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REMARKS ON “COMPARISON BETWEEN THE LAPLACIAN ENERGY-LIKE
INVARIANT AND THE KIRCHHOFF INDEX”*
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Abstract. The Laplacian-energy-like invariant and the Kirchhoff index of an m-vertex simple connected graph G are,

respectively, defined to be LEL(G) = Z?:_ll i and K f(G) = ”E?;ll %, where @1, p12,. .., fin—1, n = 0 are the Laplacian
eigenvalues of G. In this paper, some results in the paper [Comparison between the Laplacian-energy-like invariant and the

Kirchhoff index. FElectron. J. Linear Algebra 31:27-41, 2016] are corrected and improved.
Key words. Laplacian spectrum, Laplacian-energy-like invariant, Kirchhoff index, Comparison.

AMS subject classifications. 05C50, 15A18.

1. Introduction. All graphs considered in this paper are finite, undirected, and simple. Let G be a
graph with vertex set V(G) = {v1,vq,...,v,} and edge set E(G), where |E(G)| = m. Denote by A(G)
and §(G) the maximum degree and the minimum degree of G, respectively. A graph G is r-regular if
A(G) = §(G) = r. The adjacency matrix of G is A(G) = [a;j]nxn, Where elements a;; = 1 if the vertices
v; and v; in G are adjacent, and a;; = 0 otherwise. The Laplacian matrix of G is defined to be L(G) =
D(G) — A(G), where D(G) is the diagonal matrix of vertex degrees of G. The Laplacian spectrum of G is
Specy (G) = {1 (G), p2(G), ..., un(G) }, where p1(G) > p2(G) > -+ > p,(G) are the eigenvalues of L(G)
(usually known as the Laplacian eigenvalues of G), arranged in nonincreasing order. If the eigenvalue u;(G)
appears t; > 1 times in Spec; (G), we write as p;(G)*) in it for convenience. It is well known [8] that
tn(G) =0 and, p,—1(G) > 0 if and only if G is connected.

The Laplacian-energy-like invariant and the Kirchhoff index of a connected graph G are defined, respec-

tively, as
n—1 n—1
LEL(G) =Y /ui(G) and Kf(G)=n)_ M(lG).
i=1 i=1 "

These two Laplacian-spectrum-based invariants, as molecular structure descriptors, have been found note-
worthy applications in chemistry [7, 11, 12, 18, 28], and many of their mathematical properties have been
established [2, 5, 6, 9, 17, 19, 21, 22, 26, 27, 29, 30, 31, 33, 35, 36].

In [5], Das, Xu and Gutman compared LEL(G) and K f(G) and established several sufficient conditions
for LEL(G) < K f(G). They also showed that, if m > n(n —1)/2 — 4, then LEL(G) > K f(G), where m is
the number of edges in G; but this condition was far from optimal. Hence, they further posed the following
problem:
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PROBLEM 1 ([5]). Is it possible to find a constant ¢ (which may depend on the number of vertices and
mazimum vertex degree), such that for any connected graph G with m > ¢ edges, LEL(G) > K f(G)?

Motivated by the above problem, the authors of [27] examined sufficient conditions for LEL(G) >
Kf(G).

THEOREM 2 ([27]). Let G be a connected graph with algebraic connectivity p,—1 > k and let m be the
number of edges and A the mazimum degree of G. If
(vn + Vk) <(n+k)(n— 1) (n-1) k(AJrl))

k
m >

k+n+Vk

k v+ vk

then LEL(G) > K f(G).

In particular, if p,—1 > 1, then the next corollary follows immediately, which can be seen as a partial
solution to Problem 1.

COROLLARY 3 ([27]). Let G be a connected graph with algebraic connectivity p,—1 > 1. Let m be the
number of edges and A the mazimum degree of G. If

Ffe--ep)

2m >
then LEL(G) > K f(G).

Furthermore, using Theorem 2, the authors of [27] proved that the inequality LEL > K f holds for the
complements of trees, unicyclic graphs, bicyclic graphs, tricyclic graphs, and tetracyclic graphs.

COROLLARY 4 ([27]). Let T be a tree and T be its complement. If the order of T is n > T and
A(T) < n—2, then LEL(T) > K f(T).

COROLLARY 5 ([27]). Let U be a unicyclic graph and U be its complement. If the order of U isn > 14
and A(U) <n —2, then LEL(U) > Kf(U).

COROLLARY 6 ([27]). Let B be a bicyclic graph and B be its complement. If the order of B isn > 15
and A(B) <n —2, then LEL(B) > K f(B).

