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KRONECKER PRODUCTS OF PERRON SIMILARITIES*
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Abstract. An invertible matrix is called a Perron similarity if one of its columns and the corresponding row of its inverse
are both nonnegative or both nonpositive. Such matrices are of relevance and import in the study of the nonnegative inverse
eigenvalue problem. In this work, Kronecker products of Perron similarities are examined and used to construct ideal Perron
similarities all of whose rows are extremal.
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1. Introduction. An invertible matrix is called a Perron similarity if one of its columns and the
corresponding row of its inverse are both nonnegative or both nonpositive. Real Perron similarities were
introduced by Johnson and Paparella [4, 5], and the case for complex matrices is forthcoming [3].

These matrices were introduced to examine the celebrated nonnegative inverse eigenvalue problem vis-
a-vis the polyhedral cone:
C(S):={z R | SD,S™' >0},

called the (Perron) spectracone of S, and the set:
P(8) = {wecs)||l]. =1}

called the (Perron) spectratope of S. The latter is not necessarily a polytope, but in some cases it is finitely
generated (this is true for some complex matrices as well). Notice that the entries of of any element in P(S)
form a normalized spectrum (i.e., z;, = 1 for some k and max;{|z;|} < 1) of a nonnegative matrix.

In particular, Johnson and Paparella [4] showed that if

Lo -
g 1 -1
n = Hn— Hn— y
H2®HH_1—|: ! 1:|, n>2
Hn—l —din—1

then C(H,) and P(H,) coincide with the conical hull and the convex hull of the rows of H,, respectively.

In this work, Kronecker products of Perron similarities are examined. It is shown that the Kronecker
product of Perron similarities is a Perron similarity. An example is constructed to refute a result presented
by Johnson and Paparella [4, Corollary 3.17] (see Example 11), and the error in their proof is identified
(see Remark 12). It is also shown that C(S) @ C(T) C C(S® T) and P(S) @ P(T) C P(S®T). Kronecker

products of ideal Perron similarities yield Perron similarities all of whose rows are extremal (see Section 5).
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115 Kronecker products of Perron similarities

2. Notation and background. For a € Z and n € N, a mod n is abbreviated to a%n. For n € N, the
set {1,...,n} is denoted by (n).

The set of m-by-n matrices over a field F is denoted by M,,x,(F); when m = n, the set M, x, (IF) is
abbreviated to M, (F). If A € My, (F), then the (¢, j)-entry of A is denoted by [A];;, a;j, or a; ;.

In this work, F stands for C or R. The set of m-by-n matrices with entries over F is denoted by
Mimxn(F) = Mpxn; when m = n, M, ., (F) is abbreviated to M,,(F) = M,,. The set of all n-by-1 column
vectors is identified with the set of all ordered n-tuples with entries in F and thus denoted by F". The set
of nonsingular matrices in M,, is denoted by GL,,(F) = GL,,.

Given x € F", [z]; = x; denotes the i*! entry of z and diag(z) = D, = D, € M,,(F) denotes the diagonal
matrix whose (¢, 7)-entry is ;. Notice that for scalars o, 8 € F, and vectors «, y € F”, Dqgi gy = aDy+8D,,.

Denote by I, e, and e; the identity matrix, the all-ones vector, and the i*" canonical basis vector,
respectively. The sizes of these objects are determined from the context in which they appear.

If A€ My,xpn, and B € My, then the the Kronecker product of A and B, denoted by A ® B, is the
mp-by-nq matrix defined blockwise by A ® B = [aijB]. More precisely, but less intuitively,
(1) [A® Blij = ari/p],15/a1016-1)%pl+1,[i-1)%a)+1-

If x € C™ and y € C", then (1) simplifies to

(2) [ ®yli = i/ Yi-1)%n+1-
KU, VCF' then UV :={u®uv|uelU veV}

If S € GL,, then the (Perron) spectracone of S, denoted by C(S), is defined by C(S) = {z € F" |
SD,S~! > 0}, and the (Perron) spectratope of S, denoted by P(S), is defined by:

P(s)={zecs) ||l =1}

If V' is a vector space over R and U is a nonempty subset of V', then the conical hull of U, denoted by
coniU, is the set of all possible conical combinations of vectors in U, that is,

k
coniU:{ZaiuiEVkeN u; € U, ai20}7
i=1

and the convex hull of U, denoted by conv U, is the set of all possible convex combinations of vectors in U,
that is,

k k
convU = {Zaiui eV]keN w el a; > O,Zai = 1}.
i=1 i=1
The conical hull and convex hull of the rows of S are denoted by C,.(S) and P, (S), respectively. If S € GL,,
then SD.S~! = SIS™1 =1 >0, that is, e € C(95).

