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GROUP INVERSES FOR MATRICES OVER A BEZOUT DOMAIN*

CHONGGUANG CAOT AND JUYAN LIf

Abstract. Suppose R is a Bezout domain. In this paper, some necessary and sufficient con-
ditions for the existence of the group inverse for square matrix over R are given, the conditions for
the existence of the group inverse of products of matrices are studied, and the equivalent conditions
for reverse order law of group inverse of product of matrices are obtained. Also the existence and
the representation of the group inverse for a class 2 x 2 block matrices over R are studied, and some
well known relative results are generalized.
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1. Introduction. Research on generalized inverses of matrices over commuta-
tive rings, especially the condition for the regularity of a matrix, is abundant; see e.g.,
[1] and references therein. However, research on the generalized inverses of matrices
over non—commutative rings is relatively sparse; see [2], [4], [14], [15]. The purpose
of this paper is to study the group inverses of matrices over an important associative
ring — a Bezout domain, and generalize some results which are well known and given
at present.

If every finitely generated left (right) ideal in a non-zero ring R which has a unit
element 1 and no zero divisors is principal, then R is called a Bezout domain. Integral
rings, non-commutative principal ideal domains, division rings, polynomial rings in
an indeterminate over field, valuation rings and so on are Bezout domains; see [9],
[11].

Let R be a Bezout domain, we denote the right R—module of n-dimensional
column vector and left R-module of n-dimensional row vector by R} and R}, respec-
tively. Let R™*"™ be the set of all m x n matrices over R. For a matrix A € R™*", we
denote the right R—module which is generated by the columns, left R—module which
is generated by the rows, and right nullspace of A by R,(4), R;(A), and N, (A),
respectively. The dimension of R,(A) and R;(A) is called the column rank and row

*Received by the editors June 4, 2009. Accepted for publication September 25, 2009. Handling
Editor: Harm Bart.

fDepartment of Mathematics, Heilongjiang University, Harbin, 150080, P. R. China (caochong-
guang@163.com, lijuyan587@163.com). Supported by Nation Science Foundation of China, No.
10671026.

600



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 18, pp. 600-612, October 2009

Group Inverses for Matrices over a Bezout Domain 601

rank of A, respectively. It is well known that the row rank of A is equal to its column
rank, then their common value is called the rank of A, which is denoted by rankA;
see [9], [11]. A matrix is said to be nonsingular if it is neither 0 nor a left or right
zero-divisor. We say that A% is the group inverse of A if A# is a common solution
of the matrix equations: AXA=A, XAX = X, AX = XA. It is well known that if
A% exists then A% is unique.

We have two important results of matrices over R, presented in the following
lemmas; see [11].

LeEmMMA 1.1. A ring R is a Bezout domain if and only if every non-zero matrix
A0

A over R has a factorization A = P{ 0 0

]Q, where P, Q) are invertible matrices
over R, A € R** and rank(A) = k.

LEMMA 1.2. Let R be a Bezout domain, A € R"*"™. Then A is an idempo-
tent matriz if and only if there exists invertible matrix p € R™ "™ such that A =

I. 0 1
o[ 0]

This paper is divided into four sections. In the second section, we study the
existence of the group inverse for matrix A, obtaining several equivalent conditions,
as well as the existence and representation of the group inverse for 2 x 2 block upper
triangular matrix. This generalizes the relative results in papers [4] and [13]. In
the third section, we study the group inverses of products of two matrices, obtain
the condition for the reverse order law of group inverses, and generalize the relative
results in paper [5]. In the fourth section, we study the existence and representation
of the group inverse for a class 2 x 2 block matrices, generalizing the relative results in
paper [2]. All results we obtain are new even for commutative principal ideal domains.

2. The Existence of the Group Inverse.
THEOREM 2.1. Suppose A € R"*"™. Then the following conditions are equivalent:

(i) A% exists .
(ii) R.(A) = R,(A?).
(iii) Ri(A) = Ri(A?).
(iv) There exist invertible matrices D € R™" and N € R™ ™ such that A =
N[ Do ]N—l.
0 0
Proof. (i) = (ii) It follows from the definition of the group inverse and A% exists
that A = A2A#. Hence R,.(A) C R,(A?%). On the other hand R,(A4) DO R,(A?) is
obvious. Then R,(A) = R,.(A?).
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(7) = (44i) The proof is similar to (i) = (i4).