COROLLARY 7 ([27]). Let TC be a tricyclic graph and TC be its complement. If the order of TC is
n > 16 and A(TC) <n — 2, then LEL(TC) > K f(TC).

COROLLARY 8 ([27]). Let QC be a tetracyclic graph and QC be its complement. If the order of QC' is
n > 17 and A(QC) < n —2, then LEL(QC) > K f(QC).

However, it is unfortunate that Corollary 4 is incorrect. As a counterexample, we consider the tree T*
with 7 vertices obtained from the star K5, by attaching a pendent edge to one of its vertices of degree
1. Clearly, we have A(T*) = 5 = n — 2. Now, by the software ‘Mathematica’, we get Spec, (T*) =
{6.5341, 6, 6, 6, 4.5173, 0.9486, O} (up to four decimal places), and thus LEL(T*) ~ 13.0040 < 13.5000 ~
Kf(T~).

In fact, in the original proof of Corollary 4, the authors of [27] claimed that for any tree T of order n, if
A(T) <n—2, then p1(T) <n—2 (as T # K,_1,1). This is not true. As shown in Lemma 11 below, there
are still some other trees T' with p1(T") > n — 2 other than the star K,,_1 ;. Similar errors also appear in the
original proofs of Corollaries 5, 6, and 7.
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In this paper, we first make a slight improvement on Theorem 2. Based on this result, we give a corrected
version of Corollary 4 and its proof; we also provide correct proofs for Corollaries 5, 6, and 7. Finally, we
present several new sufficient conditions for LEL(G) > K f(G), some of which improve the results in [27];
in particular, we provide a complete (but not the best possible) solution to Problem 1.

2. Main results. We first give some known results that will be used later.

PROPOSITION 9.

(i) ([25]) Let G be a graph of order n and G be its complement. Then Specy(G) = {n — pn—1(G),n —
tn—2(G),....,n— u (G ,0}.

(ii) ([1]) For any graph G of order n, u1(G) < n with equality if and only if G is disconnected.

(iii) ([10]) Let G be a graph with at least one edge. Then p1(G) > A(G)+1. Moreover, if G is connected,
then the equality holds if and only if A(G) =n — 1.

(iv) ([8]) For any non-complete graph G of order n, pin—1(G) < §(G).

(v) ([8]) For any graph G of order n, pn,—1(G) > 20(G) —n + 2.

(vi) ([3]) If G is a graph of order n > 3 with m edges, then p,_1(G) > 2m — (n — )(A(G) +1).

(vii) ([4]) If G is a graph of order n with at least one edge, then ui(G ) (G) = pin—1(G) if and

only if G = K.

For a square matrix M, denote by ®(M, z) (or simply, ®(M)) the characteristic polynomial of M, i.e.,
®(M,z) = det(xI — M). For a vertex v € V(G), let L,(G) be the principal sub-matrix of L(G) obtained by
deleting the row and column corresponding to the vertex v. The following result, due to Guo [14], is usually
used to calculate the Laplacian characteristic polynomial of a graph.

LEmMMA 10 ([14]). If G = Gyu : vGe is the graph obtained by joining the vertex u of the graph Gi to
the vertex v of the graph Go by an edge, where G1 and Go are vertex-disjoint, then

O(L(G)) = B(L(G1))2(L(G2)) — ®(L(G1))(Ly(G2)) — D(L(G2))P(Lu(G1))-

Let T(n), U(n), B(n), and TC(n) denote the sets of all trees, unicyclic graphs, bicyclic graphs, and
tricyclic graphs of order n, respectively.

LEMMA 11 ([34, 13, 32]). Forn >38, if T € T(n) \{Kn-11,T2, T3, T4, T5}, then p1(T) < n — 2, where
T5,T5, Ty, and Ts are shown in Fig. 1.

LEMMA 12 ([15, 24]). Forn > 10, if U € U(n)\{U1, Us,Us, Us}, then u1 (U) < n—1, where Uy, Uz, Us,
and Uy are shown in Fig. 2.

LEMMA 13 ([16, 20]). Forn > 11, if B € B(n) \ {B1,Ba,...,B11}, then p1(B) < n — 1, where
By, Bs, ..., By1 are shown in Fig. 3.

aalale

F1GURE 1. The trees To,T3,Ty, and Ts.
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FIGURE 2. The unicyclic graphs U1,U2,Us3, and Uy.
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FIGURE 3. The bicyclic graphs B1, Ba,...,Bi1.

