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THE MAXIMAL ANGLE BETWEEN 5 x 5 POSITIVE SEMIDEFINITE AND 5 x 5
NONNEGATIVE MATRICES*

QINGHONG ZHANGT

Abstract. The paper is devoted to the study of the maximal angle between the 5 X 5 semidefinite matrix cone and 5 X 5
nonnegative matrix cone. A signomial geometric programming problem is formulated in the process to find the maximal angle.
Instead of using an optimization problem solver to solve the problem numerically, the method of Lagrange Multipliers is used
to solve the signomial geometric program, and therefore, to find the maximal angle between these two cones.
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1. Introduction. Hiriart-Urruty and Seeger in [4] raised a question to find the maximal angle between
two n X n copositive matrices. By a variational approach, Hiriart-Urruty and Seeger proved that the maximal
angle between two 2 X 2 copositive matrices is ?jf. They further conjectured that the maximal angle for
two n X n copositive matrices is also %” for n > 3. In addressing this conjecture, Goldberg and Shaked-
Monderer [3] constructed a sequences of pairs (Py, Ni) such that the angle between P, and N approaches
T as ny — 00, where Py, is an nyg X ny positive semidefinite matrix and N is an ny X ng nonnegative matrix.
Since the set of copositive matrices contains positive semidefinite matrices and nonnegative matrices, the

construction of such a sequence disproved the conjecture of Hiriart-Urruty and Seeger.

Goldberg and Shaked-Monderer pointed out in [3] that the problem of calculating or estimating the
maximal angle between an n x n positive semidefinite matrix and an n x n nonnegative matrix is interesting
in its own right. In [3], Goldberg and Shaked-Monderer studied the maximal angle between an n x n
semidefinite matrix and an n X n nonnegative matrix for n = 3,4, and 5. They proved that for n < 4, the
maximal angle between an n X n positive semidefinite matrix and an n X n nonnegative matrix is ??Tﬂ' For
n = 5, a nonnegative matrix and a semidefinite matrix are constructed in [3] to show that the maximal angle
is strictly greater than %Tﬂ' In the proofs of the results for n < 4, an optimization problem involving a convex
function was used in [3]. However, for n > 5, such an approach does not work for two reasons as mentioned
in [3]: 1. Continuing this line of proof for n > 5 would require some information on the possible sets of
eigenvalues of a nonnegative n X n matrix with a zero diagonal. 2. For n = 5, the set of all nonincreasing
5-tuples that are eigenvalues of a nonnegative trace zero matrix is not convex, complicating the relevant
optimization problem. The authors in [3] further predicted that “it seems that a new approach is needed for
the computation of v,,n > 5.” Here, 7, denotes the maximal angle between an n x n positive semidefinite
matrix and an n X n nonnegative matrix.

By a close look at the proofs in [3], we found that an optimization problem can be avoided. Instead, we
can complete the proofs by using elementary algebra. In this note, we follow this basic algebraic approach
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to study the maximal angle between a 5 x 5 positive semidefinite matrix and a 5 X 5 nonnegative matrix.
Unlike the cases for 3 x 3 and 4 x 4 matrices in which no optimization problem is needed, for 5 x 5 matrices,
a nonlinear optimization problem whose objective and constraint functions are signomial functions (called a
signomial geometric programming problem in the related literature like [2]) is formulated in the process to
find the maximal angle.

The paper is organized as follow: in Section 2, we will provide a minimum review regarding the maximal
angle between two sets of matrices. Some results proved in [3] will be reviewed and a new algebraic proof
of a result in [3] will be provided in this section. In Section 3, we will formulate a signomial geometric
programming problem and provide detailed discussion on how to solve the signomial program using the
method of Lagrange Multipliers. In Section 4, we will give our concluding remarks.

