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A NEW SOLVABLE CONDITION FOR A PAIR OF GENERALIZED
SYLVESTER EQUATIONS*
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Abstract. A necessary and sufficient condition is given for the quaternion matrix equations
A; X +YB; = C; (i =1,2) to have a pair of common solutions X and Y. As a consequence, the
results partially answer a question posed by Y.H. Liu (Y.H. Liu, Ranks of solutions of the linear
matrix equation AX + Y B = C, Comput. Math. Appl., 52 (2006), pp. 861-872).
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1. Introduction. Throughout this paper, we denote the real number field by
R, the complex number field by C, the set of all m x n matrices over the quaternion
algebra

H= {a0+a1i+a2j+a3k | i? :j2 = k> =ijk = —1, ag,a1,a2,a3 € R}

by H™*™ the identity matrix with the appropriate size by I, the transpose of a
matrix A by AT, the column right space, the row left space of a matrix A over H by
R (A), N (A), respectively, a reflexive inverse of a matrix A by A% which satisfies
simultaneously AATA = A and ATAAT = AT, Moreover, R4 and L, stand for the
two projectors Ly = I — AT A, Ry = I — AA" induced by A. By [1], for a quaternion
matrix A, dimR (A) = dim A (A), which is called the rank of A and denoted by
r(A).

Many problems in systems and control theory require the solution of the general-
ized Sylvester matrix equation AX +Y B = C. Roth [2] gave a necessary and sufficient
condition for the consistency of this matrix equation, which was called Roth’s the-
orem on the equivalence of block diagonal matrices. Since Roth’s paper appeared
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in 1952, Roth’s theorem has been widely extended (see, e.g., [2]-[16]). Perturbation
analysis of generalized Sylvester eigenspaces of matrix quadruples [17] leads to a pair
of generalized Sylvester equations of the form

(].].) A X+YB, =C1,A: X +YBy =Cs.

In 1994, Wimmer [12] gave a necessary and sufficient condition for the consistency of
(1.1) over C by matrix pencils. In 2002, Wang, Sun and Li [14] established a necessary
and sufficient condition for the existence of constant solutions with bi(skew)symmetric
constrains to (1.1) over a finite central algebra. Liu [16] in 2006 presented a necessary
and sufficient condition for the pair of equations in (1.1) to have a common solution
X or Y over C, respectively, and proposed an open problem: find a necessary and
sufficient condition for system (1.1) to have a pair of solutions X and Y by ranks.

Motivated by the work mentioned above and keeping applications and interests
of quaternion matrices in view (e.g., [18]-[34]), in this paper we investigate the above
open problem over H. In Section 2, we establish a necessary and sufficient condition
for (1.1) to have a pair of solutions X and Y over H. In section 3, we present a
counterexample to illustrate the errors in Liu’s paper [16]. A conclusion and a further
research topic related to (1.1) are also given.

2. Main results. The following lemma is due to Marsaglia and Styan [35], which
can also be generalized to H.

LEMMA 2.1. Let A € H™ ", B € H™** and C € H>*™. Then they satisfy the
following:
(a)r] A B ]=r(A)+r(RaB)=r(B)+r(RpA).

) r [ é ] =7r(A)+7(CLA) =7(C)+r(AL¢).

(©) 7“[ é jg ] — r(B) +(C) + r(RpALc).

From Lemma 2.1 we can easily get the following.

LEMMA 2.2. Let A € H™*" B e H™*k C e H>*", D € H/**F and E € H'*".
Then

() H(CL) =7 { g } —r(A).

) r[ B ALC]:r[lg é}—r(C).

Ol s | =[G B ]
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A B 0
A BLp
(d) r R-C 0 =r| C 0 E | —-r(D)-r(E).
E
0 D O

The following three lemmas are due to Baksalary and Kala [6], Tian [36],[37],
respectively, which can be generalized to H.

LEMMA 2.3. Let A € H™*P B € H?*"™ and C € H™*"™ be known and X € HP*4
unknown. Then the matriz equation AX +Y B = C is solvable if and only if

rBA
0 C

} =r(A) 4+ r(B).

In this case, the general solution to the matrix equation is given by
X =ATC+UB+ L,V,
Y =RsC — AU + LAWRp,

where U € HP*9 'V € HP*™ and W € H™*Y are arbitrary.

