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Abstract. Several necessary or sufficient conditions for a sign pattern to allow eventual posi-
tivity are established. It is also shown that certain families of sign patterns do not allow eventual
positivity. These results are applied to show that for n > 2, the minimum number of positive entries
in an n X n sign pattern that allows eventual positivity is n+ 1, and to classify all 2 x 2 and 3 x 3 sign
patterns as to whether or not the pattern allows eventual positivity. A 3 X 3 matrix is presented to
demonstrate that the positive part of an eventually positive matrix need not be primitive, answering
negatively a question of Johnson and Tarazaga.
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1. Introduction. A real square matrix A is eventually positive (respectively,
eventually nonnegative) if there exists a positive integer ko such that for all k& >
ko, AF > 0 (respectively, A¥ > 0), where these inequalities are entrywise. For an
eventually positive matrix, we call the least such kg the power index of A. It follows
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from results in [5] that the power index ko of an eventually positive matrix may be
arbitrarily large.

Given a real square matrix A, o(A) denotes the spectrum of A, i.e., the mul-
tiset of eigenvalues, and the spectral radius of A, max{|\| : A € o(A)}, is denoted
by p(A). An eigenvalue X of A is a dominant eigenvalue if |A| = p(A). The matrix
A has the Perron-Frobenius property if A has a dominant eigenvalue that is posi-
tive and the corresponding eigenvector is nonnegative. The matrix A has the strong
Perron-Frobenius property if A has a unique dominant eigenvalue (which is simple),
the dominant eigenvalue is positive, and the corresponding eigenvector is positive.
The definition of the Perron-Frobenius property given above is the one used in [8],
which is slightly different from that used in [3]. The definition in [3] allows p(A) > 0
(i.e., A can be nilpotent). This distinction is important for the consideration of even-
tual nonnegativity (see Theorem 1.2 below). Since this paper is concerned primarily
with eventually positive matrices, this distinction is not of great consequence here.

THEOREM 1.1. [7, Theorem 1] Let A € R™*™. Then the following are equivalent.

1. Both of the matrices A and AT possess the strong Perron-Frobenius property.
2. The matriz A is eventually positive.
3. There exists a positive integer k such that A¥ >0 and A¥1 > 0.

Note that having both of the matrices 4 and AT possess the strong Perron-Frobenius
property is equivalent to having A possess the strong Perron-Frobenius property and
have a positive left eigenvector for p(A).

Unlike the case of an eventually positive matrix, there is no known test for an
eventually nonnegative matrix, although the following necessary condition is known
(the requirement that A is not nilpotent in this theorem was pointed out in [3, p.
390]).

THEOREM 1.2. [8, Theorem 2.3] Let A € R™*™ be an eventually nonnegative ma-
triz that is not nilpotent. Then both matrices A and AT possess the Perron-Frobenius

property.

The matrix Ll) 0 J shows that the converse of Theorem 1.2 is false, as noted in [3,
p. 392].

A sign pattern matriz (or sign pattern for short) is a matrix having entries in
{+,—,0}. For a real matrix A, sgn(A) is the sign pattern having entries that are the
signs of the corresponding entries in A. If A is an n x n sign pattern, the sign pattern
class (or qualitative class) of A, denoted Q(A), is the set of all A € R™*" such that
sgn(A) = A. Let A = [a;;], A = [ay;] be sign patterns. If ai; # 0 implies a;; = Gy,
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then A is a subpattern of A and A is a superpattern of A.

If P is a property of a real matrix, then a sign pattern A requires P if every real
matrix A € Q(A) has property P, and A allows P or is potentially P if there is some
A € Q(A) that has property P. Numerous properties have been investigated from
the point of view of characterizing sign patterns that require or allow a particular
property (see, for example, [6, 2] and the references therein).

Sign patterns that require eventual positivity or eventual nonnegativity have been
characterized in [4]. Here we are interested in potentially eventually positive (PEP)
sign patterns, i.e. sign patterns A for which there exists A € Q(A) such that A is even-
tually positive. We investigate the following question that was raised at the American
Institute of Mathematics workshop on Nonnegative Matrix Theory: Generalizations
and Applications [1].

QUESTION 1.3. What sign patterns are potentially eventually positive (PEP)?

