4,5)

:Zij Z Z n(M).

A =1 MeM(in)

SO,b:bl+b~Z:ZZ 'AA:‘LLZ'J'.

Next, we discuss the case when i and j are not maximally matchable. If the length of the path from i
to j is even, then in (2.6), either the lengths of the paths from i to k as well as length of the path from & to
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j are both even or both odd. In the case of the former, py; is zero and in the latter case, the term in the
parenthesis is zero. So, (2.6) is vacuously true when the length of the path from ¢ to j is even. Since i, j are
not maximally matchable, y;; = 0. So, b = b;. Now, we consider the case when the length of the path from
i to j is odd.

Case (i): 7 is a non-pendant vertex. By Corollary 2.6, the term in the parenthesis in b; is 0. Thus, b = 0.
Case (ii): 7 is a pendant vertex. Let ¢ be the non-pendant vertex adjacent to ¢ and {iq,s,...,i5} be the
set of all pendant vertices that are adjacent to g other than i. As argued earlier,

S

N 1 &
b= (M;auuum> i~

m=1

Since 7, j are not maximally matchable, for all m € {1,2,...,s}, i, and j are also not maximally matchable.
Thus, b = b; = 0, completing the proof. 0

The next result shows that B is an inner inverse of A.

THEOREM 2.8. Let A and B satisfy the hypotheses of Theorem 2.6. Then, ABA = A.

Proof. To show that ABA = A, we show

= 1< aij, when (,7) is an edge

2.9 — i = 7 ’
(2:9) ; (AA ;a lulk) ki { 0, when (4,7) is not an edge.

Let ¢ be the left-hand side of (2.9). Then, ¢ can be written in the form ¢ = ¢; + ¢, where

1 n ~ n 1 n
ci = (AA ;ailu“) aj;; and ¢ = ]; <AA ;auum Ak -
= k#i a

First, we assume that (4,7) is an edge. Then, we are in two cases.

Case (i): i is a non-pendant vertex. Then, by Corollary 2.6, the terms in the parenthesis in ¢; and ¢; are 1
and 0, respectively. So, ¢ = a;;.

Case (ii): 7 is a pendant vertex. Since (¢,7) is an edge and D(A) € D, j must be a non-pendant vertex. Let
M and M(z) be the set of all maximum matchings in D(A), and the set of all maximum matchings in which
vertex 7 is matched, respectively. Let {i1,12,...,is} be the set of all pendant vertices other than i, which

have a common neighbor j. Then, M = M(:) U2, _; M(4,,), a mutually disjoint union. Again, by Corollary
ZMeM[(i) n(M)

2.6 and (2.7), ¢; = =*=3"——a;; and
S 1 n
Ci = mZ::I (AA ; ailﬂlim> Qi j

S
_ (ajz'mmj .
A TmJ
1 A

m=

1 S
:Ezaﬁmaima‘ By Y. Bz(M)

m=1 MEM(i,j)

1 S
:FAmZ:laﬁmaimj Qij Z B (M)

M eM(im,5)
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S
ai]‘
:FAE ji, Qi D (M)
m=1 MEM(irm,5)
= & Z >

m=1 MEM(i)

Thus, ¢ = %Z(ZIMEM(Z’) n(M)+ 320 2 mem(,) M) = a” A4 = aij.

Next, let (¢,j) be not an edge. Then, a;; = 0. One has (AB);; = 0 when the length of the path from i
to k is odd and so, (2.9) is vacuously true when the length of the path from ¢ to j is even. So, ¢ = ¢é;.
Case (i): i is a non-pendant vertex. Once again, by Corollary 2.6, the term in the parenthesis in ¢ is 0.
Thus, ¢ = 0.

Case (ii): 7 is a pendant vertex. Let ¢ be the non-pendant vertex adjacent to i and {i1,4s,...,is} be the
set of all pendant vertices that are adjacent to g other than the vertex ¢. Using Corollary 2.6, we obtain

G = Z ( Zazlﬂlzm> Qi+

m=1

Since (4, j) is not an edge, ¢ # j. So, for all m € {1,2,...,s}, a;,,; = 0. Thus, ¢ = & = 0, completing the
proof. 0

Proof of Theorem 1.4:

Follows from the conclusions of Theorems 2.1, 2.7, and 2.8.

Here is an illustration.

