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REPRESENTATIONS FOR THE DRAZIN INVERSE OF BOUNDED
OPERATORS ON BANACH SPACE*

DRAGANA S. CVETKOVIC-ILICt AND YIMIN WEI

Abstract. In this paper a representation is given for the Drazin inverse of a 2 X 2 operator
matrix, extending to Banach spaces results of Hartwig, Li and Wei [STAM J. Matrix Anal. Appl.,
27 (2006) pp. 757-771]. Also, formulae are derived for the Drazin inverse of an operator matrix M
under some new conditions.
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1. Introduction. Throughout this paper X and ) are Banach spaces over the
same field. We denote the set of all bounded linear operators from X into Y by B(X, )
and by B(X) when X = ). For A € B(X,)), let R(A), N(A), o(A) and 7(A) be the
range, the null space, the spectrum and the spectral radius of A, respectively. By I
we denote the identity operator on X.

In 1958, Drazin [16] introduced a pseudoinverse in associative rings and semi-
groups that now carries his name. When A is an algebra and a € A, then b € A is
the Drazin inverse of a if

(1.1) ab=ba, b="bab and a(l —ba) € A™,

where A™! is the set of all nilpotent elements of algebra .A.

Caradus [5], King [23] and Lay [25] investigated the Drazin inverse in the setting
of bounded linear operators on complex Banach spaces. Caradus [5] proved that a
bounded linear operator T" on a complex Banach space has the Drazin inverse if and
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only if 0 is a pole of the resolvent (A — T')~! of T. The order of the pole is equal to
the Drazin index of T' which we shall denote by ind(A) or i4. In this case we say that
A is D-invertible. If ind(A) = k, then Drazin inverse of A denoted by A satisfies

(1.2) ARHLAD — AR AP AAP = AP, AAP = AP 4,

and k is the smallest integer such that (1.2) is satisfied. If ind(A4) < 1, then AP
is known as the group inverse of A, denoted by Af. A is invertible if and only if
ind(A) = 0 and in this case AP = A~1.

Harte [20] and Koliha [24] observed that in Banach algebra it is more natural to
replace the nilpotent element in (1.1) by a quasinilpotent element. In the case when
a(l — ba) in (1.1) is allowed to be quasinilpotent, we call b the generalized Drazin
inverse (g-Drazin inverse) of a and say that a is GD-invertible. g-Drazin inverse was
introduced in the paper of Koliha [24] and it has many applications in a number of
areas. Harte [20] associated with each quasipolar operator T an operator T, which is
an equivalent to the generalized Drazin inverse. Nashed and Zhao [29] investigated the
Drazin inverse for closed linear operators and applied it to singular evolution equations
and partial differential operators. Drazin [17] investigated extremal definitions of
generalized inverses that give a generalization of the original Drazin inverse.

Finding an explicit representation for the Drazin inverse of a general 2 x 2 block
matrix, posed by Campbell in [4], appears to be difficult. This problem was investi-
gated in many papers (see [21], [27], [14], [22], [33], [26], [8], [12]). In this paper we
give a representation for the Drazin inverse of a 2 X 2 bounded operator matrix. We
show that the results given by Hartwig, Li and Wei [22] are preserved when passing
from matrices to bounded linear operators on a Banach space. Also, we derive for-
mulae for the Drazin inverse of an operator matrix M under some new conditions.

If 0 ¢ acco(A), then the function z — f(z) can be defined as f(z) = 0 in a
neighborhood of 0 and f(z) = 1/z in a neighborhood of o(A)\{0}. Function z — f(z)
is regular in a neighborhood of 0(A) and the generalized Drazin inverse of A is defined
using the functional calculus as A? = f(A). An operator A € B(X) is GD-invertible,
if 0 ¢ acco(A) and in this case the spectral idempotent P of A corresponding to {0} is
given by P = I — AA? (see the well-known Koliha’s paper [24]). If A is GD-invertible,
then the resolvent function z +— (21 — A)~! is defined in a punctured neighborhood
of {0} and the generalized Drazin inverse of A is the operator A¢ such that

ACAAY = A, AAY = AYA and A(I — AA?) is quasinilpotent.

