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POSITIVE LINEAR MAPS AND SPREADS OF NORMAL MATRICES*

RAJESH SHARMAT AND MANISH PALT

Abstract. We obtain some inequalities involving positive linear maps on matrix algebra. The special cases provide bounds
for the spreads of normal matrices.
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1. Introduction. Let M(n) denote the algebra of all complex n x n matrices. A linear map ® :
M(n) — M(k) is called positive if ® (A) > 0 whenever A > 0 and unital if ® (I,) = Ix. A linear functional
¢ : M(n) — C is a special case of such maps, see [4]. Beginning with Kadison [18], several authors have
studied the inequalities involving positive unital linear maps. An inequality of interest in the present context
is due to Bhatia and Davis [3]: if A is any Hermitian element of M(n) whose spectrum is contained in the
interval [m, M], then

2
(1.1) B (A% — @ (A)? < (MIy — @ (A)) (B (A) —mly) < (M;m> I.

Bhatia and Sharma [5] extended this inequality for arbitrary matrices and have shown that for any matrix
A € M(n),

(1.2) D(A*A) — @ (A*) D (A) < A (A’ I,

where A (A) = inf,ec||A — 2I]| and || - || denotes the operator norm. The inequality (1.2) also holds good
if we replace ® (A*A) by ® (AA*) in the left-hand side of (1.2). Bhatia and Sharma [5] obtained several
lower bounds for A (A) on choosing different linear maps in (1.2). They showed that A (A) > r, where r is
the radius of the smallest disk containing the eigenvalues of A and for normal matrices A (4) = r. Also, by
a classical theorem of Jung [14], spd (4) > v/3r, where spd (A) = max; ; |\; (4) — \; (A) |. Beginning with
Mirsky [19], several authors have investigated bounds for the spreads of matrices. The inequality (1.2) also
provides several lower bounds for the spreads of normal matrices. Jiang and Zhan [12] have discussed some
stronger lower bounds for the spreads of Hermitian matrices. Bhatia and Sharma [7] have shown that these
lower bounds also follow from the inequality (1.2). For some related complementary inequalities involving
positive unital linear maps, see Kian et al. [15].

Bhatia and Sharma [7] also discussed a variant of (1.2) in the special case when A is normal and ¢ is a
positive unital linear functional,

(13) o (A°A) ~ 1 () + 1 (47) — o (4] < LA
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It is also shown that the lower bounds for the spread derived by Johnson et al. [13] and Merikosky and
Kumar [17] follow as the special cases of (1.3). See [6].

Sharma et al. [21, 22] extended the work of Bhatia and Davis [3] and showed that for any positive unital
linear functional ¢ : M(n) — C and for any Hermitian element A of M(n), we have

spd (A)*
(1.4) o (BY) < LA
and
(1.5) %) (B4) + 3¢ (32)2 < SpdiA)él,

where B=A — ¢ (A4) I

We here mainly consider normal matrices and for the simplicity of notations denote A* A by |A|2 where
A* is the conjugate transpose of A, see [2]. Our first theorem provides a refinement of the inequality (1.2) for
normal matrices. This inequality (Theorem 2.1) is used to derive some further results. The upper bounds
for ¢ (JA[*) and ¢ (|B|*) are obtained in terms of ¢ (|A|?A), ¢ (|A]?), ¢ (A) when all the eigenvalues of A
lie in |z — ¢| = r (Theorems 2.2 and 2.3). The upper bounds for ¢(|A|*) and (| B|*) in terms of ¢(|A|?)
and (A) derived in Theorems 2.4 and 2.5 yield several lower bounds for the radius r of the smallest disk
containing all the eigenvalues of a normal matrix in terms of ¢ (|B|?) and ¢ (|B|*) (Corollaries 2.6-2.8). We
discuss special cases and obtain lower bounds for the spread of normal matrices in terms of Frobenius norm
of A— %I and (A — %1)2 (Corollaries 3.1-3.2). Corollary 2.7 also provides a lower bound for 7 in terms

2 4
of ¢ (B|BJ?) (Corollary 3.2). We discuss upper bounds for the ratios Tél}j‘)lg and Té(‘]j‘)lg

and a lower bound for the condition number of the Cauchy matrix is given (Corollaries 3.3-3.4).

when A is normal

2. Main results.

THEOREM 2.1. Let ® : M(n) — M(k) be a positive unital linear map and let A be any normal element
of M(n) whose spectrum is contained in the disk |z — c| < r. Then

(2.1) B (|A[2) = |® (A) [2 4 [0 (4) — eI|? < 121,
Proof. A simple computation shows that for any complex number ¢, we have
(2.2) O (|AP) —[@(A) P + |2 (A) — el =@ (|A—cI]?).