If there is an i € (n) such that Se; and e; S~! are both nonnegative or both nonpositive for S € GL,,,
then S is called a Perron similarity.
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3. Preliminary results.
LEMMA 1. Ifi € Z and n € N, then
i=([i/n] —1)n+ (i—1)%n+1.
Proof. By the division algorithm,
1 — .
2—1:{ Jn—&—(z—l)%m
n
and because
-1
= — | — 1’
n n
it follows that
i—1=([i/n] —n+ (i —1)%n,
that is,
i=([i/n] —Dn+(—1)%n+ 1. 0

LEMMA 2. If ex, € F™ and e, € F", then ex @ €p = e(p_1)nye € F™™.

Proof. Tt suffices to show that [ex ®es]; = 1 if and only if i = (k—1)n+¢; to thisend, if i = (k—1)n+¢,
then ) L1 ' '
e e e
n n n

t—1D)%n+1=((k—1n+£—1)%n+1
={l-1)%n+1
=(-1+1="

and

Thus, according to (2),
[ex @ ecli = ler]2qledi—1)mn+1 = ler]klede = 1.
Conversely, if

1= [ex ® ecli = [ex]r27[eed i—1)%n+1,

then k = [i/n] and £ = (i — 1)%n + 1. Hence, by the division algorithm, there is a positive integer ¢ such
that (i — 1) = gn+ £ — 1, that is, i = gn + ¢. Thus,

¢ 14
k= [qn+ l: LH——‘ =q+1,
n n

that is, ¢ = k — 1. Therefore, i = gn+ ¢ = (k — 1)n + £. d

LEMMA 3. Ife; € F™", then e; = €[i/n) @ €(i—1)%n+1, where efi/n) € F™ and e_1ypni1 € F".

Proof. 1If efi/n) € F™ and e(;_1)9%n41 € F", then

€ri/n] @ €G—1)%n+1 = €([i/n]—1)n+(i—1)%n+1 = €i,

by Lemmas 1 and 2. 0
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LeEmMA 4. If x € F™ and y € F*, then D, ® Dy = Dyg,y.
Proof. If i, j € (mn), then

[Dw ® Dy]ij = [Dm] P][l] [Dy](i—l)%n+1,(j—1)%n+l,

n

D,)ij =
(Dl {07 i # j,

it follows that [D, ® Dyl;; # 0 if and only if [i/n] = [j/n] and (i — 1)%n+ 1 = (j — 1)%n + 1. These
equations hold, in light of Lemma 1, if and only if ¢ = j. Thus, D, ® D, is a diagonal matrix and, when

in view of (1). Since

i = j, notice that
[D:r] (Tﬂ i H] [Dy](ifl)%nqtl,(ifl)%nJrl = T1i1Y3-1)%n+1
=[z®yl
= [Dw®y]iiv
as required. 0
LEMMA 5. If x € F™ and y € F™, then H:z: ®pr = Hpr Hpr, Vp € [1, 0.
Proof. Notice that

mn

lr @y, = 3| >l @yl
k=1

)

mn

= Z|x[%}y(k71)%n+l|p
k=1

|
L

mn

= Z|$[§1|p|y(k—1)%n+1|p~
k=1

)

Since [k/n] € (m) and (k —1)%n + 1 € (n), it follows that

lz @yl = 2| DD lzlrlysle

b~

i=1 j=1
m n

= "> zile | Lyl
i=1 j=1

|
3

m n
= ( |in”> ly;1P
i=1 j=1

m n
= 3D lailr - | D lysle = ][Iyl -
i=1 J=1

The case when p = oo follows from the fact that Hx”oo = limp_y00 Hx”p 0

|
s
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4. Main results. In this section, it is shown that the Kronecker product of spectracones (spectratopes)
is contained in the spectracone (spectratope) of the Kronecker product (Theorem 6). Furthermore, this
containment is shown to be strict (Theorem 10).

THEOREM 6. If S € GL,, and T € GL,,, then C(S)@C(T) CC(S®T) and P(S)@P(T) CP(S®T).

Proof. 1f z € C(S) ® C(T), then z = x ® y, where z € C(S) and y € C(T). Thus, SD,S™' > 0 and
TD,T —1 > 0. By Lemma 4 and properties of the Kronecker product,

(SD.S™H) @ (TD,T')=(S®T)(D, @ D,)(S'@T )
= (S®T)(Dagy)(S®T)™" 20,

since the Kronecker product of nonnegative matrices is nonnegative. Therefore, z € C(S ® T') and C(S) ®
CT)CClSeD).