D=1 0

(iv)é(i)LetX—N{O 0

]N —1 Tt follows from the definition of the
group inverse that X = A%,

(#i) = (iv) By Lemma 1.1, we can find invertible matrices @, P € R™*™ such
A 0

that A = P
N {0 0

]Q, where A is a r X r matrix with rankA = r. Since R,.(4) =

P P

R, (A?%), we may write A = A%2X for some matrix X. Let QP = { P P
3 Py

| x -

Xl X2 -1 TXT
P{X3 X, }P , where P;, X; € R™". Then
A=P Aab AP P~ and
0 0
X - p APIAP X1 + APIAP, X3 APIAP X, +APIAPX, p-1
0 0
Hence

APIAP X1+ APIAP,Xs = AP, APLAP Xo + APIAP, Xy = AP,

PlAple—f—PlAPQXg:Pl, and PlAP1X2+P1AP2X4:P2.

It follows that there exists matrix Z such that [ P P ] Z = I from invertibility of
the matrices QP, then

[ PIAP X1+ PIAP X3 PIAPI Xy +PIAPX, } Z =1, and

PA[ PXi+PXs PiXo+PoXy |Z=1
Hence P, and A are invertible matrices. Namely AP; is an invertible matrix. Let

_p—1
N:PH P PﬂandpzAPhthenAzN[oD g]Nl.

(#91) = (iv) The proof is similar to (i7) = (iv). O

REMARK 2.2. If R is a skew field, then R,.(A) = R,.(A?) if and only if rank(A) =
rank(A?). However, if R is a general Bezout domain, then R,.(A) = R,(A4?%) and
rank(A) = rank(A?) are not equivalent, e.g. if R is a ring of integral number, let
A= { 1 1 ], then A? = [ ; ; } It is obvious that rank(A) = rank(A?), but
R (A) # Ry (A%).
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A B

THEOREM 2.3. S M =
uppose { 0 C

] e R A e R™ ™. Then:

(1) M# ezists if and only if A%, and C# ezist and (I — AA#)B(I — CC#) = 0.

#
64 C); ], where X = (A#)2B(I — CC#) +

(I — AA#)B(C#)? — A#BCH#.

(2) If M¥ exists, then M# = [

A* X
0o C#
AA#)B(C#)? — A# BC#. Tt follows from the existence of A# and C#, and (I —
AA#)B(I — CC#) = 0 that MYM = M, YMY =Y, and MY = Y M. Therefore
M# exists.

Proof. (1) ('if') Let Y = [ }, where X = (A#)2B(I — CC#) + (I —

(‘only if’) Tt follows from the existence of M# and Theorem 2.1(ii) that R,.(M) =
R,(M?). Thus, for any 1 € R, 5 € R" ™, there exists y; € R™, yo € R?™™,
such that:

A B X1 _ A2 AB + BC Y1
el -l el
Hence Czy = C?ys. This means R,.(C) C R.(C?). R,.(C) 2 R,.(C?) is obvious.
Hence R,.(C) = R,.(C?). Again applying Theorem 2.1(ii), we know C# exists. By
Theorem 2.1(iii), for any u; € RJ", up € R}™™ there exists z; € R}", 22 € R'™™
such that

R I I

1 2 0 C - 1 2 0 CQ .
Hence u1 A = 2z A%, This means R;(A) = R;(A2), that is A% exists. It follows
éjl 8 ]Pl and C = Ql[ 52 8 }Q, where
D; € R°*% and Dy € RY*? are invertible matrices. Let

By B
Bs By

from Theorem 2.1(iv) that A = P{

P—lBQ—l _ |: :| , B4 c R(m’_s)x(n_m_t).