LEMMA 2.4. Let A € H™*" B € H™*P, C' € HY*"™ be given, ¥ € HP*",
Z € H™*4 be two variant matrices. Then

(2.1) n}}:aZXT(A—BY—ZC'):min{m, n, r[ é 1; ]}
(2.2) minr(A - BY - ZC) :r|: é 13 } —r(B) —(0).

LEMMA 2.5. The matriz equation A1 X1B1 + AsXoBs + A3Y + ZB3 = C is
solvable if and only if the following four rank equalities are all satisfied:

C A Ay Aj

r B 0 0 0 ]:T[A1;A27A3]+T(BS);

g% ,
r ! =r(As3)+r | By |,
By 0 B
By 0 3
C A As
By
r| By 0 0 —r[ ]+r[A1,A3],
Bs

B; 0 0
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C Ay, As B
1
r B1 0 0 :7”|:B :|+7”[A2,A3].
Bs 0 0 ’

LEMMA 2.6. (Lemma 2.3 in [38]) Let A, B be matrices over H and
A
A= { A; } ,B=[B1,Bs],S = A3La,,T = Rp, Ba.
Then
Bf — B{ B,T*R
+ _ g+ + + + + _ 1 12 B
At = [A} — La,STAsA},L4,S*], B _{ i }

are reflexive inverses of A and B, respectively.
5 B .
LEMMA 2.7. Suppose A1, Ay € H™*P By, By € H*™ and B = B are given,
2

V = { “;1 ] and W = [ Wi Ws ] are any matrices with compatible dimensions.
2

Then

(a) [Ip,0] Lia,, 4,V and [0, 1] Lia, 4,V are independent, that is, for any V = [ Kl ],
2

[Ip,0] L{a,,4,]V only relates to Va and the change of [0, 1p] Lia, a,]V only relates to
Vi, if and only if

r [Al,AQ] =T (Al) + ’I“(AQ) .

(b) WR5 [ ‘81 ] and WRg [ IO } are independent, that is, for any W = [Wq, Wa],
q
1,
WRg [ (;1 ] only relates to W1 and W Rz [ 21 ] only relates to Wa, if and only if

7“[ g: } =7r(B1)+7(B2).

Proof. From Lemma 2.6, we have

[Ipa 0] L[A1,A2]V
At = AT A1 — AL AD) Ao]H (I — AL AT)
=[L,,0](I—| L2 e 1]A,A>V
o ]< { (T — AAT ) Ay]* (I — A, AF) A 4]
— 10 (1 ALAT AT Ap — AT Ao[(1 — AL AT) Ao] T (I — A1 AT) Ay Vi
B 0 [(I— AlAf)AQ]JF(I — AlAf)AQ %
V;
=V1— [A1AT, AT Ay — AT A (T — A1 AT) Ao) (T — A1 AT ) A { V; ] .
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Similarly, we have
[07 I;D] L[A1 ,Az]V

=Vo— [0,[(I — ALAT)Ao)H (I — AL AT ) As] { “2 } .

Thus, [I,,0] Lia,, 4,1V and [0, Ip] L, 4,V are independent if and only if
AT Ay — AT A[(I — AL AT AT (1 — A1 A7) Ay = 0.

According to Lemma 2.2, we have

T (AIFAQ — AIFAQ[(I — AlA;r)AQ]Jr(I — AlAIr)AQ)

[ (I —A1A])Ay
=7 ATA; - T ((I — AlAi‘r)AQ)
- A2 A1
_T_ATAQ 0 :|—7“[A2,A1]
[ Ay 0
:’I"_ 02 A1:|—T'[A27A1]-

That is 7 [A1, As] = r (A1) + 1 (A2) .
Similarly, we can prove (b) .0
Now we give the main result of this article.

THEOREM 2.8. Suppose that every matrix equation in system (1.1) is consistent
and

(23) T[Al,AQ] _T(A1)+T(A2),T|: Bl :| :T(B1)+7“(BQ).

Then system (1.1) has a pair of solutions X and'Y if and only if

B4 0

BQ 0 B A1 B1
(2.4) r oA, r{A2}+r[B2},

Cy Ay

A A -Cp C
(2.5) r 01 02 311 BZ]:T[Al,AQ]"‘T[Bl;BQ]a

0 B1 B
(2.6) rl A4 0 0 —r{ 1]+r[Bl,Bz],
Ay 0 F
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0 B B A
(27) T Al 0 0 :T|: Al :|+T[B15B2]a
Ay 0 F 2
where
- B -+ - B -
1 1
(2.8) F=A (ACy — AT Cy) B | -B | + OBy
and
- B -+ - B -
2. F = Ay (AfCy — AT ! ! QB
(9) 2( 2C2 101)_—32_ _—Bg_+ 2

with Q) = [—Al, AQ] [—Al,AQ]+ (}%,426'235r — RAlCle) .