ExXAMPLE 2.9. Consider the matriz

0 1000 OO O O

-1 0 2 00 0 0 0 O

0o -1 01 2 -2 0 0 O

0o 0 100 O 0 0 O

A= 0 0 2 0 0 0 0 0 O
0o 0 100 0 1 -1 2

o 0 000 -1 0 0 O

0 0 0O0O0 -2 0 0O

o 0 000 -1 0 0 O

Then, D(A) is the digraph Dy in Fig. 1. Here, all the mazimum matchings of D(A) are given by:

My = {(1,2,1),(3,4,3),(6,7,6)}
={(1,2,1),(3,4,3),(6,9,6)}

Mz = {(1,2,1),(3,4,3),(6,8,6)}

My ={(1,2,1),(3,5,3),(6,7,6)}

M ={(1,2,1),(3,5,3),(6,7,9)}
(3,5,3)

={(1,2,1), ,(6,7,8)}.

7
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So, Ay =142+ (—2)+4+8+(—8) =5. Let A* = (a;;). Let us compute ay5. First, P(1,5) =1-2-2=4.
Note that C3(1,5) cycle chain is alternating with respect to the mazimum matchings My, Ms, and M. Thus,
ﬁ15 = (—1) -4 = —4, /81,75(M4) =1 (—1) = —1, ﬂﬁ(M5) =2- (—1) = —2 and Bﬁ(M6) = (—1) . (—2) = 2.
So,

H15 = (—4) . (—1 —2+2) =4.

_ 4
Therefore, a5 = =
An n x n real matrix A = (a;;) is said to be an irreducible matrix if the corresponding directed graph D(A)
is strongly connected. An irreducible matrix is nearly reducible if it is reducible whenever any nonzero entry
is set to zero [6, Section 3.3].

Consider a tree graph D(A), for an n x n real matrix A = (a;;). Then, the term rank of A is twice of
the number of 2-cycles in a maximum matching in D(A). For a tree graph D(A), the matrix A is nearly
reducible, so the term rank of A is equal to the rank of A [5, Theorem 4.5].

A path graph, denoted by p(i1,i,) (which is nothing but a cycle chain from i; to i,) on n vertices
11,12, ,i, which consists of the path p = (i1,42, -+ ,4,) from 47 to ¢, and its reversal (i.e., the path
obtained by reversing all of the arcs in p). Let 7(i1,4,) denote the sum of all maximum matchings not on
the path subgraph p(iy,i,) of D(A). Consider the following conjecture, stated in [8]. This was proposed
after proving that it holds for the special class of matrices A with the property that D(A) are path graphs.

CONJECTURE 2.10. [8, Conjecture 5.1] Let A be a singular matrixz with a tree graph D(A). Let r be the
term rank of A and As # 0. Then, A% = («y;) exists and

i(—l)sP(i,j)y(i,j) if the path in D(A) from i to j is of length 2s + 1,5 > 0
and the matriz associated with D(A)\p(i, j) has
term rank r — 2(s + 1),
0 otherwise.

The second main result of this article shows that the above conjecture holds for matrices A for which
D(A) € D with A4 # 0. Thus, the given conjecture is true for more classes of graphs than path graphs.

THEOREM 2.11. Let A be a real square matriz of order n such that D(A) € D with Ay # 0. Then,
A# = (i) exists, where oj; is as given above.

Proof. By Theorem 1.4,

ﬁ(—l)sP(i,j) 2memij) Brj(M) if i, j are maximally matchable and 2s + 1

Qi = is the length of the path from i to j,
0 otherwise.

We show that the description for ;; as in Conjecture 2.10, and the one given above are equivalent. The
proof of the theorem then follows.

Suppose that ¢ and j are maximally matchable and 2541 is the length of the path from ¢ to j. Then, by
definition, y(i,j) = ZMEM(i,j) 6U(M) Suppose A has term rank r, i.e., the number of cycles in a maximum
matching of D(A) is 5. The term rank of a matrix associated with the cycle chain Cas41(i, j) is 25 + 2 due
to the fact that an alternating cycle chain Casy1(i,j) contains exactly s + 1 non-pendant vertices. Now,
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D(A)\C,,(1,7) is a forest, wherein each nontrivial component either belongs to D or is just a 2-cycle. So,
the number of cycles in a maximum matching of D(A)\Casy1(i,7) is § — (s +1). Thus, the term rank of a
matrix associated with D(A)\Casy1(i,7) is r —2(s + 1).