2. Preliminaries. Let V be an inner product space. For u € V and v € V, (u,v) is used to denote

()
ulllfer Where

the inner product of v and v. The angle between u and v is defined by Z(u,v) = arccos
[lu|] = +/{u,u). In this paper, we always take V = S,,, the inner product space of n x n real symmetric
matrices with the inner product defined by (A, B) = Tr(AB) for A € S,, and B € S,,. Let P,, C S,, be the
cone of n X n positive semidefinite matrices, and N,, C S,, be the cone of n x n nonnegative matrices. As in
[3], we use v, to represent the maximal angle between an n x n positive semidefinite matrix and an n x n
nonnegative matrix, that is,

Tr(AB)

max arccos

n = /(A,B) = )
7 max \, S4B = max 1A B]]

 A€P,,BEN,
Of course, we can define the maximal angle between a matrix and a cone. For example, the maximal angle
between a matrix A € S,, and P,, is defined to be

Tr(A, B)
Z(A,P,) = max Z(A, B) = max arccos ———=.
(4, Pn) BeP, ( ) BeP, [|A||]|B]

Also we can define the maximal angle between two cones. For example, the maximal angle between P,, and
N, is defined to be

Tr(A, B)

L(Pp,N;) =  max  Z(A,B)=  max _ arccos —— ——-=-,
Al Bl

AEP,,BEN,,  A€P.,BEN,
which of course is the same as -, defined above.

As pointed out in [3] that every n x n symmetric matrix A has a unique decomposition as a difference
of two positive semidefinite matrices that are orthogonal to each other. In other words, A = Q — P, with
Q,P € P, and QP = 0. P is called negative definite part of A. Similarly, every A € §,, has a unique
decomposition as a difference of two nonnegative matrices that are orthogonal to each other: A = M — N,
with M, N € N;, and MN = 0. N is called the negative part of A.

In the proofs of Proposition 2.6 and Theorem 2.7 in [3], optimization problems are formulated and used.
We find that such optimization problems are not needed. Instead, we can complete the proofs by using basic
algebra. To avoid repeating the process, we only give a proof of Theorem 2.7. For convenience of reference,
we restate Proposition 2.6 and Theorem 2.7 in [3] below.

PROPOSITION 2.1 (Proposition 2.6. in [3]). Let n > 2, let N € N,, have diag N = 0 and let P be its
negative definite part. If rank P =n — 1, then Z(N,P,) < 3{.
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THEOREM 2.2 (Theorem 2.7. in [3]). Forn <4, v, = <.

Proof. Tt suffices to consider Z(N,P,) for N € N, with diag N = 0 and a negative definite part P of
rank 2. Such N has a Perron eigenvalue p > 0, and its complete set of eigenvalues is p > pu >0 > A3 > Ay,
where A3 + Ay = —p —p and Ay > —p. Now we let p = —Ay + k with £ > 0. We easily see that p = —X3 — k
due to A3+ Ay = —p—p. Therefore, p? +p? = (=Ag+k) >+ (=A3—k)? = N3+ 23+2k2 +2k(N\3— A1) > A3+ 7.

1 ;=5 VEE 8 i e
Hence, cos Z(N,Py) = _\/P2+HZ+/\§+)‘421 > _\/2(;§+;3) = —%*, which proves that Z(N,Ps) < °F. If we
01 00
1 00 o . .
choose N to be 00 0 1 as in [3], then the eigenvalues of N are 1,1, —1, —1, which shows p = =Xy =1
0 010
and p = —A3 = 1. Hence, cos Z(N,Py) = —§ showing that Z(N,Py) = 2F. Therefore, v,, = 3F. 0

3. The maximal angle between P5 and N5. To find the maximal angle between Ps and N5, as in
the proof of Theorem 2.7 in [3], we need to consider Z(N,Ps) for N € N with diag N = 0 and a negative
definite part P of N of rank » with 1 < r < 4. If r = 1, then N has only one negative eigenvalue, namely
—d, 6 > 0. The Perron eigenvalue of N must be 4. Since diag N=0, we obtain that the eigenvalues of N

are 0,0,0,0,—0. Therefore, Z(N,Ps) = arccos (—*/ﬁ) = %”. If r = 4, then by Proposition 2.6 in