LEMMA 14 ([23]). Forn > 11, if H € TC(n) \ (S(n,3) U {Hy,Hs,...,Ha}), then pui(H) < n—1,
where S(n,3) is the class of graphs obtained from the star K,_11 by adding 3 edges among its vertices of
degree 1, and Hy, Ho, ..., Hor are shown in [23], Fig. 2.

Now, we are ready to present the main results of this paper.

THEOREM 15. Let G be a graph of order n with m edges and pi,—1(G) > k > 0. Then LEL(G) > K f(G)
provided

(Vn+vE) ((n+k)n-1) (n—1)Vnk
@1) 2= k+f+f( k \/ﬁ+\/E)'

Proof. Our proof follows that given for Theorem 1.2 in [27].

LEL(G Z\/uz zw = Vin-1(G)) + (1= 1 (G)

n—1

— (G) Hn— I(G) n— (G

Z(wm Vin1(G) ) = D)
(@) = paa () -

-5 (G 42G) oo

(2.2) _2mA (0= D)Vin(G)pn— (G)
V1(G) + Vin 1 (G)

For = > 0, consider the following function

2m+ (n — V)v/zpn—1(G)

o= @
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for which

f’(l‘) o (’I’L — 1):LL7L—1(G) —2m

2/2(Va+ Vi (@)

Since 2m = Z?;ll wi(G) > (n — 1)pn—1(G), we have f'(z) <0, implying that f(z) is a decreasing function
for > 0. Thus, noting that u1(G) < n (by Proposition 9(ii)), from (2.2) we obtain

_2m+ (n —1)v/npn-1(G)

Vit pn-1(G)

(2.3) LEL(G) = f(m(G)) = f(n)

For = > 0, again consider the following function

_2m+ (n—1)vnz

9(x) NN
for which
"(z) = n(n—1) —2m >0 (asn(n—1)>2m).
g (z) o (4 i) (as n( ) = 2m)

Hence, g(z) is an increasing function for & > 0, which, together with (2.3), yields

(2.4 LEL(G) > gljtnr(G)) > g(k) = Z2F m Vb (@) 2 k> 0)

v+ vk

On the other hand, we have

—

n—1 n—

o= ; pi(G) o (M(G) m(G)) + 11(G)
LN (1@ = (@) nn—1)
- ; < EmeE ) (e

IN

n—1
(G) — p(@)\ | n(n—1)
"2 (mam_l(c;)) i

n[(n = 1)(1(G) + pru1(G)) - 2m]
11(G) i1 (G) |

(2.5) -

For = > 0, consider the following function

(n =)@+ pn1(G)) = 2m
x/’én—l(G) 7

h(z) =

for which

h’(x) _ 2m — (n — Dy —1(G)

>0.
22 pin—1(G) -
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Hence, h(x) is an increasing function for « > 0, which, together with (2.5), yields

KF(G) < nh(ua(G)) < nh(n) = W fno1 (as m(G) < n)

(2.6) SW%—n—l (as fin_1(G) > k > 0).

Now, from the given condition (2.1), it follows that

2m+(n—1)m> n(in—1) —2m
v+ Vk k

+n—-1,

which, together with (2.4) and (2.6), immediately yields LEL(G) > K f(QG). ad

REMARK 16. Noting that A(G)+1 < n always holds for a graph G of order n, one can see that Theorem
15 is indeed an improvement on Theorem 2.

The next result is a corrected version of Corollary 4, where the original condition “n > 77 is revised to
“n > 8", and the new proof is also given based on Theorem 15.

COROLLARY 17. Let T be a tree of order n and T be its complement. If n > 8 and A(T) < n — 2, then
LEL(T) > Kf(T).

Proof. It T € T(n) \ {Kn-1,1,T2,T3,T4,T5}, by Lemma 11, we have pu1(T) < n — 2 and then, by
Proposition 9(i), we obtain p,_1(T) =n — p1(T) > 2. Note that

2|E(T)| = (n—1)(n—2) > <f+f><<n+2><n—1> <n_1>m>’

V242 2 R
provided n 4+ v/2n > 2/n + 2 + 2v/2, which is true for n > 8. Hence, by Theorem 15, LEL(T) > K f(T).