It is easy to see

0 0
0 I

0 O

(I — AA#)B(I — CC%) —P{ 0 B,

|rmaelo Tle=rly 5o

In order to prove the conclusion, we only need to prove By = 0. In fact,

Dy 0 By B

|4 BlI_[P 0 0 0 Bs By Pt 0
1o Cc| o0 @t 0 0 Dy O 0 Q |
0 0 0 0
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Dy 0 By O
. 0 0 0 B . .
From it we know M ~ . Since M7 exists, we have N# =
0 0 Dy O
0O 0 0 0
0 B, 1"
[0 8]wmmmmNLwﬂmmN—N%#—mmmm—&

(2) It is obvious from the proof of (1). O

By By

COROLLARY 2.4. SupposeB1 € R™*™ and M = [ 0 0

} € R™™. Then
(1) M# exists if and only if BY exists and R,.(Bs) C Ry(B1).
Bf (Bf)*B:

(2) If M7 exists, then M# = 0 0

Proof. By Theorem 2.3(2), let C' = 0. The result follows easily. O

By 0

COROLLARY 2.5. SupposeB; € R™*™ and M = { B 0
2

] € R""™. Then
(1) M#* exists if and only if BY exists and R;(Bs) C Ri(By).
B o]

(2) If M7 egists, then M# = Ba(BE) 0

0
C

Proof. We can get the formula for the group inverse of [ ] by the same

proof of Theorem 2.3. Let C' = 0. The result follows easily. O

3. Group Inverses of Products of Two Matrices.

THEOREM 3.1. Suppose A € R™*™ B € R"*™. Then the following conditions
are equivalent:

(1) (AB)# and (BA)¥ exist.
(2) R.(AB) = R,(ABA) and R,(BA) = R,(BAB).
(3) Ri(AB) = Ri(ABA) and Ri(BA) = R,(BAB).

Proof. (1) = (2) It follows from the existence of (AB)# and Theorem2.1 that
R.(AB) = R,(ABAB). R,(ABAB) C R,(ABA) C R,(AB) is obvious. Thus
R.(AB) = R,(ABA). Similarly R,(BA) = R,(BAB).

(2) = (1) From R,(AB) = R,(ABA) = AR,(BA) and R,(BA) = R,.(BAB),
we have R,.(AB) = R.(ABA) = R,(ABAB). Thus (AB)#exists. Similarly (BA)#

exists.
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(1) & (3) The proof is similar to (1) < (2). O

COROLLARY 3.2. Suppose A € R™*" B € R"™ ™, and R,(A) = R.(ABA), then
(AB)# and (BA)* emist.

Proof. Since R.(ABA) C R,(AB) C R,(A), and R,(A) = R, (ABA), we have
R.(ABA) = R, (AB) = R.(A4). Thus R.(AB) = R,(ABA). By R.(ABA) = R,(A),
we have R,(BABA) = R,(BA). Thus R,(BA) = R,(BAB). From Theorem 3.1, we
can prove immediately. 0

COROLLARY 3.3. Suppose A € R™*" B € R"™™, and R,.(AB) = R,.(4),
R.(BA) = R.(B), then (AB)# and (BA)¥ exist.

Proof. Tt follows from R,.(AB) = R,(A), and R,(BA) = R,(B) that R.(AB) =
AR, (B) = AR,(BA) = R.(ABA). Similarly, R,(BA) = R,(BAB). ;From Theorem
3.1, we can prove immediately. O

COROLLARY 3.4. Suppose A € R™*" B € R"™™ R,(AB) = R,(A) and (AB)#
exist, then (BA)# exist.

Proof. Tt follows from the existence of (AB)# thatR,.(AB) = R,.(ABAB). Hence
R,.(AB) = R.(ABA). From R,(AB) = R,.(A) it follows that BR,.(AB) = BR,(A).
Therefore R.(BA) = R,.(BAB). Then we can obtain the existence of (BA)# from
Theorem 3.1 . O

LEMMA 3.5. Suppose A € R™*™ B € R" "™ then there exist invertible matrices
P e R™™ and Q € R™™ "™, such that

