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ADDITIVE RANK-ONE NONINCREASING MAPS ON HERMITIAN
MATRICES OVER THE FIELD GF(22)*

MARKO OREL' AND BOJAN KUZMA't#

Abstract. A complete classification of additive rank—one nonincreasing maps on hermitian ma-
trices over Galois field GF(22) is obtained. This field is special and was not covered in a previous
paper. As a consequence, some known applications, like the classification of additive rank—additivity
preserving maps, are extended to arbitrary fields. An application concerning the preservers of her-
mitian varieties is also presented.
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1. Introduction. By definition, hermitian matrices X and Y are adjacent if
rk(X —Y) = 1. Hua’s fundamental theorem of the geometry of hermitian matrices
(see e.g. [32, Theorem 6.4]) classifies all bijective maps ® on hermitian matrices which
preserve adjacency in both directions, i.e., tk(X —Y) = 1 iff rk(®(X) — &(Y)) = 1.
Recently, important generalizations of Hua’s theorem on hermitian matrices were
obtained. In [17, 13, 14] “the assumption of both directions” was reduced to one
direction only. In the case of hermitian matrices over complex or finite field even the
assumption of bijectivity was dropped [18, 27]. For fairly arbitrary division ring of
characteristic not two, such a result is known for 2 x 2 matrices [16].

These and related problems arise also in algebraic combinatorics. More precisely,
in the study of association schemes and distance regular graphs. An association
scheme is a pair (X, R) where X is a finite set and R = {Ry, R1, ..., Rq} is a partition
of X x X where relations R; satisfy some additional properties (see [5, p. 43]). An
automorphism of an association scheme is a permutation ® on X, for which (z,y) € R;
implies (q)(x), Q)(y)) € R; (the definition of an automorphism of an association scheme
slightly varies throughout literature). In the case of hermitian forms scheme, X is the
set of hermitian matrices over the Galois field of order ¢? (g is a power of a prime), and
(X,Y) € R, iff tk(X —Y) = i. Hermitian forms graph is a distance regular graph
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obtained from hermitian forms scheme such that the set of vertices X’ is formed by
hermitian matrices, while edges are induced by the relation Rp, i.e., X and Y are
adjacent iff rk(X —Y) = 1. Consequently, an automorphism of the hermitian forms
graph is precisely a bijection which preserves adjacency (in both directions since X is
finite). Recall that such automorphisms are classified in Hua’s theorem. Moreover,
very recently it was shown in [27] that any endomorphism of the (finite) hermitian
forms graph is necessarily bijective and hence an automorphism. We refer to [1, 5]
for more on association schemes and distance regular graphs and to [21, 22, 31] for
more on hermitian forms schemes/graphs.

Hermitian forms graphs can also be used to construct (b; d)-disjunct matrices [19].
Such matrices are used to construct an error—tolerable pooling designs which are used
to identify the set of defective items in a large population of items. These designs
have applications also to the screening of DNA sequence. For more on (b; d)-disjunct
matrices and pooling designs see e.g. [15, 8, 33, 26].

We now turn the discussion to weak adjacency preservers (in one direction), i.e.,
to those maps ® for which rk(X —Y) = 1 implies rk(®(X) — ®(Y)) < 1. In the
language of graph theory, such maps are also called weak endomorphisms of the
(hermitian forms) graph (see e.g. [20, p. 25]). Although the definitions of preserving
adjacency /weak adjacency look similar, there is a fundamental difference between
them. When considering hermitian matrices over a finite field (i.e., when the hermitian
forms graph is finite), any adjacency preserver is bijective, provided that the involution
on the field is not the identity map [27]. Hence, any such map is of the form ®(X) =
TX°T*4+Y, where the matrix T is invertible, Y is hermitian, and the automorphism o
is applied entrywise. On the contrary, the structure of weak adjacency preservers
seems much more complicated. Consider for example the map defined by ®(A) = A if
rk A =1 and ®(A) = 0 otherwise. For another nonstandard example fix two hermitian
matrices M and N of rank one and define: ®(A) = 0if rk A is even; ®(A) = M if the
number rk A equals 1 modulo 4; ®(A) = N if the number rk A equals 3 modulo 4. At
the present time, we are not aware of any result that would classify all such maps.
However, if we add the additivity assumption on ® then we could still hope for a
nice structural results. Nevertheless, we still can not expect to reduce the problem on
‘strong’ adjacency preservers, since e.g. the map ®(X) = T X?T* preserves adjacency
in the weak sense for any T, while to preserve adjacency in the “strong” sense T" must
be invertible.

Note that under the additivity assumption, the adjacency/weak adjacency pre-
servers are precisely those maps, which preserve/do not increase rank-one. It is
common practice in solving additive preserver problems to reduce them to rank—one
preservers. Frequently, it is easier to check whether a given map does not increase
rank—one rather than to check if it does indeed preserve it (see e.g. [9, proof of The-
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orem 1.2] or [10, Theorem 2.1, proof of Theorem 2.2]). We refer to [12, 24] for a nice
survey of the methods and historical remarks about preserver problems.

Recently, additive maps on hermitian matrices that do not increase rank-—one
were classified in [25]. The only essential assumption made in this article was that the
characteristic of the underlying field differs from two and from three. The classification
for these two characteristics was obtained by the present authors in [28]. However, the
field GF(22), the Galois field of order four, was not covered. Presently, we were able
to overcome even this. Our main result, together with [25] and [28, Main Theorem],
gives us a complete classification of additive rank—one nonincreasing maps. We will
see that the field GF(22) demands new techniques. Moreover, beside the maps given
in [25, 28] new nonstandard maps appear (see (iii) in Theorem 2.1). We use a Bose—-
Chakravarti’s result [4] to classify them.

Before proceeding to Section 2, it is perhaps worthwhile to interpret the additivity
assumption also in terms of endomorphisms of the hermitian forms graph. To do this,
observe that the hermitian forms graph is the Cayley graph Cay(G,S), where G is
the additive group of all hermitian matrices and the set S consists of all hermitian
matrices of rank one (for the definition of the Cayley graph see e.g. [3, p. 106]). Hence,
additive rank—one nonincreasing maps are precisely those weak endomorphisms of
Cay(G,S), which are endomorphisms of the group G that satisfy ®(S) C S U {e}.
Here, e denotes the group identity, that is, the zero matrix in our case.

