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GROUP INVERSES OF MATRICES ASSOCIATED WITH CERTAIN GRAPH CLASSES*

J.J. MCDONALD', RAJU NANDI¥, AND K.C. SIVAKUMAR¥

Abstract. We obtain formulae for group inverses of matrices that are associated with a new class of digraphs obtained
from stars. This new class contains both bipartite and non-bipartite graphs. Expressions for the group inverse of matrices
corresponding to double star digraphs and the adjacency matrix of certain undirected multi-star graphs are also proven. A
blockwise representation of the inverse or group inverse of the adjacency matrix of the Dutch windmill graph is presented.
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1. Introduction. An interesting challenge in matrix theory is to provide a succinct formula for the
inverse or the group inverse of a matrix, based on its graph structure. The results in the literature focus
on determining the inverse ([17], [5], [1], [4]) and group inverse ([10], [11], [8], [19], [9], [12]) of the matrix
associated with graphs. In this article, we include results relating to digraphs and to undirected graphs.
Also, we give a new blockwise representation for the group inverse of a matrix associated with double star
digraphs and the adjacency matrix of certain undirected multi-star graphs. As another contribution, we
present a formula for the inverse or group inverse of the adjacency matrix of a Dutch windmill graph.

We begin with some definitions. Let G be a simple undirected graph on n vertices {vy,va,...,v,}.
Define the adjacency matrix of G to be the n x n matrix A = (a;;) given by

0 1 if v;v; is an edge of G,
71 0 otherwise.

If A is non-singular (singular), then we say that the graph G is non-singular (singular). Note that the
adjacency matrix, by definition, is always symmetric and this fact will be useful in the last two sections of
this article.

Let A = (a;;) be an n x n matrix. The digraph corresponding to the matrix A is D(A) = (V, E) having
vertex set V = {v1,v2,...,v,} and edge set E, where (v;,v;) € E if and only if a;; # 0. The digraph D(A)
corresponding to a matrix A is called a tree graph if it is strongly connected and all of its cycles have length
2. If the digraph D(A) of a matrix A is a tree graph, then A is referred to as a combinatorially symmetric
matric.
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Next, let us recall that for a real n x n matrix A, the group inverse, if it exists, is the unique matrix
A# that satisfies the equations AA#A = A, A# AA#* = A# and AA# = A#A. For a symmetric matrix A,
the group inverse A# exists. Further, (as was observed in [19]) it follows that, if A is symmetric and X
satisfies the equations AXA = A and AX = XA, then X = A#. Moreover, if A, X are symmetric and the
product AX is symmetric, then AX = (AX)T = XTAT = X A. This means that if A, X are symmetric,
the product AX is symmetric and AXA = A, then we have X = A#. This fact will be used in one of the
proofs. Let us recall that for a real rectangular matrix A, the Moore—Penrose inverse of A is the unique
matrix AT that satisfies the equations AATA = A, ATAAT = AT, (AAT)T = AAT and (ATA)T = ATA.
We refer the reader to [6] for more details on these notions of generalized inverses and Moore—Penrose
inverses.

In what follows, we present a brief survey of the literature on the topic that we have considered here.

A formula for determining the inverse of the adjacency matrix of an undirected tree with a perfect
matching in terms of alternating paths appeared in [17] and was extended to bipartite graphs with a unique
perfect matching in [5, 1, 4].

We recall some well-known results on the role of group inverses in graph theory. In [10], a formula
for the group inverse of a 2 x 2 block matrix corresponding to a bipartite digraph, as well as a graphical
description for the entries of group inverse of a matrix A with path digraph D(A), is presented. In the
work [11], a necessary and sufficient condition for the existence of the group inverse of a special bipartite
matrix is given and a formula is obtained for the group inverse in terms of block submatrices. Also, in [11],
a graphical description for the entries of the group inverse of a matrix A such that D(A) is a broom tree is
presented.

A formula for the entries of the group inverse of a symmetric matrix can be derived from a result of [8]
stated in terms of undirected bipartite graphs associated with arbitrary matrices (with the vertex set being
the union of row and column indices of a matrix), in the special case when the graph corresponding to the
given symmetric matrix is acyclic. The authors of [19] derived a formula for the entries of the group inverse
of the adjacency matrix of an undirected weighted tree. The entries are given in terms of graph notions
relative to the given graph. In a recent work, a group inverse formula for the adjacency matrix of undirected
singular cycle is given in [18].