Bi By Bs
A1 0 o 0. 0 |,
[ 0 0 }Q’ mdB=Q o 0, o ’
0 0 0

where A1 € R™*", rankA = rankA, = r, By € R**%, O] € R*5,
Proof. By Lemma 1.1, we can find invertible matrices M € R™*™ N € R"*"

such that A = M[ (? 8 ]N, where A € R™" and rankA = r. We write B =
E 0

Nl{ x ]Ml, where A; € R™™, A = Qll[ 0 0

Ay ]Pll,andEisasxs
F 0

non-singular matrix over R. Ay = Q5 ! [ 0 0o

]Pgl, where F' is a t x ¢t non-singular

matrix over R. Let

E0)l., [B B B F o], ., [C C Cs
prl= d Pl
[0 o} 1 [o 0rs o]’an [0 0] 2 {0 0 0
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where By € R***, and C; € R, Then

By B, Bs
-1
0 0 0 0
B=N1| @ _ } ot M~', and
[ 0 Q5" Ci Cy (s
0o 0 0

A:M[AQll 0}[@1 O]N.
0 0 0 Q2

Q1 0
Let M = P,
[ 0 Qo

rankA; = r, and

]N = @, and AQ;I = A, then 43 € R™", rankA =

Bi B, B
A0 Lo o 0 |,
A=P dB= PO
[ 0 0 } o e o oo
0 0 0

THEOREM 3.6. Suppose A, B € R"*™. Then from any two of the following
conditions, we can obtain the other one.

(1) (AB)# exists.

(2) (BA)# exists.

(3) AB ~ BA.

Proof. (1),(2) = (3) Let A and B be the form as in Lemma 3.5, then

B1 BQ B3 1
AB=P Al{o 0} Al{o ] P!, and
0 0|
pa=g| LY 0 Q.
{ C1 Oy ]A 0
o ot 7]

(From Corollary 2.4 and Corollary 2.5, we obtain the following:

By B

(AB)# exists & (A [ 0 0

})# exists, and
Bs

RT(Al[O })CRT(Al{OBl BS}),
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. B1 Bs .
(BA)# exists & ({ 0 0 Aq)#exists, and

r(| & B e gt B .

Hence there exists E € R™* (=" F ¢ R(™~")*" such that

Al[Bﬂ—Al{Bl BQ]E,and[Cl Cs Al—F{Bl BQ]Al.

0 0 0 0 0 | 0 0
Then
B1 Bs 1
AB—P{é _EI] Al[o 0} 0 [é EI}Pl,and
0 0 |
B B2:|
_ I 0 [ A 0 1 0
_ -1
BA=Q [FI] 0 0 {_F I}Q
0
Let [ fl B(Q) ] = R{ (? 8 ] S, for invertible matrices R, S, where D € R™*"™

and rankD = r1. Then

B1 Bs D 0 By B D 0
1|:0 0:| 51R|:0 0],and[0 0:| 1 |:0 0:|31R

Let C=SA1R, C = Cr G5 . Then rankC =r,
Cs Cr
D 0] [CD 0 D 0], [DCi DCs
C[o o}_{cﬁD 0]’and[o o]c_[o o]

# #
It follows from (A1 [ OBl B(Q) ]) exists that (C[ é) 8 ]) exist, then (Cy D)%

exists, and R;(CsD) C R;(CyD), then CsD = GC4D for some matrix G. Hence

D 0 D 0 B
C[O O}N[O 0},andrank:(C’4D)—r1.

Similarly, we can prove (DCy)¥ exists,

D 0 DCy 0 B
[0 O]CN[O O},andrank(DCzl)rl.

It follows from the definition of the group inverse and the existence of (C4D)#. Thus
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C4DXC4D = C4D = C4D(XC4D—I) = 0:>XC4D—I: 0= XC4D =1

for matrix a X. Hence Cy, and D are invertible matrices, and CyD ~ DC4. Therefore
AB ~ BA .

(1), (3) = (2) and (2),(3) = (1) are obvious. O

THEOREM 3.7. Suppose A, B € R™ ", and A* and B exist. Then the following
conditions are equivalent:

(i) (AB)* exists and (AB)* = B# A*.
(ii) R.(AB) = R,.(BA) and N,(AB) = N, (BA).
(i4i) There exists a invertible P € R™ "™ such that
A=PA; @ @ A)P Y,
{5 rpre. oy
where A; = 0 or A; is invertible for every i, B; = 0 or B; is invertible for
every i, the orders of A; and B; are equal for every i, and A;B; =0 for j >
2.

