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TWO INVERSE EIGENPROBLEMS FOR SYMMETRIC DOUBLY
ARROW MATRICES*

HUBERT PICKMANNT, JUAN C. EGANAT, AND RICARDO L. SOTOT

Abstract. In this paper, the problem of constructing a real symmetric doubly arrow matrix
A from two special kinds of spectral information is considered. The first kind is the minimal and
maximal eigenvalues of all leading principal submatrices of A, and the second kind is one eigenvalue
of each leading principal submatrix of A together with one eigenpair of A. Sufficient conditions
for both eigenproblems to have a solution and sufficient conditions for both eigenproblems have a
nonnegative solution are given in this paper. The results are constructive in the sense that they
generate algorithmic procedures to compute the solution matrix.
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1. Introduction. In this paper we consider two inverse eigenproblems for a
special kind of real symmetric matrices: the real symmetric doubly arrow matrices.
That is, matrices which look like two arrow matrices, forward and backward, with
heads against each other at the (p,p) position, 1 < p < n. They are matrices of the

form:
a by
Ap—1 bp,1
(11) A= by - bp—l ap bp N y Qjy bj € R.
by api1
bnfl an
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Matrices of the form (1.1) generalize the well known real symmetric arrow matrices
(also called real symmetric bordered diagonal matrices):

ap by by - bpy
b1 ag
(12) ba as s aj,bj € R.
bnfl an

Arrow matrices arise in many areas of science and engineering [1]-[6]. In this
paper, we construct matrices A of the form (1.1), from a special kind of spectral in-
formation, which only recently is being considered. Since this type of matrix structure
generalizes the well known arrow matrices, we think that it will also become of inter-
est in applications. For the first eigenproblem, we have as initial spectral information
the minimal and maximal eigenvalues of all leading principal submatrices of A; and
for the second one, the initial information is an eigenvalue of each leading principal
submatrix of A together with one eigenpair of A.

Both eigenproblems considered in this paper were introduced by Peng et al. in
[7], for real symmetric bordered diagonal matrices. However, as it has been shown
in [8] and [9], the formulae given in [7], to compute the entries a;,b; of the matrix
in (1.2), may lead us to some wrong solutions. In this work we study the following
eigenproblems:

PROBLEM 1. Given the real numbers )\(lj) and )\g-j), i=1,2,...,n, find necessary
and sufficient conditions for the existence of an n x n matrix A of the form (1.1),
such that /\gj ) and )\§-j ) are respectively, the minimal and mazimal eigenvalues of the
J % j leading principal submatriz A; of A=A,, j=1,2,..,n.

PROBLEM 2. Given the real numbers N9, j =1,2,...,n and a real vector
x = (z1,... ,xn)T, find necessary and sufficient conditions for the existence of an
n x n matriz A of the form (1.1), such that \U) is an eigenvalue of the j x j leading
principal submatriz A; of A, j=1,2,...,n, and (/\("),X) is an eigenpair of A = A,.

In the sequel, we denote I; the jx j identity matrix, A; the j x j leading principal
submatrix of A which is in the form of (1.1), P; (A) the characteristic polynomial of
Aj, /\gj) < )\éj) <...< /\;j) the eigenvalues of A;, and o(A;) the spectrum of A;. In
the case that we consider only one eigenvalue of A;, it will be denote by A9,

The following lemmas will be used to prove the results in the next sections:
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LEMMA 1.1. Let A be an n x n matriz of the form (1.1). Then the sequence of

characteristic polynomials {P; ()\)}?:1 satisfies the recurrence relation:

(1.3) Pj()\):H()\—ai); j=1,...,p—1.

=1
j—1 j—1
14) PN =0A—a) PN =Y 0[[(A-a); i=p
k=1 =1
ik

j—1

i=1

i#p
where Py (A) = 1.