Proof. Clearly, system (1.1) has a pair of solutions X and Y if and only if
(210) A1X1 +Y1B1=C4
(2.11) Az Xy +YeBy = (o

are consistent and X; = X5 and Y7 = Y5. It follows from Lemma 2.3 that A4;X; +
Y;B; = C;,i = 1,2, are consistent if and only if

C; — AjATCy — OB B, + A,ATCiB B, = 0,i =1, 2.
In that case, the general solutions can be written as

(212) X; = A:rcl-l—UzBl-i-LAIV;,
(2.13) Yi = Ra,C; — AU + La,W;Rp,,
where U; € HP*1,V; € HP*™ W, € H™*4, = 1,2, are arbitrary. Hence,
(2.14) X — X
B Vi
= AfC1 = AfCo+ (U U] | T |+ (L, —La]| [ |
—B» Vs
(215)  Yi-Y,

= RAlcler _RAchB;r + [—Al,AQ] |: Uy ] + [Wl,WQ] |:

Rp,
Us '

_RB2

Obviously, the equations (2.10) and (2.11) have common solutions, X; = Xo,Y7 = Yo,
if and only if there exist U; and Us in (2.14) and (2.15) such that

(2.16) min r(X; — X5) =0,
A1 X1+Y1B1=C1,A2X2+Y2B2=C>

(2.17) r(Yy — Ya) = 0,

min
A1 X1+Y1 B1=C1,A2X2+Y2B2=C>
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which is equivalent to the existence of U; and Us such that

B Vi
@18 afe-aiCr vl | B [ ia-nal | 1| <o
— D2

and

Ui

(2.19) Ra,C1Bf — Ra,CoBS + [~ Ay, A [ U
2

} + [Wy, Wa] [ B, ] =0.

It follows from (2.16-2.17) and Lemma 2.3 that

2.2 i Xi—X
(2.20) A1X1+Y131=CI?,1£2X2+Y232=02r( 1= X)
B, 0
- B2 0 o A1 _r B1 —0
- A A, By |
Cy Ay
and
(2.21) min r (Y1 —Y2)
A1 X1+Y1B1=C1,A2X2+Y2B2=C>

A A —Cp O

0 0 Bl 32 :| —T[Al,AQ]—T[Bl,BQ]:O

implying, from Lemma 2.3, that (2.18) and (2.19) are solvable for [U;, Us] and [ g; ] ,

respectively, and

(2.22) Uy, Us]

+
B ~
= R[LAl,—LA2] (A3 Cy — AT C) { _52 } —[La,, —La,)U +WRg,
and
U,
2.2
(2.23) { o ]

~ R
= [—Al,AQ]Jr (RAchB;_ — RAlcle) +U [ _Pi;z } +L[_A17A2]V,

where U , U ,W and V are any matrices over H with appropriate dimensions. Clearly,

(2.24) (U, Us] { gq } — [1,,0] { g; ]
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and

0 Uy

2.25 Ui,Us =10,1 .
( ) [ ? ] Iq [ ? ;0] []2

Substituting (2.22) and (2.23) into (2.24) and (2.25) yields

(26)Ry,, 1 (A5~ ATCY) [ _BBl,Q r { {)q } L, 0]a

Rp,

_ [LAN—LAZ]I?[ u } + Upvo]ﬁ[ ~Rp,

I
0 :| - WR§ [ (;1 ] + [Ip70] L[*Al,Az]V’

and

~[ R 0
~ea-Lal0| o) | owrg | ) e nea Y
q B> q
where
+ + +\ B By
a=[-A1,As]" (Ra,CoBY — Ra,C1B) B = B,
Let
o
U—[Ul,Ug},U— &

in (2.26) and (2.27) where [71, (72, U, and U, are matrices over H with appropriate
dimensions. Then it follows from (2.3) and Lemma 2.7 that (2.26) and (2.27) can be
written as