Next, for the converse part let ¢ and j be not maximally matchable. Then, Casy1(7, ) contains at least
s + 2 non-pendant vertices. Again, since D(A)\C2s41(,7) is a forest wherein each nontrivial component
either belongs to D or is just a 2-cycle, the number of cycles in a maximum matching in D(A)\Cas11(%, )
is at most 5 — 2551, Thus, the term rank of a matrix associated with D(A)\Cas11(4,7) will be at most
r — (2s + 4) which is less than r — (2s + 2).

Observe that if the matrix associated with D(A)\Cas41(4,j) does not have rank r — 2(s + 1), then the
two odd distance vertices ¢ and j are not maximally matchable. 0

COROLLARY 2.12. Let A = (a;j) be an n x n real matriz with tree graph D(A) € D and assume that
Aa#0. Ifi and j are mazimally matchable and A% = («y;), then ZMem(i’j) Bi7(M) # 0, so that c;; # 0.

Proof. Since D(A) € D, the length of the alternating cycle chain from i to j is at most three. Let M
denote the set of all maximum matchings in D(A). Since the length of a cycle is either 1 or 3, we have the
following two cases:

Case (i): The length of the alternating cycle chain is 1, so that (4,j,) is a pendant cycle. Without loss
of generality let ¢ be the pendant vertex. Let {ii(=4),42,...,is} be the set of pendant vertices which have
Jj, the non-pendant vertex, as a common neighbor. Then, M = UZ_;M(i,, j), a disjoint union. Now, using

AA:Z Z n(M)

=1 M EM(ix,j)

= Zaimjajim Z ﬂix,j(M)
x=1

MEeM(iz.j)
= aija;, >, B(M)
=1 MEMG,j)

= S Bm(M) Y ai,jag,.
rx=1

MeM(i,5)

Since Aa # 0, X prem, ;) Br7(M) # 0 and so, ay; # 0.

Case (ii): The length of the alternating cycle chain is 3. Let (7, ¢, p, j) be the path from i to j. So, ¢ and j are
pendant, while p and ¢ are non-pendant vertices. Let {i1(=14),142,...,is} and {j1(= j),j2,..., 7t} be the set
of all pendant vertices having ¢ and p as a common neighbor, respectively. Then, M = US_, UZ:l M(iz, jy)s
again a mutually disjoint union. Now, using (2.8), we obtain

A=Y S

z=1y=1 MEM(iy,jy)

= Z Z(aimqaqiz)(ajypapjy) Z /Bzz Ty (M)

z=1y=1 MEM(iz,5y)
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Z Z(aizqaqiw)(ajypapjy) Z ﬂU(M)

z=1y=1 MeM(i,j5)

S B ) YD (ai,qa4:,)(a),pap5,)-

MEM(i,j) r=1y=1

Again7 Since AA 7£ 07 ZMEM(z,]) ,BH(M) 7é O and SO0, 051] 7é O D

3. Relation between A# and A' for a matrix A with D(A) € D . Now, we will use some notation
from [5]. Let U = {uq,u2,...,up} and V = {v1,v2,...,v,} be disjoint sets. For an n x n matrix A = (a;;),
B(A) is the bipartite graph with vertices U UV and edges {{u;,v;} : u; € U,v; € V,a;; # 0}. For k > 1 and
any bipartite graph B, let M (B) denotes the family of subsets of k distinct edges of B such that no two of
which are adjacent.

Let A be a matrix with acyclic bipartite graph B(A) and rank(A) > 2, and let AT = (;;). Then, the
following is shown [5, Proposition 2.8]. Let {u;,v;} be an edge in B(A). Then, {u;,v;} is an edge in B(A") if
and only if {u;,v;} belongs to some member in M,.(B(A)). Further, if {u;,v;} is contained in every member
in M, (B(A)), then a;; =

;‘j .
Interestingly, we have the following analog of the second part of [5, Proposition 2.8], for the class of trees
D.

COROLLARY 3.1. Let A = (a;5) be an n x n real matriz with tree graph D(A) € D and assume that
Ax # 0. If (i,4,1) is a cycle that belongs to each mazimum matching of D(A) and A% = (ai;), then
Oéij = and Oéji =1

1 1
aji aij

Proof. Let M be the set of all maximum matching of D(A). Since the cycle (i,j,4) belongs to each
maximum matching of D(A), (4,7,¢) is an alternating cycle chain of length one and M = M(i, j) = M(j, 7).