The study of this question led to the discovery of Example 2.2, presented in
Section 2, that answers negatively a question of Johnson and Tarazaga [7]. Section 3
gives methods of modifying a PEP sign pattern to obtain another PEP sign pattern.
In Section 4, we show that for n > 2, the minimum number of positive entries in an
n x n PEP sign pattern is n + 1. Section 5 presents several families of sign patterns
that are not PEP. In Section 6 we use the results of the preceding sections to classify
all 2 x 2 and 3 x 3 sign patterns as to whether or not they are PEP, and make some
concluding remarks in Section 7.

We now introduce additional definitions and notation. Two n x n sign patterns
A and B are equivalent if B = PTAP, or B = PTATP (where P is a permutation
matrix); if B is equivalent to A, then B is PEP if and only if A is PEP.

For a sign pattern A = [a;;], define the positive part of A to be AT = [am and

the negative part of A to be A~ = [o@-], where
+ if ay; =+ _ if oy =—
+ i ) d — _ ij s
a” { 0 if Q5 = 0 or Q5 = —, an a” { 0 if Q5 = 0 or Q5 = +.

It follows that A = At + A~. Similarly, for A = [a,;] € R™*", define the positive part
of Atobe AT = [a;rj] and the negative part of A to be A~ = [(f}, where
+ Qij if Q5 > 0, da — Qjj if aij < 0,
ij_{ 0 if a;<0, T T 0 i ay >0

ij

a

If A =[] is an n x n sign pattern, the digraph of A is
I(A) = ({1,...,n}, {(i,]) - aij # 0}).
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An n x n sign pattern A (or matrix) is reducible if there exists a permutation
matrix P such that

PAPT = [“4“ O}

Az Ago

where A1; and Aso are square non-empty sign patterns, and O denotes a block con-
sisting entirely of zero entries. If A is not reducible, then A is called irreducible. We
define [0] to be reducible. It is well known that for n > 2, A is irreducible if and only
it I'(A) is strongly connected.

A digraph is primitive if it is strongly connected and the greatest common divisor
of the lengths of its cycles is 1. A nonnegative sign pattern or nonnegative matrix is
primitive if its digraph is primitive. It is well known that a digraph I' = (Vr, Er) is
primitive if and only if there exists k € N such that for all ¢, j € Vp, there is a walk of
length k from i to j, and a nonnegative sign pattern A is primitive if and only if there
exists a positive integer ko such that for all A € Q(A), AF > 0 for all k > k. The
least such kg is called the exponent of A. If A > 0 is primitive, then the exponent of
A is equal to the power index of A for all A € Q(A).

2. Eventually positive matrices and sign patterns that allow eventual
positivity. In this section we establish a condition sufficient to ensure that a sign
pattern is PEP, and provide an example of an eventually positive matrix that shows
that this condition is not necessary for a sign pattern to be PEP. In addition, this
example answers negatively an open question about eventually positive matrices.

The idea used in the proof of the next theorem was observed in [7, pp. 330, 335],
although it was not articulated in terms of sign patterns.

THEOREM 2.1. Let A be a sign pattern such that AT is primitive. Then A is
PEP.

Proof. Let A(e) = B + eC where B (respectively, C') is the matrix obtained
from AT (respectively, A™) by replacing + by 1 (respectively, — by —1). Since AT
is primitive, by Theorem 1.1 there exists a positive integer k such that B¥ > 0 and
Bk+1 > 0. Since for a fixed k, the entries of A(¢)¥ depend continuously on &, we can
choose € small enough so that A (s)k >0 and A (5)k+1 > 0. By Theorem 1.1, A(e) is
eventually positive. O

In [7, Question 8.1], Johnson and Tarazaga asked whether an eventually positive
matrix A must have A" primitive, and Example 2.2 below shows this is not true.
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EXAMPLE 2.2. The matrix

13 3
0 10 O
_ | 13 3
B=| 1 0 -3
_31 3 10
100 10 100
is eventually positive. The eigenvalues of B are 1, ﬁ (131 + i\/2159), the vectors
[1,1,1]7 and [8, 55,1]7 are right and left eigenvectors for p(B) = 1, and B* > 0 for
13
B g o
k > ko = 10. Notice that Bt = % 0 0 | is reducible.
3 101
0 1 100

Taking A = sgn(B), it follows that A is a PEP sign pattern having A™ reducible and
thus is not primitive. Consequently, Example 2.2 shows that the converse of Theorem
2.1 is false.