Further, by the Spectral Theorem, we have

A= Zn:AiPi,A* = i/\ipi and |A|? = zn: || 2P,
i=1 i=1 i=1

where \;’s are the eigenvalues of A and P;’s are corresponding orthogonal projections. Using this, we have

®(|A=cl’) =@ (Z NIPPi—2) AiPi—cY NP+ |c|2>
i=1 i=1

=1

(2.3) => X — ?@(P) < r’I.
i=1

From (2.2) and (2.3), we immediately get (2.1). 0
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The inequality (2.1) becomes equality when all the eigenvalues of A lie on the circle |z — ¢| = r. Also, for
a positive unital linear functional ¢ : M(n) — C, we have ¢ (|A|?) — ¢ (A)|* = ¢ (|A — ¢ (A) I|*). Denote
A — ¢ (A)I by B. Then, (2.1) yields

(2.4) ¢ (IB]?) + | (A) — > <2

THEOREM 2.2. Let ¢ : M(n) — C be a positive unital linear functional and let A be any normal element
of M(n) whose spectrum is contained in the disk |z — c| < r. Then

v (|A]") < 2Re 2o (JAPA) + (r* — [c[?) ¢ (|A]%)

25) ~ (Re ¢ (|AIA) — 2Re cp (HA) + (|c)* — ) ¢ (H))”
' r? —lel* = ¢ (JA]?) + 2Re 2 (4) ’

where H = A+TA* and 2Re Cp (A) — ¢ (|A]?) +r? — |c|> # 0.

Proof. The eigenvalues A;’s of A all lie in the disk |z — ¢| < 7. Therefore, for any real number «, we
have

(2.6) X —al® (A — ¢ = r?) <0.
This gives

Xil* < 2Re (a+72) N2 A = (e =72 + o2 + 20Re ¢) |\
— 2aRe A2 + 2Re (a%c + a(|c]* — r?))A\s + 2 (% — |¢]?).

Multiplying both sides by ¢ (P;) and adding n resulting inequalities, we get
(2.7) ¢ (JA|") < 2Re ep (JAPA) + (r* — ERE (JAP%) + f(e)
where

fa) = (r* — el + 2Re 2 (4) — @ (JAI%))a® + 2((|e* — r*) (H)
(2.8) +Re ¢ (JA]?A) — Re cp (JA]?) — Re ep (A?))o

We note that f(z) = az? + 2ba with a > 0 attains its greatest lower bound at # = —2 as the derivative
f'(x) = 2(az + b) vanishes there and f" (z) = 2a > 0. Also, by (2.4), the coefficient of o in (2.8) is positive.
It follows that f(«) attains its minimum at

(|c|2 —12)p (H) + Re ¢ (\A|2 A) —Re cp (|A\2) —Recp (A2)

2.9 o= |
(29 |c|2—r2—2Re6g0(A)+ap(|A\2)
where

o —r2 H) + Re Al? A) — Re ey (|A|?) — Re o (A2 2
o0 f(a)_((u ) (H) +Re ¢ (14 4) o (|4]%) — Re 2p ( ))'

e = r2 — 2Re 2 (A) + ¢ (|A]?)

Combining (2.7) and (2.10), we immediately get (2.5). |
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THEOREM 2.3. With notations and conditions as in Theorem 2.2,

#(|BI") < 2Re (2 = ¢ (A)e (IBI*B) + (r* = |0 (4) = /) (|1BI)

(2.11) _Rey (|B2\ZB) — 2Re (52* M)f(HlB)y’
r? —lp(A) =" — ¢ (|BJ?)

where Hy = B55% and 12 — @ (A) — ¢[* — ¢ (|B[?) # 0.