It is well-known that if A € B(X) is GD-invertible, then using the following



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 18, pp. 613-627, October 2009

Drazin Inverse of Bounded Operators on Banach Space 615

decomposition
X =N(P) ®R(P),
we have that
(P)
0 A R(P) (P)

where A; : N(P) — N(P) is invertible and As : R(P
operator.

<[4 ][RI

— R(P) is quasinilpotent

In this case, the generalized Drazin inverse of A has the following matrix decom-
position:

SEHIEANES)

For other important properties of Drazin inverses see ([1], [2], [3], [5], [7], [8], [9],
[10], [13], [15], [19], [21], [26], [27], [30], [31], [32], [33], [34]).

2. Main results. Firstly, we will state a very useful result concerning the

additive properties of Drazin inverses which is the main result proved in [6] with

a™ =1— aad.

THEOREM 2.1. Let a,b be GD-invertible elements of algebra A such that
a™b=>b, ab™ = a, b"aba" = 0.
Then a + b is GD-invertible and

(a+b)d = (bd + i(bd)"+2a(a + b)”) a™ +b"a?

n=0
+ > b (a+b)"b(a®)" = > (%) 2a(a + b)"ba
n=0 n=0
o Z bd a + b n+2 Z bd k+2, a—+ b)n+k+1b(ad)n+2.

Next we extend [22, Lemma 2.4] to the linear operator.

LEMMA 2.2. Let M € B(X), G € B(X,Y) and H € B(Y,X) be operators such
that HG = Ix. If M is GD-invertible operator, then the operator GMH is GD-
invertible and

(2.1) (GMH)* = GMH.
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Proof. 1t is evident that
(GMeH)(GMH)(GM®H) = GM*MM®H = GM*H
and
(GMAH)GMH) = GM*MH = GMM*H = (GMH)(GM®H).

To prove that GM H (I — (GMH) (GMdH)) is a quasinilpotent, note that
GMH (1 - (GMH)(GMdH)) = GM(I - MMY)H.
Since M (I — M M?) is quasinilpotent, we have
r(GMH(I - (GMH)(GMdH))) - r(GM(I - MMd)H)

= lim | (@M1 = MartyE)"

n—oo

= Jlim |G ((r = aarty)" m||

n—oo

1 d n 71L 1
< lim |G| - H(M(I—MM )) H JIH|F =o.
n—oo

Hence, (2.1) is valid. O

From now on, we will assume that X and )} are Banach spaces and Z =X ® ).
For A € B(X), B € B(Y,X), C € B(X,Y) and D € B(Y), consider the operator
A B

M:[C D]EB(Z).

THEOREM 2.3. If A and D are GD-invertible operators such that
BC =0 and DC =0,

then M is GD-invertible and

A X
d _
M= [ C(A%? Y + D! ]

where
(o] [e.e]

(22) X = X(A,B,D) =Y (A)"*BD"D" + > A"A"B(D*)"** — A*BD*
n=0 n=0

andY = CXD*+ CAX.
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A B 0 0
L 1 = = = . B
Proof. We rewrite M = P + @, where P { 0 D ] and Q { c o ] y

[14, Theorem 5.1], P¢ is GD-invertible and

Al X
d_
S

where X = X (A, B, D) is defined by (2.2). Also, Q is GD-invertible and Q% = 0.
Now, we have that the condition P™(Q) = () is equivalent to

—(AX + BDHC =0,

2.3)
D™C =C (
whereas the condition PQP™ = 0 is equivalent to

BCA™ =0,DCA™ =0,

~BC(AX 4+ BD%) =0, (2.4)

~DC(AX + BD%) = 0.

