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SPECTRALLY ARBITRARY COMPLEX SIGN PATTERN
MATRICES*

YUBIN GAO't, YANLING SHAOT, AND YIZHENG FANf?

Abstract. An n X n complex sign pattern matrix S is said to be spectrally arbitrary if for
every monic nth degree polynomial f(\) with coefficients from C, there is a complex matrix in the
complex sign pattern class of S such that its characteristic polynomial is f(\). If S is a spectrally
arbitrary complex sign pattern matrix, and no proper subpattern of S is spectrally arbitrary, then
S is a minimal spectrally arbitrary complex sign pattern matrix. This paper extends the Nilpotent-
Jacobian method for sign pattern matrices to complex sign pattern matrices, establishing a means
to show that an irreducible complex sign pattern matrix and all its superpatterns are spectrally
arbitrary. This method is then applied to prove that for every n > 2 there exists an n x n irreducible,
spectrally arbitrary complex sign pattern with exactly 3n nonzero entries. In addition, it is shown
that every n X n irreducible, spectrally arbitrary complex sign pattern matrix has at least 3n — 1
nonzero entries.
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1. Introduction. The sign of a real number a, denoted by sgn(a), is defined to
be 1,—1 or 0, according to a > 0,a < 0 or a = 0. A sign pattern matriz A is a matrix
whose entries are in the set {1, —1,0}. The sign pattern of a real matrix B, denoted
by sgn(B), is the matrix obtained from B by replacing each entry by its sign.

Associated with each n x n sign pattern matrix A is a class of real matrices, called
the sign pattern class of A, defined by

Q(A) ={A| Ais an n x n real matrix, and sgn(A) = A}.

For two n X n sign pattern matrices A = (ay;) and B = (by), if ax; = br; whenever
by # 0, then A is a superpattern of B, and B is a subpattern of A. Note that each
sign pattern matrix is a superpattern and a subpattern of itself. For a subpattern B
of A, if B # A, then B is a proper subpattern of A.
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Let A be a sign pattern matrix of order n > 2. If for any given real monic
polynomial f(\) of degree n, there is a real matrix A € Q(A) having characteristic
polynomial f(X), then A is a spectrally arbitrary sign pattern matriz.

The problem of classifying the spectrally arbitrary sign pattern matrices was in-
troduced in [1] by Drew et al. In their article, they developed the Nilpotent-Jacobian
method for showing that a sign pattern matrix and all its superpatterns are spec-
trally arbitrary. Work on spectrally arbitrary sign pattern matrices has continued
in several articles including [1-9], where families of spectrally arbitrary sign pattern
matrices have been presented. In particular, in [3], Britz et al. showed that every
n X n irreducible, spectrally arbitrary sign pattern matrix must have at least 2n — 1
nonzero entries and they provided families of sign pattern matrices that have exactly
2n nonzero entries. Recently this work has extended to zero-nonzero patterns and
ray patterns, respectively ([10, 11]).

Now we introduce some concepts on complex sign pattern matrices.

For n x n sign pattern matrices A = (ax;) and B = (by;), the matrix § = A+ iB
is called a complex sign pattern matrix of order n, where 2 = —1 ([12]). Clearly, the
(k,D)-entry of S is ap; + ibg for k,1 =1,2,... n. Associated with an n x n complex
sign pattern matrix S = A + iB3 is a class of complex matrices, called the complex
sign pattern class of S, defined by

Q.(S) ={C =A+iB| A and B are n x n real matrices, sgn(A) = A, sgn(B) = B}.

For two n x n complex sign pattern matrices S; = A; +iB; and S; = As + iBs,
if Ay is a subpattern of Ay, and B is a subpattern of Bs, then Sy is a subpattern of
S, and Sy is a superpattern of S;. If 87 is a subpattern of S; and &1 # Ss, then S
is a proper subpattern of Ss.

For a complex sign pattern matrix S = A+iB of order n, the sign pattern matrices
A and B are the real part and complex part of S, respectively, and the number of
nonzero entries of both A and B is the number of nonzero entries of S.

It is clear that complex sign pattern matrix and ray pattern are different gener-
alization of sign pattern matrix. For a complex sign pattern matrix S = A + B3, if
B =0, then S = A is a sign pattern matrix.

Let § = A+ iB be a complex sign pattern matrix of order n > 2. If there
is a complex matrix C' € Q.(S) having characteristic polynomial f(A) = A", then
S is potentially nilpotent, and C is a nilpotent complex matriz. If for every monic
nth degree polynomial f(\) with coefficients from C, there is a complex matrix in
Q.(S) such that its characteristic polynomial is f(\), then § is said to be a spectrally
arbitrary complex sign pattern matriz. If S is a spectrally arbitrary complex sign
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pattern matrix, and no proper subpattern of S is spectrally arbitrary, then S is a
minimal spectrally arbitrary complex sign pattern matriz.

Let SA, represent the set of all n x n spectrally arbitrary complex sign pattern
matrices. Then the following result holds.

