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POTENTIALLY STABLE AND 5-BY-5 SPECTRALLY ARBITRARY TREE SIGN
PATTERN MATRICES WITH ALL EDGES NEGATIVE*

SUNIL DAST

Abstract. Characterization of potentially stable sign pattern matrices has been a long-standing open problem. In this
paper, we give some sufficient conditions for tree sign pattern matrices with all edges negative to allow a properly signed nest.
We also characterize potentially stable star and path sign pattern matrices with all edges negative. We give a conjecture on
characterizing potentially stable tree sign pattern matrices with all edges negative in terms of allowing a properly signed nest
which is verified to be true for sign pattern matrices up to order 6. Finally, we characterize all 5-by-5 spectrally arbitrary tree
sign pattern matrices with all edges negative.
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1. Introduction. A sign pattern matrix is a matrix with entries from {4, —,0}. If M, «,(R) is the
set of all m X n real matrices, then the qualitative class of an m X n sign pattern matrix A is denoted by
Q(A) and is defined by:

Q(A) ={C € My, xn(R) :sign(c;j) = a;; for all : € {1,2,...,m},j € {1,2,...,n}}.

A sign pattern matrix A allows a property P if at least one matrix in Q(A) has the property P and requires
a property P if all matrices in Q(A) have the property P. A square sign pattern matrix A = [a,;] is said to
be combinatorially symmetric if for each ¢, j, either both a;;,a;; are zero or both a;j,a;; are nonzero. Let
us recall some definitions from [12].

A subpattern A of a sign pattern matrix A is a sign pattern matrix obtained from A by replacing some
(possibly none) of the nonzero entries of A with 0. In this case, A is said to be a super-pattern of A.

A diagonal sign pattern matrix is a square sign pattern matrix with all off-diagonal entries 0. A signature
sign pattern matrix is a diagonal sign pattern matrix with each diagonal entry 4+ or —. A signature similarity
of a square sign pattern matrix A is a product SAS, where S is a signature sign pattern matrix.

A permutation sign pattern matrix is a square sign pattern matrix with entries from {0,+}, where the
entry + occurs precisely once in each row and each column. A permutation similarity of a square sign pattern
matrix A is a product PT AP, where P is a permutation sign pattern matrix.

A sign pattern matrix B is equivalent to another sign pattern matrix A if B is obtained from A by
negation and/or permutation similarity and/or signature similarity.

For a simple undirected graph G, we denote the edge between two vertices 4,5 by [¢,j]. Let us recall
from [13] that the graph of a matrix A of order n, denoted by G(A), is defined to be a simple undirected
graph with vertices 1,2,...,n and for ¢ # j it has the edge [¢,j] if and only if a;; # 0 or a;; # 0. A sign
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pattern matrix A is a tree sign pattern matrix if A is combinatorially symmetric and G(A) is a tree. In
particular, if G(A) is a star or a path, then A is called a star sign pattern matrix or a path sign pattern
matrix, respectively.

The eigenvalues of matrices in the qualitative class of a tree sign pattern matrix A depend on the signs
ai; and a;jaj;. Therefore each tree sign pattern matrix can be identified by a signed tree whose vertices may
be signed +, —, 0 and whose edges may be signed +, —. Vertex ¢ has the sign a;;, and for ¢ # j, if a;;a;5 # 0,
then the edge between vertices ¢ and j has the sign a;ja;;. For example, a sign pattern matrix with its signed
tree is as follows:

o
I

o o 4+ 4+ o

o + o o +

o oo

Two signed trees are said to be equivalent if one is obtained from the other after relabeling its vertices.
A tree sign pattern matrix is symmetric if each edge of its signed tree is +.

Let C be a square matrix of order n. If  C {1,2,...,n}, then C[a] is the principal submatrix of
C having rows and columns corresponding to the indices in «. The inertia of C is the triple i(C) =
(14(C),i-(C),i0(C)), where i4(C) is the number of eigenvalues of C' with positive real part, i_(C) is the
number of eigenvalues of C' with negative real part and io(C) is the number of eigenvalues of C' with zero
real part. A sign pattern matrix A of order n is said to be potentially stable if there exists a C' € Q(A) such
that i(C") = (0, n,0).

For a real number a, the function sgn is defined by:

1, if a > 0;
sgn(a) =¢0, ifa=0;
-1, ifa<0O.

We recall from [14] that a sign pattern matrix A of order n allows a properly signed nest if there exists a
C € Q(A) and a permutation matrix P of order n such that

sgndet((PCPT)[{1,2,...,k}]) = (-1)* for k =1,2,...,n.

The following result was given by Johnson et al. [14] in an attempt to obtain a sufficient condition for
a tree sign pattern matrix with negative edges to allow a properly signed nest.

[14, Corollary 3.7]. If A is a tree sign pattern matrix in which at least one diagonal entry is negative
and every edge is negative (except possibly those with both end vertices negative), and A allows a nonzero
determinant, then A allows a properly signed nest.