Proof. The result follows by expanding the determinants det(A\[; — 4;), j =
1,2,...,n.0

LEMMA 1.2, [8] Let P () be a monic polynomial of degree n, with all real zeroes.
If \ and N, are, respectively, the minimal and the mazimal zero of P ()\), then

1. If i < A1, we have that (—=1)" P (u) > 0.
2. If u > A\, we have that P () > 0.

From Lemma 1.2, it is clear that if p < )\(lj) then (—1)7 P; () > 0 and if p > )\§j)
then P;j () > 0. The minimal and maximal eigenvalues of A; will be called extremal
etgenvalues.

The paper is organized as follows: In Section 2, we discuss Problem 1 and give
a sufficient condition for the existence of a solution. We also show that if the first
p — 1 entries b; are equal then the solution is unique. We also give conditions under
which the solution matrix A of the form (1.1) is nonnegative. In Section 3, we study
Problem 2 and give a sufficient condition for the existence of a solution and a sufficient
condition for the existence of a nonnegative solution. In Section 4, we show some
examples to illustrate the results. All results are constructive in the sense that they
generate algorithmic procedures to compute a solution matrix.

2. Solution to Problem 1. If p = 1, the matrix A in (1.1) becomes the matrix
of the form (1.2). In this case, the conditions of Theorem 2.2 below reduce to condi-
tion (2.3), which is necessary and sufficient for the existence of an arrow matrix (with
the required spectral properties), as it was shown in [8]. In this sense, Theorem 2.2
generalizes similar results for real symmetric arrow matrices. We start by recalling
an important property, which establishes relations between the eigenvalues of a sym-
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metric matrix and the eigenvalues of its principal submatrices, that is, the Cauchy
interlacing property:

LEMMA 2.1. Let A = A, be an n X n real symmetric matriz with eigenvalues
A§") < /\én) < ... < /\Sbn). Let A, with eigenvalues Aﬁ” < )\ér) < ... < /\5:21, the

principal submatriz of A, obtained by deleting the r —th row and r —th column of A.
Then

Observe that if )\(lj ) and )\g-j ) are, respectively, the minimal and the maximal
eigenvalues of the leading principal submatrix A; of A, then Lemma 2.1 implies

A <A <P <A <\ < nP << a0

Since A;, j =1,2,...,p— 1, is a diagonal matrix, then
(2.1) AW <ap<APi=12,..,p- L

Now, suppose that a, < )\(1’)). Then from Lemma 1.2, (—=1)” P, (a,) > 0 and from
(2.1),ap —a; <0,i=1,2,...,p— 1. Therefore, from (1.4)

p—1 p—1
(=1)P Py (ap) = (=1)" | (ap — ap) Pj—1(ap) — biH (ap — a;)
Sy
p—1 p—1
= (=" 0] (@i —ap) <0,
k=1 i=1
ik

which is a contradiction. The same occurs if we assume that A;,p ) < ap. Thus,
A(lp) <a; < )\ép), 1=1,2,...,p. Finally, for j =p+1,...,n, we obtain, from Lemma
2.1,

(2.2) MW<a<A?, j=12,...n i=12...j

The following result gives a sufficient condition for the Problem 1 to have a
solution.

THEOREM 2.2. Let the real numbers )\gj) and )\§»j), j=1,2,...,n, be given. If

? )

(2.3) D R P RIS\ O
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and there exist real solutions ap, by, >0, k=1,...,p—1 of the system of equations

(2.4) P, (A§P>) - (Ay’) - a,,) Py (A§.”>) - bip]'[ (A§P> - Af)) —0, j=1,p,
1

i=1

i#k

then there exists an n x n real symmetric doubly arrow matriz A, of the form (1.1),
with positive entries b;, 1 = 1,2,...,n—1, and such that /\gj) and /\;j) are the extremal
eigenvalues of the leading principal submatriz A;, j =1,2,...,n.