LEMMA 1.1. The set SA,, is closed under the following operations:
(i) Negation,

(ii) Transposition,

(iil) Permutational similarity,

(iv) Signature similarity, and

(v) Conjugation.

Proof. The results are clear for cases (i)—(iv). We only prove the case (v). Note
that for any n x n complex matrix C' and its conjugate complex matrix C, the corre-
sponding coefficients of the characteristic polynomials of C' and C' are conjugate, that
is, if the characteristic polynomial of C' is

M = Ol = X"+ (fi +ig)N"" 4 4 (fam1 +ign—1)A + (fo + ign),
where fi, gi, i = 1,2,...,n, are real, then the characteristic polynomial of C is
|>‘I - 6| =" + (fl - Z‘gl)Anil + -+ (fnfl - Z.g'nfl))\ + (fn - Zgn)

By the definition of spectrally arbitrary complex sign pattern matrix, the result holds
for the case (v). O

We note that, if a complex sign pattern matrix S = A+ B is spectrally arbitrary,
then sign pattern matrices A and B are not necessarily spectrally arbitrary. For
example,

1—2 1 0
S3 = 1+:2 O -1
1 0 —1+2

is a spectrally arbitrary complex sign pattern matrix (This fact will be proved in
Section 3), but both sign pattern matrices

1 1 0 -1 0 0
A=11 0 -1 and B = 1 00
1 0 -1 0O 0 1

are not spectrally arbitrary. On the other hand, if both A and B are spectrally arbi-
trary, then the complex sign pattern matrix S = A + iBB is not necessarily spectrally
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arbitrary. For example, let
-1 1 -1 -1
sl ERT AL
From [1], both A and B are spectrally arbitrary sign pattern matrices. Consider the
complex sign pattern matrix
—147 142

S=A+iB= [ -l 1”]

Note that for any

- —a1 — ibl ag — ibg
¢= [ —as+iby g+ iby ] € QelS),

where a; > 0 and b; > 0 for j = 1,2, 3,4, the characteristic polynomial of C' is

|)\I — C| = )\2 + ((a1 — a4) + i(b1 — b4))>\ + (a2a3 —ajaq — bobs + b1b4)

—i(asb1 + agba + azbs + a1by).

Since —(a4b1 + aszba + azbs + a1bs) < 0, S is not spectrally arbitrary.

In Section 2 we extend the Nilpotent-Jacobian method for sign pattern matrices
to complex sign pattern matrices, establishing a means to show that an irreducible
complex sign pattern matrix and all its superpatterns are spectrally arbitrary. In
Section 3 we give an n x n (n > 2) irreducible spectrally arbitrary complex sign
pattern matrix S, with exactly 3n nonzero entries. In Section 4 we prove that every
nxn (n > 2) irreducible spectrally arbitrary complex sign pattern matrix has at least
3n — 1 nonzero entries, and conjecture that for n > 2, an n x n irreducible spectrally
arbitrary complex sign pattern matrix has at least 3n nonzero entries.

2. The Nilpotent-Jacobian method. In this section, we extend the Nilpotent
-Jacobian method on sign pattern matrices in [1] to the case of complex sign pattern
matrices.

Let S = A+ iB be a complex sign pattern matrix of order n > 2 with at least 2n
nonzero entries.

e Find a nilpotent complex matrix C = A+iB in the complex sign pattern class
Q.(S), where both A and B are real matrices, and A € Q(A) and B € Q(B).

e Change the 2n nonzero entries (denoted r1,72,...,72,) in A and B to vari-
ables x1,xa,...,22,. Denote the resulting matrix by X.
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e Express the characteristic polynomial of X as:

M — X| ="+ (fi(z1,22,...,220) +i91($1,$2,...,x2n)))\"*1 4.
+(fn71($17$2; C. ,$2n) +ign71(x1,x2, e ,xgn)))\

+(fn(z1, 22y .. T2n) +ign(x1, T2, ..., Tapn)).

e Find the Jacobian matrix

J = 8(f17---7fn7gl7---7gn)
8(x1,9c2,...,:c2n)

e If the determinant of J, evaluated at (z1,zo,...,72,) = (r1,72,...,72,)
is nonzero, then by continuity of the determinant in the entries of a ma-
trix, there is a neighborhood U of (ri,rs,...,72,) such that all the vec-
tors in U are strictly positive and the determinant of J evaluated at any
of these vectors is nonzero. Moreover, by the Implicit Function Theorem,
there is a neighborhood V' C U of (ry,ra,...,72,) € R2?", a neighbor-
hood W of (0,0,...,0) € R*" and a function (hy,...,hs,) from W into
V such that for any (y1,...,Yn, 21,...,2n) € W, there exists a strictly posi-
tive vector (s1,82,...,82,) = (h1,..., hon) (Y1, -y Yn, 21, -+, 2n) € V where
fe(s1,82,...,82,) = yr and gi(s1,s2,...,82,) = 2 for k =1,2,... n. Tak-
ing positive scalar multiples of the corresponding matrices, we see that each
monic nth degree polynomial over C is the characteristic polynomial of some
matrix in the complex sign pattern class Q.(S). That is, S is a spectrally
arbitrary complex sign pattern matrix.