However, the following example shows that the above result is not true in general.
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EXAMPLE 1.1. Let us consider the tree sign pattern matrix:

+ + 0
A= |- — +
0 — +

Let C' € Q(A). Then without loss of generality we may assume that

a 1 0
C=|-d -b 1],
0 —e ¢

where a,b,c,d,e > 0. If A allows a properly signed nest, then we must have
—-b<0, e—bc>0o0ord—ab>0 and ae+cd—abc <0,

for some a, b, c,d, e > 0, which is not possible. So A does not allow a properly signed nest.

REMARK 1.2. By [15, Fig. 2], A in the above example is not potentially stable.

In Section 2, we give some sufficient conditions for tree sign pattern matrices with all edges negative to
allow a properly signed nest.

Johnson et al. [14] proved that if a sign pattern matrix allows a properly signed nest, then it is potentially
stable. They also mention that the converse is not true, even for tree sign pattern matrices. In Section 3, we
discuss the cases for which the converse is also true and characterize potentially stable star and path sign
pattern matrices with all edges negative.

Drew et al. [6] introduced the concept of spectrally arbitrary patterns. A sign pattern matrix A of
order n is said to be a spectrally arbitrary pattern if, for any given real monic polynomial r(z) of degree n,
there is a matrix in Q(A) with characteristic polynomial (z). In Section 4, we describe all 5-by-5 spectrally
arbitrary tree sign pattern matrices with all edges negative.

2. Tree sign pattern matrices with all edges negative that allow properly signed nests.
Olesky et al. [17] characterized sign pattern matrices allowing a properly signed nest in terms of another
allow problem. Cavalcanti [4] characterized sign pattern matrices allowing a properly signed nest through a
relation between two subsequent leading principal minors (after permutation, if required). Using matchings
of a graph, we give some sufficient conditions for a sign pattern matrix with all edges negative to allow a
properly signed nest. Let us recall the following definitions from [10].

If G is a simple undirected graph with vertex set V(G) and edge set F(G), then the subgraph of G
induced by S C V(G) is the graph with vertex set S and edge set {[i,j] € E(G) : i,j € S}. We denote
this induced subgraph by G(S). If S C V(G), then G — S is the subgraph of G obtained from G by
deleting the vertices in S and the edges incident to them. A path between two vertices u,v of G is a
sequence {vg, v1, V2, ...,Vk—1, Vg of distinct vertices such that vg = u, vy, = v, and [v;_1,v;] € E(G) for all
i€ {1,2,...,k}. A set of edges in an undirected graph G is called a matching if no two edges in that set
have a common end vertex. A perfect matching of a graph G is a matching such that each vertex of G is
an end vertex of an edge in that matching. The degree of a vertex u, denoted by deg(u), is the number of
distinct vertices of G adjacent to uw. If deg(u) = 1, then w is called pendant. Throughout this paper, (n)
denotes the set {1,2,...,n}.
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LEMMA 2.1. Let T be a tree with a vertex v such that T — {v} has a perfect matching. Then for each
vertexr u adjacent to v, there is a path {vi,,Viy, ..., Vi _,, i, } such that deg(v;,) = 1 and deg(v;,_,) = 2,
where v;;, =v and v;, = u.

Proof. Let u be a vertex adjacent to v. Since T'— {v} has a perfect matching, u is not pendant. We
consider a longest path {v;,, v, ..., v, _,,v; } in T, where v;; = v and v;, = u. Then, v;, must be a pendant
vertex. If deg(v;, ,) > 2, then v;, , must be adjacent to another pendant vertex, say w. So we have two
pendant vertices w, v;, distinct from v such that v;, , is adjacent to both w, v;,. Then, T'— {v} cannot have
a perfect matching, a contradiction. So deg(v;,_,) = 2. d

LEMMA 2.2. Let T be a tree with 2n + 1 vertices and let v be a vertex of T. If T — {v} has a perfect
matching, then we can label the vertices with the numbers from (2n + 1) such that the vertex v is labeled as
1 and for each s € (2n+ 1), G((s)) has a perfect matching when s is even, and G({s)) — {1} has a perfect
matching when s is odd.

Proof. We prove this by induction on n. For n =1, T is a tree with three vertices. Since T — {v} has
a perfect matching, v must be a pendant vertex. If we label v as 1, the vertex adjacent to v as 2, and the
other vertex as 3, we get the desired result.

Suppose the required result is true for any tree with 2n — 1 vertices. Let T be a tree with 2n+ 1 vertices,
and let T has a vertex v such that T'— {v} has a perfect matching. Then by Lemma 2.1, there is a path
{Viy Vigs - Vip_y, 05, + such that deg(v;,) = 1 and deg(v;,_,) = 2, where v;; = v and v;,_,,v;, # v. So
T =T —{vi,_,,vi,} is a tree such that T — {v} has a perfect matching. Further, T is a tree with 2n — 1
vertices. So by induction hypothesis, we can label T such that the vertex v is labeled as 1; and for each
s € (2n — 1), G((s)) has a perfect matching when s is even, and G({(s)) — {1} has a perfect matching when
s is odd. If v;,_, is labeled as m in the above labeling, then label v;, , as m + 1, v;, as m + 2, and relabel
all vertices j(> m) of T as j + 2.