If, in addition, z € P(S) ® P(T), then z € P(S) and y € P(T), that is, H:EHOO = Hy”oo = 1. By Lemma
9,

I2lle = lz @yl = llll o llvll = L.

that is, z € P(S®T) and P(S)® P(T) CP(S®T). |

THEOREM 7. If S € GL,,, and T € GL,, are Perron similarities, then S ® T is a Perron similarity.

Proof. By definition, 3k € (m) and 3¢ € (n) such that the vectors Sej and e S~! are both nonnegative
or both nonpositive, and the same holds for Te, and eZT‘l. By Lemma 2,

(S ® T)e(k_l)n_,_g = (S X T)(Bk X eg) = Se ® Tey,

and, since

el (SOT) ™ = (er@e) (S@T)™!
=(ex @€/ )(ST T
=ef S t@e, T,
it follows that the vectors (S®T)e(;—1)n+¢ and 6&71)n+e(S®T)_l are both nonnegative or both nonpositive.
Thus, S ® T is a Perron similarity. O
Remark 8. If z,y € C(S) and «, 8 > 0, then ax + By € C(S), that is, C(S) is a convex cone.
Remark 9. If S € GL,, is a Perron similarity, then

SD.,S7' = (Se;)(ef S71) >0,

that is, 3z € C(S) such that x # «e for every nonnegative a.

THEOREM 10. If S € GL,, and T € GL, are Perron similarities such that m > 1 and n > 1, then
C(RC(T)CC(SRT) and P(S)@P(T) CP(S®T).

Proof. By Theorem 7, S®T is a Perron similarity. Thus, by Remark 9, 3i € (mn) such that e; € C(SQT).
If 2 := 1e; + Ze, then 2 € C(S ® T') (Remark 8), ||z||oo =1, and z is totally nonzero. In particular, notice

that
1 r ;
1, k=1
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For contradiction, assume that z = 2 ® y, where x € C(S) and y € C(T'). Notice that the vectors z and
y must be totally nonzero (otherwise, z would not be totally nonzero).

By definition of the Kronecker product, Ja € (m) and 35 € (n) such that z; = z,ys. Select 5 € (n)
such that 8 # . Then, z contains the entry z; = Tayp and
Z_ Y8

zj Yz
Select & € (m) such that & # . Then, z contains the entries z; = zays and zp = Tayg- Furthermore,
e _Ys _ A
zZy y,é Zj

Zi

however, Z- = 2 and z—’z = 1, a contradiction. 0
J

Ezample 11. Johnson and Paparella [4, Corollary 3.17] stated that S is a Perron similarity if and only
if coni(e) is properly contained in C(S). A contribution of this work is the refutation of this result with a
counterexample constructed via the Kronecker product.

Indeed, the matrix:

1 2 1 2
1 1 1 1
5= 12 -1 -=2|’
11 -1 -1
is the Kronecker product of
1 1
Hy =
2 |:1 _1:| )
and
T 1 2
1 1

The inverse of S is
—-0.5 1 —-0.5 1

0.5 —-05 05 —05
-0.5 1 0.5 -1
0.5 =05 —-05 0.5

Notice that neither the first or second row of S~! are nonnegative. Furthermore, if
D =diag([2 2 -1 -1]),

then the matrix:
05 0 15 0

0 05 0 1.5
15 0 05 0]’
0 15 0 05

A:=8DS ! =

is nonnegative and nonscalar. Thus, coni(e) is properly contained in C(S), but S is not a Perron similarity.
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Remark 12. If S is a Perron similarity, then coni(e) is properly contained in C(S) (Remark 9). However,
as demonstrated in Example 11, the converse fails.

The argument for the converse in the proof of Corollary 3.17 [4] is as follows: if C(S)\ coni(e) # 0,
then there is a vector  # «e such that A := SD,S~! > 0. By the Perron-Frobenius theorem, there are
nonnegative vectors = and y such that Az = pz and y' A = py' (here, p denotes the spectral radius of
A). However, these vectors are not unique and the situation is further complicated if the matrix is reducible
(as illustrated by Example 11). The Perron—Frobenius theorem does not guarantee that a nonnegative
left eigenvector appears in S~! even when a nonnegative right eigenvector is selected from the eigenspace
corresponding to the spectral radius.