Proof. For any real number «, we have
(2.12) A =9 (A) = af* (X — 9 (A) + ¢ (4) — " = %) <0.

Beginning with the inequality (2.12) and using the arguments similar to those used in the proof of Theorem
2.2, we easily get (2.11). O

It may be noted here that 72 — | (4) — ¢|* — ¢ (|B|?) = 0 when all the eigenvalues of A lie on the circle
|z — ¢| = r and therefore (2.5) and (2.11) are not applicable. In this case, we have

@ (IA1*) = 2Re ep (JAPA) + (r* — )¢ (JAF)

and

¢ (IBI) = 2Re (e = @ (A)p (|1BIB) + (r* = | (4) — )¢ (IBI?) -

The inequalities (2.5) and (2.11) become equalities when A has three distinct eigenvalues such that two of
them lie on the circle |z — ¢| = r and one inside it. The eigenvalues are then A\ = c¢—r, A3 = c+r and Ay

satisfies |\ — ¢| < r.
Let A € M(n) be Hermitian. Then, all its eigenvalues are real and lies in the disk with centre ¢ = %

A

and radius r = %’\1 So, the inequality (2.5) yields the following result, see Sharma et al. [22],

(0 (43) = (M + M) (42) + M (4))°

(A1 + )@ (A) = 0 (4%) = MA, ’

(2.13) @ (A) < (M +X)p (A7) = Mg (47) -

where (A1 + An)p (A) — A A, # ¢ (A?).

We now find an upper bound for ¢ (]A|*) in the following theorem which is independent of Re ¢y (| A[2A).
The inequality (2.7) suggests that to achieve the desired result we must choose @ = —c¢ in (2.6) and in this
case the resulting inequality is also valid for linear maps.

THEOREM 2.4. Let ® : M(n) — M(k) be a positive unital linear map and let A be any normal element
of M(n) whose spectrum is contained in the disk |z — c¢| <r. Then

(2.14) 3 (|A)Y) <@ (JAP) + 720 (X) + @ (V) + |ef* (2 = |¢]),

where X =CA + cA* and Y = (¢A)? + (cA*)2.
Proof. The eigenvalues \;’s of A all lie in the disk |z — ¢| < r. Therefore,

(2.15) i+ e (N —¢f* =) <0,
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foralli=1,2,...,n. From (2.15), we get

(2.16) il = 72 P+ e = (e 2 — @22 + ) — (@A + eng)r? < 0.

This gives

(2.17) il < @A2 4 EN0) + 2Nl + [ef? + 2\ + ) — |

Multiplying both sides by ® (P;) and adding n resulting inequalities we immediately get (2.14). |

For the linear functional ¢ : M(n) — C, the inequality (2.14) can be written as
(2.18) o (JA") <r%¢ (JA]?) 4 2Re ¢ (A%) + 2r°Re cp (A%) + le|? (2 = |¢]?).

It is clear that the inequality (2.14) becomes equality when the spectrum of A lies on the circle |z — ¢| = 7.

At Aa=21and from (2.14), we get

Further, if A is Hermitian, ¢ = and r =

(2.19) @ (A%) < (i(Al + )% - )\1>\n> D (A%) + (M + \n) <A" ; A1>2 D (A) — M, (Al ‘;A”)Q I.

The inequality (2.19) becomes equality when A has at most two distinct eigenvalues. So, for a 2 x 2 Hermitian
matrix A, we have

d(AY) = <i(trA)2 - detA) P (A7) + itrA (trA® — 2detA) @ (A) — idetA(trA)ZIk.

Our goal now is to find the lower bounds for the spreads of normal matrices. For this, we find the upper
bound for ¢ (|B|?) analogous to upper bound for ¢ (|4]?) in (2.18).

THEOREM 2.5. Let ¢ : M(n) — C be a positive unital linear functional and let A be a normal element
of M(n) whose spectrum is contained in the disk |z — c¢| <r. Then

(2.20) ¢ (IBI') < ¢ (IBI?) +2Re (p(4) = 2)°¢ (B%) + | (A) = cl*(r® = | (4) = ),

where B=A — ¢ (A) I

Proof. The eigenvalues \;’s of A all lie in the disk |z — ¢| < r. Therefore,
(2.21) A =9 (A) +c— o (A7 (1A = (4) = (e —p(A) = r?) <.
From (2.21), we find that

A = (A <2 A =9 (A +2Re (0 (4) —0)* (i — 9 (4))*
(2.22) +2rRe (€ — ¢ (4)) (A = 9 (4) + 9 (4) = e (" = [0 (A) = ).