Before the proof of Theorem 2.2, we must observe two facts:

The first one is that the leading principal submatrix A,_; is diagonal. Then each
extremal eigenvalue of A;, j =1,2,...,p— 1, is a diagonal entry of A,_;. Hence, at
most p — 1 of all 2(p — 1) — 1 extremal eigenvalues of the matrices A1, Ag, ..., Ap_1,
can be distinct, and then, for this problem, we only dispose, at most, of 2n —p + 1
independent pieces of information.

The second fact is that a matrix A of the form (1.1) is permutationally similar to
single arrow matrix of the form (1.2). However, the problem would not be simpler if A
is permuted to an arrow matrix B = PT AP by a permutation matrix P. The reason
is that if B = PT AP would be a single arrow matrix (of the form (1.2)) with all its
b; entries positive, then as it was shown in [8], its 2n — 1 extremal eigenvalues are all
distinct, while in this case we may have, as initial information, at most 2n — p + 1
distinct extremal eigenvalues.

Proof. Of Theorem 2.2. Assume that the real numbers )\gj) and )\§»j), j =
1,2,...,n, satisfy condition (2.3). Then there exists a j X j matrix
A = diag{)\gl), )\g), ce )\gj)}, j=1,...,p— 1, with extremal eigenvalues )\gj) and
)\§-j). To prove the existence of a j x j matrix A;, j = p,...,n, of the form (1.1), with
the desired spectral properties is equivalent to show that the system of equations

P (A) =0
(2.5)
P (A7) =0

has real solutions a;, j =p+1,...,nand b;_; >0, =1,...,n.

For j = p, from condition (2.4) it follows that the system of equations (2.5) has
real solutions ap, by, > 0, k = 1,...,p — 1. Hence, there exists a matrix A, with the
required spectral properties.
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For j =p+1,...,n, the system (2.5) has the form:

asPia (M) + 02 it (W =a) = AP (AP)

z::l

o g
0P (\P) + 82 i (W -a) = AP ()

i=1

i#p

We claim that the determinant

=P (A0) ﬁi (9 )P (Am)ﬁ (9 a)
i#£p i#p

of the coefficient matrix of the system (2.6) is nonzero. In fact, we shall prove that
(—1)" ! hj > 0. First, we observe from (2.2) and (2.3) that )\gj) < )\(lj_l) <a; <
)\5']‘_—11) < )\;j), i =1,...,5 — 1. Consequently ()\(]) — ai) > 0 and ()\gj) — ai) < 0,
i=1,...,p—1. Then,

j—1

I1 ()\§.j) - ai) >0

i=1
i#p

and since the product H (/\gj ) _ ai) has j — 2 factors, it follows that

wﬁp
_ )P 1 H ()\(J) ) = (—1)P (=1)"" 2 H ( )\(p)) < 0.
z;ép wﬁp

Now, from Lemma 1.2 we have (—1)’"' Py (Aﬁj)) > 0 and Pj_; (/\;j)) > 0.

Therefore, (—1)”7" hj > 0, and then h; # 0. Thus, the system (2.6) has solutions
given by

\p (/\m) 0 (Am i) VP, (Am) H (Am )

h;

; (qu) )\(J)) P (}\(J)) P (}\(J))
j—1 hj :

a; =

and
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Since from Lemma 1.2,
(—1)'" (/\;j) _ Ag:‘)) P (/\gﬁ) P ()\§j>> >0,

then b;_; is a real number, which can be chosen as positive. Hence, for j =1,...,n,
there exists a matrix A; with the required spectral properties. In particular, A, = A
is the desired symmetric doubly arrow matrix of the form (1.1). O

Looking for the uniqueness of the solution to Problem 1, we study a particular
case in which the matrix A of the form (1.1) has all its b; entries positive with the
first p — 1 entries being equal. That is,

aq b
Gp—1 b .
@7 A= b b gy by by |, WERD>0
bp,...,bn_l > 0.
by apn1
bnfl an

Now, in this case, we dispose of 2n — p + 1 independent pieces of information, with
2n — p 4+ 1 unknowns. Then the formulae of Lemma 1.1 reduces to:

(2.8) Pj(A):H(A—ai); j=1,...,p—1.