If m is even, then by induction hypothesis, both G({(m)) and G({m — 1)) — {1} have perfect matchings
in T. So G({m + 1)) — {1} has a perfect matching, namely the perfect matching for G((m — 1)) — {1} in T
together with the edge [m, m + 1]; and G({(m + 2)) has a perfect matching, namely the perfect matching for
G({m)) in T together with the edge [m + 1,m + 2].

If m is odd, then by induction hypothesis, both G({m)) — {1} and G({(m — 1)) have perfect matchings
in T. So G({m + 1)) has a perfect matching, namely the perfect matching for G((m — 1)) in T together
with the edge [m,m + 1]; and G({m + 2)) — {1} has a perfect matching, namely the perfect matching for
G((m)) — {1} in T together with the edge [m + 1,m + 2].

For each odd s > m + 2, G((s)) — {1} has a perfect matching, namely the perfect matching for G({s —
2)) — {1} in T together with the edge [m+ 1, m+2]. For each even s > m+2, G((s)) has a perfect matching,
namely the perfect matching for G(({s — 2)) in T together with the edge [m + 1,m + 2].

For each odd s < m, G((s)) — {1} has a perfect matching, namely the perfect matching for G((s)) — {1}
in T. For each even s < m, G((s)) has a perfect matching, namely the perfect matching for G((s)) in 7.

Therefore for each s € (2n + 1), G((s)) has a perfect matching when s is even, and G((s)) — {1} has a
perfect matching when s is odd. O

Corollary 3.8 of [14] can be rephrased as follows.
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LEMMA 2.3 ([14]). If a sign pattern matriz A allows a properly signed nest, then every super-pattern
of A also allows a properly signed nest.

The following theorem gives a sufficient condition for a tree sign pattern matrix of odd order with
negative edges to allow a properly signed nest.

THEOREM 2.4. Let A be a tree sign pattern matriz of odd order n with all edges negative. If G(A)
contains a vertex v such that G(A) — {v} has a perfect matching and a,, = —, then A allows a properly
signed nest.

Proof. Let B be a subpattern of A such that B is a tree sign pattern matrix, b,, = — and by, = 0 for
all v # v. By Lemma 2.2, we can label G(B) such that v is labeled as 1 so that for each s € (n), the induced
subgraph G((s)) has a perfect matching when s is even, and G({s)) — {1} has a perfect matching when s is
odd. Let C € Q(B) be such that ¢;; = 1,0, —1 accordingly as b;; = +,0, —. So there exists a permutation
matrix P such that det((PCPT)[(s)]) = (—1)* for all s € (n). Thus, B allows a properly signed nest, and
therefore by Lemma 2.3, A allows a properly signed nest. ]

The converse of the above result is not true.

EXAMPLE 2.5. Let us consider a tree sign pattern matrix A with its signed tree as follows:

— 4+ 0 4+ 0 o
-0 + 0 +
A=|0 — + 0 O - 1 4
- 0 0 + 0 2
0 -0 0 O—O0—00—0O
-3 1 0 1 0
-2 0 1 0 1
C=]0 -1 1 0 0|€cQ(A).
-2 0 0 1 0
0 -1 0 0 O

The leading principal minors of C' are —3, 2, —1, 1, and —1. So A allows a properly signed nest. However,
G(A) — {1} does not have a perfect matching.

LEMMA 2.6. If two sign pattern matrices Ay and As allow properly signed nests, then A1 @ As allows a
properly signed nest.

Proof. Let the orders of A; As be r and s respectively. Since both A; and As allow properly signed
nests, there exist permutation matrices P; and P, and C; € Q(A;) and Cy € Q(As2) such that

sgndet(P,C1PL)[(t)] = (—1)! for t = 1,2,...,,

and
sgndet(PoCoPy)[(t)] = (=1) for t = 1,2,...,s.

Then, sgndet[(P; @& P»)(C1 & Ca)(Pr@® P2)T][(t)] = (=1)t for t =1,2,...,7+s. Since C1 & Cq € Q(A; ® Ag),
Ay & A allows a properly signed nest. O
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The following corollary is a generalization of Theorem 2.4.

COROLLARY 2.7. Let A be a tree sign pattern matriz with all edges negative. If there exist k vertices
V1, ..., 0 such that G(A) — {v1,...,vx} has a perfect matching and ay,,, = — for i = 1,2,...,k, then A
allows a properly signed nest.

Proof. Suppose there exist vertices vy, ..., v such that G(A) — {v1,..., v} has a perfect matching. Let
M be such a perfect matching. If two vertices, say v_1, v are adjacent, then G(A) — {vy,...,v5_2} has
a perfect matching M U {[vx_1,vg]}. Without loss of generality, we may assume that no two vertices from
{v1,...,vx} are adjacent.

We prove this by induction on k. For k = 1, the result is true by Theorem 2.4. Suppose the result is
true for kK = m and we consider a tree sign pattern matrix A with £ =m + 1.