Next consider a superpattern of the complex sign pattern matrix S. Rep-
resent the new nonzero entries of A by pi1,...,Pm,, and the new nonzero
entries of B by qi1,...,qm,, Let fk(xl,xg, ey T2y D1y ey Py Qly - s Qs )
and gr(x1, T2, ..., Ton, P1, -y Pmas Qs - - - Gmy) Tepresent the new functions

—8(51(x1£;”91 Izg)”) the new Jacobian

matrix. As above, let (y1,...,Yn,21,---,2n) € W and (81,82, --,82,) =

(h1s-. . hon) (Uis- oo Yns 2155 2n). Then yp = fa(s1,82,. .., 80m) = fr(s1,

82,y 82n,0,...,0), 2k = 981,82, .., 82n) = Gr(s1,82,-..,82n,0,...,0),

and the determinant of J evaluated at (z1,...,Zan,P1, -« Pmys 1y -« s Gmy) =

($1,--+,82n,0,0,...,0) is equal to the determinant of J evaluated at (z1, 2,

..y Xon) = (81,82,...,82,) and hence is nonzero. By the Implicit Function

in the characteristic polynomial, and J =

Theorem, there exists a neighborhood V CVof (s1,82,...,82,), a neighbor-
hood T of (0,0, ...,0) € R™*™M2 and a function (iLl, ha,. .., ﬂgn) from T into

V such that for any vector (dy,...,dm,+m,) € T there exists a strictly pos-
itive vector (e, ea,...,ea,) = (h1,ha,...,han)(d1, .., dm,4m,) € V where
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fk(el, ey €20, dl, e ,dm1+m2) = Yk and Qk(el, ey €20, dl, ceey dm1+m2) =
zi. Choosing (di,...,dm,+m,) € T strictly positive we see that there are
also matrices in the superpattern’s class with every characteristic polynomial
corresponding to a vector in W. Taking positive scalar multiples of the cor-
responding matrices, we see that each monic nth degree polynomial over C
is the characteristic polynomial of some matrix in this superpattern’s class.
Thus each superpattern of S is a spectrally arbitrary complex sign pattern
matrix.

THEOREM 2.1. Let § = A+ iBB be a complex sign pattern matriz of order
n > 2, and suppose that there exists some nilpotent complex matric C = A+ iB €
Qc(S), where A € Q(A), B € Q(B), and A and B have at least 2n nonzero entries,
SAY Qiygys- s Qipgny s Viny yrdimy g1 -+ Disnjon - L€t X be the complex matriz obtained
by replacing these entries in C by wvariables x1,...,T2,, and let the characteristic
polynomial of X be

A — X| ="+ (fi(z1,22,...,220) +i91($1,$2,...,x2n)))\"*1 +..-
+(fn1(@1, 22, 2on) +ign—1(21, 22, -, T2n))A

+(fn(x1; Zo,... 7x2n) + Z‘gn(xl; Zo,... 7x2n))~

a(flv"'vfnaglv"'vgn)
8(1‘1, T2y .- - ,.L“Qn)
(@iyjys-- - s Qip s Diny prdimy 115+ s bisian ), then the complex sign pattern matriz S is

spectrally arbitrary, and every superpattern of S is a spectrally arbitrary complex sign
pattern matrix.

If the Jacobian matriz J = is nonsingular at (x1,...,Ton) =

3. Minimal spectrally arbitrary complex sign pattern matrices. In this
section we first consider the following n x n (n > 7) complex sign pattern matrix

[ o1+i 1 T
1—-i 0 -1
1+ 0 1
1—i ~1
(3.1)8, = Ay +iB, =
0
14+ (=1)™ —i (=1)"
L0 0o 0 (=M= o0 .. 0 -1

We will prove that S, is a minimal spectrally arbitrary complex sign pattern matrix,
and every superpattern of S, is a spectrally arbitrary complex sign pattern matrix.
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Take an n x n complex matrix

ai +iby 1 T
as — ’ibg 0 -1
as + ibs 0 1
(3.2)C b -
: 0 :
An1 + (1) %iby —ib, (—1)"
i 0 0o 0 (-D"a, 0 - 0 -1 |

where ar > 0 and by, > 0 for k=1,2,...,n. Then C € Q.(S,). Denote
M —=Cl=MA"+ A" P a2+ A" P A+ g,
and ag = fr +igr, k=1,2,...,n.
LEMMA 3.1. Let ag =1 and bg = 0. Then

f1 =1- ay,
3k 5k 5k

fro= (D) g + () agy + (1) 55 b _1by + (—1) 55 Ty by,
k=23,...,n—4,

Focs = (=1)"an + (=) ap_s + (=) Tay_g + (-1)
+(_1)|—5n;18-‘bn—5bn7

Fao = (1) aran + (=175 Nay o + ()75 Tay g+ (=1) 175 1b, b,
+(=1)1 7 by s,

a1 = (=1)"asan + (=1)1F apy + (=)'