=1
29 PN=0-a)P (- [[(-a):  J=p
k=1i=1

i#k
j—1
(2100 PN =A-a)Pa(N) =2 J[(A-a);  j=p+1,..n
i=1
i#p
Then we have the following Corollary.

COROLLARY 2.3. Let the real numbers )\gj) and )\;j), i=1,2,...,n, be given. If
-1 1 2 n
(2.11) A AP o A A

then there exists a unique n X n matriz A of the form (2.7), such that /\gj) and )‘§‘j)
are the extremal eigenvalues of its leading principal submatriz Aj, j =1,2,...,n.

Proof. Tt is clear from (2.11) that for j = 1,2,...,p — 1, there exists a unique

matrix A; = diag{)\gl), )\(22), ce, )\g-j)} with extremal eigenvalues )\gj) and )\g-j).
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As in the proof of Theorem 2.2, it is enough to show that the system of equations
P (A7) =0

P (Agj)) —0

has real solutions a; and b;_1, with b;_1 >0, j=p+1,...,n.

(2.12)

For j = p, from (2.9) the system (2.12) can be written as

a;Pi1 (A7) + biziﬂ; (A = A7) =20 P (A7)
(2.13)
i—15-1
0P (O - biz:;:l;[l (W = 20) =20 p,y (39
i#k
The determinant
p—1p—1 A p—1p—1 ‘
ot () ETT 0 -40) - O) ST 00,

of the coefficients matrix in (2.13) is nonzero. To show this, we first observe from (2.2)
and (2.11) that )\gp) < a;= )\Z(.i) < /\g,p)7 1=1,...,p—1. Consequently, (Aﬁ,’” — ai) >0

and (/\gp)—ai) <0,7=1,...,p—1. Then,

p—1p—1
ST (A - a) >o0.
k=1li=1

i#k

p—1
Since there are p — 2 factors in each product [] ()\gp) - ai) , then

o
4
p—1p—1 p—1p—1
T (0 - ) = o T (- ) >0
k=1li=1 k=1i=1
i#k i#k

From Lemma (1.2), we have (=1)’"" P, , (/\gp)) > 0 and P, ()\,(,p)) > 0. Hence,
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(=1)?"' h, > 0, and then h,, # 0. Thus, the system (2.13) has unique solutions
(2.14)

AP (WYL (A =) =2 P (W) ST (A~ a)

k=1i=1 k=1i=1
o — ik ik
P hp
and
b2 - (}\;SJP) _ )\(11))) prl (}\(11))) prl (}\Z()P))
= , .
As
(—1y7? (/\é’” _ /\gm) P, (/\(1,,)) P, (A;(f’)) >0,

then b = by = --- = b,—_1 is a real number and therefore there exists a unique matrix

A, with the desired spectral properties.

Similarly to the proof of Theorem (2.2), for j = p+1,...,n, from (2.10), it follows
that system (2.6) has unique solutions

W )T (7 =) =8 () T (9 )
(2.15)  a; = 7P - 7
J
and

oo PN () )

Hence bj_; is a real number which can be chosen positive. Therefore, there exists a
unique symmetric doubly arrow matrix A of the form (1.1) with the required spectral
properties. O

Now we discuss Problem 1 for a matrix A = A + al, a € R, where A is of the
form

0 b
0 b
(2.16) A=1b .. b 0 by o bui |, . b,b; # 0,
b 0 i1=p,...,n—1.
P




Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 18, pp. 700-718, November 2009
Two Inverse Eigenproblems for Symmetric Doubly Arrow Matrices 709

LEMMA 2.4. Let A be an n x n matriz of the form (2.16). Let ]5j (A) be the
characteristic polynomial of the leading principal submatriz /Tj of g, j=1...,n
Then if j is even, ]5j (N\) is an even polynomial, and if j is odd, ]5j (N\) is an odd
polynomial.