The rest of the paper is organized as follows. In Section 2 we recall the necessary
definitions and state the main result. In Section 3 the proofs are given, while in
Section 4 some applications of the main theorem are presented.

2. Preliminaries and statement of the main result. Throughout this pa-
per, the field GF(22) is shortly denoted by G. Recall that the characteristic of G,
char G, equals 2, and G = {0,1,2,14++} = {0, 1} ®+{0, 1}, where the multiplication is
given by 12 := 1+1. If not said otherwise, the symbol o denotes a field automorphism
of G. Apart the identity map, id, there exists only one more automorphism =: G — G
defined by 7 := 1 + 1. Note that the automorphism ~ is an involution, i.e., T = x for

all x € G. Moreover, if 2 # 0 then 27 = 1, i.e.,, 27! = 7.

We use G™ to denote the space of all column—vectors of length n. Given a vec-
tor x € G™ we can, and will do so, identify it with an n x 1 matrix. Let {e1,...,e,}
be the standard basis of G™, and let {E11, E1a,..., Emn} be the standard basis in
the space My, xn(G) of all rectangular m x n matrices with entries from G. When
matrices are quadratic, i.e, when m = n, we write shortly M,,(G).

Given a matrix X and an automorphism o we let X7 be the matrix obtained
from X by applying o entry-wise. When o = ~, we write X. The transpose of a
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matrix X is denoted by X*. A matrix X € M, (G) is hermitian if X* := X" = X.
Let H,,(G) be the set of all such matrices. Likewise we denote by H,(K) the set of
all hermitian matrices with entries from a field K possessing an involution ~, which
is assumed to be nonidentical (~ # id) unless otherwise stated. Note that H,(G) is a
vector space over the subfield {z € G|T = z} = {0,1} =: Z3. A map @ : H,(G) —
Hm(G) is additive it 8(X +Y) = ®(X)+@(Y) for all X, Y € H,(G), and is rank-one
nonincreasing if rk X = 1 implies tk®(X) < 1. Note that for any X € H,(G) of
rank r there exists an invertible matrix @ € M, (G) such that X = Q(E;:1 E;;)Q*
(see e.g. [4, Theorem 4.1]). Consequently, any additive rank—one nonincreasing map
® : H,(G) - H,n(G) is also rank—r nonincreasing for any r, i.e., rk X = r implies
rk ®(X) < r. It also follows that any rank—one matrix M € H,,(G) can be written as
M = xx* for some nonzero x € G".

To shorten writings, we define x2 := xx* and xey := xy* 4+ yx*. Given vectors
X1,..., % € G™ let (x1,...,%,) be their G-linear span, and let (x1,...,x,)? be the
Zy-subspace in H,,(G) generated by matrices x> and xey ; X,y € (x1,...,%,). It is
easily checked that if x1,...,X, are G-linearly independent then matrices x3, . ..,x>
together with x;exy and ix;exy (1 < j <k <r) form a Zy-basis of (x1,... ,xr)(Q).
If we replace matrices x; ex; and 1x;ex) by (x; + x;)? and (1x; + xx)? then we
obtain an additive basis formed by rank—one matrices. We want to point out that
if x1,x9 are linearly independent then there are precisely five rank—one matrices in
(x1,%x2)?). Namely: x?,x3, (x1 +x2)2, (1x1 +x2)?, (7x1 +x2)2. Note that their sum is
zero. Though being obvious, it is perhaps worthwhile to mention that if x; = e; and
X2 = ey are standard vectors then (xi, X2>(2) = H2(G) ® 0,,—2 and the five rank—one
matrices are: Fi1, Fag, E11 + xF12 + TE21 + Fao (z = 1,1,7).

If 0 € {id,”} then we say that an additive map ¢ : (x1,...,%,.) — G™ is o-
semilinear if g(xx) = o(x)g(x) holds for all z € G and all x € (x1,...,%,). Any
such ¢ induces an additive map P(g) : (x1,...,%,)® — H,,(G) having the prop-

erty P(g)(x*) = g(x)* and P(g)(xey) = g(x)eg(y) for all x,y € (x1,...,%,). If
(x1,...,%,) = G™ then P(g)(X) = TX°T*, where m x n matrix T is defined by
Tej:=g(e;) for j=1,...,n.

We are now ready to state the main theorem of this paper.

THEOREM 2.1. If n,m > 2 are integers then a map ® : H,(G) — Hpn(G) is
additive rank—one nonincreasing if and only if it takes one of the following forms:

() (X)=TXT",
(i) ®(X)=s(HoX) M,
(iii) @(X)= P(([QXQ*]M +[QXQ"]22)En + ([QXQ 12 + [QXQ*]QI)E22)P*-

Here, T € Mpxn(G), 0 €{id, ™}, M € H.n(G) is of rank one, H € H,(G), o denotes
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the Schur (i.e., entrywise) product, s(Y) is the sum of all entries of the matriz Y,
P e Mn(G) and Q € My(G) are invertible, while [QXQ*];i is the (j, k)-entry of
the matriz QX Q*.

We call the maps of the form (i) standard, while those of the forms (ii)—(iii)
nonstandard.

REMARK 2.2. Note that in (ii), the map f(X) := s(H o X) is just an additive
functional f : Hyp(G) — Z2 (see Lemma 3.9).

REMARK 2.3. It follows immediately from Theorem 2.1 that, in the case m = n,
the semigroup of additive rank—one nonincreasing maps is generated by standard
maps, maps of the form ®(X) = f(X)F;, where f is an additive functional, and by
the map @(X) = ([X]u + [X]QQ)Ell + ([X]12 + [X]21)E22.

REMARK 2.4. Let K be a field and ~ an involution on it (we do not assume that
~ #£1id). If an additive rank—one nonincreasing map ® : H,,(G) — H,,(K) has in its
image a matrix of rank at least 3 then it can be shown that it is of the standard form,
ie, ®(X) =T XT*, where £ = gis ascalar and 0 : G — K is a field homomorphism
which intertwines the two involutions, i.e., 0/(;) = o(z) for all x € G. In particular
~#1id, since o(z) = 0(7) # o(1). Moreover, the additivity of ® forces that charK = 2.
To keep the paper concise we will not prove this here.