In this last part of the introduction, we recall some notation and introduce the terminology. Let Jy;
denote the all ones matrix of order k£ x [. When k = [, we denote Ji; by Jg. I will stand for the identity
matrix of an order that will be clear from the context. We denote the i-th column of I by e;. For a real
square matrix A, p(A) denote the spectral radius of A and R(A) denote the range space of A. We denote
the cycle on n vertices by C,, and the path on n vertices by P,.

2. Group inverses of matrices with digraph linked stars.

DEFINITION 2.1. Let D be any digraph onn vertices vi,va,...,v, andlet Ky », , K1, , ..., K1, denote
directed star graphs. The digraph linked stars, by digraph D, denoted gls(D,r1,7o,...,7y,) are obtained by
taking K15, ,Ki1,ry , ..., K1, and introducing an edge from the center vertex of the i-th star K, to the
center vertex of the j-th star Ky ., when (v, v;) is an edge in D.
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ExXAMPLE 2.2. Consider the digraph D given by

(1 V2

V4 V3

FIGURE 1. D.

Then the graph linked stars digraph g¢is(D,2,1,2,3) is

V10 Ug

FIGURE 2. gls(D,2,1,2,3).

It may be verified that the underlying graph of graph linked stars digraph is a particular case of cluster
networks, see [21, 2]. In [21], authors are given Kirchhoff index formulae for composite graphs known as join,
corona, and cluster of two graphs, in terms of the pieces. The Kirchhoff index formulae and the effective
resistances of generalized composite networks, such as generalized cluster or corona network, are obtained,
in terms of the pieces, in [2]. Also, in [2], an expression for the Green’s function of the generalized composite

graphs, viz., corona or cluster networks is given, in terms of the pieces.
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Let A be an n x n real matrix. For i = 1,2,...,n, let z; and y; be (column) vectors of length r; € N
such that every coordinate is nonzero. We shall refer to such vectors as strictly nonzero vectors. Set
T
zz 0 ... O yp 0 ... O
T . : . :
B = 0 = " | andC = 0w . Let
: . .0 . 0
0 ... 0 2f 0 ... 0 wy,
A B
2.1 M= .
(2.) (& 9)

Then D(M) is a digraph linked stars, by the digraph D(A). On the other hand, any matrix associated with
the digraph linked stars by digraph D(A) is permutationally similar to a matrix of the form described in
(2.1).

PROPOSITION 2.3. Let A be an n x n real matriz. Let D(M) = gls(D(A),r1,7r2,...,7m), Ti > 2 for
some i. Then the matrix M is singular.

Proof. Since r; > 2 for some 4, the matrix C in the form (2.1) has y; with at least two components.
Thus, the rows in C' corresponding to these components are linearly dependent, so that M is singular. 0

For a real matrix A, let A% =T — AAT and A™ =T — AA#, when A# exists.

A B

THEOREM 2.4 ([20, Theorem 3.1]). Let M = (C 0) € Clrtm)x(ntm) yyith A € C* ™. Suppose that

BYABY 0
CB® 0
rank(BC) = rank(B), then

#
) exists. Then (BYAB®)# exists. Set T = BC + A(BSAB®)"BYA. If BCB® = 0 and

(i) M# ezists if and only if rank(T') = rank(B)

(ii) If M# emists, then M#* = ()Z( V}[/;)’ where

J = (BYABY™BYATT, H=TTA(BYAB®)"B®, G = (BAB"#,
X = JAGAH — JAH — GAH — JAG + G+ H + J,

Y =T'B+ JAGAT'B — JAT'B — GAT'' B,

Z = (C —CGAYT(I + AGAH — AH — AG) + CG*(I — AH)

and
W = (C—-CGATTA(GAT'B —T'B) — CG*AT''B.

Here is our first main result.