5n—8

(=)= 1b,_3b,,
fn = (=D agan + (=)= Va1 + (=1) "7 1b,, _ob,,,

5n

;13] bn—4bn

3n

273} an—2 + (_1) [E] bn72bn

and

g1 = —b1 + by,

gk = (D)5 4+ (1) F by + (1) Flap_1by + (1) ay_obn,
k=23,....,n—3,

In—o = (=1)"layby + (=), 5 + (—1) 2 Tb, 5 + (—1)* 5 1a,_3b,
+(_1)[3(n273>wan74bn7

Gno1 = (=1)" 2a,by + (=) F b, 1 + (=) 5 1h, o + (=1) "5 a,_ob,,
+(=1)* 5 gy _sbn,

gn = (=1)"anbs + (=)= Vb, 1 + (1) Na, by,
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Proof. Denote ¢y = 1, and ¢ = ay, + (—1)*+liby, for k =1,2,...,n — 1. Then

)\—01 -1
—C2 A 1

—C3 -1

_ 1
N-C|l=|

—Cp—1 A+ iby, (_1)n—1
0 o 0 (-n**a, 0 -~ 0 A+1

::(A +‘1) —Cq .'. 1

—Cp—1 A+ by,

0
e e P D W |
0 A

= (=1)"an (N — 1A —cad +e3) + A+ D)D) Z et + A+ )N+ iby) Ao,

where
A — C1 —1
—C2 A 1
—C3 —1
Anf2 -
—cy4
(~1)
~Cn-2 A n—2

3n—3

= (_1)r 2 ]Cn—Q +AA, 3

3n—6

= (_1)f Q_S]Cn—Q + (_1)f 2 -‘Cn—B/\ + /\QAn—4

3n 3n—9

= () eng + (1) e s h + (-1

ch74A2+>”.
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3(n—k—1) _ e _
(=) e oA = AT g AT 4 A2
n-2 3(k+1)
+
=N (=) g AR,
k=0

So

IM = C| = (=1)"an (A3 — 1 A2 — cxh + ¢3) + (A + 1) (=) % e,
n—2

+(A2 4 (1 +iby) A +iby) Y (1)
k=0

3(k+1) ke
[== ]Ck)\nkQ.

Thus

a1 = —c1 + (1 +idby,),

3(k—1)

ap = (—1)rw-‘ck + (—1)r%-‘ck_1(1 + an) + (—1)r 2 ]’ick_gbn,
k=23,....n—4

)

3n 3n 3n—

an—g = (=1)"apt+ (=) ey gt (= 1) ey g (1iby) +(— 1) 75 Ticy 5bn,

3n—6

—1)™ ey + (D) ey o + (1) e, 5 (1 + iby,)

3n

o1 = (=1)"apes + (=) ey + (1) Tepma(1 + ibn)

an = (=D)"ancs + (=15 ey + (=) Tic, _ob,.
Noticing that ¢ = ay + (—1)**T1iby, for k =1,2,...,n — 1, the lemma holds. O

LEMMA 3.2. There are unique positive integers Gy and Bk, k=1,2,...,n, such

that when ax = ar and by, = by for k = 1,2,...,n, the complexr matrix C having
o Ofrs s o1, -5 9n)

the form (3.2) is nilpotent. Further, det((‘)(al’, - .’,a:: b1’, — : bZ))|ak=&k,bk=5k,k=l7---,n

= (=1)I*#Ts.

Proof. We prove the lemma according to the four cases n = 4m, n = 4m + 1,
n=4m+ 2, and n = 4m + 3.
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Let n = 4m. By Lemma 3.1, we have

flzl_a/17

3k+3 5k+2

k=2,3,...,n—4,
Jfn—3=0an — an—3 + an—a + bn_sbp — by _5by,
fn—2 = —a10n — ap—2 — ap—3 + bp_3by, + by_4by,
fn-1 = —0a20n + ap_1 — ap—2 — by_2b, + by_3by,
fn =a3a, +an_1 — by_2by,

and

g1 = _bl + bn7

k=23,...,n—3,
Gn—2 = —apby + b9 —bp_3 — an_3bn + an_4by,
In—1 = Gpba + b1 +bp_2 — an_2by — an_3by,
Gn = Gnpbs +bp_1 — an_2b,.

Let fr =0and g, =0 for k=1,2,...,n. Then

a; = ].,

a2k = A2k+1, k= 1,2,...,%—3,
Up—4 = An—3 — Qn,

Un—2 = An_1 — 2a,b3 — asan,
ap—1 = bn72bn — a30Gnp,

n—2
Up—3 + Ap—o = b1 — Qn,

and

by = by = b,

bok+1 = bagya, k= 1,2,...,%—3,
bn,?, = bn72 - 2anb1;

bp—1 = an—2by, — apbs,

bo+bp1 = b7 —apby — anbs.