Let P be the path in G(A) from v to vo. Then the edge e in P with an end vertex v1 does not belong to
M. If we delete the edge e, then we will have two tree components. Let A be the sign pattern matrix obtained
from A by converting the two entries corresponding to the edge e to zero. So there exists a permutation
sign pattern matrix P such that PAPT = A; & Ay, where both A; and A, allow properly signed nests, by
induction hypothesis. Therefore, by Lemma 2.6, A; & Ay allows a properly signed nest, and thus by Lemma
2.3, A allows a properly signed nest. ]

The following theorem gives a sufficient condition for a tree sign pattern matrix of even order with
negative edges to allow a properly signed nest.

THEOREM 2.8. Let A be a tree sign pattern matriz of even order with all edges negative. If A has at
least one negative diagonal entry and G(A) has a perfect matching, then A allows a properly signed nest.

Proof. Let v be a vertex such that a,, = —. If B is a subpattern of A such that B is a tree sign pattern
matrix, b,, = — and by, = 0 for all u # v, then G(B) also has a perfect matching. Let M be a perfect
matching of G(B). Consider a path {v1,v2,...,ve,} in G(B) such that v; = v,deg(var) = 1 and

S = {[’l)m,l,vgi} 01 S ) S k} Q M.

Let T = G(B) — {var}. Then (M \ S) U {[vai, v2:41] : 1 < i < k — 1} is a perfect matching for T — {v}.

Therefore, by Theorem 2.4, B({vax}) allows a properly signed nest and signdet B({var}) = —. Again,
signdet(B) = +. Therefore, B allows a properly signed nest. Hence, by Lemma 2.3, A allows a properly
signed nest. 0

The converse of the above result is not true.

EXAMPLE 2.9. Let us consider a tree sign pattern matrix A with its signed tree as follows:

|

o o o
| o
o o +

By Corollary 2.7, A allows a properly signed nest. However, G(A) does not have a perfect matching.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 37, pp. 562-582, July 2021.

S. Das 568

3. Potentially stable tree sign pattern matrices with all edges negative. Characterization
of potentially stable sign pattern matrices has been a long-standing open problem. Gao and Li [7] gave a
necessary and sufficient condition for potentially stable star sign pattern matrices. Few methods to construct
higher-order potentially stable sign pattern matrices from lower-order potentially stable sign pattern matrices
are given in [2, 8]. Cavers [5] gave few methods to identify some sign pattern matrices which are not
potentially stable.

For a tree sign pattern matrix A, the symmetric factorization of A is A = SA, where S is a signature
sign pattern matrix with the (1,1) entry + and A is a symmetric tree sign pattern matrix. Let i, (S) denotes
the number of + of a signature sign pattern matrix S. The following result by Jeffries and Johnson [13] is
very useful in identifying some tree sign pattern matrices which are not potentially stable.

LEMMA 3.1 ([13]). Let A = SA be the symmetric factorization of an n X n tree sign pattern matriz A.
If A is potentially stable, then there is a symmetric matriz C € Q(A) such that iy (C) =n — i (9).

The following result is given by Johnson et al. [14].
LEMMA 3.2 ([14]). If a sign pattern matriz A allows a properly signed nest, then A is potentially stable.

As we discussed earlier, the converse is not true, even for tree sign pattern matrices. Now we discuss
the cases for which the converse is also true. Johnson and Summers [15] proved that a super-pattern of a
potentially stable sign pattern matrix is also a potentially stable sign pattern matrix.

LEMMA 3.3 ([15]). Suppose that B is a potentially stable n X n sign pattern matriz, and suppose that
B is a subpattern of the n x n sign pattern matriz A. Then A is also potentially stable.

The following result characterizes all potentially stable path sign pattern matrices with all edges negative.

THEOREM 3.4. If A is a path sign pattern matriz of order n with all edges negative and G(A) is the
graph of A with vertices 1,2,...,n such that i is adjacent toi+ 1 fori=1,2,...,n— 1, then the following
statements are equivalent.

1. A is potentially stable.
2. A allows a properly signed nest.
3. Ezxactly one of the following statements is true.
(a) n is even and A has a negative diagonal entry.
(b) n is odd and the i-th diagonal entry of A is negative for some odd i.

Proof. Theorems 2.4 and 2.8 imply 3 = 2. By Lemma 3.2, 2 = 1. Now we show 1 = 3.

A is potentially stable implies that A has a negative diagonal entry. So 1 = 3 when n is even. If n
is odd, then suppose a;; # — for all odd i. Consider a path sign pattern matrix B of order n such that A
is a subpattern of B and the (2¢ — 1)-th diagonal entry of B is positive for all ¢ with 1 < i < "7'*'1 Let
B = SB be the symmetric factorization of B. Since the number of vertices at even distance from the vertex 1
including itself is ”T‘H, i4 (S )= ”T‘H If B is potentially stable, then by Lemma 3.1, there exists a symmetric
matrix C' € Q(B) such that i, (C) =n — i (S) = 2-1. But B has a principal submatrix, which is a direct
sum of 24 [+]s. So by Cauchy’s interlacing theorem for real symmetric matrices ([11, Theorem 4.3.17]),
i (X) > ’%H for any symmetric matrix X € Q(B). Thus, B is not potentially stable, and therefore by
Lemma 3.3, A is not potentially stable, which is a contradiction. So A is a potentially stable sign pattern
matrix of order n implies that the i-th diagonal entry of A is negative for some odd i. Therefore, 1 = 3. 0O
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The following result characterizes all potentially stable star sign pattern matrices with all edges negative.