Proof. (iit) = (i) and (44%) = (i%) can be obtained by a direct computation.

(i) = (419) We proceed by induction on n. If n = 1, the proof is obvious. Suppose
the lemma is true when k < n, where k > 2; we will prove that it is true when k = n.
Without loss of generality, we assume 0 < rankA < n. It follows from Theorem
2.1(iv) and the existence of A% that

D 0
0 O

0

(3.1) A= N[ .

-1
}N‘l,andA#zN{oD }N‘l

for some invertible matricesN € R"*", D € R"*", where r = rankA. Let

Cl C2 —1
C3 Cy }N

B, By

(3.2) B= N[ 5 B

}N‘l, and B¥ = N[

where B1,C7 € R™". Then

DB, DBy
0 0

ClD_l 0

AB =N
|: C3D71 0

}Nl,and B#A#:N{ }Nl.

By Corollary 2.4 and (AB)# = B# A%, we have

(3.3) [(DB1)#]>?DBy = 0, and C3 = 0.

Again applying Corollary 2.4 and the existence of (AB)#, we have R,(DBy) C
R.(DB;). Thus, DBy = DB X for some r X (n — r) matrix X, i.e., B = B1 X.
Replacing B2 by B1X in (3.3), we have DB; X = 0. Hence

(3.4) By =D YDBy) =D DB, X) =0



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 18, pp. 600-612, October 2009

Group Inverses for Matrices over a Bezout Domain 609

#
] . It follows

Combining (3.2), (3.3), and (3.4), we have [ B 0 ] _ { Cr Gy

Bg B4 o 0 C4
from Theorem 2.3 that Bs = 0. In summary,

(3.5) A=ND®O0)N! and B= N(B, @ By)N"'.

Again applying (AB)# = B¥ A%, we obtain (DB;)# = BfD#, and (0B,)" = BfO.
By the induction hypothesis, it is easy to see that (iii) holds.

(#4) = (iit) We proceed by induction on n. If n = 1, the proof is obvious.
Suppose the lemma is true when k < n, where k > 2; we will prove that it is true
when & = n. We can assume that (3.1) and (3.2) hold. It follows from R,(AB) =
R,.(BA) that BsD = 0, i.e., B3 = 0. Again applying N,.(AB) = N, (BA), we have

Nr([ODBl DB(Q)]):NT([le 8}) Noting[z}eN,«([oBlD 8})forany

DBy DB
y € C" ", we obtain [ 0 }ENT([ ! 2
Y

0 0
Bs; = 0. In summary Equation (3.5) holds. Again applying (ii), we obtain that
R,(DBi) = R.(BiD), N,(DB;) = N,(B,D), R.(0Bs) = R.(B40), and N,(0Bs) =
N,(B40). By the induction hypothesis, it is easy to see that (iii) holds. O

]), and hence DBay = 0. That is

COROLLARY 3.8. Suppose A,B € R" " A# and B# exist, and AB = BA.
Then (AB)# exists and (AB)# = B# A%,

COROLLARY 3.9. Suppose A, B € R"*", A% and B* exist. Then (AB)¥ exists
and (AB)* = B#* A% if and only if (BA)" exists and (BA)* = A% B#.

4. Group Inverse for a Class 2 x 2 Block Matrices. The group inverses of
block matrices have various applications in singular differential and difference equa-
tions, Markov chains, iterative methods; see [1], [3], [6], [7], [8], [10], [12], [13], [16],
[17]. We generalized the results of [2] to the Bezout domain in this section of the
paper.

LEMMA 4.1. Let A, B € R"*", if A2 = A, rankA =r, R.(B) = R,(BAB), then

B Bi X } P! and

there is an invertible matriz P € R™"™*"™, such that B = P { YB, YB,X

B#em’sts, where By € R™*7, X e R"™*("=7) 'y ¢ R(n—7)x7,

Proof. Since A? = A, by Lemma 1.2 there exists invertible matrix P € R"*"

such that A = P[ ér 8 }Pl, B = P[ g; ﬁi ]Pl, where By € R™", By €
R(n_"")x(n_""). It follows from R,’,,(B) = RT‘(BAB) that RT‘(B) = RT(BA) Then there
Z1 X

exists Z = P { Zs 7.