Proof. If a; =0, j =1,2,...,n, then the recurrence relations (2.8)-(2.10) become

P =][x j=1...p-1

=1
_ ~ —15—-1
(2.17) Pj(\) = APj_y ( —bQZHA j=p.
k=1i=1
ik
ﬁj (/\):/\Pj_l j 1H)\ j=p+1,...n
l#p

Clearly, ﬁj (A, j=1,...,p—1,is an even or odd polynomial if j is even or odd,
respectively. Now, suppose j = p is odd. Then P,_q ()) is an even polynomial. Thus,
from (2.17)

_ p—1p—1
Py(=A) = =APpy (N =D ] (-
k=1li=1
ik

~ p—1p—1

=M1 () =2 (=12 T

k=1i=1

ik
= —Ip-1 (A) )
and ]5p (\) is an odd polynomial. Similarly, if j = p is even, then ]5p (=) = ]Bp,l (N).

Let j =p+1,...,n— 1. By using induction, assume that ]5j (M) is odd for odd
j. We shall prove that Pj1 () is even for even j + 1. In fact, suppose j + 1 is even.
Then j is odd with P; (A) odd and j — 1 is even. From (2.17), we have

Piy1 (=A) = =APj (=\) — b2H
z#p
= AP (A) — b} (=)
=P (N,
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Therefore, ]5j+1 (M) is an even polynomial. In the same way we may show that
P; (A\) is odd when j is odd. It is enough to observe that Pjiq (=) = —Pj11 (A)
when j + 1 is odd. O

DEFINITION 2.5. A vector v = (A1, A2,...,A,) of real numbers is said to be
skew-symmetric if A\; = —Ap—;iy1, with )\% =0 if n is odd.
If )\gl) = 0 and /\gj) = —/\;j), j = 2,3,...,n, then the extremal eigenvalues

{)\(lj ), )\g-j )} of the j x j leading principal submaprices /T] of the matrix A of the form

2.16) form a skew-symmetric vector, where A = A9 = 0 for j=12,...,p—1.
1 J

Thus, we have the following result

COROLLARY 2.6. Let the real numbers )\gj) and )\§»j), j=12,...,n, be given.

Then there exists a unique n X n matrizc A = A+ al, a € R, of the form (2.16), such

that )\gj ) and )\gj ) are the extremal eigenvalues of its j X j leading principal submatriz
Aj, 3=1,2,...,n, if and only if

(2.18) D P N A N R )\;1’:11) << A
and
(2.19) AW A =2V =12

Proof. Let A(lj) and )\y), j=1,2,...,n, satisfying (2.18) and (2.19). It is enough
to prove the result for a skew-symmetric vector ()\(ln), )\gn_l), ce )\fl":ll), )\;n)), with
)\(11) = 0. Otherwise, if )\51) # 0, then we define ng) = )\gj) — )\(11), ji=12,...,n,

i = 1,7 to obtain ugl) =0, M(1j) _

u(lj) and ugj) being the extremal eigenvalues of f~1j, j=1,2,...,n,then A= A+ )\gl)f

—ugj), j =2,...,n. Then, if there exists A with

is the matrix with the required spectral properties.

Let )\gl) = 0 and /\gj) = —)\§»j),j = 2,...,n. From (2.18) it is clear that a; = )\gl) =
0,7=12,...,p— 1. Now, from the proof of Corollary 2.3 and (2.18) the matrices
Aj, j=p,p+1,...,n exist, are unique and satisfy the required spectral properties.

