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MAJORIZATION INEQUALITIES VIA CONVEX FUNCTIONS*

MOHSEN KIANT AND MOHAMMAD SABABHEH?

Abstract. Convex functions have been well studied in the literature for scalars and matrices. However, other types of
convex functions have not received the same attention given to the usual convex functions. The main goal of this article is
to present matrix inequalities for many types of convex functions, including log-convex, harmonically convex, geometrically
convex, and others. The results extend many known results in the literature in this direction.

For example, it is shown that if A, B are positive definite matrices and f is a continuous o7-convex function on an interval
containing the spectra of A, B, then

X(f(AoB)) <w MY (f(A)Tf(B)),

for the matrix means 0,7 € {Va,!a} and a € [0,1]. Further, if o = fo, then

M (AVF)) < A (Fe)r(eB))) -

Similar inequalities will be presented for two-variable functions too.
Key words. Majorization, Convexity and joint convexity, Extensions of matrix Jensen inequality, Matrix means.
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1. Introduction. Convex functions have played a central role in the study of Mathematical inequalities.
Recall that a continuous function f : J — R is said to be convex on the interval J if it satisfies the inequality:

flaz+(1—a)y) <af(z)+(1—a)f(y),

for all 0 < o < 1 and z,y € J. Simplifying the notations, we denote the quantity ax + (1 — o)y by xV,y.
Consequently, f is convex if it satisfies the inequality:

(L.1) f@Vay) < f(@)Vafly), (z,yel0<a<).

The quantity V,y is usually referred to as the arithmetic mean of z and y. Therefore, the inequality (1.1)
can be looked at as a comparison of the image of the arithmetic mean with the arithmetic mean of the
images.

Speaking of means and convex functions, there are many other means, which in turns define certain
types of convexity. More precisely, given two positive numbers x,y, the geometric and harmonic means of
x,y are defined, respectively, by:

thoy = 2%7% and zlay = (a:v_l +(1- 04)3/‘1)71 , 0<a<l.
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Comparing between the three aforementioned means, the following is well known:
(1.2) 2oy < 2oy < 2Voy; (r,y>0,0<a<l).

It is customary to use the notations V,#,! instead of V%,ﬂ%, !%, respectively.

While convex functions deal with the arithmetic mean V, we will be interested in looking at other
functions that deal with the other means, as well. More precisely, we have the following definition [1].

DEFINITION 1.1. Let f : J C (0,00) — (0,00) be continuous and let o,7 € {V,4,!}. We say that f is
oT-convez if it satisfies the inequality:

[ (zoy) < f(x)rf(y), Yo,y € J.

Therefore, f is convex if it is VV- convex. Further, when f is Vf-convex, then f satisfies

I (@Vy) < f(2)if(y);

which means that f is a log-convex function. On the other hand, f is fii-convex if it satisfies the inequality:

fWry) < V(@) f(y),

which means that f is geometrically convex.

It should be noted that since, by definition, f is continuous, o7-convexity is equivalent to o, 7,-convexity,
0<a<l.

The following lemma presents basic relations among the different types of o7r-convex functions. The
reader is referred to [1, 7, 10] for proofs and more information.

LEMMA 1.2. Let f: (0,00) — (0,00) be continuous.

(i) f is Vi-convez if and only if log [ is convez;
(ii) f is V!-convex if and only if 1/ f is concave;
(iii) f 4s §V-convex (concave) if and only if f o exp is VV-convez (concave);
(iv) If h is VV-convex (concave), then f(t) = h(logt) is §V-convex (concave);
(v) f is tt-convex if and only if the function h =logof o exp is conver;
(vi) f is ffi-convex if and only if h =logof is §V-convez;
(vil) f is f!-convex (concave) if and only if f o exp is V!-convezr (concave);
(iix) f is '8-convex if and only if h(t) = tlog f(t) is VV-conves;
(ix) f is lf-convex if and only if log f is |V -convex;
(x) f is N-convex (concave) if and only if h(t) =t/ f(t) is VV-concave (convez).

REMARK 1.3. The notations V,  and ! are well known and are commonly used to denote the arithmetic,
geometric, and harmonic means, respectively. In the literature, the notation AA is used to denote VV, for
example. In this article, we tend to use o7 in general for two reasons. First, it is an attempt to remind
the reader of the general form, and second, it is more convenient in this article due to the many results and
other notations that may cause confusion.