Since, BC' = 0 and DC = 0, from (2.3) and (2.4) we get that P"Q = @ and
PQP™ =0, so by Theorem 2.1, we have that M is GD-invertible and

Md — Pd + ZMnQ(Pd)n+2

n=0
(A X s[4 B " L 0
- I 0 Dd . C D C(Ad)"+2 Ec(Ad)i—lx(Dd)n-i-Q—i
n= i=1
0 0

_[at x ] ) | |

0 Dd C(Ad)2 Z C(Ad)zle(Dd)2fz

=1

oAl X
“ |l c@d? y4Dpl |

forY =CXD%+CA%X. 0

Remark 1. Theorem 2.3 is a strengthening of [14, Theorem 5.3], since it shows
that one of the conditions of Theorem 2.3 (BD = 0) is actually redundant.

THEOREM 2.4. If A and D are GD-invertible operators such that

(2.5) C(I — AAYB =0, A(I - AAY)B =0
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and S = D — CA?B is nonsingular, then M is GD-invertible and

_ 0 (I-AAYB 20 i 0 0
(2.6) Md_(1+ 0 0 ]R)R(I+;R+ [C(JAAd)Ai OD,

where

(2.7)

n— Al + AYBST1CAY —AdBST!
N —S-tcAd St '

Proof. In [18] it is proved that o(A) Uo(M) = o(A) U (D), so we conclude that
0 ¢ acco(M), i.e., M is GD-invertible.

Using that X = N(P) @ R(P), for P =1 — AA?, we have

Ay 0 B N(P) N(P)
Ci C; D Y Y
B N(P N (P
whereB—[B;}:Yﬁ[R((Pg]andC—[Cl CQ}I|:R((P)):|—>Y.
Now, we have
A1 0 B
My, =1 0 Ay By | I
Ci Cy D
A By 0 N(P) N(P)
= Cl D C2 : Y — Y 5
0 By A R(P) R(P)
where
7 0 07 [ N(P) [ N(P) T
IL=10 0 I R(P) | — Y ,
L0 I 0] [ Y | | R(P) |
7 0 07 [ N(P) [ N(P) T
L=1]001 Y | = | R
L0 I 0] [ R(P) ] L Y ]

Since I; = 12_1, using Lemma 2.2, we have that M? = I; M{I5, so we proceed
towards finding the Drazin inverse of M.
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In order to get an explicit formula for M¢, we partition M as a 2 x 2 block-matrix,
ie.,
As B
M, = 3 3
Cs Ds

where

A B 0
Az = B3 = 3 = B D3 = As.
3 {ClD}’?’ [C2}7C(3 [0 By |,Ds 2
From (2.5), we get C2B2 = 0 and A2Bs = 0, so B3C3 = 0 and D3C5 = 0. Also, by
o(A3)Uc (A1) = o(41)Ua(D), it follows that Ag is GD-invertible. Applying Theorem
2.3 we get that

Af > (A§)"2B3Dj
M = =0
C5(A3)? > C3(A3)*3BsDj
I i=0
I J S .
_ I AD)i+1BLDE | |
ol |41 S,

For the operator matrix Az we have that its upper left block, the operator A; is
nonsingular and its Schur complement

S(A3) =D —C1A;'B, =D - CAB

is nonsingular, which implies that the operator A3 is nonsingular and

P ATV 4 AT BISTICL AT ATTBSTY
3 S‘lClAfl S—l .
Now,
MY =1, M,
0 o0
=L+ |1 |CAL| A <I4+Z(Ag)i+133Dg[o I o})
0 i=0
where
(I 0 N(P)
Ii=|0 0 [N}(,P)}H R(P) |,
L0 T Y
P
L_[1 00 %/((P)) [N
T lo o1 Y
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It is obvious that I4]3 = Iz/(pygy- Let us denote by R = IgAgL;,

0 N(P)
Ir=|1|:R(P)— | R(P) |,
0 Y
N(P)
Is=[0 I 0]:| R(P) | = R(P)

Obviously, R is given by (2.7). Now,

oo
M= (Iz + 1503Ag14)R <Iz + 13 Z(Ag)i+1B3Dg16> .
=0

By computation, we get that

_ d
1503A§I4:[0 (I — AA )B]&

0 0
dyi+1 i _ d\i d %
o 0 0] (I—AAYH)Al 0
RR[C(I—AAd) OH 0 0
— RiJrl 0 ) 0
C(I — AAHYAT 0 |’

50, (2.6) is valid. O

Remark 2. Theorem 2.3 generalizes [22, Theorem 3.1] to the bounded linear
operator.