Otherwise, since A(T) < n — 2, we have T # K,,_1.1. It now suffices to show that LEL(T;) > K f(T;)
for i € {2,3,4,5}. By Lemma 10 and a direct calculation, we get

®(L(Tp),z) = z(z — 1)" *[2° — (n+ 2)2° + (3n — 2)z — n],
®(L(T3),2) = z(z — 1)" *[2° — (n+ 2)2° + (4n — T)z — n],
O(L(Ty),x) = z(z — 1)" " %(2® = 3z + 1) [2* — (n+ 1)2® + (3n — 5)z — n],
®(L(T5),2) = z(x — 1)"°[2* — (n+ 3)2® + (5n — 4)2* — (6n — 10)z + n],
from which we obtain
SpecL T2 { 1,09, 1( 053,0},
Specy,(T3) = {B1, B2, 1", 83,0},

)=
)=

Specy,(T4) = {y1,72: 73,74, 17779, 45,0},
) = {61,02,05,1"% 04,0},
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where a1 > ag > a3, f1 > B2 > B3, 71 =72 = V3 = Y4 = V5, and 01 > 03 > 03 > 04 are, respectively, the

zeros of the functions

folz) = 2% — (n+2)2% + (3n — 2)z —n,
fa(z) =2® — (n+2)2* + (4n — )z —n,
fa(z) = (2® =3z +1)[2° — (n+ 1)2* + (3n — 5)z — n],
f5(x) = 2* — (n+ 3)2® + (5n — 4)2® — (6n — 10)z + n.

Moreover, we have n — 1 < a1 < n (by Proposition 9(ii) and (iii)), 0 < a3 < 1 (by Proposition 9(iv)), and
1<ay<3(asag+as+az+(n—4)=2(n—1)); similarly, it is not difficult to verify that n —2 < 8; < n,
0<fBs<lLand 1 < B <4n—-2<ym<n0<ywm<l,and3 <y +v+7<6n—2<60 <n,

0<94§1,&Hd2<93+92<5.

Now, from Proposition 9(i), it follows that

Spec; (Ts) = {n —as,n — 1Y n —ay,n —ay,0},

Spec; (T3) = {n — Bs,n — 1Y n — By n — B1,0},

Specy, (Ta) = {n —35,n = 107 0 — 4,0 — 33,1 — 72,n — 7,0},
Spec, (T5) = {n —04,n — 107 0 — 03,1 — 03, n — 6;,0},

and hence, for n > 8,

LEL(T)=(n—4)vVn—1+vn—az++vVn—az++vVn—a

>n—-3)vVn—14++vn—3>2n—3/5,
Kf(Tg)—n(n_4+ 1 + 1 n 1 >

n—1 n—ag n—a n—oq
(n—4 fﬁ(n)) 207 —9n? 4+ 11n + 2

= < 2n —3/5,
n—1+f2(n) n? —4n+3 n—3/

LEL(T3) = (n—4)vVn—1+n—Bs+v/n— B+ vVn—75
>n—-3)vVn—1++vn—4>2n—1,

_— n—4  fin) 3n —17n% +25n + 7
Kf(T3) = =
J(T3) n(n—l +f3(n) 2n2 —10n + 8

LEL(Ty) = (n=6)Vn—14+vn—p+vVn—qu+vVn—y+vVn—r+vn-—m
>(n—=5)vVn—1+vVn—2+2Vn—6>2n—3,
_ / 5 4 3 _ 2 _
KF(T3) =n n 6+f4(n) _3n 423n + 65n 267n 3n+5
n—1fi(n) 2n4 — 14n3 4+ 32n2 — 26n + 6
LEL(T5) = (n—5)Vn—14+/n—0s+/n—0s++/n—0,4+/n—6,
>n—4)Vn—1+vVn—-3+vVn—-5>2n—2,
—  (n—=5 fi(n)\ _3n*—20n%+ 46n? — 31n — 10
Kf(T5)_n<n—1+f5(n) 3 —12n2 4+ 21n— 11

which yield LEL(T;) > K f(T;) for i € {2,3,4,5}.

<2n—1,

<2n -3,

<2n-—2,

d

We next present correct proofs for Corollaries 5, 6 and 7, which are analogous to the proof of Corollary 17.
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Proof of Corollary 5. f U € U(n) \ {U1, Uz, Us, Uy}, by Lemma 12, we have p1(U) < n—1 and then, by
Proposition 9(i), we get p,_1(U) = n — u1(U) > 1. Note that

fti(o-1- 308

provided n?+41 > 2n(y/n+3), which is true for n > 14. Hence, by Theorem 15, we obtain LEL(U) > K f(U).