ELA

gk = (—1)r%-‘bk +(-1) %k-‘bk_l + (_1)[37’“16%_1[)” + (—1)r

a2k71+a2k:b%ka k:172a"'7%_2a

boj + bogr1 =07 k=1,2,...,2 —

5k

fo= (=D lag + (—1)r%]ak—1 + (=) b yby, 4 (1) = 1by_oby,

3(k

—1)
2 ]a/k—ana

683
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We have that

a1 = 1,
b n
b2
a2k = A2k+1 :Z(_l) jblj, k= 1,2,...,5 -3,
7=0
n_9
ans = 3 (C1)E B
§=0
22
an3=an+ » (=1)27907,
§=0
21
g = —2an + »_(—1)571IbY,
3=0
21
an-1 = 2a,b3 + azan — 2an, + Z (—1)E~1=9p}
3=0
21
an_1 = 2a,b? — aza, + Z (1) 1=9p27,
j=1
and
by = by = by
b n
k—j12i+1
bog+1 = bagt2 = Z(—l) T k=12, 5~ 3,
7=0
22
bnf?, _ (_1)%727jb?]+1,

(e}

J
bk:blak,l, k:3,4,...,n—3,

n_o
2
by_o = 2a,by + Z (_1)%727]@”17
j=0

n
n_1

bpn—1 = —anbs — 2a,b1 + Z (—1)%*1*%?#17
§=0

Z-1
2
bp_1 = —4anb, + Z (—1)%‘1‘jb?+1,
j=0

From the second equation and last two equations in the second set of equations,
respectively, we have b3 = —by + b3, and a,b3 + 2a,b1 = 4a,b1, so by = V3. From
the second equation and last two equations in the first set of equations, respectively,
we have ay = —1 + b%, and 2asa, — 2a, — 1 =0, so a, = 1 — % Thus there is

207 —4
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unique solution for fy =0 and g, =0, k =1,2,...,n, as follows.
~ o 1 3 2 >
a1:17 an_ga b1:b2:bn:\/§7
k
. R o525
A2k = A2k+1 = § (_]—) jblja k:172a"'7__37
Jj=0
22
~ n__572
Ap—4 = (—1)2 jb],
j=0
29
o A n_is9
ap—3 = Qp + E (_1)2 b j’
j=0
21
. . n_1-j72j
Gno = —20, + E (—1)2 7"y,
Jj=0
2
N I A A N n_q1_;i22j
An_1 = 2a,b% + aa, — 20, + E (—1)z19p,
Jj=0
by, =brag_1, k=3,4,...,n—3,
n_o
R . n g ir9ii]
bp—o = 2a,b1 + E (—1) 2 Jblj R
j=0
21
R s s 1 ir2i41
bp—1 = —anbs — 2a,b1 + E (—1)2 Jb1]+ .
j=0

a(fla"'vfnagla"'vgn)

Since det(J) = det(a(a p— o)
1ye--9URp,V1,...,Un

—1 0 0
-1 -1 bn, b1
-1 1 bn —bn, b1 — b2
1 1 —bn,  —bn —ba — b3
1
-1 1 7bn bn 7bn—5 + bn—4
—an -1 -1 —ai bn bn bn—4 +bp_3
—an -1 1 —az bn —bn bn—3 —bp_2
an, 1 as —bn —bn—2
0 —1 1
—by, -1 1 l-—a:
—bn,  —bn 1 1 —a1 — a2
—bn bn 1 —1 —a2 + a3
bn bn -1 -1 an—5 + an—4
bn —bn —b1 —Qn -1 1 an—4 — Gn—-3
—bn —bn ba an 1 —Aanp—-3 — an-—2
—bn 0 b3 an —Qn—2
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—1 0 0
1 bn b1
1 —bn, —ba
1 —bn —bs
-1 1 bn, bp—4
-1 —a1 —1 bn bn—3
0 —an 1 —a2 +a; +1 —bn —bp—2
. 0 an an az+az2—a1—1 0
|l o0 -1 1
0 1 —ai
0 —bn 1 —az
bn -1 as
bn —1 Ap—4
—bn —b1 —Qn 1 —Qan—3
—bn bo + b1 an an —Qn—2
0 by — by — by —an  —an an 0
-1 0 0 bn, 0 0 by
0 1 0 0 —b, 0 —by
a, an a3+ax—a;—1 0 0 0 0
= - 0 0 0 -1 0 0 1 ,
0 0 0 0 1 0 —a
-b, O 0 0 0 1 —as
0 0 bg — b2 — bl —Qp —ap ap 0
we have
-1 00 +v3 0 0 V3
0 1.0 0 —V3 0 —V3
% % 2 0 0 0 0
det(‘]”ak:dk,bk:f)k,k=1,2,...,n = — 0 0 0 -1 0 0 1 = —6.
0 0 0 O 1 0 -1
-3 00 0 0 1 =2
1 1 1
0 00 -+ -1 1 0