THEOREM 2.5. Let A = (a;;) be an n x n real matriz. Let x;, y; be positive vectors of length r;. Set
a; == zly; for alli € {1,2,...,n}. Create the matriz M as described in Equation (2.1). Then D(M) =
gls(D(A),r1,r9,...,70), is a digraph linked stars digraph. Let W = (W;;) be the n x n block matriz, where

o (8id g, T _ , ‘
Wij = (aiaj)yzxj , an r; X r; matriz. Then
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0 Y
M#* =
(2 —w)
KET .’L‘T IT
whereYza—ll@a—z@...EBa—" andZ:g—ll@Z—zEB...@z—z.

Proof. First, we observe that, M = (é ﬁ) . Then

ap 0 ... 0 = 0 ... 0
. : € :
BC = 0 a2 " 7| sothat (BO)" = 0 =
S S 0
0 ... 0 ay 0 ... 0 X

Note that a; > 0 for all ¢ € {1,2,...,n}. So, rank(BC) = rank(B) = n. Also,

Fo 0 .0
: - .0
0 0 x%—%
and B® =T — BB' = 0. By Theorem 2.4,
M — 0 (BO)'B
—\o(BO) —0(BO)TA(BC)'B)

Now, (BC’)TBziéBﬁEB...EBz—E,C(BC)T:(%@%EB...@%: and so

(e 5] [65)
Y1 T
?1 0 N 0 all CL12 e (Lln ?1 0 O
0 s . . . . 0 oy
<= . . as1 G92 . . =2
C(BC)'A(BC)IB=| =~ o= . az
. .. . 0 . . An—1n B 0
T
0o ... 0 g— an1 Apn_1  Qpn 0 0 %
ai T aiz T ain T
ara; NPT Graz Y102 aran, S1Tn
azy T azz T
_ asan Y27 azaz Y2y
. On—1n T
Qp—10n yn_lxn
anil T Ann—1 T a T
anar InT1 T anan_1 Intn—1 anan InTn

This completes the proof. ]

COROLLARY 2.6. Let A = (a;;) <0 be an n x n real matriz and D(M) be a digraph linked stars graph
gls(D(A),r1,79,...,m). Let M have the form (2.1) with z;, y; > 0 for alli € {1,2,...,n}. Then M#* > 0.

0 Y
Proof. By Theorem 2.5, M# = (Z W) , where Y, Z W are as given above. Since x; and y; are

positive, Y and Z both are nonnegative matrices. Also, since A < 0, W < 0. Thus, M# is nonnegative. 0

REMARK 2.7. Let us recall that an A is said to be an irreducible matrix if D(A) is strongly connected.
Let A be an n x n real matrix such that A# exists. Then A is irreducible if, and only if, A# is irreducible.
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COROLLARY 2.8. Let A = (a;;) < 0 be an n x n real matriz and D(M) be a digraph linked stars
gls(D(A),r1,ra,...,m). Let M have the form (2.1) with x;, y; > 0 for all i € {1,2,...,n}. Then the
smallest positive eigenvalue A of M is simple and there exists a positive eigenvector corresponding to it.

Proof. By Corollary 2.6, M# > 0. Since A is irreducible, M is irreducible and so by Remark 2.7, M#
is irreducible, as well. By the Perron-Frobenius theorem, p(M7#) is a simple eigenvalue. Since A = W,
A is simple. Let z > 0 be the Perron vector corresponding to p(M#) of M# so that M#z = p(M*)x. So,
r € R(M#) = R(M) and so, x = MM%#x = p(M#)Mzx. This means that \z = Ww = Mz, showing
that x is a positive eigenvector corresponding to A. O

A symmetric matrix with zero diagonal elements is called a hollow symmetric matriz. We refer the reader
to [13] for a study of Moore—Penrose inverse of hollow symmetric matrices, with certain specific applications
to the distance matrix of weighted trees. Note that, for symmetric matrices, the Moore—Penrose inverse is
equal to the group inverse.

In general, it is not true that group inverse of a hollow symmetric matrix is again a hollow symmetric
matrix which is shown by the following example:

01 111
101 00
ExXAMPLE 2.9. Consider a hollow symmetric matrix A= |1 1 0 0 0. Then its group inverse

1.0 0 00
10 0 00

o o o % 1

o 0 1 -3 —3

A¥=fo 1 o -1 -1,

1 1 _1 1 1

2 2 2 2 2

1 _1 _1 1 1

2 2 2 2 2

is not a hollow symmetric matrix.

