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JORDAN CHAINS OF H-CYCLIC MATRICES, IT*

ANDREW L. NICKERSON AND PIETRO PAPARELLAT

Abstract. McDonald and Paparella [Linear Algebra Appl. 498 (2016), 145-159] gave a necessary condition on the structure
of the Jordan chains of h-cyclic matrices. In this work, that necessary condition is shown to be sufficient. As a consequence,
we provide a spectral characterization of nonsingular, h-cyclic matrices.
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1. Introduction. A celebrated result in spectral graph theory states that a graph is bipartite if and
only if the spectrum of its adjacency matrix is symmetric, i.e., —X is an eigenvalue whenever A is. However,
as noted by Nikiforov [5, p. 3], a bipartite digraph cannot, in general, be characterized by its spectrum alone,
and restrictions on the Jordan structure of the matrix must be considered.

Recall that a directed graph (or digraph, for brevity) T' = (V, E) consists of a finite, nonempty set V' of
vertices, together with a set E C V x V of arcs. If A is an n-by-n matrix with entries over a field IF, then the
digraph of A, denoted by I' = T'4, has vertex set V = {1,...,n} and arc set £ = {(i,j) € V x V| a;; # 0}.

A digraph I' = (V, E) is called h-partite if there is a partition P = {V4,...,V,,} of V such that, for each
arc (i,j) € E, there are positive integers k, ¢ € {1,...,h} such that i € V; and j € Vj.. A digraph I" = (V, E)
is called cyclically h-partite if there is a partition P = {Vi,...,V,} of V such that, for each arc (¢,j) € E,
there is a positive integer £ € {1,...,h} such that i € V; and j € Vo4 (where, for convenience, Vj,41 := V7).
Notice that there is no distinction between a cyclically bipartite digraph and a bipartite digraph, but there
is if h > 2. Furthermore, notwithstanding its more restrictive nature, characterizing the spectral properties
of cyclically h-partite digraphs subsumes the case of bipartite digraphs.

A matrix A is called h-cyclic or cyclically h-partite if T 4 is cyclically h-partite. McDonald and Paparella
[3, Lemma 4.1] showed that if A is a nonsingular, h-cyclic matrix with complex entries, then a given Jordan
chain corresponding to an eigenvalue A of A determines a Jordan chain corresponding to Aw*, 1 < k < h—1,
where w := exp(2wi/h) (for full details, see Lemma 4.1 below). As an immediate consequence, if the
nonsingular Jordan block J,(A) appears in any Jordan canonical form of A, then the nonsingular Jordan
block J,(Aw*) also appears in any Jordan canonical form of A, Vk € {1,...,h — 1} [3, Corollary 4.2].

The central aim of this work is to establish a converse of this result—i.e., if a given Jordan chain
corresponding to an eigenvalue A of a matrix A € M, (C) determines a Jordan chain for Aw”, for every
eigenvalue A of A, then A is h-cyclic (see Theorem 4.5 below). As a consequence, we provide a spectral
characterization of nonsingular, h-cyclic matrices.
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2. Notation and background. For n € N, denote by
e (n) the set {1,...,n};
e R(n) the set {0,1,...,n —1}; and
e w = w, the complex number exp(27i/n).

The symmetric group of degree n is denoted by S,,.

The algebra of m-by-n matrices over a field F is denoted by M,,x,(F); when m = n, the set My, s, (F)
is abbreviated to M, (F). If A € M, (F), then the (4, j)-entry of A is denoted by [A];;, ai;, or a; ;.

If Ae M,(C)and R,C C {1,...,n}, then A(R,C) denotes the submatrix of A whose rows and columns
are indexed by R and C, respectively.

If A,B € My, xn(F), then the Hadamard product of A and B, denoted by A o B, is the m X n matrix
such that [A o Bl;j = a;;bi;.

If A € F, then the n-by-n Jordan block with eigenvalue A, denoted by J,(X), is defined by

Al
n n—1 >\ 1
Jn(A) =A> Ei+ > Eiip = € M, (F),
=1 =1 by 1
A

where E;; is the n-by-n matrix whose (4, j)-entry equals one and zero otherwise.

2.1. Cyclically h-partite matrices. If "4 is cyclically h-partite with partition P, then A is said to
be h-cyclic with partition P or that P describes the h-cyclic structure of A. The partition P = {Vi,...,V,,}
is consecutive if Vi = {1,...,41}, Vo = {i1 +1,...,42},..., Vi = {ip_1 + 1,...,n}. If Ais h-cyclic with
consecutive partition P, then A is of the form

(2.1) : ,
h—1 Ap_1p
h Ahl

where A; ;11 = A(Vi, Vig1) € My, xviyy(C), Vi € (h) [1, p. 7T1]. If P is not consecutive, then there is a
permutation matrix @ such that QT AQ is h-cyclic with consecutive partition [1, p. 71]. Given that the
eigenvalues of a matrix do not change with respect to permutation similarity, hereinafter it is assumed,
without loss generality, that every h-cyclic matrix is of the form (2.1).