The main purpose of this article is to study matrix inequalities for o7-convex functions, where o,7 €
{Vasfas o}t To do so, we need to recall some background about matrices and matrix means inequalities.
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Let M, denote the algebra of all n x n complex matrices. Given a matrix A € M,,, we use the notation
sp(A) to denote the spectrum of A, that is, the set of eigenvalues of A. If D is a complex region containing
the spectrum of A, and if f : D — C is a given analytic function in D, the matrix f(A) is defined via the
Dunford integral:

1
A) = — I—-A)'d
14) = 3= [ 16— 4z,
where T" is a simple closed curve in C that surrounds the spectrum of A, and lies entirely in D.

When A is Hermitian, the above Dunford integral is equivalent to
f(A) = Udiag[f(X)]U,
where A = Udiag[\;]U* is the spectral decomposition of A, in which U is unitary.

Further, if A = Z?zl A P; is the spectral decomposition of the Hermitian matrix A € M,,, when \;’s are
eigenvalues of A and P,’s are projections with > | P, = I, then f(A4) =Y | f(\i)P;, see [6].

For convenience, we will use the notation J,4 for an interval that contains the spectrum of the Hermitian
matrix A, and J4 p for the interval that contains the spectra of both A and B. According to the last
observation, when A is Hermitian and f : J4 — R is a continuous function, f(A) is Hermitian too.

Speaking of Hermitian matrices, we define the order A < B between two Hermitian matrices A, B € M,
as follows:
A<B& B—-AZ>0;

where the notation C' > 0 means that C is a positive semi-definite matrix, that is, (Cz,z) > 0 for all z € C™.
If (Cx,z) > 0 for all nonzero vectors x € C", C is said to be positive definite and is denoted by C' > 0. We
denote the set of all positive definite matrices in M,, by P,.

Given a o7-convex function f : J4 p — R, it is of interest to study convex inequalities similar to the
real case. That is to find relations between f(AoB) and f(A)7f(B), where for two positive definite matrices
A, B, these notations will be used in this article as follows

AV,B =aA+ (1—a)B, AfaB = A"B"* Al,B=(aA'+(1-a)B})"",
for0<a<1.

We should remark that the notation f, is not used in the literature as above, but it is used to denote
the weighted geometric mean (see, e.g., [6]).

It is well established in the literature that a o7-convex function f : J4 g — (0,00) does not necessarily
satisfy the matrix inequality:

(1.3) f(AoB) < f(A)Tf(B),
see [4, Example V.1.4, p. 114] for example, where the case VV is treated.
Therefore, it has been an interesting topic in the literature to study when such extensions are valid.

Weaker forms of matrix inequalities have been studied and verified, when the concept of “majorization”
is involved: given a real vector x = (z1,--- ,7,) € R, let x! be the vector obtained from x by rearranging
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the coordinates of x in a non-decreasing order. Similarly, we use the notation x*. For x,y € R”, we say that
X is weakly majorized (or submajorized) by y and we write x* <., y* (or x <, y) if

ijZyj-, Vi<k<n.
j=1 j=1

If in addition Z?Zl T; = Z?Zl y;, then we say that x is majorized by y, and we write xt < y*+. On the
other hand, if

N
L

Y

yl V1 <k <n,

k
= 1

k

J

1 J
we say that x is weakly supermajorized by y, and we write x <" y. Further, for x,y with positive components,
we write

k .
X <wlog Y & ij < Hyj-,Vl <k<n.
j=1 j=1

If x <y10g ¥y and H?:1 a:j = H?:I yj., we write X <iog -

For two Hermitian matrices A, B € M,,, we use the above majorization inequalities if the corresponding
inequalities are valid for their eigenvalues vectors. For example, we write A <,, B if A*(A) <, A(B), where
A(A) denotes the vector of eigenvalues of A.

The following two lemmas about majorization will be needed in the sequel.

LEMMA 1.4 ([4, Theorem I1.1.10, Theorem I1.2.8]). Let x,y € R™.

(i) x <y if and only if x is in the convex hull of all vectors obtained by permutating the coordinates of

y.
(ii) x <y Y if and only if there exists a vector u such that x <u and u <y.

LEmMMA 1.5 ([4, Theorem I1.3.3., Corollary 11.3.4]). Let f be a real convex function. If x <y, then
f(x) <w f(y). If in addition f is monotone, then x <., y implies that f(x) < f(y).

Regarding extension of convex inequalities from the scalar to the matrix setting like (1.3), it was shown
in [3] that

(1.4) N (f (AVaB)) <uw M (f(A)Vaf(B)),0<a <1,

for all Hermitian matrices A, B € M, and convex functions f : Ja p — R.