3. Modifications of potentially eventually positive sign patterns. In this
section we establish ways to modify a PEP sign pattern to obtain additional PEP sign
patterns. Asis the case in many sign pattern problems, subpatterns and superpatterns
play an important role in the study of PEP sign patterns.

THEOREM 3.1. If A is PEP, then every superpattern is PEP. If A is not PEP,
then every subpattern is not PEP.

Proof. Let A = [ay;] be a sign pattern that is PEP and let A be obtained from
A by changing one entry ag; = 0 to — or +. Let A be an eventually positive matrix
in Q(A). Then there exists a positive integer k such that A* > 0 and A**! > 0. Let
A(e) = A+ cE4. Since for a fixed k, the entries of A(¢)* depend continuously on e,
we can choose ¢ small enough so that A(e)* > 0 and A()**! > 0. By Theorem 1.1,
A(e) is eventually positive, and so A is PEP. For the second statement, if A is not
PEP but has a PEP subpattern, then the first statement is contradicted. O

REMARK 3.2. If A is eventually positive, then sois B = A + tI for every ¢t > 0,
because eventual positivity of B is equivalent to B and BT having the strong Perron-
Frobenius property.

THEOREM 3.3. Let A be the sign pattern obtained from a sign pattern A by
changing all 0 and — diagonal entries to +. If A is a PEP sign pattern, then A is
PEP.

Proof. Since A is PEP, there exists A € Q(A) such that A is eventually positive.
There exists ¢t > 0 such that A = tI + A € Q(A), where A is obtained from A by
changing all diagonal entries to +. By Remark 3.2, A s eventually positive and A is
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PEP. 0O

4. Minimum number of positive entries in a potentially eventually pos-
itive sign pattern. In this section we establish that for n > 2, the minimum number
of positive entries in an n x n PEP sign pattern is n + 1.

The next observation gives obvious necessary conditions for a sign pattern to
allow eventual positivity.

OBSERVATION 4.1. [7, p. 327] If A is PEP, then

1. Ewvery row of A has at least one +.
2. Ewvery column of A has at least one +.

COROLLARY 4.2. If A is PEP, then T'(A) has a cycle (of length one or more)
consisting entirely of + entries.

Proof. IfT'(A) does not have a cycle consisting of all +, then there is a permutation
matrix P such that PT AT P or PT(A')T P is a strictly upper triangular sign pattern,
and thus A does not have a + in some row (and column). O

LEMMA 4.3. If A is a PEP sign pattern, then there is an eventually positive
matriz C' € Q(A) such that

(a) p(C) =1, and
(b) C1 =1, where 1 is the n x 1 all ones vector.

If n > 2, the sum of all the off-diagonal entries of C' is positive.

Proof. There exists A € Q(A) that is eventually positive, which implies p(A) €
o(A) is a simple eigenvalue, |A| < p(A4) for all A € o(A) \ {p(4)}, and p(A) has
a positive eigenvector v = [v; va ... v,]T. Let B = ﬁA. Then B € Q(A),
B is eventually positive, and p(B) = 1 with Bv = v. Now let C = D™'BD for
D = diag(v1,...,v,). Then C' € Q(A) is eventually positive and C satisfies conditions
(a) and (b). Let C' = [e5]. Since C1 =1, fori=1,...,n,¢;; =1—3 7, ¢;;. Since
1 > |A| for every eigenvalue A # 1 and 1 is a simple eigenvalue, n > tr C. Thus the
sum of all the off-diagonal elements is positive. O

THEOREM 4.4. For n > 2, an n X n sign pattern that has exactly one positive
entry in each row and each column is not PEP.