As for casesn =4m+ 1, n = 4m + 2 and n = 4m + 3, noting that if n = 4m + 1,

2n
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then

j& =1 —ay,

k k k—
fo= (=D + (=) agq + (=) 50y 1by + (—1) 5 1by,_oby,
k=2,3,...,n—4,

fn—B = —Gp — @p—3 — Gn—4 + by_aby + by_s5by,

fn—2 = 10y + Gp—2 — @p—3 — bpy_3by + bp_4by,

fnfl = a20n + Ap—1 + Gp—2 — bn72bn - bnf?)bnv

fn = —a3an + Gpn—1 — bn72bn7
and

g1 = _bl + bnv

g = () b+ ()T F by + (—1)F ag_1b, + (1)1 ag_oby,

k=23,...,n—3,
Gn—2 = Qpb1 +bn_o +by_3 — ap_3by — Gn_4by,
Gn-1 = —Qpbs — b1 +bp_o+ an_2by, — an_3sby,
gn = —apbs — bp_1 + an—_2by;

if n =4m + 2, then
fi=1-a,

3k+3 5k

k=23,....,n—4,
fnes =an+ an_3— apn_g — bp_4byp + by_5by,
fn,Q = —a10p + Ap—2 + Ap—3 — bnfgbn — bn,4bn,
fn—1= —a20, — Gp_1 + an_2 + by_2by — by_3by,
fn = aztn — apn—1 + by_2by,

and

g1 = —b1 + by,

g = (=) T+ (=) ey + (=) % Tag_ by, + (~1)f
k=23,...,n—3,

Jn—2 = —apby —bp_o +byp_3+ ap—_3b, — an_aby,

Gn—1 = Gpba — bp_1 — bp—2 + apn_2b, + an_3by,

gn = apbz — bp_1 + an_2by;

if n = 4m + 3, then
j& =1 —ay,

3k+3 5k

k=2,3,...,n—4,
fn,3 = —Qp t+ ap—3+ An—a — bn,4bn — bn,5bn,
fn—2 = a1ay — an_2+ an_3 + bp_3b, — bp_4by,
fn—l = A2Gn — Gp—1 — Gp—2 + by_2by + by_3by,
fn = —0a3an — Ap—1 + bn72bn7

5k—3

fr= (D g + (D) ag_y + (=) b 1by + (—1) 777 by _ob,,

3(k

—1)
= lag_ob,,

5k—3

fo= (D g + (=) ap_y 4+ (=D be_1b, + (= 1) by_oby,
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and

g1 = —b1 + by,

gk = (=D 4 (D) F gy + (D) Flag_1bn + (=1) 5 ag_oby,
k=23,...,n—3,

gn—2 — anbl — bn,Q - bn,3 + an,gbn + an,4bn,

gn—1= —apba +by_1 —by_2 — an_2by + an_3bp,

gn = —anb3 +bp—1 — an—2bn,

the proof methods are similar to the case n = 4m, and we omit them. O
By Theorem 2.1 and Lemma 3.2, the following theorem is immediately.

THEOREM 3.3. Forn > 7, the n x n complex sign pattern matriz S, having the
form (3.1) is spectrally arbitrary, and every superpattern of S, is a spectrally arbitrary
complex sign pattern matrix.

THEOREM 3.4. Forn > 7, the n x n complex sign pattern matriz S,, having the
form (3.1) is a minimal spectrally arbitrary complex sign pattern matriz.

Proof. Let S, = (sw1), T = (tg1) be a subpattern of S,, and 7 be spectrally
arbitrary.

Firstly, it is easy to see that txp = sgi for k =1,n — 1, n.

Secondly, note that if all matrices in Q.(7") are singular, or all matrices in Q.(7
are nonsingular, then 7 is not spectrally arbitrary. Thus ti xt+1 = Sk x+1 for k =
1,2,...,n—1.

Finally, since 7 is spectrally arbitrary, there is a complex matrix C € Q.(7)
which is nilpotent. We may assume C' has been scaled so that the (n,n) entry of C is
—1. We can also assume that the (k,k+1) entry of Cislor —1fork=1,2,...,n—1
(otherwise they can be adjusted to be 1 or —1 by suitable similarities). Thus, without
loss of generality, suppose that C has the form (3.2). From f; = 0 and gx = 0 for
k=1,2,...,n, as in Lemma 3.1, we can conclude that a; # 0 for k = 2,...,n, and
b #0for k=2,....,n—1.

Then 7 = S, and so S, is a minimal spectrally arbitrary complex sign pattern
matrix. 0

LEMMA 3.5. Let complex sign pattern matrices

. 1+ 1 O 0
1—27 1 0
1—2 1 1 ) —1
So=1|" "' ss=|14i 0 -1 |.s=| e 0L 0
7 142 1 0 —14i -1 T —1 1
0 o 1 -1
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1+i 1 1
14i 1 0 0 0 T 00 00
. -1-72 0 -1 0 0 0
=0 =100 14i 0 0 1 0 0
Sy = 1+7 0 0 1 0 , Sg = .
. . -1 - 0 0 -1 0
1-2 0 0 —i -1 . .
0 0 0 -1 -1 -1 ) 0 0 — 1
.0 0 0 -1 0 -1 |

Then S;, j =2,3,4,5,6 are minimal spectrally arbitrary complex sign pattern matri-
ces.