EXAMPLE 2.5. It already follows from Theorem 2.1 that the conclusion in Re-
mark 2.4 does not hold if max(rk ®(X)) < 2. However, if K # G then there exist
different nonstandard additive rank—one nonincreasing maps ¢ : H,,(G) — H,,(K).
Consider the field K := GF(4%) = {0,1,a*+a,a®*+a+1}®a-{0,1,a®>+a,a’ +a+1}
where the multiplication and the involution is given by the rule a* = a + 1 = a@. The
additive map 7 : G — GF(4?) defined by 7(1) := 1 and 7(2) := @ + a is a field ho-
momorphism, though it does not intertwine the two involutions. In fact, 7(2) # 7(2),
since;(z\) —a?+a= @?+a=(a+1)?+(a+1) =a%>+3a+2 = a®+ a, while
7() =7(1+1) = 7(1) + 7(1) = a® + a + 1. Note that the map z — 22 is additive in a
field of characteristic two. Hence, the map @ : Ha(G) — H2(K) defined by

@QCE . D'_lT(’%HQW) 7(x) +ar(a?)

7(@) +ar(2?) 7(a2)

is additive as well. We claim that it does not increase rank—one. Recall that Fiq,
Ess, E11 + xF12 + TE21 + Faa (x = 1,1,7) are the only rank—one matrices in Ha(G).
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The determinants of their ®-images

1 0 0 0 a?4+a a+1
2.1
@) ool Lo VL7 T
1 a® a’®+a a+a+1
a4+at+a+1 1 |7 a®+a?2+1 1

all vanish, since a*

= a + 1. Hence, all of the above matrices are of rank one indeed.
Note that ® is neither of the form (ii), since its image contains a matrix of rank
two, nor of the form (i), since in this case ®(E;;) = Ey; (i = 1,2) would imply
T = t1E11 4 t2 E92, and consequently the matrix ®(E12 + Ea1) would have zero entry
at position (1,1), which is a contradiction. The map & is also completely different
from the map (iii), because its image contains more than two linearly independent

matrices (see e.g. the matrices in (2.1)).

EXAMPLE 2.6. In the case max(rk ®(X)) < 2 we have new nonstandard additive
rank—one nonincreasing maps ® : H,(G) — Hp,(K) even when (K, ™) = (G,id), i.e.,
when the codomain H,, (K) is the set S,,,(G) of all symmetric m x m matrices over
the field G. The map ® : Ha(G) — S2(G) defined by

o o T otz z+ T
T Qs Tl 24T ae+T
is additive and rank—one nonincreasing. It is not of the forms (i), (ii), (iii) since the
same arguments as in Example 2.5 apply.

3. Proofs. Throughout this section, n,m > 2 are integers and ¢ : H,(G) —
H.(G) is an additive rank—one nonincreasing map.

3.1. Standard maps. We start with lemmas needed to classify maps, which
turn out to be standard. The proof of the first of them can be easily deduced from
[28, Lemma 3.1] and will not be given here.

LEMMA 3.1. Letr be an integer and suppose that rk(z -1 yj) = r. If a hermitian
rank-one matriz M satisfies M ¢ (y1,...,y,)?® then k(307 yi+M)=r+1.

LEMMA 3.2. Let v be an integer and suppose that rk ‘IJ(Z ) r. Then, the
image Im @y, v is contained in (yi,... L)@, where ®(x j) =: yj2 Moreover,
for arbitrary 1 < j <k <r, the set {®((x; +xx)?), ®((1x; + xx)?), P ((2x; + xx)?) }

equals {(y; +yr)% (vyj +yi)?, (@y; +y&)?*} or {0,¥3,¥7}
Proof. As ® is rank nonincreasing, Im @[, .y contains only matrices of

rank < r. Since the space (x,... ,xr)(z) is additively spanned by rank-one matrices,
the first conclusion, i.e., Im®|y, @ C (y1,... ,y,)® follows by Lemma 3.1.
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Consequently, since rk (I)(X? + x2) = 2, we have also Im D[, 30y (yj, yi)@ for
arbitrary 1 < j < k < r. In particular, {®((x; + xx)?), ®((2x; + xx)?), ®((2x; +
xi)?)} € H{0,¥%,y7, (v; +yr)? (y; + yr)% (y; + yr)?}. The rest follows from the
equation

0=2a(0) = ®(x; + x4 + (x5 +xx)° + (1x5 + xz)* + (1% + xz)°)
(3.1) = y? + yi + @((xj + Xk)Q) + fb((zxj + Xk)2) + @((ij + xk)2). |

The next lemma can be proved via [27, Theorem 3.1], however we give a self-
contained proof which is not much longer.

LEMMA 3.3. Letr € {2,3} and x1,...,%x, € G". If ®|, )@ preserves rank-
one and rk @(Z;Zl X?) =1 then @[y, x,yo = P(g) for some o-semilinear map
g:(x1,...,x.) = G™.

Proof. By the assumption, ®|, ye preserves rank-one, i.e., it can not anni-
hilate rank-one matrices. Hence, if we denote ®(x7) =: y7 then Lemma 3.2 implies

{®((xj+x1)%), @ ((ex;+xx)?), ((ix;+%1)%) } = {(yi+yr)% (y;+ye)?, Oy +y)*}

for arbitrary 1 < j < k < r. In other words, @((xxj + xk)2) = (l/jk(x)yj + yk)2
for some function v;; : G — G which satisfies v;,(0) = 0 and vj;(z) # 0 whenever
x # 0. Moreover, from (3.1) we deduce that v, (1) + v, (2) + v,%(7) = 0. Therefore,
if oj : G — G is defined by ojx(z) = Z:’;—Exl; then 1+ oj5(2) + 0;x(7) = 0, ie.,
{ok(2),0k(7)} = {1,7}. Consequently, ;i € {id, "}.

If r = 2 then rk @(Z?Zl x?) =2, 80 y; and ys as well as x; and xs are linearly
independent. Define first g(x1) := vi2(1)y1 and g(x2) := y2, and then extend the

map g, on whole (x1,X2), o12-semilinearly. Since v12(1)r12(1) is nonzero, it equals 1,
so we deduce that @ .,y = P(g).