(—08)2+02
[3], we have Z(N,P5) < ?ﬂf. Therefore, to find the maximal angle between Ps; and N5, we only need to
consider r = 3 and r = 2, which correspond to the following two cases given that \;, 1 = 1,2,...,5, are the

eigenvalues of N:

1. )\12)\220>/\32/\4Z/\5.
2. 022> A3>0> M > A5

We work on Case 1 first. By Proposition 2.1 in [3], we know that

NYEDVEDY:
4(N,P5)—arccos< sttt s >

VN XA A+

Since A\;, i = 1,2,...,5 are eigenvalues of N, we know that A\; > 0, Ay > —MX5, and Zle A = 0. If we
let \{ = —As5 + k, then £ > 0 and Ay = —A3 — Ay — k. Since Ay > 0, we have k < —A3 — A4. Moreover,
the assumption that A\; > Ay requires that k > w By a necessary and sufficient condition proved
by Spector in [5] that a;, ¢ = 1,2,...,5 with a; > as > ag > ag4 > a5 are eigenvalues of a trace zero
nonnegative 5 x 5 matrix if and only if a; > —as, Z?Zl a; =0, ag + a5 <0, and Zle a? > 0, we have
Ao+ A5 <0 and Z?Zl )\g’ > 0. From Ay + A5 < 0, we obtain that £ > A5 — A3 — \4.

Since

(=As +k)? — (A3 + Aa+ k) + 23 + 2] + A2

5
>N
=1

= =33+ As + A5)k? +3(A2 — A2 — 2X34 — Ak — 33Ny — 3A3)\]
>0,

ici : 2 _ _ )\§A4+)\3)\i
noticing that A3 + Ay + A5 < 0, we obtain that k% + (A3 + Ay — A5)k > )

Az+Aa1+As
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Therefore, for given 0 > A3 > Ay > A5, A\ = = A5 + &k, Ao = —A3 — Ay — k, A3, A4, and A5 are eigenvalues
of an N € N with diag N = 0and Ay > A3 > 0 > A3 > Ay > X5 if and only if k satisfies k > 0, k < —A3— Ay,

B2 282020 > g = Ay — Mg, and B 4 (A + A — Aok = — (3252500,

Now let us get back to the maximal angle. Suppose that 0 > A3 > Ay > A5 are given. Since arccos(x) is
a decreasing function, we need to find

VAR AT+ A2
VEX HE)Z+H s+ M+ k)2 + 02+ A7+ 02
subject to k > 0,

1 = min —
# k

k< —=A3— Ay,

A5 — A3 — A4
> = -
k> 5 ,

k> A5 — Az — Ay,
A2As + AzA2
k2+()\3+)\4—/\5)k2—( s+ A3 4).

A3+ A+ A5

Since we assume that A3, A4, and A5 are given, to find p;, we just need to find v; = ming (=5 + k)% +
A3+ A+ k)2 subject to the same set of constraints. Since we have the constraint k2 + (As 4+ Ay — X5)k >

(A3NaHAsAd
(7/\3_”44_)\5 , we know that

(X5 + k)2 + M3+ A+ E)2=2E2 42003+ M — Xs)k+ A2+ X2+ 22 42030
<2>\§)\4 + 2X3A2
A3+ A+ A5
23045 9 9 9
=———+ A+ A+ A
)\3+)\4+)\5+ 3+ 4+ 5
> A3+ AT+ A2
VA3 AT < VYNNI 3
Vs k)2 + Qs A tk)ZH3+03+22 = 203+03+22) 2
the maximal angle is at most %".