Proof. First, we prove that each S; is spectrally arbitrary. For Sy, we are able to
obtain a nilpotent complex matrix
ayp — ibl 1

e B B

where as = 2,a1 = by = by = 1. Replacing the entries a1, b1, as, bs of Cy by variables
in using Theorem 2.1, it can be verified that Sy is spectrally arbitrary.

For 83, we are able to obtain a nilpotent complex matrix

ayp — ibl 1 0
Cs = as +1iby 0 -1 € Qc(83)7
as 0 -1+ Z'b3

where a1 = l,as = 2,a3 = 8,by = b3 = \/g, by = 2v/3. Replacing the entries
ai1,b1,a9,bs,as,bs of C3 by variables in using Theorem 2.1, it can be verified that Ss
is spectrally arbitrary.

For Sy, we are able to obtain a nilpotent complex matrix

a+iby 10 0
| aptib, 0 -1 0
Ci=l ey by —iby 1| S @S

0 0 aq -1

wherea; = 1,,a0 = \/5, as = 2(74—4\/5),0,4 = 2-1—\/5, by =by=by =3+ 2\/5, bs =
2v/3 + 2v/5. Replacing the entries a1, by, az, ba, as, bs, ay, by of Cy by variables in using
Theorem 2.1, it can be verified that Sy is spectrally arbitrary.

For S5, we are able to obtain a nilpotent complex matrix

ar+iby 1 0 0 0
as — ibg 0 -1 0 0
Cs = ag+1ibs 0 O 1 0 S QC(Sg,),
g4 — ib4 0 0 —ib5 —1
0 0 0 —as -1
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where a1 = 1,a9 = 1+\/§,a3 = 2,a4 = 6\/§,a5 = V2 - 1,by = by = b5 =
V14+2v2bs = 2¢/14+2v2,by = 2(2v/1+2v2 — 1/2(1 +2v/2)). Replacing the

entries a1, by, as, be, as, bs, ag, by, as, bs of C5 by variables in using Theorem 2.1, it can
be verified that S5 is spectrally arbitrary.

For Sg, we are able to obtain a nilpotent complex matrix

ay + iby 1 0 0 0 0 ]
—ag — by 0 -1 0 0 0
as + ibs 0 0 1 0 0
Cs = € Q:(Sg),
6 —ay  —iby O 0O -1 0 QelSs)
—as ibs 0 0 —ibg 1
0 0 0 —ag 0 -1 |
wherealzl,@:% ‘/ﬁ 2\/_7—1) ay = 2,a5 = 7 (4—}—19\/_ ), a6 =
1(7—1—\/?)7191 — by = 37_%7 — 9 \/__5, - L /37
37(£ —3),bs = E\/— - 1+3 \/37 ). Replacing the entries as, b1, as,

bg, as, bz, aq, b4, a5, bs, ag, bg of Cg by varlables in usmg Theorem 2.1, it can be verified
that Sg is spectrally arbitrary.

Next, by the same argument as in Theorem 3.4, we see that each &; is minimal
spectrally arbitrary. O

Theorem 3.4 and Lemma 3.5 immediately yield the following.

THEOREM 3.6. For n > 2, there exists an n X n minimal, irreducible, spectrally
arbitrary complex sign pattern matriz.

4. The minimum number of nonzero entries in a spectrally arbitrary
complex sign pattern matrix. Recall that the number of nonzero entries of a
complex sign pattern matrix S is the number of nonzero entries of both the real and
imaginary parts of . In this section we will study the minimum number of nonzero
entries in a irreducible spectrally arbitrary complex sign pattern matrix.

Given a sign pattern A, let D(A) be its associated digraph. For any digraph D,
let G(D) denote the underlying multigraph of D, i.e., the graph obtained from D by
ignoring the direction of each arc.

LEMMA 4.1. ([3]) Let A be an n X n sign pattern and let A € Q(A). If T is
a subdigraph of D(A) such that G(T) is a forest, then A has a realization that is
positive diagonally similar to A such that each entry corresponding to an arc of T' has
magnitude 1. In particular, if A is irreducible, then G(D(A)) contains a spanning
tree, and A must therefore have a realization with at least n — 1 off-diagonal entries
in {—1,1} that is positive diagonally similar to A.
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We easily extend Lemma 4.1 to complex sign pattern matrices.

LEMMA 4.2. Let S = A+iB be an n X n irreducible complex sign pattern matriz,
and let C = A+ iB € Q.(S). Then there is a complex matriz C = A+ iB € Q.(S)
(where A and B are real matrices, A € Q(A) and B € Q(B)) such that the following
two conditions hold.

(1) C has at least n — 1 off-diagonal entries in which either the real part or
complex part of each entry is in {—1,1};

(2) C is positive diagonally similar to C.

Let Q[X] be the set of polynomials with rational coefficients and finite degree. A
set H C R is algebraically independent if, for all hy, hs, ..., h, € H and each nonzero
polynomial p(z1, z2,...,z,) € Q[X], p(h1, ha, ..., hy) # 0 (see [13, p.316] for further
details). Let Q(H) denote the field of rational expressions

p(hl,hg, .. ,hm)
q(tl,tg, . ,tn)

| p(x1, 22, .. Tm), q(z1, T2, ..., z,) € Q[X],

hl,hg,...,hm,tl,tg,...,tn € H},
and let the transcendental degree of H be
tr.d.H =sup{|T||T C H, T is algebraically independent}.