If x € C" and
T

Th

where x; € CIVil| then z is said to be conformably partitioned with A (or P).
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Suppose that xi,...,2, € C". Recall that if z; is an eigenvector corresponding to A € C and Ax; =
Az + 221, 1 < i < p, then {x1,...,2,} is called a Jordan chain of A corresponding to A. Furthermore,
it can be shown that if {z1,...,2,} is a Jordan chain, then {z1,...,z,} is linecarly independent and zy =
(A= N)P~Fx,, 1<k <p.

The following partial products of submatrices of an A-cyclic matrix will be of use in the sequel.

Let A € M,,(C) and suppose that A is of the form (2.1). For i € (h) and p € N, let

h
Byp:= [ Av-r@aie
j=h+1-p

where v € S}, is the h-cycle of order h defined by (i) = ¢ mod h + 1. For ease of notation, the matrix B;,
is abbreviated to B;. Notice that B; is a square matrix of order |V;| and

(2.2) A =P B; = ,

(see, e.g., Brualdi and Ryser [1, p. 73]).

We note the following useful theorem due to Mirsky.

THEOREM 2.1 (Mirsky [4, Theorem 1]). Let A € M, (C) and suppose that A is of the form (2.1). If
A, ...y Am are the nonzero eigenvalues of By, then the spectrum of A consists of n — hm zeros and the hm
hth roots of A1,..., Am-

2.2. Circulant matrices. We digress to briefly discuss circulant matrices (for a general reference, see
Davis [2]).

DEFINITION 2.2 ([2, p. 66]). If r := (ry,...,ry), where r; € C, i € (n), and C € M,(C), then C is
called a circulant or a circulant matriz with reference vector r, denoted circ(r), if
Cij = T((j—¢) mod n)+1,

for every (i,j) € (n)2.

DEFINITION 2.3. Denote by e; the i*" canonical basis vector of C*. For n € N, n > 2, the basic circulant
of order n, denoted by K, is the circulant matrix defined by K,, = circ(es).

For example,

0 1

KQ |:1 0:| )

0 1 0]
Ks=1|0 0 1],

1 0 0]

and, in general,
In—l_
Kn =
L
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3. Nomnsingular h-cyclic matrices. We briefly digress to address some properties of nonsingular,
h-cyclic matrices.

THEOREM 3.1. Let A € M,,(C) be h-cyclic and nonsingular. If P = {Vq,...,V,} describes the h-cyclic
structure of A, then |V;| = |Vj|, Vi, j € (h).

Proof. For contradiction, suppose that |V;| # |V;|. Without losing generality, it may be assumed that
|V;| > |Vi|. Notice that B; € Mjy,|(C) and

h
rank(B;) < rank (H A,Ykl(j),,yk(j)>

k=1
< min {rank (Ai2),...,rank (Ap_1 ), rank (Ap 1)}
< Vil
< vjl,

i.e., B; is rank deficient. Thus, 0 € o(B;), but
0€o0(B;) = 0co(A") <= 0ca(A),
which contradicts the assumption that A is nonsingular. O

COROLLARY 3.2. If A € M, (C) is h-cyclic and nonsingular, then h divides n.

Remark 3.3. The converse of Theorem 3.1 does not hold; indeed, consider the singular bipartite matrix

0 0 11
0 0 11
1100
1100

4. Main results. Given that it will be used in several of the subsequent results, hereinafter, a;; :=
(i —j) mod h, Vi,j € Z and Vh € N.

The following result was established by McDonald and Paparella [3, Lemma 4.1] for nonsingular matrices;
however, examining the proof reveals that the supposition is unnecessary.

LEMMA 4.1 ([3, Lemma 4.1]). Let A € M, (C) and suppose that A is of the form (2.1).

1. If {z<07j>}§:1 is a right Jordan chain corresponding to A\ € o(A), where x ;) is partitioned con-
formably with respect to A as

21
Z(0,5) N IV ESK( )P
fEhj
then, for k € R(h), the set
(@h)a )"
T,y = : ;
(WF)oriay, =1

is a right Jordan chain corresponding to Aw*.
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2. If{y<j70> };):1 is a left Jordan chain corresponding to X € a(A), where y; oy is partitioned conformably
with respect to A as

who = v - wh] ie

then, for k € R(h), the set

o = [yl o @hmgh]}

j=1
is a left Jordan chain corresponding to Aw*.

Remark 4.2. Although McDonald and Paparella stated the aforementioned result for nonzero eigenval-
ues, the proof given is valid when A = 0. However, if any Jordan canonical form of A has a singular Jordan
block of size p-by-p, then the result does not guarantee another singular Jordan block in the Jordan canonical
form of A; e.g., the 3-cyclic matrix

_= =IO O OO
O OO O O
O OO O O
O OO O O
O OoOfl= O =IO
O Ol = OO

has one singular Jordan block of order two and one singular Jordan block of order one.