Let A be a symmetric matrix such that its associated digraph D(A) is bipartite. Then the digraph
D(A#) corresponding to its group inverse is also bipartite. This is an easy consequence of [10, Theorem
2.2]. For a given hollow symmetric matrix A, the matrix M having the form (2.1) with z; = y; > 0 for all
1 €{1,2,...,n}, is a hollow symmetric matrix. Interestingly, as a consequence of Theorem 2.5, the group
inverse of matrix M with digraph linked stars graph D(M) = gls(D(A),r1,72,...,7,) is again a hollow
symmetric matrix.

3. Group inverses of matrices with double star digraph.

DEFINITION 3.1. The digraph denoted by Sy, n, obtained by introducing an edge from the center vertex
of star K ;1 to the center vertex of star Ky ,_1 as well as an edge from the center vertex of star Kj n_1
to the center vertex of star Ky m,,—1, is called the double star digraph.
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ExAMPLE 3.2. The digraph corresponding to the double star S3 4 is given by

Us

V2 O
Vg

U3
U7

FIGURE 3. S34.

Let = and y be strictly nonzero vectors of length m, while z and w are strictly nonzero vectors of length n.
Let

S

(3.2) A=

S o S
oo o

f o o9
o Yoo

where a and b are nonzero real numbers. Then D(A) is a double star digraph S(,, 1), (n+1) and any matrix A
with the double star digraph D(A) = S(;m41),(n+1) is permutation similar to a matrix of the form described
in (3.2).

THEOREM 3.3. Let A be a real matriz with double star digraph S(y+1),(nt1)- Let A have the form (3.2)
with 7y # 0 and 27w # 0. Then

0 st 0 0
1 0 0 ——a __ T
A# = | =Y @Ty) Tw) Y
0 0 0 2T
b T 1 0
0 —ErpEmws Tpw
Proof. The proof is skipped, as it is just a routine verification. 0

REMARK 3.4. Observe that the matrix A as in (3.2) is permutationally similar to the matrix

0 a 27 0
T b 0 0 2T
|y 0 0 o0
0w 0 O
Let N = <2 g) Thus, D(T) is a double star digraph S(,41),(n+1) as well as a graph linked star digraph

gls(D(N),m,n). So, for z,y,z,w > 0, A# can be determined from Theorem 2.5.
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4. Inverse and group inverse of the adjacency matrix of Dutch windmill graph.

DEFINITION 4.1. The Dutch windmill graph D] is a graph constructed by joining m copies of the cycle
graph Cy, with a common vertez.

EXAMPLE 4.2. The Dutch windmill graph D3 is given by

V9 v2

G v3

V1

U7 oK)

Ve Us

FIGURE 4. Dj.

REMARK 4.3. Note that D3}, is a bipartite graph while D3}, is non-bipartite. Now, by [3, Theorem
3.6, Chapter 3], we can conclude that D3}, is always a singular graph while D3}, | is always non-singular.

THEOREM 4.4 ([3, Theorem 3.33., Chapter 3]). Let T be a non-singular tree with V(T) = {v1,...,vn},
A be the adjacency matriz of T, and M be the perfect matching in T. Let B = (b;;) be the n x n matriz

d(vg,v;)—1
defined as follows: b;; = 0 if i = j, or if the path between v; and v; is not alternating; b;; = (—1) 2,

if the path between v; and vj is alternating. Then, B = A™'.

REMARK 4.5. Let Py, be the path on 2n vertices and let its edge set be {v;v;11 | i € {1,2,...,2n—1}}.
Let As, be the adjacency matrix of P,,. Then, by Theorem 4.4,

B 70T CT . (71)n710T
e B -cT ... (=12 CT
Ayl = C -C B . : ,
: : KR -CT
(- tc¢ (-y»2*c ... -C B

where

0 1 0 0
B_(l 0) and C_<1 0).

LEMMA 4.6. Let As, be the adjacency matrixz of the path Pa, and x = e; + ea, be of length 2n. Let
Y= AQ_TLIJU = (917y27--~7y2n)T~ Th€n7 fOT’k’ = 1a2a"'an)

Yor—1 = (=1)"7* while yop, = (—1)F 1.