If » = 3 we proceed similarly. Vectors y1,y2,ys as well as x1, X2, x3 are linearly
independent. If an invertible matrix P € M,,(G) is such that Py, = e; for all j and
if ,y # 0 then any 2 x 2 minor of the rank—one matrix

P@((mxl + Xo —|—§X3)2)P* = P(‘I)(X%) + (I)(Xg) + <I>(x§)—|—
+ @ ((ax1 + X2)2) + O ((zyx1 + X3)2) + O ((yx2 + X3)2))P*

vanishes. From the minor at positions (1,2), (1,3), (2,2), and (2,3) we deduce that
(3-2) vi2(1ras(1)ora(z)o2s(y) = vis(1)ois(zy).

Recall that o;,(1) = 1. Hence, by evaluating (3.2) at + = 1 = y we obtain
vi2(1)va3(1) = 113(1). Moreover, v;;(1) is nonzero, so equation (3.2) implies that
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o12(x)o23(y) = o13(zy). By choosing 2 = 1 or y = 1 we deduce that 012 = 013 = 093.
Therefore, if o1o-semilinear map ¢ is defined on the basis by g(x1) = r12(1)y1,
g(x2) :=y2, and g(x3) := vo3(1)ys then @[ +, x,y» = P(g). O

LEMMA 3.4. Suppose that vk ®(xF 4+ x3) = 2 and P(g) = ®|x, x,y@ = P(g') for
some o-semilinear map g : (x1,%x2) — G™ and o’-semilinear map g’ : (x1,%x2) — G™.
Then ¢’ =t - g for some nonzerot € G.

Proof. For j = 1,2 the equation g(x;)* = @(x?) = ¢/(x;)? implies that ¢'(x;) =
t;jg(x;) for some nonzero t; € G. Consequently,

(o(2)g(x1)) 0g(x2) = @ ((ax1)9%2) = (0 (2)g (x1)) 09’ (x2)
= (U/(x)tlg(xl))'(tzg(xz)) (x € G).

Since g(x1) and g(x2) are linearly independent, we deduce that o(x) = o’(z)t1t2.
Hence, 0 = o’ and t;t3 = 1 = #%y, i.e., t; = to =: t. This ends the proof. O

LEMMA 3.5. Let x1,X2,X3 € G" be linearly independent. If @ v = P(g)
for some o-semilinear map g : (x1,%2) — G™, and rk ®(x3 + x3) = 2, then g can be
o-semilinearly extended on (x1,X2,X3) such that @[y, x, x,y = P(g).

Proof. We separate two cases.

Case 1. Assume first that Im @], », x,y 7 Im @[y v Then there exists x3 €
(x1,X2,x3) such that ®(x3) ¢ Im @y, «,y and (x1,X2,%3) = (X1,X2,%3). By the
assumption, Im ®| ., v = (9(x1), 9(x2))?, so Lemma 3.1 implies that rk ®(x3 +
x3 4+ %3) = 3.

We will show that (I)|(x1,x2,5c3>(2> preserves rank—one, i.e., ®((x1X; +xoXa +13%3)?) # 0
for any nonzero tuple (x1, 22, x3) of scalars. This clearly holds if 3 = 0 and (x1,x2) #

(0,0) or if 21 = 0 = @3 and @3 # 0. To deal with other cases denote ®(x3) =: y?3
and choose an invertible matrix P such that Pg(x1) = e1, Pg(x2) = €2, and Py3 =
e3. By Lemma 3.2, the set {@((xj + 5(3)2), @((zxj + 5(3)2), @((ij + 5(3)2)} equals
{(9(x5) + ¥3)%, (1g(x;) +y3)?, (19(x;) +y3)?} or {0,9(x;)?,y3} for j = 1,2. Assume
erroneously that ®((z1x; + 23%3)?) = 0 for some nonzero x; and x3. We can choose
x € {1,2,7} such that either P®((zx2 +%3)?)P* = P(g(x2) +y3)?P* = (e2 +e3)? or
P®((xx2 + x3)%)P* = 0. In both cases the matrix

P@((:L‘lfgxl + X2 + X3)2)P* =
= P(®((z1T3x1) e (2%2)) + ©(%X3) + @((z1%1 + 23%3)?) + @((2x2 + %3)?)) P*
= (o(z173)e1) o (0(z)e2) + €3 + PP((zx2 + %3)°) P*

has rank > 2, which is a contradiction. Hence, ®((x1x; + 23%3)?) # 0. In the same
way we show that ®((waxs + 23%3)?) # 0 whenever zo # 0 # 3. Lastly, let all
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x1, T2, 23 be nonzero. Then, ®((x1x1 + waX2 + w3%3)?) # 0 since the matrix

P@((xlxl + ToXo + $3X3)2)P* =

= (0’(3?1)61) [ ] (0’(3?2)82) + e% + P(I)((J)lfgxl —|— X3)2)P* —|— P(I)((J)QngQ —|— X3)2)P*
has nonzero entry at position (1,2). Consequently, @[ x, x5y = P|(x; xs,x5)@
preserves rank—one as claimed.
By Lemma 3.3 applied at r = 3, there exists a o’-semilinear map ¢’ : (x1,X2,X3) —
G™ such that @y, x, x,y = P(¢’). By Lemma 3.4, g'[(x, x,) = t*g for some nonzero
t. Hence, if we o-semilinearly extend g by g(x3) := tg'(x3) then @ . xy@ = P(g).
Case 2. Assume now that Im @[, , x,y@ = Im @[, yy@. We claim that in
this case there exists X3 € {X3,x1 + X3,ZX1 + x3,7%; + x3} such that ®(%X3) €

2 2

{9(x1)?, g(x2)?}. Otherwise ®(x3) € {0, (9(x1)+g(x2))", (19(x1) +9(x2))", (7g(x1) +
g(xz))Q} for all such %3, so if an invertible matrix P satisfies Pg(x1) = e; and
Pg(x2) = e then
(3.3)  0=P®(0)P* = PP(x] + x5 + (x1 + x3)° + (1x1 +x3)° + (1x1 + x3)°) P*
(34) =FEn1+A+B+C+ D,
where A, B,C,D € {0} U{E11 + xF12 + TE2 + Eo2 |z = 1,1,7}. However, this
is not possible, since the matrix in (3.4) has a nonzero diagonal for any choice of

matrices A, B,C, D. Hence, ®(%3) € {g(x1)?, g(x2)?} for some %X3. Moreover, we
may assume that

(3-5) O(%3) = g(x1)?