THEOREM 3.5. If A is a star sign pattern matriz of order n > 2 with all edges negative, then the following
statements are equivalent.

1. A is potentially stable.
2. A allows a properly signed nest.
3. A diagonal entry corresponding to at most one pendant vertex of G(A) is nonnegative.

Proof. For n = 2, the potentially stable star sign pattern matrices (up to equivalence) with all edges
negative are one of the following sign pattern matrices:

Y I A I

Each of these sign pattern matrices satisfies all the above conditions. So the result is true for n = 2.
For n > 3, Corollary 2.7 implies that 3 = 2. Again by Lemma 3.2, 2 = 1. Now we show 1 = 3.

If condition 3 is not true, then at least two diagonal entries corresponding to pendant vertices of G(A) are
nonnegative. Let B be a star sign pattern matrix of order n such that A is a subpattern of B and two diagonal
entries of B corresponding to pendant vertices of G(A) are +. Without loss of generality, we may assume
that one of these pendant vertices is labeled as 1. Let B = SB be the symmetric factorization of B. Since the
number of vertices at even distance from the vertex 1 including itself is n—1, i, (§) = n—1. If B is potentially
stable, then by Lemma 3.1, there exists a symmetric matrix C' € Q(B) such that i, (C) = n — i, (S) = 1.
But B has a principal submatrix [+] @ [+]. So by Cauchy’s interlacing theorem for real symmetric matrices,
iq (X') > 2 for any symmetric matrix X € Q(B) Thus, B is not potentially stable. So by Lemma 3.3, A is

not potentially stable, which is a contradiction. Therefore, 1 = 3. 0

We get from Lemma 3.2 that if a sign pattern matrix allows a properly signed nest, then it is potentially
stable. Since from Theorems 3.4 and 3.5, we get that for path and star sign pattern matrices with all edges
negative, potential stability implies the existence of a properly signed nest, we believe that the same is true
for all tree sign pattern matrices with all edges negative.

CONJECTURE 3.6. A tree sign pattern matriz A with all edges negative is potentially stable if and only
if it allows a properly signed nest.

If A has exactly one nonzero diagonal entry, then the conjecture is true by [14, Theorem 4.2]. We do
not have a complete answer to the above conjecture as yet; however, the following theorem shows that the
above conjecture is true for tree sign pattern matrices up to order 6.

THEOREM 3.7. Let A be a tree sign pattern matriz of order at most 6 with all edges negative. Then A
is potentially stable if and only if A allows a properly signed nest.

Proof. Let A be a tree sign pattern matrix of order n with all edges negative. By Lemma 3.2, if a sign
pattern matrix allows a properly signed nest, then it is potentially stable. So we need to show that if A is
potentially stable, then A allows a properly signed nest.

Case I: m <4. In this case, G(A) is either a path or a star. So the result is true by Theorems 3.4 and
3.5, respectively.
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Case II: n=>5. If G(A)isapath or astar, then the result is true by Theorems 3.4 and 3.5, respectively.
Suppose G(A) is neither a star nor a path. Then A with its signed tree is as follows:

+ ()

ai + + + 0
—a 0 0 0
A = — —
0 a3 0 0 ) .
- 0 0 a +

4 5

The symmetric factorization of A is

ai + + + 0 + 0 0 0 O0]l[aa + + + O

— a 0 0 0 0 — 0 0 0|+ —az O 0 0
A=|— 0 a3 0 0|=1]0 0 — 0 O||+ 0 —-a3 0 o0f=SA

- 0 0 ag + 0 0 0 — o+ o 0 —ay -

0 0 0 — as 00 0 0 +|]|0 O 0 - as

If A is potentially stable, then by Lemma 3.1, there exists a symmetric matrix C' € Q(A) such that i, (C) =

5—1iy(S) =3 and thus i_(C) < 2.

Case II(1). If ag,a3,as = +, then the eigenvalues of X[{2,3,4}] are negative for all X € Q(A). So
by Cauchy’s interlacing theorem, i,(f( ) > 3 for all symmetric matrix X e Q(zzl), a contradiction.
Therefore, A is not potentially stable. Hence, by Lemma 3.3, A is not potentially stable if, as, a3, ay €
{0, +}.

Case II(2). If ay,a3 = +,a5 = —, then the eigenvalues of X[{2,3,5}] are negative for all X € Q(A). So
by Cauchy’s interlacing theorem, Z,(X) > 3 for all symmetric matrix X € Q(AL a contradiction.
Therefore, A is not potentially stable. Hence, by Lemma 3.3, A is not potentially stable if, a2, a3 €

{0,+} and a5 € {0,—}.