In the same reference, it was shown, for the same parameters, that
(1.5) X (f (X*AX)) < A (XFf(A)X),

for all contractions X € M,,. This latter inequality is an extension of the simple Jensen inequality that states
[6, Theorem 1.2]

(1.6) f(z"Ax) < 2" f(A)z (equivalently f ((Az,z)) < (f(A)z,z)),

for any unit vector x € R™, the Hermitian matrix A € M,, and the continuous convex function f : J4 — R.
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Related to the quantities appearing in (1.5) and (1.6), and in alignment of the theme of this paper, we
adopt the following notations. For a positive definite matrix A € P, and a unit vector x € C", we set

(1.7) V(z; A) =z Az,  f(z; A) =exp (z*(log A)z), Nx;A) = (x*Aila:)_l .
For C € M,,, we define similarly

(1.8) V(C;A) = C*AC, 8(C; A) = exp (C*(log A)C) , (C;A) = (C’*A_IC)_I.
So, (1.5) and (1.6) can be read using our new notations as follows:

(1.9) NF(V(XAD} =0 XM V(X f(A)} and  f(V(2;4)) < V(s f(A)).

It is the sole goal of this paper to extend the inequalities (1.4) and (1.9) to the context of other quantities.
More precisely, we will extend (1.4) to the context of geometric and harmonic means, and we will extend
(1.9) to the context of other forms (1.7) and (1.8).

In the sequel, we will deal with positive functions defined on positive intervals, to avoid any miscalculation
due to the well definiteness of the underlying quantities.

Before we present our main results, we would like to note that variants of Lemma 1.5 for o7-convex
functions hold as follows.

PROPOSITION 1.6. Let f: (0,00) — (0,00) and let x,y € (0,00)™.

(i) If f is a (monotone) V'-convex function, then (x <, y) x <y implies that f(x)~! <¥ f(y)~!.

(i) If f is a (monotone) Vi-convex function, then (x <, y) x <y implies that f(X) <wiog f(¥)-
(iii) If f is a (monotone deceasing) !V -convex function, then (x <, y) X <y implies that f(x~1) <,
fy=h.
(iv) If f is a (monotone) §V-convex function, then (X <yiog ¥) X <i1og ¥ tmplies that f(x) < f(y)-
(v) If f is a (monotone) §!-convex function, then (X <yiog ¥) X <10g y implies that f(x)~' <* f(y)~'.
(vi) If f is a (monotone decreasing) !f-convex function, then (x <, y)x <y implies that f(x™1) <y10g
foh.
(vii) If f is a (monotone decreasing) !-convex function, then (X <, y) x <y implies that f(x~1)~1 <¥
fy=H=
(viil) If f is a (monotone) f-convex function, then (X <wiog ¥) X <iog ¥ tmplies that f(x) <yi0g [(¥)-
Proof. The proof follows from Lemma 1.2 and Lemma 1.5. We only give a short explanation for part
(i). Let f be a V!-convex function so that the function g(¢) = —1/f(t) is convex by Lemma 1.2. If x <y,
then Lemma 1.5 implies that g(x) <., g(y), that is,

k k
Zg(u’vj)i < Zg(yj)i-

in which g(z1)* > g(z2)¥ > --- > g(x,)* and so —f(z1)™' > —f(z2)"! > .-+ > —f(x,)"!. Eventually, we
have

which means that f(x)~! < f(y)~!. Suppose in addition f is monotone increasing, so that g(t) = —1/f(t)
is monotone increasing, too. If x <, y, then we find a vector u by Lemma 1.4 such that x <uand u<y.
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Therefore, g(x) < g(u) and g(u) <, g(y), whence g(x) <, ¢(y) again by Lemma 1.4. This completes the
proof of (i). To see part (iv), we recall that when x <, y we have log(x) < log(y). If f is a (monotone)
gV-convex function, then g(t) = f(expt) is a (monotone) convex function and Lemma 1.5 gives (iv). |

The two next lemmas are well-known facts in matrix analysis.

LEMMA 1.7 ([4]). If X € M, is a Hermitian matriz, then

k k
DON(X)=max) V(i X) (k=1,...,n),
j=1 j=1
in which the mazimum is taken over all orthonormal sets {ui,...,ur} of vectors in C™.

LEMMA 1.8 (The Minimax principle [4, Theorem III.1.2]). Let X € M, be a Hermitian matriz. Then,

AH(X) = V(u; X),

= max min
MCC™ ,dim M=k ueM,||u|=1
for everyk=1,...,n.

The next lemma gives variants of the matrix Jensen inequality (1.6) for o7-convex functions. The proof
follows easily from Lemma 1.2 and the inequality (1.6).

LEMMA 1.9. Let f: (0,00) — (0,00) be oT-convez for o,7 € {V,§,1}. Then,

(1.10) flo(u; X)) < 7(us; (X)),

for every positive definite matric X and every unit vector u € C™.