Multiplying both sides by ¢ (P;) and using Y .-, (A\; — ¢ (A))¢ (P;) = 0, we immediately get (2.20). 0

COROLLARY 2.6. With notations and conditions as in Theorem 2.5,

(2.23) @ (1BI*) +3 (9(1B)” < 420 — o (4) — *) < 4.
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Proof. Since Re z < |z|, we have
(2.24) Re (p (A) —2)%¢ (B?) < | (4) — * | (B?)].
Using the triangle inequality, we have
(2.25) o (B?)| = D=0 (A)?e(P)| <D i —¢ A e () =9 (IBP).

i=1 i=1

From (2.24) and (2.25),
(2.26) Re(p (4) — )% (B?) < |0 (A) —c|*¢ (IB]).-
Combining (2.20) and (2.26), we get
(2.27) o (IBI') < (r* + 2|0 (A) = e)o(IBI) + | (A) = ¢ (r* = o (4) = ¢f).

It follows from (2.27) that
o (IBI*) +3 (¢ (IBP)” < (- + 2|9 (4) — ) (1B]?)
(2.28) + o (A) — > (2 = o (A) — ) + 3 (¢ (1B)).

Using (2.4) in the right-hand side of (2.28) and simplifying the resulting expression, we easily get the first
inequality (2.23). The second inequality (2.23) is self-evident. |

We note that ¢ (|B[*) > (¢ (|B|2))2 and therefore the inequality (2.23) provides a refinement of the inequal-
ity (1.2) in the special case when A is normal and @ is functional,

1
o (IBI?) < 53/o (BIY + 30 (1BR) < 7.
This also implies (1.1) when A is Hermitian. Likewise, we obtain an extension of (1.4) for normal matrices

in the following corollary.

COROLLARY 2.7. Under the conditions of Theorem 2.5, we have
4
(229) P (1BIY) < (% ~ lo (4) — o) + 31 (4) = ) < 57,

Proof. The first inequality (2.29) follows by using (2.4) in (2.27). The second inequality (2.29) is imme-
diate;
O
2 2y 2 2 2 2\ 44
(2 ~ I (4) — e )52 + 31 (4) o) = 5 — 3 (3l (4) o —12) < 51

COROLLARY 2.8. Under the conditions of Theorem 2.5, we have

2 4 256 ¢
(2.30) ¢ (IBI?) ¢ (I1B|") < TR

Proof. Tt follows from the inequality (2.27) that

0 (IB?) ¢ (IBI') < (% + 2|0 (4) — ) (1B]?)
(2.31) + o (A) = o> (= o (A) — ) (1B -
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Combining (2.4) and (2.31), we get
(2.32) 2 (IB) ¢ (IBI') < (% + 3] (4) = ") (r* = |0 (4) = ).

The function f(z) = (r? 4 32?) (r* — x2)2 with derivative f (z) = 18z (22 — %) (x2 . ﬁ) attains its max-

9
imum at x = £ and therefore, f(x) < 25¢y6, It follows that

3 243
256
(2.33) (r? +3 e (A) = ) (r* =l (A) = e*)* < T2
243
Combining (2.32) and (2.33), we immediately get (2.30). d

3. Special cases. We here demonstrate some important consequences of the above results.

Let (x,y) = y*z denote the standard inner product on C™ and /{(x,x) = ||z|| be the associated norm.
Let B=A— (Axz,z)I, where x € C" and ||z|| = 1. Bjorck and Thomee [11] proved that for normal operators
in a Hilbert space,

(3.1) | Bxz|* < r2.

Let ¢(A) = (Ax,z), where z € C™ and ||z|| = 1. Then ¢ (A) is a positive unital linear functional and for
this choice of ¢ the inequality (2.4) provides a refinement of the inequality (3.1),

|Bz|* < r* — [(Az,2) — cf*.
Also, see Audenaert [1], Barnes [8, 9], Brujin [10].