Now ag, az can be interchanged by a permutation similarity, and the potential stability of a sign pattern
matrix is not affected by permutation similarity. Suppose A is potentially stable. Then by Case II(1), at

least one of ag,as3,a4 is —. If ap = — or a3 = —, then A is permutation similar to some super-pattern of
0O 4+ + + 0
— 0 0 O
Ay=|—- 0 0 0 O
- 0 0 0 +
0 0 0 — 0

If ay = — and A is not a super-pattern of Ay, then as, a3z € {0,+} and thus by Case II(2), a5 = +. Further,
A is potentially stable implies A allows nonsingularity and thus at least one of as and ag is 4+. Therefore, A
is permutation similar to some super-pattern of

o o +

Ay

I

|
o o o+ +
o o o o +
4+ 4+ o o o
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Now A; allows a properly signed nest by Theorem 2.4. Again A, is permutation similar to the sign pattern
matrix in Example 2.5, and thus As allows a properly signed nest. Therefore, by Lemma 2.3, A is potentially
stable implies A allows a properly signed nest.

Case III: n = 6. If G(A) is a path or a star, then the result is true by Theorems 3.4 and 3.5,

respectively. Suppose G(A) is neither a star nor a path. There are four nonequivalent such signed trees,
which are listed below:

| 0
B B 4 5
4 (04 az asz ) 3 IGD O @_@6

&)= &)

IS

G1 GQ

) 3 1

4
oF o
Gs

1. Let G(A) be equivalent to G1. If A is potentially stable, then A has a negative diagonal entry. So
by Theorem 2.8, A is potentially stable implies A allows a properly signed nest.
2. If G(A) is equivalent to G2, then we can consider

aq + + + 0 0
— a 0 0 0 O
— 0 a3 0 O O
A =
- 0 0 a + O
0 0 0 — a5 +
0 0 0 0 — ag
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The symmetric factorization of A is
[+ 0 0 0 0 0]fax + + + 0 0]
0 - 0 0 O |+ —ax O 0 0 0
0 0 — 0 0 O+ 0O —az O 0 0 o
A = - A.
0 0 O 0 of|+ O 0 —-ay — O s
0 0 O + 0 0 0 0 - ay +
00 0 0 0 —] [0 0 0 0 + —ag]

If A is potentially stable, then by Lemma 3.1, there exists a symmetric matrix C' € Q(A) such that

iy (C)=6—1i.(S) =4 and thus i_(C) < 2.

Case III(2.1) If any three of as,as,as, and ag are +, then by Cauchy’s interlacing theorem,
z'_(f( ) > 3 for all symmetric matrix X € Q(/Nl), a contradiction. Therefore, A is not po-
tentially stable. Hence, by Lemma 3.3, A is not potentially stable if, any three of as,a3,a4, and
ag are in {0, +}.

Case III(2.2) If as,a3 = +,a5 = —, then by Cauchy’s interlacing theorem, L(X') > 3 for all
symmetric matrix X e Q(fl), a contradiction. Therefore, A is not potentially stable. Hence,
by Lemma 3.3, A is not potentially stable if, as,a3 € {0,+} and a5 € {0, —}.

Now a9 and az can be interchanged by a permutation similarity, and the potential stability of a

sign pattern matrix is not affected by permutation similarity. Suppose A is potentially stable. Then

from Case III(2.1), at least one of (a2, a4), (az,as), (as,as), (as,as), (a2, as), (aq4,a6) is (—, —).

If at least one of (as,a4), (a2,as), (a3, a4), (a3, as), (az,as3) is (—,—), then A is permutation similar

to some super-pattern of one among

0 + + 4+ 0 0 + 4+ 4+ 0 0
- 00 0 0 - 00 0 0
— 0 0 0 0 O -~ 0 0 0 0 0
An=\_ g 0 — 4 oo 2T 2 0 0 0 1+ 0
00 0 — 0 + 00 — 0 +
0 0 0 0 — 0 0 0 0 0 — —

[0 + + + 0 0]

— — 0 0 0 0

-~ 0 — 0 0 0

A:

BTl 0 0 0 + 0

00 0 — 0 —+

0 0 0 0 — 0]

If (a4,a6) = (—,—) and A is not a super-pattern of one among Aay, Aga, Aoz, then ag, a3 € {0,+}
and thus by Case III(2.2), a5 = +. Further, A is potentially stable implies A allows nonsingularity
and thus at least one of ao, a3 is +. Therefore A is permutation similar to some super-pattern of

0 + + + 0 0
— + 0 0 0 0
~ 0 0 0 0 0

A:

2 00 — + 0
0 0 0 — + +
0 0 0 0 — —]
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Now by Corollary 2.7, Ay, Ass, Aaz allow properly signed nests. Further, A24({6}) allows a properly
signed nest, since it is permutation similar to the sign pattern matrix in Example 2.5. Thus by
Lemmas 2.3 and 2.6, Aoy allows a properly signed nest. Therefore by Lemma 2.3, A is potentially
stable implies A allows a properly signed nest.