2. Majorization inequalities for c7—convex functions. We begin with the following main result
that extends (1.4) to the context of o7-convex functions. Although the proof of this result uses a standard
argument as in the proof of [3, Theorem 2.9], it cannot be derived easily from [3, Theorem 2.9] .

THEOREM 2.1. Let A and B be positive definite matrices and f : Ja, g C (0,00) — (0,00) be a continuous
oT-convex function. If o,7 € {Vq4,4}, then

(2.11) N (f(AoB)) <w A (f(A)TF(B)),

for a € [0,1]. Further, if c = {a, then

(2.12) A (f (e2VeB)) < A (fe™)Tf(eP))) .

If 7 = 4, then the weak majorization <., is replaced by the weak log-majorization <, 10g i (2.11) and

(2.12). Furthermore, if the function f is monotone and o,7 # ., then the weak majorization <, can be
replaced with an inequality.

Proof. Case I: If 0 =V, and 7 € {V,,fin }, then the result was shown in [3]. That is

(2.13) N (f(aA+ (1= a)B)) <w A (af(A) + (1 = a) f(B)),
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when f is VV-convex; and
(2.14) M(f(aA+ (1= a)B)) <wiog A* (F(A)*f(B)'),
when f is Vf-convex.

Case II: Let f be Vl-convex. Assume that Aj,..., A\, are the eigenvalues of aA 4+ (1 — «)B arranged in
such a way that f(A1) > -+ > f(\,). Then,

k
Z X (f(aA+ (1—a)B)) =Y f (o] Au; + (1 — @)u}Buy))
j=1
in which {uy,...,u,} is an orthonormal system of eigenvectors corresponding to Aj,...,\,. So, if f is a
V!-convex function, then —1/f is convex by Lemma 1.2. Then Lemma 1.9 implies that for every j = 1,...,n,

f(auzfAuﬁ(l—a)uij)S(au’*f(A) j+ (1= a)ul f(B) tuy) !
= (u} (af(A) " + (1— ) f(B) ) uy) "

1

<u (af( > - f(B)Y)

where the last inequality follows from (1.6) using the convex function ¢ + ¢t~1. Therefore,

—1

uj (0f(4) "+ (- ) f(B) )

M=

k
Z X(f(@A+(1-a)B)) <

1

BN
I

M=

(2.15) M (e +a-afm™)T),

<
Il
s

where we have used Lemma 1.7 to obtain the last inequality. The latter inequality is equivalent to saying

A (F(AVoB)) <uw A (f(A)af(B)).

This proves the theorem when f is V!-convex.

Case III: Let f be !V-convex. Then ¢t — f(1/t) is convex by Lemma 1.2. Applying (2.13) for this convex
function gives

X (f((@a+ 1= a)B) ™)) <u A (af(A) + (1= a)f(B7).
Substituting A and B by A~! and B~!, respectively, we obtain
(2.16) X (f (@A™ + 1= a)B™) 1)) < M (@ (4) + (1= a)f(B)),
which implies the desired result when f is !V-convex.

Case IV: Let f be !§-convex. Then, Lemma 1.2 ensures that the function ¢ — log f is |V-convex. Applying
(2.16) for log f then implies that

At (logf ((aA’l r(1- a)B’l)_1>) <w M (alog f(A) + (1 — o) log f(B))
(2.17) = A (log f(A)* +log f(B)' ™).
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It is known [2] that for all positive definite matrices A, B € P,, the matrix log A + log B is majorized by the
matrix log(AY/2BAY?). Hence, (2.17) gives

@18) M (log/ (A7 + (0= )BT ) ) < A (log (A2 FB) T f(4)7) ).

Since the logarithm function is increasing, we have )\j(log X)= log(/\j (X)) for every positive definite matrix
X so that (2.18) yields

3 (3 {1 (07 107 )}) £ S (3 (50107
> o (M (P s (B)=))
j=1

whence

I A

[T {7 (e + - ayp ) ) ﬁ (5.

for every k = 1,...,n. Equivalently,

_ —1\—1 a —a
(2.19) X (f (@A™ + =) B™) 7)) <uog A (FA)F(B)' ),
and we obtain the result, when f is !§-convex.

Case V: Let f be fff-convex. Then, f oexp is Vi-convex by Lemma 1.2. Utilizing (2.14) for the V#-convex
function f o exp gives

(2.20) A S (exp (@A + (1 = @) B))} <wiog A* (f(exp A)* f(exp B)' ™),

and we obtain the desired result in the case where f is fif-convex.