Likewise, the inequality (2.23) provides some further refinements of (3.1), and we have

20|12 4
[B%[+ 3[Bal" _

Bzl|? <
|Bz? < ;

r2(r? — |(Az, x) — c|2) <72,

An independent and related inequality

4
B2 < ot
3
follows from (2.29) by using similar arguments.
We now give some related results for Frobenius norm.
COROLLARY 3.1. Let A € M(n) be normal. Then
(32) g s (Lim) < art < Lpacay
' n F n!E 9 ’
1 4 4
. —|B?|I7 r* < —spd (A
(33 Lipg < ot < Lapa(4)",
and
16 16
(3.4) *||B||F||BQ||F < —spd (4)°,

9\/ —81

where ||A||% = trA* A is the Frobenius norm of A.
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Proof. The linear functional ¢ (4) = %4 is positive and unital. On using ¢ (A) = 24 in (2.23), (2.29)
and (2.30), we immediately get (3.2), (3.3) and (3.4), respectively. 0

Sharma et al. [20] proved that

e (BIBP)[”

@ (IB\Q)

COROLLARY 3.2. Let ¢ : M(n) — C be a positive unital linear functional and let A be any normal
element of M(n). Then

(3.5) ¢ (1B[*) > +o (1B

We use (3.5) to derive our next result.

2 3 16
(3.6) o (BIBI®)’| < 0 (1B?) ¢ (1BI') = (1BI*)’ < 32"
Proof. The first inequality (3.6) follows from (3.5). Further, f(z) = az — 23 < 3\2/§a% for @ > 0. So
2 3
3.7 B?) o (IBI*) — ¢ (I1B?)? < ——=¢ (IB]*)* .
(3.7) 2 (1BF)# (IBIY) =@ (IBF)” < s==¢ (1BI')
From (2.29), ¢ (|B\4)% < (%)% r®. Then, (3.7) yields the second inequality (3.6). ]

For a positive definite matrix A € M(n),
()‘n - )‘1)2
4N, A\

See Krasnoselski and Krien [16]. A related result for normal matrices is given in the following corollary.

(3.8) v (B?) < p(4)°.

COROLLARY 3.3. Under the conditions of the Theorem 2.5 and with |c| > r, we have

¢ (IB?) r?

39 @ = P =
and

B|* 4
(3.10) <p<| | ) < T

(A 7 e =2

Proof. We first note that ¢ (A) # 0 for |¢| > r. This follows from the fact that |¢(A) —¢| =
>0 (Ni—e)pil < rfor [N —¢| < r,i=1,2,..,n and therefore by the triangle inequality, we have
lp(A)| > |e| —r >0 for |c| > 7.

Using the triangle inequality, |¢ (4) — c|2 > (e (A)| - \c|)2. Therefore,

() o _ 2o (ANl = (e )
(3.11) oD S T 1

The function f (z) = 2"%;1’ attains its maximum at z = g and f (g) = “—:. So (3.11) implies that

2ol (A= _ 1
2 Sz :
o (A e[ —r?
Using (3.12) in (2.4) and (2.23) we immediately get the inequalities (3.9) and (3.10), respectively. 0

(3.12)
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, o= 222 and e > 7

Ai+An
2 2

It may be noted here that for a positive definite matrix A € M(n), ¢ =
Therefore, from the inequality (3.10), we have

(A — M)

4
(3.13) ¢ (B*) < W

%) (AQ).

The ratio spread c(A) = i\‘"L"((ﬁ) is also important in the study of positive definite matrices. The inequality

min (A)

Amax (A) p (A2) — p(A)? 0 (42) — p (A)°
(314 Amm<A>><\/ 2 (A) +\/1+ 2 (A) )

2

due to Bhatia and Sharma [5] also follows from (3.8).

A matrix A € M(n) with entries, a;; = ﬁ, x;’s > 0, is called the Cauchy matrix; see Bhatia [4]. An
iTLj
interesting consequence of (3.14) gives a lower bound for the ratio spread of the Cauchy matrix, which is
independent of the entries and depends only on the order of the matrix.

COROLLARY 3.4. Let A = (a;;) € M(n) be the Cauchy matriz. Then

(3.15) iméx((j)) > (VT4 va)'.