It only remain to show that a; =0, j = p,...,n. Let j = p be even. Then from
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Lemma 2.4, P,_1 (A) is odd and the numerator in (2.14) is given by

A\Pp ()\gp)) (p—1) (/\Z()p)>p*2 —A\PP, (/\Z()p)> (p—1) (/\gp))pfz

= APP, (_/\Z()p)) (p—1) ()\ép))p72 —\Pp, ()\ép)) (»-1) (_)\ép))p*Z

p—2

—\?p, ()\ép)) (p—1) ()\ép))p_Q PP, (Az()p)> (p—1) (Az()p))

which implies a, = 0. Now, suppose a; =0, 7 = 1,2,...,k;p <k <n. Let k+1
even. Then, from Lemma 2.4, P, (\) is odd and the numerator in (2.15) is given by

AR () () e ) ()

k—1 k—1
k+1 k+1 k+1 k+1 k+1 k+1
= _)‘L-H )Pk <_>‘1(c+1 )) (Al(c+1 )) - Al(c+1 )Pk <>\§§+1 )) <_>‘I(c+1 ))

= AR (D) (V)T R (V) ()

:07

which implies that ax41 = 0. Similarly it can be proved that ax41 = 0 when k + 1 is
odd.

For the necessity, assume that A = A+al , a € R is the unique n X n matrix such
that )\gj ) and Ay ) are the extremal eigenvalues of the leading principal submatrix A;,
j=1,2,...,n, of A. Either ]5j (A) is even or ]5j (A) is odd, we have that ]5j AN =0
implies 15]- (=A) = 0. Then the eigenvalues /\gj),/\gj),...,/\;]) of Zj satisfy )\5]) +
Xg@wl =0 andNXf) = X;@Hl =0,y = 1,...,p— 1. It is clear that the extremal
eigenvalues of A; are )\(13) - )\(11) and )\y) — )\gl), j=1,2,...,n, and satisfy (2.18).
Moreover, ()\(lj) - )\gl)) + ()\g-j) - )\gl)) = 0, and consequently )\(lj) + )\g-j) = 2)\51),
7 =1,2,...,n. This completes the proof. O

2.1. Nonnegative realization.

COROLLARY 2.7. Let the real numbers )\(lj) and )\g-j), j =1,2,...,n, be given.
Let

(2.20) D R P RSSO
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If there exist nonnegative solutions ap,b1,ba,...,b,—1 of the system of equations
221) P, (A7) = (A —ay) By (W) - ZzﬁH (AP —ai) =0, j=1p,
z;ék
(2.22) A >,
and

P () ]1;11 (W) - i)

) i
(2.23) M hacl Cj=p41,....m,
)\(J) ) j—1 )
i P (W) T (W - @)
=1
i#p

then there exists an n X n nonnegative matriz A of the form (1.1), such that )\gj) and
)\g-]) are the extremal eigenvalues of its leading principal submatriz A;, 5 =1,2,...,n.
Proof. If conditions (2.20) and (2.21) hold, then Theorem 2.2 guarantees the
existence of a matrix A of the form (1.1) with b; > 0,4 = 1,...,n — 1. Moreover,
from condition (2.21) it follows that a, > 0. Only remain to show that the remaining
diagonal elements a; are nonnegative. From (2.20) and (2.22), we have a; = )\g-j) >0,
j=1,...,p—1. Finally, for j =p+1,...,n, from (2.23) we have

(— 1)1 1P (}\(J)) H (}\gj) _ai)

; =1
& > #p )
)\(J) - . Ay J—1 .
J (—1)j ! Pj,1 ()\(IJ)) il;ll ()\5]) — ai)
i#£p

Now, from (2.2) and (2.20), AY) < AV < a; < A9V <AV i =1, 5 -1
Besides, from Lemma 1.2, (=1)" ' P;_, (/\gj)) > 0. Then

j—1
( 1)]*1P7 )\(j) )\(J) ;) >0,
S (e
i#p
Since 0 < )\g ) < )\ , it follows that
-1 j—1
)\(j) (_1)3 1p )\(J) )\(j) —a;) > )\(j) (_1)j—1 P, /\(_j) /\(j) —a;),
Oy )g(J )2 o ()L 06 -
1£Dp 17Fp
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or
j—1 j—1
J=1 () (4) (4) J) () (4)
(1) AP, ()\1 AD —a) = A9 (A AP — a

i=1 i=1
i#p i#p

=yg; >0.