5. Ideal Perron similarities. If S € GL,, is a Perron similarity, then S is called ideal if C(S) = C,.(5).
For real matrices, it is known that S is ideal if and only if 3k € (n) such that ¢/ S =¢" and ¢, S € C(S) for
all i € (n) [5, Theorem 3.8]. A careful examination of the arguments also applies to complex matrices.

THEOREM 13. If S € GL,, and T € GL,, are ideal, then S ® T is ideal.
Proof. By hypothesis, there are integers k € (m) and £ € (n) such that e] S =e" and e/ T =e'. Notice
that (k — 1)n + ¢ € (mn) and by Lemma 2,

6&—1)n+€(s ®T)=(ex®e) (S®T)
=(ef ®e )(S®T)
=(e,S)@(e,T)=¢" ®e' =e'.

If i € (mn), then, following Lemma 3,

e (S®T) = (efi/n] ® ei—1y%n+1) (S®T)
= (efi/n) @ €fi-yns1) (S O T)
= <6F—1/n] S) ® (ez;fl)%nJrlT) S C(S X T‘)7

since efTi/n]S € C(9), eg_l)%nHT €C(T),and C(S)®@C(T) CC(S®T) (Theorem 6). d

THEOREM 14. If U = {u1,...,up} C F™ and V = {v1,...,v4} C F™, then coni(U) ® coni(V) C
coni(U ® V) and conv(U) @ conv(V) C conv(U @ V).

Proof. If x € coni(U) ® coni(V), then z = u ® v, where u € coni(U) and v € coni(V'). By definition,

p
u = Z)\iui7 N >0, Vie <p>7
i=1

and

q
v="Y vy, 5 >0, Vj € (q).
=1
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By properties of the Kronecker product,

since \ip; > 0, V(3,5) € (p) x (q).

If, in addition,

then

q P q P

=1 j=1 i=1

=17

1
that is, conv(U) ® conv(V) C conv(U @ V). d

Recall that a matrix is irreducible if and only if its digraph is strongly connected (see, e.g., Brualdi
and Ryser [1, Theorem 3.2.1]). The index of imprimitivity of an irreducible matrix is the greatest common
divisor of the lengths of the closed directed walks in its digraph [1, p. 68].

An invertible matrix S is called strong if there is an irreducible nonnegative matrix A such that A =
SDS™! (in such a case, S must be a Perron similarity since the eigenspace corresponding to the Perron root
is one-dimensional). If S is strong, then S is ideal if and only if P(S) = P.(S) [3].

The following result is a consequence of a result stated by Harary and Trauth [2, p. 251] and follows
from a result due to McAndrew [6, Theorem 2.

THEOREM 15. If A and B are irreducible and k and ¢ are the indices of imprimitivity of A and B,
respectively, then A ® B is irreducible if and only if ged(k, £) = 1.

COROLLARY 16. Suppose that S and T are ideal and strong. Let A and B be irreducible nonnegative
matrices with relatively prime indices of imprimitivity k and ¢, respectively, and such that A = SDS™! and
B=TDT™'. Then, S®T is ideal and strong.

Proof. The matrix S ® T is ideal by Theorem 13 and strong by Theorem 15. Thus, P.(S) = P(S5),
Pr(T)=P(T), and P-(S®T) =P(S®T). The weak containment P(S) @ P(T) C P(S @ T) follows from
Theorem 14. O
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Example 17. For n € N, let F = F,, be the discrete Fourier transform matrix of order n, that is, F is
the n-by-n matrix with (4, j)-entry equal to w~DU=1 where w := exp(27i/n). Notice that

1 1 1 1

]_ w e wk e wn_l
F=11 ok . W kD |

_1 wn_l e wk(n_l) e w(n_l)z_

and F is ideal as it is a Vandermonde matrix corresponding to the polynomial p(t) := ¢t™ — 1. The companion
matrix C corresponding to p is nonnegative and the spectrum of the nonnegative matrix C*~1 corresponds
to the k*'-row of F, k € (n). Furthermore, F is strong given that C is the adjacency matrix of the directed
cycle of length n and, hence, is irreducible (it also admits positive circulant matrices).

A normalized, realizable spectrum « is called extremal if ax is not realizable whenever a > 1. Notice
that every row of F' is extremal and every point in every row is extremal in the Karpelevi¢ region.

At the 2019 Meeting of the International Linear Algebra Society in Rio de Janeiro, the second author
asked whether other such matrices exist. Notice that F,, ® F,,, F}, ® H,, and H, ® F,, are matrices all of
whose rows and entries are extremal.

Acknowledgement. The authors thank the anonymous referee for their comments and suggestions
that greatly improved this manuscript.
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