Case VI: Next, suppose that f is a !l-convex function. If w € C™ is a unit vector, then

f ((w* (A '+ (1-a)B™) w)_l) =f ((ozw*Ailw +(1- a)w*Bilw)_l)
(2.21) < (af ((w*A—lw)ﬂ)*l +(1—a)f ((w*B—lw)1)1>‘1~

On the other hand, Lemma 1.9 implies that
222) e e < (@Ae) ) ad e fB) < (@B w) )
From (2.21) and (2.22), we have

(2.23) F((@ (@A™ + (1= )B™ ) w) ) < (w* (af(A) + (1 - a)f(B) ") w)

Now suppose that A1,..., A, are the eigenvalues of (aA_1 +(1- 04)B_1)_1 arranged in such a way that
fA) > > f(\,). Since A?(X_l) = /\jT-_l(X), we can write

S A (flaat+a-aB ™)) = Zf(y(ml 1 —a5 1))

Jj=1

k
(2.24) Zf(ﬂ @A™ +(1—a)B 1)).

-1

<.
—
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If )\; (@A™ +(1—a)B™) =w} (@A™ + (1 — ) B~') wy, where {wy, ..., w,} is an orthonormal system of
eigenvectors, then

k k
S (AT @A™ +(1—a)B™ 1)) -3 ((w; (@A™ 4 (1 - a)B™Y) wj)‘l)
j=1 Jj=1
k
(2.25) <3 (w (af (A + (1 —a)f(B) ) uwy)

in which the inequality follows form (2.23). We will use a variant of Lemma 1.7 as follows:

(2.26) ZM >maxz (wiXw;)™"  (k=1,...,n),

j=1

in which the maximum is taken over all orthonormal set {ws,...,w;} of vectors in C™. Indeed, this is a
consequence of Lemma 1.7, when we use (w*Xw)~! < w*X ~tw. Combining (2.24), (2.25), and (2.26), we
reach the desired result when f is !l-convex. That is,

(2.27) X (f(@a™ + (1=a)B™) ) < A ((af(A) 7+ (1= a)f(B)7) ).

Case VII: If o =4{, and 7 =!,, then by Lemma 1.2 we can consider the function f oexp with o = V,, and
T =y so that (2.15) yields

(2.28) A {f(exp(aA+ (1 —a)B))} <w ((af(exp A7+ (1 —a) f(exp B)_l)fl) ,
and the result follows for fl-convex functions.

Case VIII: If 0 = {4, and 7 = V, then Lemma 1.2 ensures that the function foexp is VV-convex and
o (2.12) follows from (2.11).

Case IX: Finally, assume that f is a monotone function. It was proved in [3] that utilizing the Minimax
principle, Lemma 1.8, the majorization can be replaced with inequality in (2.13), that is

(2.29) XN (f(aAd+ (1= a)B)) < X (af(A) + (1 - a)f(B)).

Let f be an increasing V!-convex function so that ¢ — —1/f(t) is an increasing convex function. Indeed
(2.29) gives

N(=fl@A+(1=a)B) ) <X (= (af(A) +(1—a)f(B)7Y) (G=1,...,n).
Noting that )\j(—X) = —/\}(X) and )\ﬁ_l(X) = )\}(X_l) for every positive definite matrix X, we reach
1y 1
(2.30) N(flad+(1-a)B) <N ((af(A) "+ (1 —a)f(B)™) 7).
Employing the monotone increasing convex function ¢t — —f(¢!) and the monotone decreasing convex

function ¢t — —1/f(¢t~!) and a similar argument as above show that the majorization can be replaced with
inequalities in both (2.16) and (2.27). 0
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It has been remarked in [2, 3] that if f is a monotone Vi-convex (log-convex), then the log-majorization
~<wlog cannot be replaced with an inequality in (2.14). We remark that this is a more general fact, that is,
when o = f or 7 = ff, then the majorizations in (2.11) and (2.12) cannot be replaced with an inequality. We

give some examples.

EXAMPLE 2.2.

1. Let 0 =t,,7 = V4 and f(t) = 1/logt. Then f is §V-convex. Put

2 1 4 -1
T R S s

Then, X5 (f (eAV=F)) = 0.3094 £ 0.2514 = X} (f(e*)Vaf(e?))).

2. Noting that f(e4)Vaf(e?) > f(e?)!af(e?) by the Arithmetic-Geometric means inequality, the last
example also works for o =, and 7 =,.
3. Let 0 = 4,7 = fla, and f(t) = e'. Then f is an increasing #-convex function. If

[ 17854 1.7881 (21 1/
“lumsst 1sois |0 T T o1 YT
then A} (f (eAVeP)) = 3.5260 £ 3.4761 = A5 (f(eM)taf(eP)).