)+>\§+AZ+A§+2A3A4

V2

T2

Hence, we have . Therefore, p; > showing that

Now, we consider Case 2. If A3 = 0, then we let Ay = —A5 + k and Ay = —A4 — k, and follow the proof
for Case 1 to obtain that the maximal angle is at most %”. So we can assume that Az > 0.

NIYESYESYESYVESY)
1,2,...,5 with Ay > Xy > A3 > 0 > Ay > A5 are eigenvalues of N € N5 with diag N=0 if and only
if A > X5, 20 N =0, Ao+ A5 <0, and 30 A2 > 0. If we let \s = —A\; + k, then & > 0 and
A= —Xa — A3 — k. Since Ay > A5, we have k < 21=22=23 From s + A5 < 0, we obtain that k < A\ — .

By Proposition 2.1 in [3], we know Z(N,Ps) = arccos (— VLA ) . We know that \;, i =

The inequality Z?Zl A3 > 0 translates to

SN =M A A+ (A=A — k)P (- A)°

i=1
= =31 + A2 + A3)k% +3(A7 — A2 — 2X903 — A2)k — 3A3\3 — 3M)\2
>0.
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.. . AZX34+Aa A2
Noticing that A; + Ay + A3 > 0, we obtain that k2 — (A} — Ay — A\3)k < — (ﬁ)

Therefore, for given Ay > Ao > A3 > 0, A1, Ao, A3, Ay = — Ao — A3 — k, and A5 = —)\{ + k are eigenvalues
of an N € N5 with diag N = 0 and Ay > Xy > A3 > 0 > Mg > )5 if and only if k satisfies the following

. At —Ao—\ A2z + A2 A2
constraints 0 < k < A=22=25 k < A\; — g, and 2 — (M — X2 — A3)k < — (m)

Now let us get back to the maximal angle. Suppose that Ay > Ay > A3 > 0 are given. We assume
A1 > Ao + A3. Otherwise, there is no k that makes 0 < k < % true. Therefore, we need to find

: VAT + A2
M2 = min —

VY EDY RV RV Ry
.. Vs + A3+ k)2 + (A + k)2
AN+ (e + A3+ k)2 + (A1 + k)2

1
= min —
k XZ4AZ4A2 1
Y vy L v o i
subject to 0 < k < w,
k<A — Mg,
A2A3 4+ A2
B2 — (A — X — M)k < — [ 2222 17278 )
(1 2 3) - ()\14‘)\24‘)\3

Since we assume that Aj, A2, A3 are given, to find po, we just need to find vo = maxg(Aa + A3 + k)2 +
(=1 + k)? subject to the same set of constraints.

Note that (A2 + A3 + k)% + (=A1 + k)% = 2k + 2(Aa + A3 — A1)k + A2 + A3 + A2 + 2)2)3. Moreover, for
given \y > Ao > A3 > 0, if k < w7 then k < A\ — Ay. Therefore, we only need to solve the following
optimization problem:

(Prog) max k2 — (A — A2 — \3)k

subject to k > 0,

k_é/\1*>\27>\37
2
A2A3 + A2
3.1 B2 — (M =X — Ak < — 2‘33)
(3:-1) M ? 3k < <>\1+)\2+)\3

We consider the last constraint (3.1). By completing the perfect square on the left-hand side, we have

<k M= )\3)2 _ A8 = A+ (A= Ao — A2t Ao+ Ag)

2 4()\1 + Ao + /\3)

If the right-hand side of the above inequality is strictly greater than 0, then the quadratic form:

p(k) _ (k _ )\1 - )\2 - A3>2 . —4)\%)\3 - 4)\2)\% + ()\1 — )\2 — )\3)2()\1 —+ )\2 + )\3)
2 A0+ g + A3)

has two zeros k; and ks with k1 > % > ko. Both zeros are greater than 0 since p(0) > 0. Hence, the

feasible set of (Prog) is [k, %] and the problem (Prog) has an optimal value — (%) reached
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at k = ko. If the right-hand side of the above inequality is 0, then k = uﬂ, is the only feasible solution.
AZ A3+ A2 \2
A1+A2+A3
2 2 2
optimization problem, as long as 74)‘2&74)‘2)‘34?/&3;\21;2; S QatAatds) > 0, the optimization problem (Prog)
A3Xs+A2A]
Ar+A2+A3 )7