Proof. Suppose to the contrary that C is an n x n sign pattern that has exactly one
positive entry in each row and each column and is PEP. Then there exists C' € Q(C)
satisfying conditions (a) and (b) of Lemma 4.3. Since C' is eventually positive, 1 is a
simple eigenvalue and |A| < 1 for all A € o(C) \ {1}, so |det C| < 1. Note that each
row ¢ has exactly one positive entry, say in column k;, and if the other entries in the
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row are denoted —c;j,j # ki, then ¢;; > 0 and ¢; 1, =1+ Z#ki Cij-

Let C be the matrix obtained from C by permuting the columns so that the
positive entry of each column is on the diagonal. We apply Gershgorin’s Theorem,
noting that the ith disk has center ¢; 5, = 1+ 37, ¢; and radius >, cij. It
follows that the eigenvalues of C' have absolute value that is at least 1, and thus that
|det C| > 1. Since |det C| = | det C|, a contradiction is obtained. O

A 1 x 1 sign pattern is PEP if and only if the sole entry is +, so assume n > 2.
It follows from Theorem 2.1 that for every such n, there is an n x n sign pattern that
is PEP and has exactly n 4+ 1 positive entries, namely a sign pattern having all the
entries of an n-cycle and one diagonal entry equal to +, and all other entries equal to
0 or —. From Observation 4.1, any n X n sign pattern that is PEP must have at least
n positive entries, and by Theorem 4.4, an n X n sign pattern with exactly n positive
entries is not PEP. Thus for n > 2, we obtain the following result.

COROLLARY 4.5. Forn > 2, the minimum number of + entries in an n xn PEP
sign pattern is n + 1.

5. Sign patterns that are not potentially eventually positive. Note that
if A is reducible, then A is not PEP. In this section we establish that several families
of irreducible sign patterns are not PEP. We use the notation [—] (respectively, [+])
for a (rectangular) sign pattern consisting entirely of negative (respectively, positive)
entries. A square sign pattern A is a Z sign pattern if a;; # + for all ¢ # j. The next
result follows from Corollary 4.5.

PRroOPOSITION 5.1. If A is an n X n Z sign pattern with n > 2, then A is not
PEP.

A A
Ao Az
Ao = A;rl, and Ay1 and Ass square, then A is not PEP.

THEOREM 5.2. If A is the block sign pattern [ } with A1p = Ay,

Proof. Suppose A is PEP. Then A cannot be reducible, so A}, # O and Aj;, # O.
Let A € Q(A) be eventually positive with spectral radius p, and let v > 0 and
w > 0 be right and left eigenvectors for p, respectively. Then (A — pI)v = 0, and

wl (A —pI) =0. Let v = { vl } and w = [ i ], partitioned conformally with the
U2 wag
partition of A. Then,

(All — pI)Ul + AIQUQ = O, (51)

wi (A1 — pI) +wl A, = 0. (5.2)
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Equation (5.1) implies (A1; — pI)v; > 0, while (5.2) implies wi'(A;; — pI) < 0. But
then, w (A1 — pI)vy > 0 and w? (A11 — pl)vy < 0, which is a contradiction. O

PROPOSITION 5.3. Let

be a square checkerboard block sign pattern with square diagonal blocks. Then —Ayq is
not PEP, and if Ay has a negative entry, then Ay is not PEP.

Proof. A2 = Ap. O

COROLLARY 5.4. Let A = [A;;] be a square block sign pattern with square di-
agonal blocks. Let D be a diagonal pattern that when partitioned conformally with A
as D = [D;j] has all of the diagonal entries of Dy; equal to + or all — for each i. If
DAD <0, or if DAD > 0 and D has at least one — entry, then A is not PEP.

Proof. This follows from Theorem 3.1 and Proposition 5.3, since A is a subpattern
of —Ag (if DAD <0) or Ay (if DAD > 0). O

LEMMA 5.5. Let A = [a;;] be an n x n matriz with n > 2 such that for a fived
ke{l,..,n},

1. agr >0, and
2. in row k (respectively, column k) every off-diagonal entry is nonpositive and
some off-diagonal entry is negative.

Suppose that p(A) is an eigenvalue of A that has a positive eigenvector (respectively,
left eigenvector) x = [x;]. Then p(A) < ajg.

Proof. The result is clear if p(4) = 0, so suppose p(A) > 0. The equation
Az = p(A)z implies that

> arjz; = p(A)ay.
=1

Thus,

(ark — p(A))zr, = Y _(—ag;)z; > 0.
7k

Since z, > 0, it follows that p(A) < agg. The result for the column hypothesis follows
by considering AT. O
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THEOREM 5.6. Let A = [ay;] be an n x n sign pattern with n > 2 such that for
every k=1,...,n,

1. agr =+, and
2. (a) no off-diagonal entry in row k is 4+, or
(b) no off-diagonal entry in column k is +.

Then A is not PEP.