2|E(U)| =n(n—3)>

Otherwise, since A(U) < n — 2, we have U # U;. It now suffices to show that LEL(U;) > K f(
i €{2,3,4}. By Lemma 10 and a direct calculation, we get

U;) for

O(L(Us),2) = z(z — 1)"®(z — 2)[2° — (n+ 3)2® + (4n — 2)z — 2n],
®(L(Us),z) = x(z — 1)"°[2* — (n+ 5)2® + (6n + 3)2® — (9n — 5)z + 3n],
O(L(Uy),z) = z(x —1)"°(z — 3)[2° — (n+2)2” + (3n — 2)z — n].

Using a fully analogous argument as in the proof of Corollary 17, one can eventually conclude that, for
n > 14,

2n* — 15m° 4+ 39n2 — 34n — 4

LEL(U, —14 —1>2 =K

(U2) > (n—4)vn > 2n > 5 TnZ 4+ 14n 8 f(U2),
— 2n* — 15n3 + 38n% — 32n -5

LEL{Us) > (n—4)vn—1>2n > 57?148 = K f(Us),
_ 203 — 9n? + 13n + 2 _

LELT) > (n—4)n—1>2n> WM 2 e,

—4n+ 3
as desired.

Proof of Corollary 6. Similarly, if B € B(n) \ {B1, Ba,...,
9(i), we have p,,_1(B) = n — p1(B) > 1. Notice that

drva(m T

provided n?+1 > 2(n+1)y/n+6n+4, which holds for n > 15. So, by Theorem 15, we get LEL(B) > K f(B).

Bi1}, then by Lemma 13 and Proposition

2|E(B)|=n(n—3)—2>

Otherwise, since A(B) < n — 2, we have B ¢ {B1, Bo}. It suffices to show that LEL(B;) > K f(B;) for

1€{3,4,...,11}. By Lemma 10 and a direct calculation, we obtain

®(L(Bs),z) = z(z — 1)""%(z — 2)*[2® — (n + 4)2* + (5n — 2)z — 3n],

®(L(By),z) = z(xz — 1)" " %[2° — (n+ 8)2" + (In + 18)z® — (27Tn + 6)2® + (31n — 10)z — 11n],
®(L(Bs),z) = x(x — 1)" 5 (x — 2)(x — )[m — (n+3)2% + (4n — 2)z — 2],

®(L(Bs),x) = x(x — 1)"*(z — 4)[2* — (n + 3)2* + (4n — 2)z — 2n],

®(L(Br),z) = z(z — 1)" %z — 2)[z" — (n+6)2® + (Tn + 4)2® — (11n — 6)z + 4n],
®(L(Bs),z) = z(x — 1)""%[2° — (n+ 8)a" + (In + 17)z® — (26n + 2)2* + (27n — 13)z — 8n],
®(L(By),z) = z(x — 1)" %(z — 3)[z* — (n+ 5)2® + (6n + 3)2® — (9n — 5)z + 3n],
®(L(Byo),z) = x(x — 1)" %z — 2)(z — 4) [J: - (n+2)2*+ (3n—2)z —n],
®(L(B11),z) = z(z — 1)" Oz — 3)%[2® — (n+2)2* + (3n — 2)z — n],
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from which we can eventually find that, for n > 15,

o2nt — 17> + 49n2 — 50n — 4
3_8n2+17n —10
2n% — 21n* 4+ 84n3 — 152n2 + 97n + 10

LEL(B3) > (n—5)Vn—1>2n > = K f(Bs),

LEL(By) > (n=5)Vn —1>2n > —— e v ar — I (By),
L) o S st
LEL(TG) > (n—5)/n=1>2m > 2 _nilfzgiin 2 KB,

LEL(B?) > (n—5)Vn—1>2n> 20" — 1i”;n‘; ff;n_f% =5 kB,

LEL(Bg) > (n—5)Vn—1>2n> 2n° 2111 1(;::3?11 34_713 4726:302’; B ki),
LEL(B) > (n—5)Vi— 1> 20> 2 21? 1;;;51 3;n125§n50: iogf 2 = (),
LELB) > (n— 5)yi—T > 2n > 2%~ 210" 8500 — 15802 41060 416 _ oy

nt —10n3 + 35n2 — 50n + 24
203 —9n? + 15n + 2

LEL(B) > (n—5)Vn—1>2n> = Kf(Bn),
—4dn+3
as desired.
Proof of Corollary 7. f TC € TC(n)\ (S(n,3)U{H1, Hs, ..., Haz}), then by Lemma 14 and Proposition
9(i), we have p,,_1(TC) = n — uy (TC) > 1. Note that

TE i3 g VAL 0 (n=1)yn
2E(TC)| = n(n —3) — 4 > f+2< ! )

provided n? +1 > 2(n +2)y/n + 6n + 8, which holds for n > 16. So, by Theorem 15, we obtain LEL(TC) >
Kf(TO).