So the problem is also solvable with an optimal value — ( ) Therefore, in the formulation of the

is always solvable with an optimal value — (

EXAMPLE 3.1. Let Ay =1, and Ay = A3 = 71%6. By a simple algebraic computation, we found that the

maximum of k2 — (A\; — Ao — A\3)k subject to the constraints of (Prog) is reached at k = 3’4\/5 =A== Qo

—1+v5
4

are the trace zero nonnegative 5 x 5 matrices with the five eigenvalues: A\ = 1, Ay = A3 =
— _ —1-+/5
)\4 — )\5 — T

being their positive eigenvalues
—1+v5
4

the only trace zero nonnegative 5 x 5 matrices with Ay =1, Ay = A3 =

, and

EXAMPLE 3.2. Let A\; = 1, Ay = 0.5, and A3 = 0.1. We found that the maximum of k% — (A — Ay — A\3)k
subject to the constraints of (Prog) is reached at k = %. Although for any k € [0‘8_4@,0.2},
we can find a trace zero nonnegative 5 X 5 matrix with its eigenvalues being Ay = 1, Ao = 0.5, A3 = 0.1,
A = —0.6 —k, and \s = —1 + k, it is this & = ©8=Y031 that makes k2 — (\; — A2 — A3)k to be the
minimum, and therefore, determines the maximal angle between a trace zero nonnegative 5 X 5 matrix with

three positive eigenvalues being Ay = 1, and Ao = 0.5 and A3 = 0.1 and a positive semidefinite 5 x 5 matrix.
The five eigenvalues of this matrix are A\ =1, Ao = 0.5, A3 = 0.1, \y = # V0-34 “and A5 = # v0.34

Previously, we assume that A1, Ao, and A3 are given with Ay > Ay > A3 > 0 and Ay > A2 + A3. We
formulate an optimization problem to find k such that Ay, Aa, A3, Ay = —Ao — A3 —k, and A5 = —\; + k are
eigenvalues of a trace zero matrix in N5, which forms the maximal angle between a trace zero nonnegative
5 x 5 matrix with three positive eigenvalues A1, A2, and A3 and a positive semidefinite 5 x 5 matrix. Now
we turn our attention to the problem of finding the maximal angle between the 5 x 5 nonnegative matrix

cone and 5 X 5 positive semidefinite matrix cone. Noting that in the optimization problem (Prog), the
A3+ A2 A\2
Ar+A2+A3

> 0. We plug this optimal value into the original optimization problem

maximum of k2 — (A\; — Ay — \3)k is reached and the optimal value is —

—AXZA3 =40 A2+ (A1 = A2 =A3)2 (A1 +A2+As)
4(A1+A2+A3)

to find the maximal angle. We have

as long as A1 > Ao+ A3 and

1

\/ A2 A2 4A2 1
(A2+A3+k)2+(=A1+k)2
1

9 = min —
H k

= min —

K ATHAZHAS 41
2kZ—2(A 1=z —Aa)k+2X2 A+ AT +AZ+A3
1
/\§+>\§+>\§ +1
A3A3+Ag23 A A2Z4A21 )2
—2( R ) T2h2AsFATHAS+AS
1

1
221 X33 1 +1
(A1+A2+23)(AZ2+2A3+22)

1

S .
T +1
T zoey T
A1+A2+A3)(ATHAS+HAZ)

231 Az A3
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Therefore, to find the maximal angle between N5 and Ps, we need to solve the following optimization
problem:
M+ X2+ 23) (AT + A3+ A)
A1,>\2,)\3 )\1)\2)\3
subject to Ay > 0, A2 > 0, A3 > 0,
A1 > A2 + A,
—4)\%/\3 — 4)\2)\% + ()\1 — Ay — /\3)2()\1 + Ao + )\3)
41+ A2+ A3)

By rewriting this optimization problem, we actually find it to be a signomial geometric programming problem.
We call it Program (SGP):

> 0.