Proof. If A € Q(A) is eventually positive, then A is not reducible, so the hypothe-
ses of Lemma 5.5 are satisfied for k = 1,...,n. Thus agr > p(A) for k =1,...,n.
But then tr A > np(A), which is a contradiction. O

COROLLARY 5.7. Let A = [wyj] be an n X n sign pattern with n > 2 that
requires a positive eigenvalue and suppose that ayr = + and oy; is 0 or — for all

je{l,...,n}\{k}, and ay; = — for all i # k. Then A is not PEP.

Proof. Suppose that there is an eventually positive matrix A = [a;;] in Q(A), so
A is not reducible. Then by Theorem 1.1, p(A) is a positive eigenvalue of A with a
positive eigenvector. By Lemma 5.5, it follows that ag, > p(A). Hence, A — p(A)I €
Q(A), but A — p(A)I cannot have a positive eigenvalue, giving a contradiction. O

6. Classification of sign patterns of orders 2 and 3. In this section we use
results in the previous sections to show that a 2 x 2 sign pattern A is PEP if and
only if AT is primitive, and determine which 3 x 3 sign patterns are PEP. We use ?
to denote one of 0, +, —, and & to denote one of 0, —. The following theorem is a
consequence of Theorem 2.1, Corollary 4.5, and Theorem 5.2.

THEOREM 6.1. Fvery PEP 2 X2 sign pattern is equivalent to a sign pattern of the

form [ i :’; } . Thus a 2 x 2 sign pattern A is PEP if and only if AT is primitive.

LEMMA 6.2. If A is a PEP 3 x 3 sign pattern such that AT is irreducible, then
AT is primitive.

Proof. 1f AT is irreducible and not primitive, then I'(A™) has one 3-cycle and no
2-cycles or 1-cycles, or I'(A™) has two 2-cycles and no 3-cycles or 1-cycles. Then A
is not PEP by Theorem 4.4, or Corollary 5.4. O

The sign patterns in the next lemma, which all have reducible positive parts, are
used in the classification of 3 x 3 sign patterns in Theorem 6.4 below.
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LEMMA 6.3. Any sign pattern of the form Ay, A, or As below is not PEP.

+ © o] + © © + 0 ©
Ai=1e 7 4|, A=|+ 7 +|, A=|+ ? ©
o + 7] o + 7 e + +
o
Proof. The sign pattern | — + <+ is not PEP by Proposition 5.3, so any sign
- + +

pattern of the form A; is not PEP by Theorem 3.1 and the contrapositive of Theorem
3.3.

To show that any sign pattern of the form A, is not PEP, we first show that

_l’_ — —
A= [+ + +| is not PEP. Assume to the contrary that A is PEP; then by
-+ +
Lemma 4.3 there exists an eventually positive matrix A € Q(.A) of the form
14 a2 + a3 —ai2 —ai3
A= az 1 —ag —azs a23 )
—asi as2 1 —agz +azn

where a12, a13, as1, a3, az1 and asg are positive, p(A) = 1 and
as1 + as3 + azo — a2 — a1z — azy > 0. (61)
Let w = [w;] > 0 be such that wT A = wT and w; = 1. Then

asywy  — azws = —(ai2+ aiz)
—(a21 + agz)ws  + azws = az.

Because A is eventually positive, wy and w3 are uniquely determined as

_ —aza(aiz +aiz) + arza3;
aziazz — azi(az1 + ags)

and

—[a12a23 + a13(az1 + ass)]
asiaz2 — azi(as + as3)

ws =

where a210a32 — CL31(CL21 + CL23) 7§ 0. Since ws > O, it follows that
az1azz — az (a1 + azs) < 0. (6.2)
Thus since we > 0,

ai2az1 — azz(a12 +aiz) < 0. (6.3)
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Because p(A) = 1 is a simple eigenvalue of A, 0 is a simple eigenvalue of A — I and
A — I does not have any positive eigenvalues. A calculation of the characteristic
polynomial of A — I gives

det(zl — (A —1)) = z(2? + Bz + ),
where

Y = —a13G21 — Q12023 — (13023 + A12031 — 421031 — (23031 — G12G32 — 413032 + A21032.

NOW, using (62) and (63), Y < —a13a21 —A12G23 — Q13023 =+ CL32(CL12 + a13) — 21431 —
as3a31 — a12a32 — a13a32 + azi(agr + asg) < 0. Thus det(z — (A — I)) must have a
positive root, so A — I has a positive eigenvalue, which is a contradiction.