(otherwise permute the indices 1 and 2 from the beginning). Now, if in (3.3) we replace
x3 by %3 then we deduce that ®((x1 + X3)?) + ®((1x1 + X3)%) + ®((2x1 + X3)?) = 0.
Since all three matrices are in Im @[, x, x,) = (9(x1), g(x2))® and are of rank
< 1, this is possible only if there exists = € {1,,7} such that

(3.6) P ((zx1 +%3)%) =0 and O ((rax) + %3)%) = @((7wxy + %3)?).

Since rk ®(x3 + %3) = 2, Lemma 3.2 implies that the set {®((x2 + X3)?), ®((1x2 +

%3)%). @((1x2 + %3)?) } equals { (9(x1) +9(x2))". (19(x1) +9(x2))", (g (x1) + g (x2))°}
or {0, g(x1)?, g(x2)?}. Actually, the last is not an option, since for y # 0, the matrix

(3.7)
<I>((x1 + yxo +E>"<3)2) =
= O(x] + X3 + X5 + (Tx1 + x2)* + (ax1 + X3)® + (yax2 + X3)°)
=d(x3) + B(x3) + P(%3) + @((yxl + X2) ) + <I>((xx1 + X3)2) + @((yxxz + X3)2)
= g(x1)% + g(3x2)? + g(x1)? + (0(B)g(x1) + g(x2))” + 0 + B((yaxy + %3)2)
= g(x2)? + (0(R)g(x1) + g(x2))” + @ ((yaxz + %3)?)

2
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is of rank < 1 and consequently @((yxxz + X3)2) # 0. So, @((yxxz + 3’(3)2) €
{(g(x1) + g(xz))z, (rg(x1) + g(xz))z, (2g(x1) + g(x2))2} for all nonzero y. Actually,

(3.8) O ((yaxs +%3)?) = (0(7)g(x1) + g(x2))”

is the only possibility for the matrix in (3.7) to be of rank < 1. Consequently, if in (3.7)
we replace x by 1 and 7z respectively then we deduce that rk (g(x2)? + (o(7z)g(x1)e
g(xQ))2 + M) <1 for z =1,7, where M := ®((1ax; + X3)?) = ®((1wx; + X3)?). The
only such matrix M of rank < 1 in Im @, , xy = (9(x1), g(x2))? is g(x1)2.
Therefore,

(3.9) ‘b((mxl + 5'(3)2) =g(x1)? = (IJ((ia:xl + 5'(3)2)

holds for z which is defined in (3.6). Now, we o-semilinearly extend g on (x1,x2,X3) =
(x1,X2,%3) by g(%X3) := o(z)g(x1). Since matrices (yrx; + %3)? and (yzxs + ¥3)>
(y € G), together with matrices from (x;,x2)(?), additively span (x;,xz,%3)(?

(x1,X2,%3)?) | we infer from (3.5), (3.6), (3.8), and (3.9) that D[ (x; xa,x5)» = P(9)-

o It

3.2. Nonstandard maps. We proceed with lemmas related to nonstandard
maps. Recall that given a matrix H € H,(G) its hermitian variety is defined by
Vg = {{(x)|x"HX = 0,x # 0}. Here, (x) is the 1-dimensional space generated by the
vector X, i.e., a point in the projective space PG(n — 1,2%) := {(x)|x € G"\{0}}.

The next lemma follows immediately from Bose and Chakravarti [4, Theorem 8.1
and its Corollary]. We give an alternative proof for the sake of completeness.

LEMMA 3.6. The number of points on variety Vg in PG(n —1,2%) equals
22n—1 -1+ (_1)rkH . 22n—rkH—1

|Vi| = 3

Proof. Choose an invertible Q € M,,(G) such that H = Q" DQ, where D =
Z;zl E;; and r = rk H. Then the map Vg — Vp defined by (x) — (@x) is bijective,
ie., |Vu| = |Vp|. Since 2T equals 1 for z # 0 and 0 otherwise, the number of
x = (21,...,2,)" € G" with 0 = x" DX = 2171 +. . .+ 2,7, equals 4”_’"~E§.=O (27"],)323'

. k
where 2t < r < 2t + 2. Note that Z;ZO (5;)3% = Yoo (2)3’“# =1(B+1)"+
(=34 1)") =221 4+ (=1)"- 2”71 Since |G\{0}| = 3 and, by the definition of the
variety, (0) ¢ Vp, it follows that

qn—r . (227’71 + (_1)7’ . 27’71) -1 B 22n71 — 1+ (_1)7’ . 22n77’71
3 B 3

\Vu| = |Vb| = . O

The lemma below will be crucial to classify nonstandard maps.
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LEMMA 3.7. Suppose matrices H,G € H,(G) are both nonzero. If the union
Vi U Vg contains all points of PG(n — 1,22), i.e., X" HXx""GX = 0 for all vectors
x € G" then there exist an invertible matriz Q such that H = Q(E11 + E22)Q* and
G=Q(Fi2+ Exn)Q".

Proof. Let x be an arbitrary vector. Then,
(x"(H + G)x)? = (x"HX)? + (x"Gx)%
Hence, Vg N Vg C Vhig. Now, if (x) € Vyig then, since charG = 2, x""HX =

x"GX. Consequently, (x"" HX)? = (x"GX)? = x"Hxx"GX = 0, i.e., (x) € Vg N V5.
Therefore Vg N Vg = Vi which further implies

(3.10) |PG(n —1,2%)| + Vil = [V UVa| + [Va N Vg| = |[Va| + Vgl

Here, |PG(n—1,2?)| denotes the number of all 1-dimensional subspaces in G". Hence,
|PG(n—1,2%)] = (|G|"-1)/(|G|—1) = (22" —1)/3. We obtain the numbers |V, |V,
and |Viy¢| from Lemma 3.6. Then, routine calculations derive from (3.10) the equa-
tion