Therefore, from (2.20) and the proof of Corollary 2.3, we obtain

GJZ&ZO
h

The proof is complete. O

3. Solution to Problem 2. In this section, we discuss a solution to Problem
2 and construct an n x n symmetric doubly arrow matrix A, of the form (1.1), from
a list {/\(j)}?zl, and a vector x, where A\) is an eigenvalue of the leading principal
submatrix A; of A and (A\("),x) is an eigenpair of 4, = A.

THEOREM 3.1. Let the real numbers N9, j =1,2,... n and a real vector x =
(z1,... ,xn)T , be given. Let
(3.1) z; #0, i=1,...,n,
and
(3.2) Pys (/\<P>) £ 0.
If there exists a real solution bj_1 of the equation
Jj—1 T
(33) 2 ][ (09 -a) - b1 Py (XD) + (A =2D) Py (WD) =0,
i J
;751)

j=p+1,...,n—1, then there exists an n X n matrix A of the form (1.1), such that
A9 is an eigenvalue of its leading principal submatric Aj,j=1,...,n and ()\("),x)
is an eigenpair of A.

Proof. To show the existence of the required matrix A is equivalent to show that
the system of equations

(3.4) P (/\(j)) -0, j=1,2,....n

(3.5) Ax = \Mx
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has real solutions a; and b;_;. Next we rewrite (3.5)

ajxj + bz

=AMz j=1,...,p—1,
p—1
(3.6) Z bk + apzy + z bprpyr = AMa,
k= =p
bj_1$p+aj$j —)\(n)l‘j, j=p+1
From relation (1.3) of Lemma 1.1 we have that
(3.7)

a; =M, j=1,...p-1
is a solution of (3.4). Then, from (3.1) and (3.6)

(3.8) b= (A - a) i] ;

=1,.
p

..,p— 1.
From relation (

) of Lemma 1.1 and (

3.4), we obtain
p—1 p—1
®Y) = (\(p) _ _ (»)) _ 2 (p) _ ;) =
Pp(/\”) (/\p ap)Ppl(/\p) ;bkg(w a) 0

i#k
Thus, by assuming that condition (3.2) holds, we have

)\(p)ppf1 ()\(p)) 252 H1 ()\(p _ al)
= 1=
i#k
3.9 =
( ) Qp Pp—l ()\(p))
From (3.6)
(3.10) a; =AM b 2 i,
J
Besides, from (1

) of Lemma 1.1 and (3.4), we obtain for j =p+1

j—1
(3.11) P ()\(j)) - (/\(j) - aj) P (/\(j)) ~2 ] ()\(j) - ai) = 0.
i=1
i#p
By substituting a; in (3.10) into (3.11) for j = p+1
equation

n—1, we obtain the quadratic
1H (Am _ az) —b; 1_pj ) (Am) + (Am) _ A(j)) P, (Am) —0
=1
i#p
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which, because of condition (3.3) has real solutions b;_;.

Finally, from (3.6), it follows that

Tn

1 p—1 n—2
(3.12) b1 = — ()\(”) — ap) Ty — Zbkxk — Zbkxkﬂ O
k=1 k=p

3.1. Nonnegative realization.

COROLLARY 3.2. Let the real numbers N9, j = 1,2,....n, and the real vector
x = (z1,... ,:cn)T be given. Let
(3.13) z; >0, i=1,...,n,
and
(3.14) Pys (/\<P>) £ 0.