Now,

s — 5@']’ : ZMem(i,j) 5H(M) . ZMeM(i,j) ajiaijﬂﬁ(M) o ZMGM U(M) 1
1] T - -

Ay a4 a;i A4 aj;
and
Bji - 2o memi) Bia(M) _ ZMeM(]‘,i) aja;ify;(M) _ > mem (M) 1

Oéji =

AA A5 AA A5 AA (227

Let A be a square matrix with path graph D(A) and A4 # 0. Let (4, ) be defined as in the paragraph
just before Conjecture 2.10. It is shown in [8, Theorem 4.1 (iii)] that if v(¢,7) # 0, then the zero—nonzero
sign patterns of A% and A' are the same. Observe that, for a maximally matchable pair i, in D(A) € D,
it follows that (4, j) = - premi ;) Br7(M). Further, as is shown in Corollary 2.12, } =y cngi; ;) Br7(M) # 0.
Thus, the next result is an extension of the corresponding result of [8], stated earlier, for any matrix A
satisfying the property that D(A) € D.

THEOREM 3.2. Let A = (a;5) be an n xn real matric with tree graph D(A) € D and assume that Aa # 0.
Let A# = (a;;) and AT = (N\;j). Then, agj # 0 if and only if \;j # 0.

Proof. Let G(A) be the underlying graph of D(A). Then, B(A) is a forest with two components and
each component is isomorphic to G(A). Note that, ¢ is a pendant vertex in D(A) iff u; and v; are pendant
vertices in B(A); a similar statement holds for non-pendant vertices. Suppose the term rank of A is r. Then,
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M, (B(A)) is non-empty and M;(B(A)) = ¢, for all [ > r. For two distinct vertices i, j let the cycle chain
Cq(i,7) in D(A) be ((2, k2,1), (k2, k3, k2), ..., (kqg, J,kq)). By Corollary 2.12, for i # j, a;; # 0 and

1 g1
(3.1) o = r(—l)QQ i by O o O s~ Qi kg Oy D Brs(M),
A MEM(i,j)

if and only if ¢ and j are maximally matchable in D(A). From [5, Corollary 2.7], A;; # 0 if and only if B(A)
contains a path P from wu; to v;

U; —> Vy —2 Uk —> Uy —> =+ —7 Uk —>ukq—>vj

q—1

of odd length ¢ and M _4+1 (B(A)) has at least one element with r — % edges none of which is adjacent
2

to P. Furthermore, if such a path exists, then Aj; has the same sign as

g=1
(3.2) (—1) "% Qi oy Qg ey Qi s+ Qe g1 Vg -

Since A is a matrix with a tree graph D(A), it is combinatorially symmetric. Thus, there is a cycle chain
Cy(i,7) of odd length in D(A) if and only if there is a path from u; to v; of odd length in B(A). Let G; and
G be the two components of B(A) and assume, without loss of generality, that the path @ : u; — vy, —
g1~ Ukg_y — ttt = Upy — Ug, — v; belongs to Gp. Using the fact that Gy is isomorphic to G(A), it
follows that G1\Q is isomorphic to the underlying graph of D(A)\C,(4, j). So, by the discussion in Theorem
2.11, for an odd ¢, when i and j are maximally matchable in D(A), MT_%(B(A)\Q) # ¢ and when 7 and
j are not maximally matchable in D(A), M__ 41 (B(A)\Q) = ¢.

r—43=

Uk

By Theorem 1.4 and [5, Corollary 2.7], cj; = 0 = A;;. Also, when ¢ is even, a;; = A;; = 0. Now, suppose
q is odd and i and j are not maximally matchable so that, c;; = 0. Then, since MT_%(B(A)\Q) = ¢,
Aij = 0. If possible, suppose, a;; # 0. Then, by Corollary 2.12, 7 and j should be maximally matchable. In
this case, there exists a path @ from u; to v; of length ¢ and MT_%(B(A)\Q) # ¢. Now, using (3.1) and

(3.2) and by combinatorial symmetry, A;; # 0. d

The above result is not true for a matrix A with tree graph D(A) ¢ D. We show this by using the
same example as in [8, Example 4.2]. Consider the 5 x 5 matrix A for which D(A) is a path digraph on five

vertices:
0 1 0 0 O
1 1 0 0
A=|0 -1 0 1 0
0 01 0 1
0 0 0 1 0

Then, \y5 = 2, whereas ay5 = 0.
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