(_1)rkG
2rkG

(_1)rk(H+G) _ (_1)rkH

(3-11) L+ ork(H+G) ~—  9rkH

+

Since tk H,tk G > 1 by the assumption, the right side of (3.11) is < 1. Hence,
rk(H + G) is odd and in particular > 1. By rearranging equation (3.11) such that
the second summand on the left side goes to the right side and the first or the second
summand on the right side goes to the left side, we deduce that rk H and rk G are
even and in particular > 2. Consequently, 1 = 1/2"H 4 1/2tkG 4 1 /tk(H+G) apnd
this equation is satisfied precisely when the rank—values are minimal, i.e., tk H =2 =
rk G and rk(H + G) = 1. Therefore, there exists an invertible matrix ¢y such that
H = Q1(F11 + E22)Q7. Write G = Q1(M; + M2)Q7 where tk M7 = 1 = rk M3 and
rk(Mq+ M) = 2. Assume erroneously that My ¢ Ha(G)P0,,—2. Then, by Lemma 3.1,
tk(E11 4+ FEa2 + M7) = 3. Consequently, 1 = rk(H + G) = rk(F11 + Eaa + M7 + Ms) >
rk(E11 + E22 + My) — rk(Ms) = 2, a contradiction. Hence, My € Ha(G) @ 0,,—2. The
same argument implies that My € H2(G)@®0,,—2. Since rk(E11 +Faa+ (M1 +Ms3)) =1
and rk(M; + M3) = 2 we easily check that My + My = xFEj2 + TEo; for some
x € {1,2,7}. We now replace 1 by @ := Qidiag(1,Z,1,...,1). Since 2T = 1, it
follows that H = Q(E11 + E22)Q* and G = Q(F12 + E91)Q*. O

REMARK 3.8. If (K,) is any field with nonidentical involution, but distinct
from G, then the identity x" Hxx""GX = 0 implies that at least one of hermitian
matrices H = H' or G = G* must be zero. To see this we define an additive map on
H,, (K), using the notations from Theorem 2.1, by ® : X +— s(HoX)E1;+s(GoX)Ess.
It is rank—one nonincreasing since s(H o axX") -5(Goaxx") = o? - xTHX-x"GX = 0.
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However, if H and G are both nonzero then ® does not fit the forms obtained in [28,
Main Theorem], a contradiction.

The next lemma classifies additive functionals on H, (G).

LEMMA 3.9. Let f : Ho(G) — Za be an additive map. Then there exists H €
Hn(G) such that f(X)=s(H o X) for all X € H,(G).

Proof. 1t is easy to see that any additive map ¢ : Zy — Zs is of the form
¢(x) = hx for some h € Zs. Similarly, any additive map ¢ : G — Zs is of the form
c¢(x) = hx + hz for some h € G. Hence, there exist h;; € Zs and hj; € G such that
f(X) = Z?:l hjj[X]jj + Ej<k hjk[X]jk + hjk[X]jk; i.e., f(X) = 5(HOX), where H
is defined by [H]ji := hji for j <k and [H]j; = hi; for j > k. O

3.3. Proof of the main result. We are now ready to prove Theorem 2.1.

Proof. First we prove the “if” part. It is obvious that the maps of the forms (i)-
(ii) do not increase rank—one. If ® is of the form (iii) then, for any rank—one hermitian
matrix x2, the upper—left 2 x 2 minor of P~1®(x?)(P~1)* equals

([QX2Q*]11 + [QXQQ*]QQ)([QXQQ*]IQ + [QXQQ*]m) = (2121 + 2222)(21Z2 + Z122),

where (Qx)™ = (21, ..., 2n). If 21 and 25 are both nonzero then z1z; +29z2 = 1+1 = 0.
Otherwise, 21z + Z122 = 0. Consequently, tk ®(x?) < 1.

To prove the “only if” part let ® be an additive rank—one nonincreasing map. We
separate two cases. The maps from the first case turn out to be nonstandard, while
those from the second case turn out to be standard.

Case 1. Suppose that for any triple of rank—one matrices M7, Ms, M3 their images
O(My), (Mz), ®(Ms3) are linearly dependent over Zs.

Then, since rank—one matrices additively span H, (G), we can easily see that Im ® =
{0, ®(M;), P(M3), (M) + &(Msz)} for some M; and M,. If matrices ®(M;) and
®(Ms) are equal, or some of them is zero, then obviously ®(X) = f(X)M for some
additive functional f and rank—one matrix M. Consequently, we deduce by Lemma 3.9
that ® is of the form (ii). If ®(M;) and ®(M3) are nonzero and distinct then
rk (®(My) + ®(M2)) = 2, so there exists an invertible P such that ®(M;) = PE;; P*
(i =1,2). Then, ®(X) = P(h(X)E11 + g(X)E32) P* for some nonzero additive func-
tionals h, g : H,(G) — Zg. By Lemma 3.9, h(X) = s(H o X) and g(X) = s(Go X) for
some nonzero hermitian matrices H and G. Since rk <I>(x2) < 1 for all x, it follows that
s(Hox?)-s(Gox?) = 0. This equation can be rewritten as x'* Hxx""GX = 0. Hence, we
can invoke Lemma 3.7 to deduce that H = Q(E11 + F22)Q* and G = Q(E12+ E21)Q*
for some invertible matrix ). Note that, for arbitrary matrices X,Y, A, B of ap-
propriate dimensions, the scalars s((AY B) o X) and s((A" X B™) oY) equal. Con-
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sequently, h(X) = s(H o X) = [Q"XQJ11 + [Q" Xl and g(X) = s(G o X) =
[QT" X Q)12 + [Q" X Q]a1, that is, ® is of the form (iii).

Case 2. Suppose lastly that there exist three rank—one matrices My, Mo, M3 such
that ®(My), ®(Ms), P(M3) are linearly independent over Z,.

Assume erroneously that any such triple satisfies

Denote one of these triples by x7,x3,x3, that is, rk(x? + x3 + x3) = 3, while ma-
trices ®(x3) =: y7 (j = 1,2,3) are linearly independent over Zy. Note that linear
independence implies

(3.13) k (@(x3) + ®(x3)) =2 (1<j<k<3)
as well as
(3.14) rk (®(x]) + ®(x3) + (x3)) > 2.