} P~! € R, where X € R"*("=") such that B = BAZ,



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 18, pp. 600-612, October 2009

610 Chongguang Cao and Juyan Li

ie.,

By Bo] [B 01[2Z X [ BZ BX
By Bs| | By 0] 25 Zi| | BsZy BsX |’

then By = B1 X, and By = B3X. It follows from R,(B) = R,(BAB) and Corollary
B 0
By 0
Bf exists and R;(B3) C Ry(Bi). So there is a matrix ¥ € R )" gsuch that
By B X 1
P~ 0O
YB, YB X ]

3.2 that (BA)# exists. By Corollary 2.5 and BA = P { } P!, we get that

B3 =Y B;. That isB—P{

LEMMA 4.2. Let A, B € R™*". If A2 = A, rankA = r, R,(B) = R.(BAB),
then the following conclusions hold:
(i) (BA)¥ BAB = B;
(ii) A(AB)* = (AB)#, (BA)* A = (BA)*, (AB)* A = A(BA)#, (BA)"B =
B(AB)#;
(iii) (AB)* ABA(AB)* = (AB)#, A(BA)¥(AB)* AB = (AB)#;
(iv) (BA)Y* BA(AB)# A = (BA)#, B(AB)* ABA = BA.
Proof. By Lemma 4.1. The proof is similar to Lemma 2.6 of [2]. O

A A

THEOREM 4.3. Suppose M = [B 0

}, where A,B € R™", A% = A,
rankA = r, then

(i) M# ezists if and only if R.(B) = R.(BAB);
(ii) If M7 exists, then M# =

A— (AB)* + (AB)#A — (AB)# ABA A+ (AB)#A — (AB)# ABA
(BA)#B + (BA)#(AB)# AB — (BA)#* —(BA)#

Proof. (i) It is easy to see that

wan={[5 §][2 ][22 ]} o

SR e L R

(‘only if /) Let z; € R™. Tt follows from the existence of M# that R,.(M) =
R, (M?). So there exists y1,y2 € R™ such that

5 oalln-1e ol lul-[a el
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Then 0 = Ay; + Ays + ABy1, and Bxy = BA(y1 + y2), so Bx;y = —BABy;. That is
R.(B) C R.(BAB). R,(B) O R,(BAB) is obvious. Hence R.(B) = R.(BAB).

("if’) Given any z1,x2 € R™. It follows from R, (B) = R,(BAB) that there exists
a € R" such that B(z1 — A(x1 +22)) = BABaj; that is Bxy = BA(x1 +z2) + BABa.

Hence
A A X1
B O i)

A(J?l + 332) . Azxy + Azg
Bz, | BA(z1 + x2) + BABa

}
5in ma | o |

It follows from

0 Al oI 0
{—BAB BA]_M {—I—B I]

0 A
—BAB BA
R,.(M) is obvious. Hence R,.(M) = R,.(M?), implying M# exists.

that Rr({ ]) = R,(M?). That is R(M) C R.(M?). R.(M?) C

(ii) By Lemma 4.1 and Lemma 4.2. The proof is similar to Theorem 3.1 of [2] O

A B }, where A,B € R"™ ", A2 = A,

4.4. M =
COROLLARY Suppose [ 40

rankA = r, then

(i) M# exists if and only if Ri(B) = R;(BAB);
(ii) If M# exists, then M# =

A— (BA* + (AB)#A— (AB)Y#ABA (BA)*B + (BA)*#(AB)*AB — (AB)*
A+ (AB)*A— (AB)*ABA —(AB)*

Proof. Tt is similar to the proof of Theorem 4.3. O

A

#
B O } exists, where A, B € R"*", A2 = A, rankA =r,

THEOREM 4.5. If {
then AB ~ BA.

Proof. The conclusion is obvious by Corollary 3.2, Theorem 3.6, and Theorem
4.3. 0

REMARK 4.6. Theorem 4.3, Corollary 4.4, and Theorem 4.5 generalize Theorem
3.1, Corollary 1, and Corollary 2 of [2].
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