L inf DY VED NI TS LD P T D YD P ED WD T VLI ED MEP TR ID 1D PN AP W) PANED W) PP T
1,N\2,173

subject to A1 > 0, A2 > 0, A3 > 0,
A AT <1,
(3.2) A3 A3 A3 > A2 A2+ A2 20 0003 + M2 A2+ A2,

REMARK 3.3. We may simply formulate an optimization problem to find the maximal angle between a
positive semidefinite and a nonnegative matrix, which can be stated for each of the two cases. For example,
the following optimization problem is formulated for Case 2:

: VOYEDY:
min —
VY ESY YRV EWY
subject to A1 > Ay > A3 >0 > Ay > A5,
)‘12*>\57
A2+ A5 <0,
M+ A+ A3+ M+ A5 =0,
MAEA A+ A+ A2 >0.

This program is more complicated and harder to solve than Program (SGP) because it has more variables
and more constraints compared to Program (SGP).

Actually, the last constraint of Program (SGP) can be written as:
ATINEA AT A2 FATIAZ 207203 FATIAZ F AT A AT = A - A <

making Program (SGP) to be in the standard form of signomial programming [2]. Also if (A1, A2, A3) is a
feasible solution of Program (SGP), then any multiple is also feasible and all these feasible solutions share
the same value of the objective function. So we can simply assume that A; = 1. Program (SGP) becomes

Pggﬂ;+M§Hﬂf&+gﬂ%%?+&+gﬂﬂﬁd?£
2,73
subject to Ay > 0, A3 > 0,

Ao+ A3 <1,
(3.3) L4 AS+ A3 > A303 + A2A3 + A3 + 20003 + A3 + Xa + As.
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For this signomial geometric programming problem, we may use an optimization solver to numerically
solve it. However, this optimization problem only has two variables. So we can use the method of Lagrange
Multipliers. To this end, we assume that Ay = €2 and A3 = 3. We further let f(z) = e~ %273 4 ¢2¥2-03 4
e~ %2128 and g(z) = e®27%% 4 e %2 T3 4 e7%2 4 %2 4 7% 4 %3, So that if we divide the constraint (3.3)
by A2A3 and use the functions f(z) and g(x), the constraint becomes —f(x) + g(z) + 2 < 0. Therefore, the
optimization problem becomes

inf f(z) +g(z)

Z2,T3
subject to 2 € R, x5 € R,
e"? +e" —1<0,
— flx)+g(x)+2<0.

The Lagrangian of this optimization problem is
L(z,p,v) = f(x) + g(x) + p(e™ + € = 1) +v(=f(z) + 9(z) + 2).
If z is an optimal solution, then & must satisfy the following:

e +e"™ —1<0,

— f(z) +9(z) +2<0,
La, (2, p,v) = 0,

Ly (z, pp,v) =0,

u(e™ + e —1) =0,
v(=f(z) +g(x) +2) =0,
w>0and v >0.

We actually know that g = 0. Otherwise, e”24e*# = 1, which gives — f(z)+g(x)+2 > 0 by a straightforward
computation, contradicting — f(z) + g(z) + 2 < 0. We claim that v # 0. Otherwise, Ly, (z, u,v) = 0 and
L, (x, p,v) = 0 becomes

—eTT2TTs 262372—373 _ e—$2+2$3 4 oe%2Ts e—$2+333 e T2 =

)

_ e %23 _ 22273 + e~ T2t2r3 _ 213 4o T2tEs | oT3 _ om T3 0,

which when we use Ay and A3, become
(3.4) AT 2805 = AT A = A A A = A =0,
A S NI 20T S o A s A = A =0
Subtracting the second equation from the first one and manipulate it algebraically, we obtain
0= X" A3 (A3 — 3A3 + 203 — 202 4+ A2)03 — oA + g — \3)
= A A5 (N2 — A3)(BA2 + 4MoA3 +3X2 + 200 + 203 + 1).