The next consequence of Theorem 2.1 gives a better estimate than [3, Corollary 3.8].

COROLLARY 2.3. If f is a multiplicatively convex function, that is, ff-convex, on (0,00), then
(2.31) XA (exp (AVaB))} <wiog ¥ (f(exp A)* f(exp B)'77),
for all A, B € P,, and every o € [0,1].
The next result follows by applying Theorem 2.1 for the !f-convex function f(t) = t? on (0, c0) for every
g > 0. It was presented in [3, Corollary 3.9] with the weak majorization instead of the weak log-majorization.
COROLLARY 2.4. Ifr >0, then
(2.32) At {(aAfl (- a)Bfl)‘T} Zulog A {A“’“B“*“)T} .
for all A, B € P,, and every a € [0, 1].

The functions f(t) = t? and g(¢) = —t9 are both V!-convex functions on (0,c0), when p € [—1,0] and
q € (—o0,—1) U (0,00). Although we considered all functions to be positive, this particular case will not
cause any problem and we get the next result, see [3] and [8, Remark 2.3].

COROLLARY 2.5. If ¢ > 0 or ¢ < —1, then

(2.33) X (204704 B7)7) <A 2794+ B)Y).

Using the well-known Fan Dominance Theorem [4, Theorem IV.2.2], the following norm inequalities
hold.
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COROLLARY 2.6. Let A,B € Py, 0 € {Va,la},7 € {Va,ta,la} with0 <a <1, f:Jap C (0,00) —
(0,00) and let ||| - ||| be a unitarily invariant norm on M,,. If f is oT-convez, then

(2.34) f (Ao B)[[| < [[lf(A)7f(BII,
for every a € [0,1].

On the other hand, if o = {4, then

(2.35) I1f o exp(AVaB)||| < [[[f(eh)rf(e®)]]]-

The next corollary is a generalization of [5, Theorem 2.2] and the proof is similar to that in [5] by using
Lemma 1.9.

COROLLARY 2.7. Let o,7 € {V,§,!}, X € Py, and f : Jx C (0,00) — (0,00) be a monotone o7-convex
function. Then,

(2.36) NIf(e(@GX) S X (C (X)) (k=1,...,n),
for every isometry C' € M, .

Related to the majorization results, Bourin [5] showed that for every positive definite matrix X € P,, and
every isometry C, if f: Jx — R is a convex monotone function, then there exists a unitary U such that the
matrix inequality f (V(C; X)) <U*V (C; f(X)) U holds. As a consequence of our results in this section, we
can extend this result to any o7-convex function as follows.

COROLLARY 2.8. Let o,7 € {V,§,!}, X € P,, and [ : Jx C (0,00) — (0,00) be a monotone or-convex
function. If C € M, is an isometry, then there exists a unitary U such that the matriz inequality:

(2.37) flo(C: X)) < U (C; f(X) U,

holds.

3. Majorization inequalities for two-variables functions. Let A € M, and B € M,,, be positive
definite matrices with spectral decompositions A = >""" | \;P; and B =Y _" | 11;QQ;. When f is a two-variable
real function defined on J; x Jo C (0,00) X (0,00), we can define a new matrix f(A4, B) by:

i=1 j=1
and so f becomes a matrix function of two variables from M,, x M, to M,,,,. We have the next lemma.
LEMMA 3.1. Let o € {V,I,#}. If h: Ja x Jg C (0,00) x (0,00) — (0,00) is separately oo-convez, then
(3.38) h(o(u;A),o(v; B)) < o(u® v; h(A4, B)),

for all unit vectors u € C"* and v € C™ and all positive definite matrices A € M,, and B € M,,,.

Proof. Let A = Y7 | \;P; and B = 1" | 11;Q; be spectral decompositions of the matrices A and B.
Assume that u € C" and v € C™ are unit vectors so that > . u*Pu=1= Z;”:l v Q) v.

Case I: First, we note that when o = V, the inequality (3.38) has been proved in [9].
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Case II: If h is separately !!-convex, then,

(3.39) h(!(u; A),!(v; B)) = h <zn:)\f1u*PZ-u> b <<zn:h()\i,b)1u*Piu> ,
=1

i=1

where b =!(v; B) and the inequality follows from the !!-convexity of h in the first variable. Furthermore, for

every i = 1,...,n, the !l-convexity of h in the second variable gives
-1 -1
(3.40) h(Xib) =h [ A, [ D p o @y < D r( ) ot Qju
j=1 j=1

It follows from (3.39) and (3.40) that

-1

h(Y(u; A),!(v; B)) < Zu*PluZh o 1) "t Q v
= [ D himy) M we0) (P@ Q) (u@v)
i=1 j=1

—(u®v;h(A, B),
and we obtain (3.38) in the case where h is separately !l-convex.