3. If G(A) is equivalent to G5, then we can consider

aa + + + + 0
— a 0 0 0 O
— 0 a3 0 0 O
A:
- 0 0 a O O
- 0 0 0 a5 +
(10 0 0 0 — oag]
The symmetric factorization of A is
[+ 0 0 0 0 0)]fax + + + + 0]
0 — 0 0 0 0|+ —az O 0 0 0
0 0 — 0 0 O+ O —az O 0 0 =7
A= = SA.
0 0 0 0 of|+ O 0 —as O 0 S
0 0 0 - 0f |+ 0 0 0 —as -
00 0 0 0 +] [0 0 0 0 - ag

If A is potentially stable, then by Lemma 3.1, there exists a symmetric matrix C' € Q(/I) such that

it (C)=6—1i.(S) =4 and thus i_(C) < 2.

Case III(3.1) If any three of as,as,aq,as are 4+, then by Cauchy’s interlacing theorem, L(f() >3
for all symmetric matrix X € Q(A), a contradiction. Therefore A is not potentially stable.
Hence by Lemma 3.3, A is not potentially stable if, any three of as, ag, a4, as are in {0, +}.

Case III(3.2) If any two of ag,as,as are + and ag = —, then by Cauchy’s interlacing theorem,
i_(X) > 3 for all symmetric matrix X € Q(A), a contradiction. Therefore A is not potentially
stable. Hence by Lemma 3.3, A is not potentially stable if, any two of aq, as,as are in {0, +}
and ag € {0, —}.

Now as,as,as can be permuted by a permutation similarity, and the potential stability of a sign

pattern matrix is not affected by permutation similarity. Suppose A is potentially stable. Then

by Case III(3.1), at least one of (a2, as), (az,a4), (a3, a4), (az,as), (as,as), (aq4,as5) is (—,—). If at

least one of (as,as), (az,a4), (a3, a4) is (—, —), then A is permutation similar to some super-pattern
of

[0+ + + + 0]

- — 0 0 0 O

- 0 0 0 O

A =
Tl 0 0 0 0 0

- 0 0 0 0 +

00 0 0 — 0]
If at least one of (as,as), (as,as), (aq,as5) is (—, —) and A is not a super-pattern of Ay, then exactly

one of as,as3,a4 is — and thus by Case III(3.2), ag = +. Further, A is potentially stable implies
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A allows nonsingularity and thus at least one of as, a3, a4 is +. Therefore A is permutation similar
to some super-pattern of

o +
o o o +

Aszz =

|
oo o o+ +
o o o |
o oo o o +
+ + oo o o

Now by Corollary 2.7, A3y allows a properly signed nest. Further, As5({3}) allows a properly signed
nest, since it is permutation similar to the sign pattern matrix in Example 2.5. Thus by Lemmas 2.3
and 2.6, Aso allows a properly signed nest. Therefore by Lemma 2.3, A is potentially stable implies
A allows a properly signed nest.

4. If G(A) is equivalent to G4, then we can consider

al + + + 0 0
— a 0 0 0 O
— 0 a3 0 0 O
A=
0 0 a4 + +
0 0 0 — a5 O
|0 0 0 — 0 ag]
The symmetric factorization of A is
+ 0 0 0 0 0]faxz + + + 0 0]
0 — 0 0 0 O + —as 0 0 0 0
0 0 — 0 0 O + 0 —as 0 0 0 o
A= = SA.
0 0 0 — 0 O + 0 0 —ay - - 5
0 0 0 0 + O 0 0 0 — a5 O
100 0 0 0 +] [0 0 0 — 0 ag]

If A is potentially stable, then by Lemma 3.1, there exists a symmetric matrix C' € Q(fl) such that

ir(C)=6—1i.(S) =3 and thus i_(C) < 3.

Case III(4.1) If as,a3 = +,as,a6 = —, then by Cauchy’s interlacing theorem, z_(f() > 4 for all
symmetric matrix X € Q(A), a contradiction. Therefore A is not potentially stable. Hence by
Lemma 3.3, A is not potentially stable if, as,as € {0, +} and a5, ag € {0, —}.

Case III(4.2) If az,a3 = —, as,a¢ = +, then by Cauchy’s interlacing theorem, z+(X') > 4 for all
symmetric matrix X e Q(zzl), a contradiction. Therefore A is not potentially stable. Hence by
Lemma 3.3, A is not potentially stable if, as,as € {0,—} and a5, a6 € {0,+}.