To clarify the last inequality consider first the case when y? ¢ (y1,y2)®. Then the
matrix in (3.14) is of rank three by Lemma 3.1. Otherwise y? € (y1,y2)® and (3.13)
implies that y3 ¢ {0,y%,y3}. Consequently, y3 € {(y1+y2)?, (ty1+y2)% (iy1+y2)*},
so the matrix in (3.14) is of rank two. Now, equation (3.13) together with Lemma 3.2
implies that the set {®((x; + xx)?), ((1x; + x)?), ®((2x; + xx)?) } equals {(y; +
yi)?, (vyi+yx)?, (y;+yx)?} or {0,y7, y7} forall 1 < j < k < 3. However, the first is
not possible by the assumption (3.12), since matrices (y; +yx)?, (ty;+yx)?, (y;+y)>
are linearly independent, while rk ((x; +xx)? + (1x; +xx)? + (1x; +x5)?) = 2. Hence,
as a set, {®((x; +xx)?), ®((1x; +x)?), ®((2x; +xx)?) } = {O,y?,yi}. Now, choose
nonzero y, z € G such that ®((yx1 +x3)?) = 0 = ®((2x2 + x3)?). The matrix

®((yx1 + 2% + x3)2) —
= ®(x] + x5 + x5 + (yx1 +x3)° + (2x2 + x3)° + (yZx1 + x2)°)
= &(x7) + @(x3) + (x3) + @((yzx1 +x2)°)

should be of rank < 1, however ®((yzx1 + x2)?) € {0,®(x?), ®(x3)}, so the above
matrix is of rank > 2 by (3.13) and (3.14). This is a contradiction, so the assump-
tion (3.12) was wrong.

Hence, there exists a triple My, Ma, M3 such that ®(My), ®(Ms), P(M3) are linearly
independent over Zs and rk(M; + Ms + M3) = 2. Note that linear independence
implies that rk ®(M; + M) = 2 = rk(M; + M>). Similarly as above denote M; =: x?
and ®(M;) =: y?. Then we infer from Lemma 3.1 that Mz = x3 € (x1,%2)?), i.e.,
x2 € {(x1 + x2)?, (1x1 + x2)?, (1x1 + X2)?}. Since ®(M;) = ®(x?) = y?, ®(Ms) =
®(x3) = y2, and ®(M3) = ®(x3) are linearly independent over Zs, we deduce from
Lemma 3.2 that the set { ®((x14+x2)?), ®((1x1+x2)?), ®((ix14+x2)?) } 2 ®(x3) equals
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{(y1 +y2)? (y1 +y2)% (iy1 + y2)°}. Therefore, ®| . @ preserves rank-one, so
Lemma 3.3, applied at r = 2, implies that (I)|<x17x2>(2) = P(g) for some o-semilinear
map g : (Xx1,x2) — G™. Now, extend vectors x1, X2 to a basis x1, X2, X3, ..., X, of G".
By Lemma 3.5, we can o-semilinearly extend g on whole G™ such that ®| (x1,%2,%;)@ =
P(g); j =3,...,n. Note that ‘I’(X?) # 0 for at least one vector %X; € {%X;,x1 +%X;,%X2+
X;, %1 + X2 + %X, }. Otherwise we would deduce that 0 = ®(x;ex2) = g(x1)eg(x2),
which is a contradiction, since g(x1) and g(x2) are linearly independent. Clearly,
X1,X2,X3,..., %Xy is still a basis and (x1,x%2,%X;) = (x1,X2,X;), Le., (I)|(x1,x2,>“<,~)<2> =
P(g) holds for all j = 3,...,n. To complete the proof it only remains to see that
Pl (5, 10 = P(9)ix,,5%,), for then, ® = P(g), and therefore, ®(X) = TX°T* for
a matrix T', defined by T'e; := g(e;), as anticipated.

Now, fix j,k > 3 and choose x € {x1,%2,X1 + X2} such that g(x),g(%;) as well
as g(x),g(Xy) are linearly independent. Then, rk®(x* + X3) = 2 so Lemma 3.5
applied on vectors x,X;, Xy gives ®| %, %,y = P(¢g'), where o-semilinear map ¢’
is defined on (x,%;,%;) and extends g|(xx,). Since rk ®(x* + %) = 2, Lemma 3.4
implies that ¢'|(xx,) = t - gl(x,%,)- Obviously, t = 1. Hence, ¢’ = gl(x %, x,), and so
Pl 5,5 = P(9') = P(9)|(x.x,.5:)» as anticipated. 0

4. Applications. Here we recall some known applications of rank—one nonin-
creasing maps and extend them to arbitrary field. We also consider the preservers of
hermitian varieties.

Let K be a field and ~ : K — K a nonidentical involution on it, i.e., =~ # id.
Recall that the set H, (K) of all hermitian matrices over (K, ™) consists of all those
n x n matrices X with entries from K that satisfy X* := X' = X. The set H,, (K)
is a vector space over the field F := {x € K|Z = x}, which is the fixed field of
the involution. A map @ : H,,(K) — H,(K) preserves rank-additivity if rk (®(X) +
®(Y)) =rk®(X) + rk ®(Y) whenever rk(X +Y) =1k X + kY.

As far as we know, the importance of linear maps which preserve rank additivity
was first emphasized in [2]. Later, linear maps which preserve rank additivity on
matrices over general field with sufficiently many elements were classified in [11], with
applications to order preserving linear bijections. The main idea was the reduction to
singularity preservers. It was since observed in many papers that additive preservers
of rank—additivity can also be characterized via the classification of rank—one non-
increasing maps (see e.g. [25, 34, 6, 29, 30, 23]). In the case of hermitian matrices we
are now able to give a classification of additive rank—additivity preserving maps for
any field K. The main part of the proof for n > 3 is very similar to the proof of [35,
Lemma 6].

THEOREM 4.1. Let (K,™) be a field with nonidentical involution and n > 2 an
integer. An additive map ® : H, (K) — H,,(K) preserves rank—additivity if and only
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if it is of the form
(4.1) O(X)=¢TXT™,

where T is invertible, £ = {A is a (possibly zero) scalar, and o is a field homomorphism
that commutes with ~, that is, o(T) = o(x).

Proof. The “if” part is obvious. We prove the “only if” part.