Also, 2Ty = 2(-1)""1.
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Proof. Let Ay} = (Bi;). Since Ayl is a symmetric matrix, the coordinates of the vector y = Ay 'z =
(Y1,Y2,-- - Y2n) T, are given by y; = B1; + Bian, 1 < i < 2n. By Theorem 4.4, for k =1,2,...,n,

2n—(2k—1)—1
2

Yor—1 = 0+ Bak—1)2n) = (—1) = (-1 7k,

and
(2k—1)—1
2

Yok = Bran +0=(-1)" 2z = (-1
Clearly, 7y = y1 + yan, = 2(—1)"" 1. .

THEOREM 4.7. Let A and Az, be the adjacency matrices of Dy, 1 and Pay, respectively. Let y be the
vector of length 2n defined by

Yor—1 = (—1)" % while yo, = (-1)* L k=1,2,...,n,

and C = (—1)"yyT. Then A~! is the (m + 1) x (m + 1) block matriz given by

(_1)n (_l)nJrlyT (_1)n+1yT (_1)n+1yT
(-1)"y 2mAl +C C C
1 .
: : . C

(=1)" 1y c C 2mA;M+C

Proof. If we let x = e + €2y, then y = A5 !z, The vertices of D!, may be relabeled (if necessary), so
that A can be written as the (m + 1) x (m + 1) block matrix

0 2T 2T ... 2T
Aoy, 0 ... 0
X 0 Agn
D .0
z 0 0 A,
Let
(_1)n (_1)n+1yT (_1>n+1yT .. (_1)n+1yT
(~1)*tty 2mA; 4 C C e C
1
X =g (—1)7t1ly C 2mA; ! 4 C
. . . o
(—1)"tly C C 2mAyl +C
Then
m(=1)"*H12Ty u u : u
v 2ml + W w e w
1 . .
AX = — v w 2ml + W .. : ,
2m . _
v w W 2mlI+W
where

u=2maT Ayl + maTC,
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v=(=1)"z + (=1)" Agny,
and
W = (=1)""ay” + A,,C.
Now, by Lemma 4.6, m(—1)"*'zTy = 2m. Also,
u=2mal Ayl + maTC = 2my” + 2m(-1)>"" T = 0.

Further, since y = Ag_nlx, v=0as wellas W =0. So, AX = I, proving that X = A~ 0

In what follows, we obtain a blockwise representation for the group inverse of the adjacency matrix of
D3}. We need two intermediate results, which we prove first.

LEMMA 4.8. Let E € R"*("=1 be q real matriz such that ET = (G, en_l), where G € R=Dx(=1) 45
the upper triangular matrix which has 1 along its main diagonal and super diagonal, and all of whose other
entries are zero. Then Et = ((G™1)T —gp™, q), where p = (p;) = (-1)" 7% € R and ¢ = (¢;) =
(L(=nn~'i gy e RPL

Proof. Since G is a non-singular tree diagonal matrix, by [14, Theorem 1],

1 -1 1 - (=12
1 -1 - (=13

: -1
0 0 0 1
Let p be the last column of G~! so that
p=Glen 1= ((-1)"2, (=13, ... -1, 1)".
. —1 . T\t G! *qu
Since e,_1 — GG~ 'e,_1 =0, by [6, Theorem 7, Chapter 5], (E*)T = o , where
— — 1 — n—
qT = (1 +pr) 1pTG ! = E ((_1)71 27 (_1) 32a CIE) —1(7’l - 2)v (n - 1)) .
Now, since (ET)t = (ET)T, we have ET = ((G™)T — gp”, q). 0

We shall use the following notation for the next result. Let p, ¢ be defined as in Lemma 4.8. Define

S = (ZT,ZT7...,ZT)T c IRran7
where ,
z = (Zz) = (7(_1)“‘1) c Rn,
n
r=(2¢-p)7,2¢-p)7,...,(2¢ —p)")T e R™=D),
rn—1 rn—1 rn—1_, .
= R R
w((U,2)7(0,2), ,(v,2))e ,
with -
v = (’l}l> = (( 1)n_1—i n— 22+ ) c Rn_l,
and
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LEMMA 4.9. Let BT € R™»*(m(n=1+1) be the matriz given by
E 0 0 - 0 y
0 E 0 - 0 y
Bf=1l0o o E . : |,