Because Ay > 0 and A3 > 0, we obtain that Ay = A3. Using (3.4) or (3.5), we have 0 = 2A3 — Ay — 1 =
(A2 — 1)(2A3 + 2X\5 + 1), which gives Ay = 1. Hence, (A2, A3) = (1,1), which is not a feasible solution of the
optimization problem since it violates the constraint Ao + A3 < 1. This shows that v # 0.
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Ly, (z, p,v) =0 and Ly, (x, p, v) = 0 can be written as:

(3.6) fas (T) + Gy (T) + V(= foy (%) + ga, (¥)) = 0,
3.7 fws(x)+gwa($)+y(_fms(x)J'_gws(x)) =y
From (3.6), we obtain that v = B CORr TRICIRE RN plugging into (3.7) gives

_fmz ($)+gw2 (z)°

(fs (2) + gy (1)) (= fs (%) + gas (x))
_fﬂﬂz (l‘) + Gz, (Z‘)

(frs (1') + Gzs (CE)) - =0.

Simplifying the equation, we obtain fy, (2)gz, () = fz,(2)gs, (). Note that

we get

and

.facs (I)gmz (:17) =

fmz — _e—$2—$3 + 262.%2—13 _ e—fE2+2fE3 — _)\2—1A§1 + 2)\§A§1 _ )\2—1)\3
co— —x — —1 -1 -1
Gy = e%27T3 _ o To2+w3 +e%2 T2 = )\2)\3 _ )\2 )\3 + )\2 _ )\2

fzs — 7€7w2713 _ 629327933 + 267:1:24»29:3 — 7)\;1)\;1 _ )\%)\3—1 4 2)\;1)\%

Gy = —€727T8 f o7 TES s o7 = AT 4 AN+ A3 — AT

Joa (@) gy (2) = (A7 ATT 203057 = A7TAD (=AM + A0 A3 — A5+ Ag)

=02 = AT AT S A - 2a8) 2

+ 229 — 2X3N37 F 203 + A3 — A 23 AT — Ap 1A,

e VLD D Pab D WD 1) W i 1

F A5t = AN 203 — 205205 — 205202 + 202

In view of fu, (2)gus (2) = fas(2)gz, (x), We obtain

(3.8) 2032 — 2072 + A5 T3 2 = AP = A A A A = AT - ASAST
S 2NN 22 g S A E I A AP 20020 —2)2 = 0.

By v(—f(z) + g(z) + 2) = 0 and v # 0, we have —f(x) + g(x) + 2 = 0, which is the same as

(3.9)

Hence,

and

TH A3+ A5 = X234+ A2 + 02 4+ 20003 + A2 4+ Ao + As.

AT A = AT = A (1= A3+ AD)
= A (A3 F A2 4 XA A2 220005 + A2 4 o)

= A2 XAz — A2 o — 20— A A2 -1

Azt = At AT = AN - A+ AD)

= A3 (A3 A3 F AAS + A2 4 20003 + A3+ A3)

= A2 A s AR 20 s+ L

(A A = A 2205 ) st = AT — AT 4 )

IL
AS
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Plugging the above into (3.8) and simplifying, we have

0=2232 = 2052 + A3 2 = A2t — A3AT 2+ 200 — 223 + A5 2A3 + A2t - AS 2

— 2332 F 205202 + 4N — 42

= A32A57 (203 — 273+ Xo — A3 — A3 20503 — 20303 + A3 + AdAs — AoAj
—2X3 4 205 + 433 — 4A3N3)