Case 1. Let n = 2. We claim that ® does not increase rank-one. Otherwise,
rk ®(X) = 2 for some rank—one X. If Y ¢ FX is of rank one then, as ® preserves rank—
additivity, 2 > rk®(X +Y) = rk®(X) +rk®(Y) > rk ®(X) = 2. Hence, &(Y) = 0.
Recall that a rank—one matrix X is of the form X = aW E;;W* = aWe?W* for some
nonzero scalar a and an invertible matrix W.

Now, if charK # 2 then 2X = 2aWeiW* = —2aWesW* + aW(e; + e2)?W* +
aW(e; — e2)?W* and we get a contradiction as 0 # 20(X) = ®(—2aWe3W*) +
d(aW (e + e2)’W*) + ®(aW(e; — e3)?W*) = 0+ 0+ 0 = 0. If charK = 2 then
there exists 3 € K such that 7 = 1 4+ 5 (see e.g. [28, Lemma 2.2]). Hence, X =
aWeiW* + aW(e1 + e2)?W* + aW(e1 + j €2)?W* + aW(e1 + 7e2)?W* and we
get a contradiction as before. Hence, rk ®(X) < 1 for any rank—one X.

If ® # 0 then ®(X) # 0 for some rank-one X and Im ® must contain some matrix
of rank > 1. In fact, the opposite would imply 1 > rk®(X +Y) = rk®(X) +
tk®(Y) > rtk®(X) > 1 for any Y ¢ FX of rank one. So ®(Y) = 0 and we get
a contradiction as above. Consequently, ® is not of the form (ii) from [28, Main
Theorem]| or from Theorem 2.1, when K = G. In the case of this field ® can not be of
the form (iii) from Theorem 2.1 either, since such maps ¥ satisfy U(Q ' E11(Q~1)*)+
V(Q ' Es(Q ")) =0and rk U (Q ' E1 (Q71)*) = 1= 9(Q " Ex(Q")*), so they
do not preserve rank-additivity. Therefore, ® is of the form (i) from [28, Main
Theorem]/Theorem 2.1, that is, ® is as in (4.1). Since Im ® contains a matrix of rank
two, the matrix T" must be invertible.

Case 2. Let n > 3. Pick any rank—-one hermitian matrix X. As before, write it
as X = aWe?W* for some invertible W, and define X; := aWe?W* (then, X; =
X). Clearly, rk> " | X; = > vtk X;. Since ® preserves rank—additivity, a simple
induction argument gives

D rkd(X;) =1k Y O(X;) < n.

i=1 i=1
Consequently, if it can be shown that rk ®(X;) = rk®(X;) for each 4, j, then the
above identity implies rk ®(X) = rk ®(X;) < 1, and we could use [28, Main Theorem]
and Theorem 2.1 again. The form (ii) of [28, Main Theorem|/Theorem 2.1 and the
form (iii) of Theorem 2.1 are excluded as in Case 1. Moreover, if tk ®(X) =1 for at
least some X of rank one then k), ®(X;) = n. Thus, we can only have (i) of [28,
Main Theorem]/Theorem 2.1 with T" invertible.
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It hence remains to see that rk ®(X;) = rk ®(X;). Let 4, j, k be all distinct. Denote
Ay =X, = aWe2W*, By = aW(e? +e,0ej+ejoe,)W* Ay :=alV(e; 0 ep)WH,
and By := oW (e; +ej)2W*. Then Ay + By = Ag + B, tk(A; + B1) =rk A1 + 1k By,
and rk(Az + B2) = rk A2 + rk By. Hence,

If A} := Ay, B} := — Ay, A, = By, and B), := —B; then we deduce that
(4.3) tk ®(A)) + tk ®(B]) = rk ®(A}) + rk ®(BY)

in the same way as (4.2). Since ®(—Z2) = —®(Z) and rk(—®(Z)) = rk ®(Z), we infer
from equations (4.2)—(4.3) that rtk ®(A;) = rk®(Bs), i.e., rk®(X;) = rtkaW(e; +
e;)?W*. If we permute the indices i and j then we deduce that rk ®(X;) = rk ®(X;). 0

REMARK 4.2. Let (K, ) be a field with nonidentical involution and let n > 2.
It can be shown that a nonzero additive map ® : H,(K) — H,(K) preserves the
Jordan triple product X - Y := XY X (ie., (XY X) = &(X)®(Y)®(X)) if and only
if it is of the form (4.1), where T satisfies {T*T = +1. Here, I denotes the identity
matrix. To see this, follow the arguments in the proof of [34, Theorem 4.1] and use
Theorem 4.1.

If K is a finite field with nonidentical involution ~ then the cardinality of K is
a square, i.e., K| = ¢* and the involution is given by 7 := 29 (see e.g. [7, Proof of
Theorem 2]), where ¢ is a power of a prime. Given a matrix H € H,(K) a hermitian
variety Vg is defined as in the case K = G.

THEOREM 4.3. Let (K,7) be a finite field with a nonidentical involution and
n > 2. Then the following three assertions are equivalent for an additive map @ :

Hn(K) — Hp(K).

(2) Vaox)| = [Vx| for all X,
(b) Vox)| < |Vx| for all X of rank one,
(c) O(X)=TX°T* for all X.

In (¢), T is invertible and o is a nonzero field homomorphism that commutes with .

Proof. Clearly, (a) implies (b). To see that (c) implies (a) note that K is finite,
so o is invertible. Hence, (x) — ((T!)"x7) is a bijection from Vx to Vg x), that is,
Vx| = |Va(x)| for all X. It remains to prove that (b) implies (c). Let |K| = ¢. It
follows immediately from [4, Theorem 8.1 and its Corollary] that rk X = r implies

q2n71 + (_1)7"((] _ 1)q2n7r71 -1
¢> -1
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(this is a generalization of Lemma 3.6). Note that

v(O)>v(2)>v(4)>...>v(n—$) >

(4.4) > v <n— w> > ... > 0(5) > v(3) > v(l).

Now, if [Va(x)| < [Vx| for X of rank one then it follows from (4.4) that rk ®(X) = 1.
Consequently, any Z and W with rk(Z —W) = 1 satisfy rk (®(Z)—®(W)) = rk ®(Z —
W) = 1. By [27, Theorem 3.1], ® is of the form ®(X)=TX°T* 4+ Y, where T and
o are as in (c¢), while Y € H,,(K). However, 0 = ®(0) =Y since ® is additive. O
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