0y
0 0 0 FE y
with

1 0 0
1 1 0 0

o 01 1 P c Rnx(n—l)7
o 0 --- 1 1
o o0 --- 0 1

andy=e;+e, ER". Set R=E'©ET@-.- @ E" (m-times). Then, for odd n,

Bf = (RT — &S’/‘T, ﬁs) ,

while, for even n,
Bf = (RT —wu’, w) ,

where the vectors r, s, u,w are defined as earlier.
Proof. Let D = E® E @ --- @ E (m-times) so that D = Et @ ET @ --- @ ET (m-times) = R. If

= (yT, yT, ..., yT)T, then we have BT = (D, ). Also, by Lemma 4.8,
Efy= (G )" =", q) (?)
=(GN)Ter —qpTe1+q
=(=D)"p— ()" g +q
Now,
Ely (=1)"p—(-1)"a+q
Ely (=1)"p—(=1)"a+q
Diz = . = .
E'y (=D"p—(=1)"q+q
Case (i): n is odd. Here, D'z = ((Qq -p)t, 2¢-p)T, ..., (2¢— p)T)T =r (say) and
1
-1
i 2| 1
y-EEYy=y-BQ2¢-p)=_
-1

1
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T
Now, let s = 2 — DDz = (zT, 2T, ..., zT) , where z = y — EE"y. Since s # 0, once again by [6,
DT — pgt
Theorem 7, Chapter 5], (BT)! = ( TTS ) Note that, s7s = mzTz = 477" and st = S%SST. Thus,
s
Dt — 2T
(BTt = ( L?%rs ) and so B = ((D")T — =srt, ﬁs)
4m

Case (ii): nis even. Then p = (1,—1,1,—1,...,1)T. In this case D'z = (pT,p7,--- ,pT)T = u (say). Then

P11 1
P11+ D21 0
D(n—2)1 + P(n—1)1 0
Pn-1)1 1
Observe that ¢"p = an Now, by Lemma 4.8,
G—l _ T
(ET)Tp = ( qu p
q
_ (G‘lp —pq’p
q"p
_ (Glp - ("51)p>
- n—1
2

where v is defined as earlier. So, p” Et = (UT, "T’l)

Dt — wwT
Since x — DD’z = 0, again by [6, Theorem 7, Chapter 5], (BT)f = ( ;w) ), where
w
w? = (1 4+ uTu) "t Dt
= (1 + mpr)_l (pTETapTET7 e 7pTET)
= {1 + m(n - 1)}71 (pTET?pTETa e 7pTET) .

Thus, Bt = (DN)T —wu™, w). 0

We are now in a position to prove our result for D3},. From the 2 x 2 block representation of the group
inverse of the adjacency matrix given in [10, Theorem 2.2], we provide an explicit calculation of the group
inverse, using Lemma 4.9.

THEOREM 4.10. Let A be the adjacency matriz of D5 and B be as given in Lemma 4.9. Then

A7 = (ET (B;)T> '
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Proof. Since DY} is a connected bipartite graph, there is a unique partition in DJ* containing m(n—1)+1

. - . - . 0 B
vertices in one partition and mn vertices in the other partition. Thus, A can be written as ( BT O) , Where

BT is as given in Lemma 4.9. Now, by [10, Theorem 2.2], the proof follows by observing that

(BB")*B = (BB")'B
= (BT)'B'B
= (BHYTB'B
= (BH"(B'B)"
= (B'BB")T
= (B

nr,

as well as the identity BT (BBT)# = (BBT)#B)T = Bf. |

5. Group inverse of the adjacency matrix of multi-star graph.

DEFINITION 5.1 ([16]). Consider the star graph Ki ,,. Introduce an edge to each of the pendant vertices
and denote the resulting graph by S*(K1 ). Starting from S?(Kj ), introduce an edge to each of the pendant
vertices to obtain the graph S®(K1 ,,). Repeating this process (n—1) times, we get a graph containing (mn+1)
vertices, which we denote by S™(K1,m). This graph is called a multi-star graph. Here, SY(K1 ) = Ki.m

Note that the multi-star graph is the graph obtained by iteratively subdividing the edges starting from
the star graph K ,,. For more details on the subdivision operation of a graph, we refer the reader to [7,
Section 8.3] and [15, Section 1.2].

EXAMPLE 5.2. The multi-star graph S*(Kj 3) is given as

v13 v12 v11 v10

FIGURE 5. S*(K1,3).