In [3] it was shown that every n X n irreducible spectrally arbitrary sign pattern
matrix contains at least 2n — 1 nonzero entries. We adapt that proof to the complex
sign pattern matrix case to obtain:

THEOREM 4.3. For n > 2, an n X n irreducible spectrally arbitrary complex sign
pattern matriz must have at least 3n — 1 nonzero entries.

Proof. Let S = A+ iB be an n x n irreducible spectrally arbitrary complex sign
pattern matrix with m nonzero entries. Choose a set V.= {f1,g91,*, fn,gn} C R
that tr.d.V = 2n. By Lemma 4.2, there is a complex matrix C' = A + iB € Q.(S)
(where A and B are real matrices, A € Q(A) and B € Q(B)) with characteristic
polynomial

A"+ (fr+ig)N" e (famt i) + (fa + ign)
such that C satisfies the two conditions in Lemma 4.2.

Denote A = (arr), B= (I;kl), and H = {dkl | 1<kl < ’I’L} U {I;kl | 1<kl < n}
Since for each 1 < k < n, f; and g are polynomials in the entries of H with rational
coefficients, it follows that Q(V) C Q(H). Then

2n =tr.d.Q(V) <trdQ(H)<m—(n—1).
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Thusm >3n—-1.0

Note that the spectrally arbitrary complex sign pattern S,, (n > 2) in Section
3 is irreducible, and has exactly 3n nonzero entries. Then for every n > 2 there
exists an n X n irreducible, spectrally arbitrary complex sign pattern with exactly 3n
nonzero entries. By Theorem 4.3 the minimum number of nonzero entries in an n x n
irreducible, spectrally arbitrary complex sign pattern must be either 3n or 3n — 1.

A well known conjecture in [3] is that for n > 2, an n x n irreducible spectrally
arbitrary sign pattern matrix has at least 2n nonzero entries. Here, we extend the
conjecture to complex sign pattern matrix case.

COROLLARY 4.4. Forn > 2, an n X n irreducible spectrally arbitrary complex
sign pattern matriz has at least 3n nonzero entries.

Acknowledgment. The authors would like to thank the referee for valuable
suggestions and comments, which have greatly improved the original manuscript.

REFERENCES

(1] J.H. Drew, C.R. Johnson, D.D. Olesky, and P. van den Driessche. Spectrally arbitrary patterns.
Linear Algebra and its Applications, 308:121-137, 2000.

[2] J.J. McDonald, D.D. Olesky, M.J. Tsatsomeros, and P. van den Driessche. On the spectra of
striped sign patterns. Linear and Multilinear Algebra, 51:39-48, 2003.

[3] T. Britz, J.J. McDonald, D.D. Olesky, and P. van den Driessche. Minimal spectrally arbitrary
sign patterns. SIAM Journal on Matriz Analysis and Applications, 26:257-271, 2004.

[4] M.S. Cavers, L-J. Kim, B.L. Shader, and K.N. Vander Meulen. On determining minimal spec-
trally arbitrary patterns. Electronic Journal of Linear Algebra, 13:240-248, 2005.

[5] M.S. Cavers and K.N. Vander Meulen. Spectrally and inertially arbitrary sign patterns. Linear
Algebra and its Applications, 394:53-72, 2005.

[6] B.D. Bingham, D.D. Olesky, and P. van den Driessche. Potentially nilpotent and spectrally
arbitrary even cycle sign patterns. Linear Algebra and its Applications, 421:24-44, 2007.

[7] I.-J. Kim, D.D. Olesky, and P. van den Driessche. Inertially arbitrary sign patterns with no
nilpotent realization. Linear Algebra and its Applications, 421:264-283, 2007.

[8] L.M. DeAlba, I.R. Hentzel, L. Hogben, J. McDonald, R. Mikkelson, O. Pryporova, B.L. Shader,
and K.N. Vander Meulen. Spectrally arbitrary patterns: Reducibility and the 2n conjecture
for n = 5. Linear Algebra and its Applications, 423:262-276, 2007.

[9] Shoucang Li and Yubin Gao. Two new classes of spectrally arbitrary sign patterns. Ars Com-
binatoria, 90:209-220, 2009.

[10] L. Corpuz and J.J. McDonald. Spectrally arbitrary zero-nonzero patterns of order 4. Linear
and Multilinear Algebra, 55:249-273, 2007.

[11] J.J. McDonald and J. Stuart. Spectrally arbitrary ray patterns. Linear Algebra and its Appli-
cations, 429:727-734, 2008.

[12] C.A. Eschenbach, F.J. Hall, and Z. Li. From real to complex sign pattern matrices. Bulletin of
the Australian Mathematical Society., 57:159-172, 1998.

[13] T. Hungerford, Algebra, 2nd ed., Graduate Texts in Math., 73, Springer-Verlag, New York-
Berlin, 1980.