= 202057 2008 =A%) + (A2 = A3) = A5(A2 = A3) + A3A3 (A2 — Az) — AJ(A3 — AF)
FAA3(A3 = A3) = 2(X3 — A3) + 4AA5(A3 — A3))]

=2A322052 (A2 — A3) [2(A2 + A3) + 1 = A3 (A2 + A3) + A3A3 — A (ha + As)
FAAs (A2 4 Aadg + A2) — 2002 + A2) (A2 + A) + 4A2A2 (A2 + A3)] -

Therefore, either Ao — A3 = 0 or

2()\2 + )\3) +1- )\3()\2 + )\3) + )\%)\?)’ - )\%()\2 + )\3) + )\2)\3()\% + AoA3 + )\%)
—2(A3 + A3 (N2 + A3) +4X303 (A2 + A3) = 0.

Since

2Nz + A3) F 1= A3 (A2 + A3) + A2A2 — X3(M2 4+ A3) + Aadz(A2 + Aads + A2)
—2(A3 + A3) (A2 + A3) +4A3A3 (A2 + As)
=2(N2 4+ A3) + 1= A3 (A2 + A3) = AT (A2 + A3) + AaA3 (A3 + 20023 + A3)
—2(A3 + A3) (A2 + A3) + 4NN (A2 + A3)
=2(N2 4+ A3) + 1= A3 (A2 + A3) — M3z + A3) + A2z (Mo + A3)?
—2(A3 + A3) (A2 + A3) + 4NN (A2 + As)
=2(A2+ A3)(1— (A3 4+ A3)) + (1= A3(A2+ A3))
+ A3(A2 + Ag) (A2 (A2 + Ag) — A3) +4A3A5 (A2 + A3)
>0 (due to Ay > A3 > 0 and A + A3 < 1),
we know that Ay = A3. By (3.9), we get 423 + 2\y — 1 = 0. Solving this equation, we find that Ay =
_1%‘/5. Therefore, the three positive eigenvalues are given by \; = 1 and Ay = A3 = _1%\/3. The two

negative eigenvalues are those given in Example 1, which are \y = A5 = %\/g. Hence, the maximal angle
between the 5 x 5 positive semidefinite matrix cone and the 5 X 5 nonnegative matrix cone is Z(Ps, N5) =
arccos (—1“27/‘/5) > %’T.

REMARK 3.4. In [3], an example was given to show that the maximal angle between the positive semidef-
inite matrix cone and nonnegative cone is more than %“. Specifically, the maximal angle between the ad-
jacency matrix of the 5-cycle, which is a trace zero nonnegative 5 x 5 matrix, and the positive semidefinite

1+1/\/5>
2

matrix cone was obtained that is arccos (— . The eigenvalues of the adjacency matrix of the 5-cycle

are \1 =2, Ao = A3 = %\/57 and \y = A5 == _15‘/5, which is a multiple of the eigenvalues of the matrix

N in the above discussion. Therefore, while in [3] the authors calculated the maximal angle between the

adjacency matrix of the 5-cycle and the positive semidefinite matrix cone, which is arccos <_L2/\/5 ,

we
prove in this paper that such an angle is actually the maximal angle between the 5 x 5 positive semidefinite

matrix cone and 5 X 5 nonnegative matrix cone.
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4. Concluding remarks. We have provided a different proof for a theorem in [3] about the maximal
angle between the n x n positive semidefinite matrix cone and n x n nonnegative matrix cone for n < 4 by
using basic algebra. Such an approach has been extended to study the maximal angle between these two
matrix cones for n = 5. Using the method of Lagrange Multipliers, we have shown in this paper that the
maximal angle between the 5 x 5 positive semidefinite matrix cone and 5 x 5 nonnegative matrix cone is
Z(P5,N5) = arccos (—%) We hope that the approach used in this paper will provide some insight
about the problem to find the maximal angles in the copositive cone and/or in Cone(P,, + N,,) for n > 3,
which is still an open problem as mentioned in [1].
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