Otherwise, since A(TC) < n — 2, we have TC ¢ S(n,3). Now, we just need to show that LEL(H;) >
Kf(H;) for i € {1,2,...,27}. Notice that ®(L(H;),r),i = 1,2,...,27, have been given in the proof of
Lemma 2.5 in [23], from which and with the aid of the software ‘Mathematica’, we can check that, for n > 16
andi=1,2,...,27, LEL(H;) > (n— 6)v/n —1 > 2n+ 1 > K f(I;).

REMARK 18. We believe that Corollary 8 is true too. However, because of the limitation of the length
of this paper, we do not give a complete proof for it. In fact, this proof would be fully analogous to the
previous proofs for Corollaries 5, 6, 7 and 17; but the characterization for the tetracyclic graphs QC with
11 (QC) > n —1, and a great deal of tedious calculation, would be needed.

We finally provide several new sufficient conditions for LEL(G) > K f(G).

THEOREM 19. If G is a graph of order n > 3 with pi,_1(G) > n?/3, then LEL(G) > K f(G).
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Proof. Since p1(G) > p2(G) > -+ > pip—1(G) > 0, we have

(2.7) LEL(G Z Vi (G) > (n— 1)/ in—1(G),

n(n—1)
2.8 =n

28 Z i (@) i (G)

with both equalities in (2.7) and (2.8) holding if and only if 11 (G) = p2(G) = - - - = pp—1(G), which implies

G = K, (by Proposition 9(vii)).
If G = K,, then we have LEL(G) = (n — 1)y/n > n — 1 = K f(G). Otherwise, since ji,_1(G) > n??3,
from (2.7) and (2.8) it follows that

n(n —1)
LEL(G) > (n = 1)\/ pn—1(G) = m

as desired. 0

> Kf(G),

Recall that j,,_1(G) = n — u1(GQ) (by Proposition 9(i)). This, together with Theorem 19, yields the
following result, which can be viewed as a slight improvement of Theorem 2.12 in [27].

COROLLARY 20. If G is a graph of order n > 3 with p1(G) < n —n?/3, then LEL(G) > K f(G).

Combining Theorem 19 with Proposition 9(v), we obtain the next result.
THEOREM 21. If G is a graph of order n > 3 with §(G) > (n+n?/3 —2)/2, then LEL(G) > K f(G).

REMARK 22. In particular, from Theorem 21 one can see that, if G is an r-regular graph of order n > 3
with r > (n+n?/? —2)/2, then LEL(G) > K f(G). Therefore, Theorem 21 can be regarded as an extension
of Corollary 2.16 in [27].

The next result follows immediately from Theorem 19 and Proposition 9(vi).

THEOREM 23. Let G be a graph of order n > 3 with m edges. If 2m > (n — 2)(A(G) + 1) + n?/3, then
LEL(G) > K f(G).

REMARK 24. To some extent, Theorem 23 provides a complete (but not the best possible) solution to
Problem 1. It would be of interest to find the best possible solution to this problem.

As an application of Theorem 23, we have the following result.

COROLLARY 25. Let G be an r-regular graph of order n > 3 with r > (n 4 n?/3 —2)/2. Let G
be an edge-deleted subgraph of G by deleting arbitrary k edges. If 0 < k < r — (n 4+ n?/3 — 2)/2, then
LEL(G™%) > Kf(G™*).

Proof. Since k <7 — (n+n??3 —2)/2 and r > A(G™F), we have
2|E(G™F) = 2(|E(G)| — k) = nr — 2k > nr — 2r + (n+n?3 = 2) > (n — 2)(A(G™F) + 1) + n?/3.

Thus, by Theorem 23, we obtain the desired result. 0

REMARK 26. Corollary 25 tells us that not only r-regular graphs with sufficient large r but also some
of their edge-deleted subgraphs, satisfy LEL > K f. So, Corollary 25 can be seen as another extension of
Corollary 2.16 in [27].
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In particular, taking » = n — 1 in Corollary 25, we have the following result, which can be viewed as an
improvement on Corollary 3.5 in [5].

COROLLARY 27. Let G be a graph of order n > 14 with m edges. If m > n(n—1)/2— (n—n?/3)/2, then
LEL(G) > K f(G).
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