Taking conjugate operator of M in Theorem 2.4, we derived the following corol-
lary:

COROLLARY 2.5. If A and D are GD-invertible operators such that
C(I — AAYB =0, C(I—-AAYA=0
and S = D — CA?B is nonsingular, then M is GD-invertible and
0 Y2 Al — AADHB | 0 0
M= (T =0 it I
( j{o 0 RE)VRUITRD cir—aat) o |)
where R is defined by (2.7).

If an additional condition C'(I — AAY)A = 0 is satisfied in Theorem 2.4, we get a
simpler formula for M¢:
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COROLLARY 2.6. If A and D are GD-invertible operators such that
C(I — AAYB =0, A(I - AAY)YB =0, C(I—-AAYA=

and S = D — CA?B is nonsingular, then M is GD-invertible and

B 0 (I-AADB 0 0
wes (e [0 T e (en] oot o))
where R is defined by (2.7).

In the paper of Miao [28] a representation of the Drazin inverse of block-matrices
M is given under the conditions:

C(I — AAP)=0, (I-AAP)B=0 and S=D - CAPB =

Hartwig et al. [22] generalized this result in Theorem 4.1 and gave a representation
of the Drazin inverse of block-matrix M under the conditions:

C(I — AAPYB=0, A(I-AAP)B=0 and S=D - CAPB=0.
In the following theorem we generalized Theorem 4.1 from [22] to the linear bounded
operator.
THEOREM 2.7. If A and D are GD-invertible operators such that
C(I — AAYB =0, A(I-AAYYB =0, S=D—-CA'B=
and the operator AW is GD-invertible, then M is GD-invertible and

i+1 0 O
)Rl<I+ZR C — AAHA" o | )

0 (I—-AAHB

(2.8) M* = (1+ 0 0

where

I w
(2.9) Rlz[CAd}Ad’ [T A'B],
and A4 = [(AW)?)2 A is the weighted Drazin inverse [11] of A with weight operator
W = AA? + AYBCAY.

Proof. Using the notations and method from the proof of Theorem 2.4, we have
that

o]

A (B

C (Ad) io: 3(Ad)z+3B Dz

=0
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Now, prove that the generalized Drazin inverse of As is given by

I _
F = { CrAt ]((AlH)Q)dAl [T A7'By ],

where H =1 + AlelClAfl. Remark that from the fact that AW is GD-invertible,
it follows that A; H is GD-invertible. By computation we check that

A3F=FA3 and FA3F=F

To prove that the operator As(I — F'As) is a quasinilpotent, we will use the fact that
for bounded operators A and B on Banach spaces, r(AB) = r(BA). First note that

I _ _ I
Ag—{clAll ]Al[l A7'By ] and H=[TI A7'B;] |:ClA11 }
Since
Ag(I—FAy = | 1 (1— (AlH)(AlH)d)Al [ I A7'B |
CIAII 1 ’

it follows that
r(Ag,(I - FAg)) - r(([ - (AlH)(AlH)d)AlH) =0,

so Az(I — FA3) is a quasinilpotent. Hence, A% = F.
Now, for Ry = I3A%l,, we get that (2.8) holds. By computation we obtain

! }Ad’“}[l AdB],whereW:{H O]:AAd—l—

h = AL, =
tatR1 3A314 |:CAd 0 0

ABCA%. O
We obtain the following corollary by taking conjugate operator:
COROLLARY 2.8. If A and D are GD-invertible operators such that
C(I—-AAYB =0, C(I—-AAHYA=0,S=D-CAB=0
and the operator AW is GD-invertible, then M is GD-invertible and
A — (Hzi [ 3 Ai(1 —OAAd)B } Rzﬁl) R (1+ 5 [ - —OAAd) 3 D |

where Ry is given by (2.9) in Theorem 2.7.