+
B, I
(2.28) Riy, —1.,) (A3 C2— A C1) [ B, ] [ 0 } — [y, 0]
~ ~ R
and
+
B, 0
(2.29) R[LA17_LA2] (A;CQ —Afc&) |: _B, ] |: I, :| — [0, I«
~ ~ R
= [LAU _LAz] U2 + U2 |: o B; :| - W2L31 + ‘/2LRA1A2'
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Therefore, the equations (2.10) and (2.11) have common solutions, X1 = X5,Y1 = Y3,
if and only if there exist Wy, V1, U1, U1, Wy, Va, U2, U2 such that (2.28) and (2.29) hold,
respectively. By Lemma 2.5, the equation (2.28) is solvable if and only if

C [LAU—LAz] [IpaO]L[fAlyAzl
Rp,
(2.30) r { —Rp, ] ! !
S
L RE L 0‘1 0 0
(2]
_ —Rp, L L I,,0] L
=T - —Iq B +r([ A1y — Az] ’[ ;D?O] [_AlvAQ])7
. R§ O -
where

C= (I— [Lay, —La,) [LAw_LAz]Jr) (45 C2 = AL 1) { _352 ]Jr { ‘g] }

— I, 0] [~ Ay, Ao] " (Ra,CoBy — Ra,C1By).

It follows from Lemma 2.2, (2.8) and block Gaussian elimination that

C [LAla _LA2] [Ip’ O] L[*A11A2]
Rp,
0 0
r { —R32 ]
-1
R a 0 0
| ]
[ C LA1 _LAz Ip 0 0 ]
Rg, 0 0 0 0 0
—Rp, O 0 0o 0 0 B
_ —r[—Ay, Ag] —
"I -1, o 0 0 0 B rl=An, A r[—B2]
0 0 0 0 0 —By
| 0 0 0 -A Ay 0
[ 0 By By B
=rl A 0 0 +p+q—r[—A1,A2]—r[_§ ]
LA 0 F ’
3
—Rp.
r B2 =1r[B1,Bs] +q—r(B1) —r(Ba),

a6
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P [[Lay —Lag) O] Ly ag] =7 [ A } L (Ar) — 1 (Ay)

A
implying that (2.6) follows from (2.3) and (2.30).

Similarly, the equation (2.29) is solvable if and only if

c J K R,
R, 0 0 -R
(2.31) r —Rg, =7 302 +7r(J,K),
0] 0| Lol
Iq
where

J :[LAU _LAz] aK = [07 I;D] L[—Al,A2];

+
~ B 0
C (1= by ~Lad b ~La") (3G - afe | 5 |
q

=0, 1] [-As, A2]+ (RAzCQB;r - RAlcler) :

Simplifying (2.31) yields (2.7) from (2.3) and (2.9). Moreover, (2.4) and (2.5) follow
from (2.20) and (2.21), respectively. This proof is completed. O

Under an assumption, we have derived a necessary and sufficient condition for
system (1.1) to have a pair of solutions X and Y over H by ranks. The open problem
in [16] is, therefore, partially solved. By the way, we find that Corollary 2.3 in [16] is
wrong.

Now we present a counterexample to illustrate the error. We first state the wrong
corollary mentioned above: Suppose that the complex matrix equation (Ag + A14) X+
Y (Bo + Bii) = (Cp + C4i) is consistent. Then
(a) Equation (Ao + A1) X + Y (Bo + Byi) = (Co + C1i) has a pair of real solutions
X = Xy and Y =Yj if and only if

By O

Bl 0 . Ao Bo
(2.32) r Co Ay T[Al]—i—r{Bl],

C, A

(2.33)

Ay A1 Co Cy
0 0 By B

} =r[Ao, A1] + 7 [Bo, B1] .

A counterexample is as follows. Let

1 0

0 1

AO_BO_[ 0 i

},Al—Bl—co—o,Cl—[Z O}
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Then we have

By 0 1
B 0 T[AO A Cy 01]24
C() AQ 0 0 BQ B, ’
Ci A

Ap ] B
7“|:A(1) ] :’I"|: B?]:T[Ao,Al]:T[BQ,Bl]:Z,

ie. (2.32) and (2.33) hold. However, the following matrix equation

o tpeerle V)00

has no real solution obviously.

Similarly, we can give a counterexample to illustrate that the part (¢) of Corollary
2.3 in [16] is also wrong.

Using the methods in this paper, we can correct the mistakes mentioned above.
We are planning to present these corrections in a separate article.
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improvement of the original manuscript.
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