Since A is not PEP, no sign pattern of the form A5 is PEP by Theorem 3.1 and
the contrapositive of Theorem 3.3.

It remains to show any sign pattern of the form As is not PEP. This can be
established by a modification of the proof that As is not PEP. Specifically, consider

+ 0 -
A= |+ 7?7 —| and use the same notation for the form of an eventually positive
-+ +

matrix A € Q(A) with the properties specified in Lemma 4.3. Then by Lemma 5.5
applied to column 3,

a3; > as2. (64)
From inequality (6.4) and the A3 analog of (6.1),
a21 > a13 + az23 > as3. (65)

Then as in the proof for As, solving for the second coordinate ws of the positive left
eigenvector w = [1,wq, w3]T gives

a130a32
wo = .
a210a31 — A230A31 — A210A32
Since wy > 0,
(921031 — A23031 — 21032 > 0. (66)

Evaluate v where det(xl — (A —I)) = x(2% + Sz + 7) to obtain
Y = —a13a21 — 31021 + A32021 + 413023 + Q230431 — A13032-

As in the proof for Ay, substitution using inequalities (6.5) and (6.6) yields v < 0
and a contradiction. O
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THEOREM 6.4. A 3 x 3 sign pattern A is PEP if and only if AT is primitive or
A is equivalent to a sign pattern of the form

B

I
_|_

where 7 is one of 0,4+, — and & is one of 0, —.

Proof. A sign pattern A such that A™ is primitive is PEP by Theorem 2.1. For
B as in Example 2.2, it was shown that sgn(B) is PEP. Since every sign pattern of
the form B is a superpattern of sgn(B), it follows that any such sign pattern is PEP
by Theorem 3.1.

Conversely, assume A = [;;] is PEP. If A" is irreducible, then by Lemma 6.2,
AT is primitive. So assume AT is reducible. By Observation 4.1, each row and each
column must contain a +. Let

+ © © + © ©
Ao=17 72 +|, A4=1|7 7 ©
74+ 7 T 7+
If AT contains a 2-cycle then A is equivalent to a pattern of the form A,; otherwise

A is equivalent to a pattern of the form A;. Every pattern equivalent to a pattern of
the form A, is equivalent to a pattern in one of the three more explicit forms

+ © © + © © + © ©
Ai= |+ 72 +|, Ae= |+ 7 4|, A= ? +
+ 4+ 7 o + 7 o + 7

Any pattern of the form A4 is not PEP by Theorem 5.2. Any pattern of the form A
or A; is not PEP by Lemma 6.3. Thus A is not equivalent to a pattern the form A,.

Now assume A is equivalent to a pattern of the form A;,. By Corollary 4.5, there
must be at least four entries equal to + in A. Thus A is equivalent to a pattern of
one of the three more explicit forms

+ © © + © © + © ©
As= |+ 7 o, Ag=|0 + ©|, Ar=|+ 7 ©
+ 7 + 77 4+ e 7 +

Any pattern of the form Aj is not PEP by Theorem 5.2. Any pattern of the form Ag
is not PEP by Theorem 5.6.

So A must be equivalent to a pattern of the form A7. If the (3,2)-entry of A is
©, then the (2,2)-entry is + and A is not PEP by Theorem 5.6. So the (3,2)-entry of
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+ © ©
Ais + and A has the form [+ 7 &/ .If ag; =0, then A is not PEP by Theorem
© + +
5.2. If apo = 0, then A is the pattern As in Lemma 6.3, so is not PEP; the case
g3 = 0 is equivalent. Thus s = a3 = a3 = —, and A is equivalent to form 5. O

7. Concluding remarks. We have shown that a sufficient condition for a sign
pattern to allow eventual positivity, namely that its positive part is primitive, is
also necessary for a 2 x 2 sign pattern. However, this condition is not necessary
for a 3 x 3 sign pattern, as proved in Theorem 6.4. For n > 4, the identification
of necessary and sufficient conditions for an n x n sign pattern to allow eventual
positivity remains open. Also open is the classification of sign patterns that allow
eventual nonnegativity. Such sign patterns clearly include those that allow eventual
positivity, that allow nilpotency, or are nonnegative.
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