Case III: Next suppose that h is separately fii-convex. Utilizing the #f-convexity of h in its first variable,
we can write

(3.41) B (5(u; A), (HA P b) ﬁ M By P

in which b = #(v; B) =[]~ =1 M5 "Qiv_ Moreover, using ##-convexity of h in the second variable gives

(3.42) B R | R VL

j=1

for every i =1,...,n. From (3.41) and (3.42), we obtain
b st 4), 602 B)) < [ [T OOy 700
= [T IT A, )" (PEQDEED = 4w © v; (A, B)),

which completes the proof. ]

REMARK 3.2. Let us give some examples explaining Lemma 3.1 for perspective functions. We showed
in [7] that if f is !l-convex, then the associated perspective function g is !!-convex in its both variables and
o0 (3.38) holds by Lemma 3.1. For example, the function f(¢) = ¢" is !l-convex for every r € [0,1] and so is
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g(t,s) = sf(t/s) = s~ "t" is !l-convex in its both variables. Note that in this particular example, we have
g(A,B) = A" @ B*~". Now (3.38) implies that

(A7) (BT, O < (A" @B T @ ne ().

Note that because the function g(¢, s) in this example can be decomposed as g(t, s) = g1(t)g2(s), the above
inequality follows directly from Corollary 2.8.

In the sequel, h: J x I C (0,00) X (0,00) — (0,00) is said to be jointly oo-convex if it satisfies

h(aob, xoy) < h(a,z)oh(b,y), Ya,b € I,z,y € J.

THEOREM 3.3. Let A,B € P,,, X, Y € P, and h : Jyp x Ixy C (0,00) x (0,00) — (0,00). If h is
jointly oo-convex, where 0 € {Va,lat, 0 < a <1, then

(3.43) M [h(AoB, XoY)] < M [R(A, X)oh(B,Y)].
If 0 = 4, then
(3.44) AR (VB eXVe)] <y10g AV [h(e?, e¥)*h(e?, e ) 7]

Proof. Case I: Let 0 = V, and let C = AV,B and Z = XV,Y. Let {N;};.; and {u;}72,; be the
eigenvalues of C' and Z, respectively.

Let {v/}}™ be the eigenvalues of the matrix h(C, Z), arranged in a non-increasing order. We notice
that for each 1 < ¢ < nm, there exist two indices i, and j, such that

Ve = h()\iz?ﬂjz);l <ip<n,1 <jp<m.
Since y1 > v2 > -+ > Ynm, We have

h()‘iu/u‘jl) >...2 h()‘inmvujnm)a

in which iy, j, are integers satisfying iy € {1,...,n} and j, € {1,...,m}. Note that there are m equal indices
iy and n equal indices jy.

Now if 1 < k < nm, then
k k
=1 =1

Now assume that {ug,...,u,} and {v1,...,v,,} are orthonormal systems of eigenvectors corresponding to
Aly..oy Ap and py,. .., iy, respectively. Then,

h( i, 14,) = h(u;‘rCuir,v;Zvjs), (ir €{1,...,n}, js €{1,...,m}).
Moreover, from the joint convexity of h, we have

h(u; Cu;,., v;s Zvj,) < ah(uj Au;,, v;-‘sijs) + (1 — a)h(u; Bu;,, v; Yv,,)
< a(ui, ®v;,)"h(A, X)(u;, ®vj;,) + (1 — a)(u;, ®v5,)"h(B,Y)(u;, ®vj,),



Electronic Journal of Linear Algebra, ISSN 1081-3810

Vomams 0 7o 104, Pemeny oag | Eebrs Socisty I L
M. Kian and M. Sababheh 192
where the second inequality follows from Lemma 3.1. Therefore,
k
Z Aj(h(c> Z)) = ho‘iuﬂjl) +o+ h(Aik’lL’ij)
=1
(3.45) < ougy, ® v5,) (A, X)(ui, @ v5,) + (1 = @) (us, ®05,) (B, Y)(us, @v5,)
+ oo
+ a(ug, ®v5,)" (A, X)(u, @vj,) + (1 — o) (ui, @ ;)" h(B,Y)(us, ®vj,).
Finally, noting that the set {(u; ®v;); i=1,...,n, j=1,...,m} is an orthonormal set of vectors in C™,

Lemma 1.7 implies that the right side of (3.45) is dominated by:
k
D A (@h(A, X) + (1—a)h(B,Y)),
=1

as required.