If there exists a nonnegative solution bj_1 of the equation

j—1

(3.15) b?,lil;[l (Am _ ai) — b i—:Pj_l (m)) + (Mn) _ /\(j)) o (/\(j)) —0,

i#p

j=p+1,...,n—1, with

(3.16) AW >0 >0 j=1,2,...,p—1,
1 p—1 n—2
(3.17) () > ap + — Zbkxk + Zbkxk-i-l ,
RE k=p
p—1 p—1
WL (0 - )
k=1 i=1
3.18 A® > ik :
19 =T R o)
and
(3.19) A zbj_l% j=p+l,....n,

J

then there exists an m x n nonnegative matriz A of the form (1.1), such that A\U) is
an eigenvalue of its leading principal submatriz Aj, j =1,2,...,n, and ()\(”),x) s an
eigenpair of A = A,.
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Proof.  From Theorem 3.1, conditions (3.13), (3.14) and (3.15) guarantee the
existence of an n x n matrix A of the form (1.1) such that AU) is an eigenvalue of
its leading principal submatrix A;, j = 1,2,...,n, and (A, x) is an eigenpair of A.
From (3.7) and (3.16), for j = 1,2,...,p — 1, it follows that

a; = /\(j) Z 0.
From (3.8) and conditions (3.13) and (3.16), it follows that

bjz(M")—aj)z—izo j=1,....p—1.

From condition (3.15), we see that bj_1 >0, j=p+1,p+2,...,n—1. From (3.12)
and conditions (3.13) and (3.17) we obtain

p—1 n—1
X
A ) > E b E b
( ap | Tp = Tn — kLK + e kLk+1

Hence,
. 1 p—1 n—1
()\(n) — ap) L — Zbkxk + Zbkkarl >0,
o In |3 k=p

which implies b,,_1 > 0.

It only remains to show the nonnegativity of the diagonal entries a;, j = p,
p+1,...,n.From (3.9) and condition (3.18), we obtain

p—1 p—1
AP P, (AP) — 02 T (AP — a;)
k=1 =1
i#k
= > 0.
ap Pp_l ()\(p)) el
Finally, from (3.10) and (3.19), for j = p+1,...,n, we have
a; = /\(n) — bj_lﬁ Z 0.0
Ly
4. Examples.
ExXAMPLE 4.1. The given numbers
)\(16) )\55) )\54) )\(13) )\(12) )\(11)

—11.8001 —11.7127 —11.3826 —9.2151 —5.8980 —4.5178

/\52) /\§3) )\514) )\és) )\gs)
—=3.1377 0.1794 2.3469 2.6770 2.7644
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satisfy conditions (2.18) and (2.19) of Corollary 2.6, with p = 2. The resultant matrix,
with constant diagonal entries, is

—4.5178  1.3802
1.3802 —4.5178 4.4899 5.0061 2.1542 1.1250
4.4899 —4.5178
5.0061 —4.5178
2.1542 —4.5178
1.1250 —4.5178

EXAMPLE 4.2. The given numbers

6 5 4 3 2 1
A AP AP AR W
~5.2702 —5.0130 —2.7101 0.8992 0.8992 0.8992

)\gz) /\g?’) /\514) /\gf) )\ée)
1.1538 1.3960 4.1261 6.8664 8.1710°

satisfy conditions (2.20)-(2.23) of Corollary 2.7. Then we may construct the symmet-
ric nonnegative doubly arrow matrix A, with p = 4,

0.8992 0.8546
1.1538 0.8909
1.3960 3.1197
0.8546 0.8909 3.1197 0.0679 4.8156 2.2621
4.8156 1.9926
2.2621 6.2755

A:

EXAMPLE 4.3. Let the numbers
A(D A2 A3 A4 AB)
2.2630 2.2291 6.4834 5.6679 7.3089

and the vector

x =1 02071 0.6072 0.6299 0.3705 05751 ]",

be given and satisfying Corollary 3.2, for p = 3. Then we compute the nonnegative

matrix
2.2630 1.6593
2.2291 4.8968
A= 1.6593 4.8968 0.1946 0.8015 1.5079
0.8015 5.9462
1.5079 05.6575

with the required spectral properties.
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