Proof. Without restricting generality suppose that x1 > xo > ... > x,,. Let ¢ (A) = a11. Then, ¢ is a
positive unital linear functional and

(3.16) p(A) —p(A)?  {~afy—ah ¢ (alj)Q
: 2 2
¢ (A4) = M = \a1

Now, for 1 > x;, we have Z% = % = xf%% > 1. So, from (3.16),

A2 _ A 2 n
(3.17) ‘p()—“‘;()221:n—1.

QD(A) j=2

Combining (3.14) and (3.17), we immediately get (3.15). d

Acknowledgments. The authors thanks Prof. Rajendra Bhatia for useful discussions and suggestions
and Ashoka University for a visit in December 2021-January 2022. The second author thanks CSIR for the
financial support.

REFERENCES

[1] K.M.R. Audenaert. Variance bounds with an application to norm bounds for commutators. Linear Algebra Appl.,
432:1126-1143, 2010.

[2] R. Bhatia. Matriz Analysis. Springer, New York (1997).

[3] R. Bhatia and C. Davis. A better bound on the variance. Amer. Math. Monthly, 107:353-357, 2000.

[4] R. Bhatia. Positive Definite Matrices. Princeton University Press, USA (2007).

[5] R. Bhatia and R. Sharma. Some inequalities for positive linear maps. Linear Algebra Appl., 436:1562-1571, 2012.
[6] R. Bhatia and R. Sharma. Positive linear maps and spreads of matrices. Amer. Math. Monthly, 121:619-624, 2014.
[7] R. Bhatia and R. Sharma. Positive linear maps and spreads of matrices-II. Linear Algebra Appl., 491:30—40, 2016.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 38, pp. 347-356, June 2022.

AS

R. Sharma and M. Pal 356

E.R. Barnes. Circular disks containing eigenvalues of normal matrices. Linear Algebra Appl., 114:501-521, 1989.

E.R. Barnes and A. Hoffman. Bounds for the spectrum of normal matrices. Linear Algebra Appl., 201:79-90, 1994.

N.G. Brujin. Remarks on Hermitian matrices. Linear Algebra Appl., 32:201-208, 1980.

G. Bjorck and V. Thomee. A property of a bounded normal operators in a Hilbert space. Ark. Mat., 4(6):551-555, 1963.

E. Jiang and X. Zhan. Lower bounds for the spread of a Hermitian matrix. Linear Algebra Appl., 256:153-163, 1997.

C.R. Johnson, R. Kumar, and H. Wolkowicz. Lower bounds for the spread of a matrix. Linear Algebra Appl., 71:161-173,
1985.

H. Jung. Uber die Kleinste Kugel, die eine raumliche Figureinschlie8t. J. Reine Angew Math., 123:241-257, 1901.

M. Kian, M.S. Moslehian, and R. Nakamoto. Asymmetric Choi-Davis inequalities. Linear Multilinear Algebra, 2020.
https://doi.org/10.1080/03081087.2020.1836115.

M.A. Krasnoselskii and S.G. Krein. An iteration process with minimal residuals (in Russian). Mat. Sbornik N.S.,
31(73):315-334, 1952.

J.K. Merikoski and R. Kumar. Characterizations and lower bounds for the spread of a normal matrix. Linear Algebra
Appl., 364:13-31, 2003.

R.V. Kadison. A generalized Schwarz inequality and algebraic invariants for operator algebras. Annm Math., 56:494-503,
1952.

L. Mirsky. Inequalities for Hermitian and normal matrices. Duke Math. J., 24:591-599, 1957.

R. Sharma, P. Devi, and R. Kumari. A note on inequalities for positive linear maps. Linear Algebra Appl.., 528:113-123,
2017.

R. Sharma, R. Kumar, R. Saini, and G. Kapoor. Bounds on spreads of matrices related to fourth central moment. Bull.
Malays. Sci. Soc., 41:175-190, 2018.

R. Sharma, R. Kumar, R. Saini, and P. Devi. Inequalities for central moments and spread of matrices. Ann. Funct. Anal.,
11:815-830, 2020.


https://doi.org/10.1080/03081087.2020.1836115

	Introduction
	Main results
	Special cases
	References