The following results were presented by McDonald and Paparella [3, Lemma 4.3 and Remark 4.4].
LEMMA 4.3 (c.f. [3, Lemma 4.3]). Ifk € R(h) and { € (p), then

(k)
Wi=wh |0 | [Wh)en L (wh)ee]
(k)
= cire(W®, 1, (W)L, (WF)P),
and
(k)
Wiy = : [(Wh)xernr o (wF)ern]
()
= cire(wh, 1, (M), ()

LEMMA 4.4 (c.f. [3, Remark 4.4]). Ifk € R(h) and
(4.3) Cy = cire(wh, 1, (W) ... (WF)?) € My (C),

then
h—1

ZC’k = hK}, = circe(0, h,0,...,0).
k=0
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THEOREM 4.5. Let A € M,,(C) and let P = {V1,...,V},} be a partition of (n).

(i) Suppose that, for every eigenvalue X € o(A) with corresponding right Jordan chain {x<07j> };):1’ and
whenever the vector xq ;) is partitioned conformably with respect to P as

T1j
o5 =" |.J€ D,
Thj
the set
(wh) i,
Tik,j) *= : ;
(Wh)m

j=1
is a right Jordan chain corresponding to \w* for every k € R(h).

(ii) Suppose that, for every eigenvalue A € o(A) with corresponding left Jordan chain {y<j70>}§.):1, and
whenever the vector y; 0y is partitioned conformably with respect to P as

T .
Y00 = {%Tl ijh} , J€(p),

the set

P
{?J(Tj,k> = [(Wk)a”y; (Wk)a“y;‘rh] }jzla
is a left Jordan chain corresponding to \w® for every k € R(h)

If the above hold, then A is h-cyclic with partition P.

Proof. The proof that follows is similar to the proof of Theorem 4.6 given by McDonald and Paparella
[3, pp. 155-156], which we include for completeness.

By hypothesis, any Jordan canonical form of A is of the form

m h—1
ST1AS = @ (EB In; ()\iwk)) 1< m<n.

i=1 \k=0

For i € (m), let

h—1
D; :=diag | 0,...,0,D Ju,(\iw*),0,...,0 | ,
k=0

and A; := SD;S~! € M,,(C), where diag(M, ..., M) denotes the block-diagonal matrix with block-diagonal
entries My, ..., M.

For k € R(h), let Cj, be defined as in (4.3). By Lemmas 4.3 and 4.4 and properties of the Hadamard
product, notice that

h—1 Pi pi—1

Ai = Z ZAiwkx%»j)y(}k) + Z x(k,j>y<Tj+1,k> ’

k=0 \j=1 j=1
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kYo
h—1 [ ps (W)™
= Ak @ e @]
k=0 ]:1 (wk)ah,j -Th]
oy [Wh) iz
. k\o; k\o; T
D I | (2 S R (X0 LS
= (wk)ahjxh_j
h—1 p; h—1p;i—1
. 1 T 2 T
=AY D Wi owo Yo + D > Wiy o0
=0 j=1 k=0 j=1

pi—1

k=0 )
SO OSLAENEAES S P LT
j=1 Jj=1 k=0
J 1[
Pi

M= HM'@

h—1 pi—1 h—1
T
=\ <Z Ck) T Yoy | + D [(Z C’f) U4, 0>]
= k=0 J=1
pi—1
= Xih Y EKnowogylio)+h Y Knowoylii
j=1 Jj=1
[ 331jZIJ'T2
Di
Sy ol
p T(h=1)iYjn
_ffhjij1
i xljijJrl,Z
pi—1
hy T
= . Th—1,jY5+1,n
LThjYj41,1
A
o Ah—l,h
A
where
pi—1
Al(c)k+1 = Ai hzxkﬂ/g k1 TR Z xkﬂlﬁl k1 € Mivixvieg (€),
j=1 Jj=1

k € (h), and, for convenience, h + 1 = 1.

Clearly, the matrices A1, ..., A, are h-cyclic with partition P and since A = ", A;, it follows that A
is h-cyclic with partition P. ]
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Example 4.6. Consider the matrices

and
xr a —Q
g_ |y b vy b ’
z C —Z C
w d —w d

where det(S) = —4(ay — bx)(cw — dz) # 0.

If A= SJS ! and P = {{1,2},{3,4}}, then A satisfies the hypotheses of Theorem 4.5, so 4 is bipartite.
Indeed, a calculation via a computer algebra system reveals that

wx —xz
0 0 cw—dz cw—dz
wy —yz
A= 0 0 cw—dz cw—dz
- Yyz — Xz 0 0
ay—bx ay—bx

wy —zw
ay—bx ay—bx 0 0

The following result yields a complete characterization of the Jordan structure for invertible h-cyclic
matrices.

THEOREM 4.7. If A € M, (C) is nonsingular and P = {V1,...,V,} is a partition of (n), then A is
h-cyclic with partition P if and only if the Jordan chains of A satisfy conditions 4.5 and 4.5 of Theorem 4.5.

Proof. Follows by Lemma 4.1 and Theorem 4.5. |
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