Case II: Next suppose that o =!,. If u € C"™ and v € C™ are unit vectors, then

h ((u* (aA™'+(1—a)B™) u)_l (v (X TP+ (1—a)Y ) v)_1>

—1

=h ((au*Ailu +(1-a)u*B 'u) (" X o4 (1— a)v*Yﬁlv)_l)

-1

(3.46) < (ah ((u*A_luf1 , (v*X‘lv)*l)i1 +(1—a)h ((U*B_lu)il , (v*Y‘lv)1)1> 7

by the joint !!l-convexity of h. Moreover, utilizing Lemma 3.1 with o =!,,, we obtain

(3.47) h ((u*Ailu)_l , (U*X*lv)_l)_1 > (u@v)*h(4, X)) H(uaw),
and
(3.48) h ((u*frlu)‘1 , (v*Yflu)‘l) - > (u@v)*h(B,Y) H(u®w).

Combining (3.46), (3.47) and (3.48), we reach

-1

B(V (A7 VaB™) TV (X IVaY ) )

(3.49) < (u@v)* (ah(A,X) + (1 —a)h(B,Y) ™) (u@wv)) "

Assume that Aq,..., A\, and pq, ..., u, are the eigenvalues of Al,B and X!,Y, respectively. As in the first
case, for every £ =1,--- ,nm, there are indices iy and j, with i, € {1,...,n} and j, € {1,...,m} such that
(3.50) Ny {R(ALB, X10Y )} = h (N, p1j,) -

On the other hand, )\;el and u;@l are eigenvalues of A7'V,B~! and X 'V,Y !, respectively. Therefore,
A =wh (AT B Yw;, =V (w;,; AT'VoB™Y)
and

W= (XTI Y Yz, = V (2,5 XTIV YY),
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where {wy,...,w,} and {z1, ..., 2, } are orthonormal sets of vectors in C™ and C™, respectively. Therefore,

B igst5e) = (V (w3 A7V BT TV (25 X710, ) )
(3.51) < ((wi, ® 2;,)" (@h(A, X) ™ + (1= )h(B,Y)™Y) (wi, ® 2;,))

where the last inequality is obtained from (3.49). It follows from (3.50) and (3.51) that

k
ST {R(ALB, X10Y)} = ANy, ) + -+ By 17,
=1
(3.52) < ((wiy ® 23,)" (@h(A, X) ™1+ (1 = @)h(B,Y) 1) (wi, © 2;,)) "

+ (Wi, ® 23,)" (0h(A, X) ™ + (1= a)h(B,Y) ") (wi, ® 2;,)) .

Utilizing (2.26) and the fact that {(w; ® z;); i =1,...,n, j=1,...,m} is an orthonormal set of vectors in
C™ we find that the right side of (3.52) is dominated by:

k
SN ((ah(AX)_l +(1—a)h(B, Y)—l)’l) .

=1

This gives the desired result when o =!,.

Case III: Next suppose that o = . It is easily seen that A is jointly ff-convex if and only if the two-variable
function (t,s) ~ log h(et, e®) is jointly convex on R2. It follows from the first part that

A [log h (eAVC“B,eXVL‘Y)] <w A [log h(e?,eX)V, log h(eP,e")].
Note that the matrix:
log h(e?,eX)V, logh(ef,e¥) = alogh(e?, eX) + (1 — o) log h(e?, eY),
is majorized by log (h(e?,eX)/2h(ef,e¥)1=h(e?,eX)*/?), see [3]. It follows that
At [logh (eAV“B,eXVC“Y)] <0 A [log (h(eA,eX)a/Qh(eB,ey)lfah(eA,eX)o‘/z)] ,
and so (3.44) holds true. |

REMARK 3.4. It should be remarked that when ¢ = V, the assertion of Theorem 3.3 has been proved
in [9].

It was shown in [7, Theorem 1] that if a real function f is ogo-convex, then the associated perspective
function g(t,s) = sf(t/s) is jointly co-convex. For example, the function f(t) = t/logt is !'-convex on

(0,00) and so g(t,s) = m is jointly !-convex. Hence, Theorem 3.3 concludes that

Al B ~ A | B
log Al,B —log X!, Y ™ \logA—logX ) * \logB —logY )’
holds for all A,B € P,,X,Y € P,,. As another example, it was shown in [7] that the Hellinger distance
H*(p,q) =27, (VD5 — \/@)2 is jointly #f-convex. Theorem 3.3 gives

2a 2(1—a)

((eAVaB)1/2 _ (eXVaY)1/2)2 <wlog (<6A>1/2 _ (eX)l/z) ((eB)1/2 -~ (eY)l/Q)
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