LEMMA 5.3. Let Ag, be the adjacency matriz of Ps,. Let y be the vector of length 2n such that for
k=1,2,...,n
Yok—1 = 0 while yop, = (fl)kfl.

Then
(Agny)ok—1 = (=1)* ' (n — k + 1) while (A3,y)ar = 0.
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Proof. Note that y can be written as an n X 1 block matrix

By Remark 4.5, for any k£ = 1,2,...,n, the k-th block of Agnly is
(—=1)*"H{(k = 1)Cey + Bey + (n — k)CTey} = (=1)* " Beg + (n — k)CT ey}
= (=D Yn—k+1e.

It now follows that the (2k — 1)-th entry of Ayly is (=1)*~'(n — k + 1) and the 2k-th entry of Ayly
is 0. O

Let A be the adjacency matrix of S™(Kj ,,). Then the entries of A% can be obtained from [19, Theorem
1] in terms of maximum matchings and alternating paths. Also, a 2 x 2 block representation of A# is given in
[10, Theorem 2.2]. In what follows, we give a new block representation of the group inverse of the adjacency
matrix of S?"(Kj .,) adopting a purely linear algebraic approach.

THEOREM 5.4. Let A and As, be the adjacency matrices of S’Z"(Klm) and Py, , respectively. Let y and
z be vectors of length 2n such that for k=1,2,... n,

Yor—1 = 0, with Yok = (—l)kil,

and
zop—1 = (=1)" " (n — k + 1), while zo, = 0.

Then A# is the (m + 1) x (m + 1) block matriz given by

0 2T 2T 2T
z (mn+1)A; +C c c
1 —1 - :
o C (mn+1)A;, +C . : ,
: . C
z C C  (mn+1)A4,, +C

where C = —yzT — 2yT.

Proof. By Lemmas 4.6 and 5.3, it is clear that y = AQ_nlel and z = A;nly. Also, note that C' is a
symmetric matrix. The vertices of S*"(Kj ,,) can be relabeled (if necessary,) so that A has the following
(m+1) x (m+ 1) block matrix representation:

0 ef e ... ef
€1 Agn 0 ce 0
€1 0 Agn

. . 0
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Let
0 2T 2T 2T
z (mn+1)A; +C C C
1 .
X = -1
1 |2 C (mn+1)A,, +C
: : R . C
z C C (mn+1)A;M+C
Then
mel z w w w
Y (mn+1DI+W w e w
1 . .
AX = . :
T y W (mn+DI4+W ,
: : Ry . w
y w . W (mn+1)I+W
where
w = (mn +1)y" +m(Ce)",
and

W = 612T + AQHC.
Note that y“e; = 0 and yTy = n. So,

(Ce))T = —(yzTey 4+ zyTe))”

= —(y(A5,y)"e))”

=—('y)"

=—nyl.
Thus,

w = (mn+ 1)yT +m(Cer)” = (mn + 1)yT — mny” = y7.
Also,
Aq, C = Agn(—yZT — zyT) = _elzT - ny7

and so,

W = €1ZT + Ay, C = —ny.

So, A, X are symmetric matrices such that AX is symmetric. To show that X = A%, it suffices to prove
that AXA = A. Now,

0 U u U
v (mn+1)As, +Q Q Q
AXA = mn1+ ; Q (mn+1)As, +Q . : ,
: - 0
v Q Q (mn+1)As, +Q

where
T, T ,T
u=mej ze; +y Aoy,

v=(mn+1)e; + mWey,
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Q = ye’{ + WA2n7

and have made use of y"e; = 0. Now,

U me{(AQ_nly)e{ + (AQ_nlel)TAgn
=my"ye{ + ef Az, Aap
= mne{ + e{

= (mn +1)eT.
Further, as We; = —yyTe; = 0, we have v = (mn + 1)e;. Finally,

Q = ye{ + WAQn
=yei —yy’ Agy
=yel —y(Ag e1)" Asy

— e ]
=0.
Thus, AXA = A, completing the proof that X = A#. ]

REMARK 5.5. A 2 x 2 block representation of the group inverse of the adjacency matrix of $?"+1(Kj ,,)
may be obtained in a manner similar to Theorem 4.10.
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