If the condition C(I — AA%)A = 0 is added to Theorem 2.7, we have a simpler
formula for M¢.
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COROLLARY 2.9. If A and D are GD-invertible operators such that
C(I —AAYB =0, C(I—-AAY)YB=0, A(I-AAY)B=0, S=D—-CA'B=0

and the operator AW is GD-invertible, then M is GD-invertible and

= (e [3 E J)m (rem Caa 0):

where Ry is given by (2.9) in Theorem 2.7.

The next theorem presents new conditions under which we give a representation
of M? in terms of the block-operators of M.

THEOREM 2.10. If A and D are GD-invertible operators and
(2.10) AA'B =0 and C(I - AA%) =0,

then M is GD-invertible and

i pd 0 0 = 0 0 A4 0
ME= 0 (I%CACI 0D+R ;R{C(M” 0%[ 0 0

where
_ d
R [ (I — AAYY)A B

d _
0 D] and R® =

Dd

0 3°(I— AAT)AiB(DY)+2 }
1=0 .
0

Proof. As in the proof of the Theorem 2.4, we conclude that M is GD-invertible.
Using that X = N(P) @ R(P), for P =1 — AA?, we have

A 0 By N(P) N(P)
Ci Cy D Y Y
B N(P N(P
WhereB:[B;}:YH[R((P;]andCZ[CH C2}:{R((P))}_)Y'
Now,
My = JoMJq
Ay By 0 R(P) R(P)
= Cy D 4 Y - Y ;
0 B A N(P) N(P)




Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Soci
VoFI)ume 1;, pp. 6t1362;, Octtober 2009 ’ ¥ E L A
624 D. Cvetkovié¢-1li¢ and Y. Wei
01 0 N(P) R(P) 00 I
where Jo = | 0 0 I | : | R(P) | — Y and Jy = | I 0 0
I 00 Y N(P) 0 I 0
R(P) N(P)
Y — | R(P)

N(P) Y

Using Lemma 2.2, we deduce that M = JlM{iJg. In order to compute M? it
suffices to find the Drazin inverse of M;. To derive an explicit formula for M{, we
partition M; as a 2 x 2 block-matrix, i.e.,

w=lc o]
where
Agz[gz %},Bgz[éy@:[o By ], Ds=A,.
Since
B3C3 =0« C1B; =0« CAA'B =0
and

D3C3 =0 A1B; =0< AAYB = 0.
by (2.10) we have B3sC3 =0, D3C3 =0 and B; = 0.

Similarly as in the proof of the Theorem 2.4, we conclude that As is GD-invertible
operator. Now, by Theorem 2.3,

ad— | A 2 ATARBs (AT - ABy AL
1 = =0
0 (A)~!

I _ I T S i —1\4 0 0
—{O}Ag[l —BgA11}+{O}A3[O Z;)A3Bg(z41 )+2]+{0 Afl]'

By the second condition of (2.10), we obtain that Cy = 0, as for the operator Az we
have that

BQCQ =0 and DCQ =0.
Applying Theorem 2.3 to As, we get
o) . .
Z A%BQ (Dd)z+2
i=0

0
Al =
0 D
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Now,
= ML,
= J3A§ (Ja+ BsA; ' Js) + Js A iA Bs(A7 )"+ Js AT 0
part 0 0
BRI 4 BBeAT )+ RS Ay 4 [ AT 0
303 5 3 3 5 0 0 )

=0

00 0 I 0
where R = J3143J47 J3 = I 0 5 J4 = and .]5 = [ 1 0 0 ]
0 I 0 0 I

It is evident that J,J3 = I. By computation, we get that
0 0
B3 Al Js =
J3B3 A" Js [CAd 0]7
0 0
+2 —
JsAyBs(AT ) 2T = R [ c(A%yi+2 }
Also, from the definition of R, we have that

. { (I_AOAd)A g]

and by [14, Theorem 5.1]

.| 0 (- A9 AiB(DY)i+2
R = i=0 .0
0 Dd

3. Concluding remarks. The whole paper would appear to be valid in general
Banach algebras, not just algebras of operators. Whenever P = P? € G, for a Banach

algebra G, there is an induced block structure
A M }

G_[N B

in which A and B are Banach algebras and M and N are bimodules over A and B.
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