Now as, as can be interchanged, as, ag can be interchanged, and a1, as, ag can be interchanged with

a4, as, ag respectively by a permutation similarity, and the potential stability of a sign pattern matrix

is not affected by permutation similarity. Suppose A is potentially stable. Then by Case III(4.1)

and Case III(4.2), at least one of (as,as), (az,as), (as,as), and (a3, ag) is either (—, —) or (+,+).
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If at least one of (as,as), (az2,as), (as,as), and (as,ag) is (—, —), then A is permutation similar to
some super-pattern of
[0 + + + 0 0]
- — 0 0 0 O
R
- + o+
0 00 — -0
0 0 0 — 0 0]

If at least one of (ag,as), (az,a6), (as,as), and (as,ae) is (+,+) and A is not a super-pattern of
Ay1, then A is permutation similar to some super-pattern of one among

O + + + 0 O -+ 4+ + 0 0
— 4+ 0 0 0 O — 4+ 0 0 0 0
— 0 — 0 0 0 ~ 0 0 0 0 0
Ay = Aya —
BT 0 0 0 + 4|7 BT = 0 0 0 + +|”
00 0 — 4+ 0 00 0 — + 0
00 0 — 0 0 0 0 0 — 0 0

since A is potentially stable implies A has a — on the diagonal.
Now by Corollary 2.7, Ay allows a properly signed nest. Since the leading principal minors of
PCPT are —1, 2, —1, 1, —1, and 1, where

[0 1 1 1 0 0] (0 0 1 0 0 0]
32 0 0 0 0 100000
2.0 =1 0 0 0 000100
C=110 0 o 1 1|€QUWe) and P=1 0 o 1 ol
00 0 -1 1 0 010000
0 0 0 -1 0 0 0000 0 1]

Ayo allows a properly signed nest. Further, A43({3}) allows a properly signed nest, since it is
permutation similar to the sign pattern matrix in Example 2.5. Since det Ay3 = +, Ay3 allows a
properly signed nest. Therefore, by Lemma 2.3, A is potentially stable implies A allows a properly
signed nest. ]

4. 5-by-5 spectrally arbitrary tree sign pattern matrices with all edges negative. A sign
pattern matrix A of order n is potentially nilpotent if there exists a C' € Q(A) such that det(zI — C) = 2,
where I is an identity matrix. In this case, C is a nilpotent realization of A. Drew et al. [6] had introduced
the following method to find spectrally arbitrary sign pattern matrices.

Nilpotent-Jacobian method. To show that an n-by-n irreducible pattern Y is a spectrally arbitrary
pattern, consider X € Q(Y') with its nonzero entries specified by positive parameters xg, 1, ..., z;. If X hasa
nilpotent realization X with (xo,x1,...,2%) = (£0,41,. .., 2k), and there are n a;s, say xg, Z1,...,Tn_1, sSuch
that the Jacobian of the coefficients of 2"~1 2"=2 ... 21 20 in det(2] — X) with respect to zg, T1,...,%n_1
is nonzero when evaluated at (Zg,1,...,2), then any super-pattern of Y is a spectrally arbitrary pattern.

MacGillivray et al. [16] identified all spectrally arbitrary star sign pattern matrices. All spectrally
arbitrary sign pattern matrices up to order 3 were determined by Britz et al. [3]. Arav et al. [1] characterized
all 4-by-4 spectrally arbitrary tree sign pattern matrices.
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In this paper, we identify all 5-by-5 tree sign pattern matrices with all edges negative. We get the
following result from [16, Theorem 7.1].

LEMMA 4.1. There are no 5-by-5 spectrally arbitrary star sign pattern matrices with all edges negative.

If A is a 5-by-5 tree sign pattern matrix with all edges negative such that G(A) is not a star, then A is

equivalent to one among

pr + O 0 0 rn + + + 0
- p2 + 0 O — r9 0 0 O
(4.1) P=|0 - p3s + 0|, R=|— 0 r3 0 O0f,
0 0 — pg + - 0 0 rg +
0 0 0 — ps 0 0 0 — ;5

where P1,D2,P3;P4,P5,71,72,73,T4,75 € {+7 ) O}

Let n > 2 and a sign pattern matrix of order n be given by:

- + 0 0
- 0 +
T, = 0 - 0 +
0
: - = 0 +
0 o o0 = 4]

LEMMA 4.2 ([9]). Ewvery super-pattern of T, is a spectrally arbitrary pattern for all n > 2.

If G is a simple undirected graph, then the path {u = vg, v1,va,...,v5_1,v; = v} between two vertices
uw and v of G has length k. The distance between u and v, denoted by d(u,v), is the length of the shortest

path between them.

LEMMA 4.3. Let A be a path sign pattern matriz of order n with all edges negative and G(A) be the
graph of A with vertices 1,2,...,n such that i is adjacent to i+ 1 fori=1,2,... ,n—1. Suppose A has a
nonzero diagonal entry and Umin = min{u : ayy # 0}, Umax = max{u : @y, # 0}. If

max{d(1, umin), d(7, Umax)} > {gJ ,

then A is not potentially nilpotent.
Proof. Let C € Q(A).

Let n be even. If d(1,umin) > %, then (C™)11 # 0. If d(n, Umax) > 5, then (C")pn, # 0. So C is not
nilpotent.

Let n be odd. Suppose d(1, umin) > an Let w be the vertex of G(A) such that w < Ui, and
d(w, Umin) = "T_l Then (C™)ww # 0. So C is not nilpotent. Similarly, if d(n, umax) > "T_l, then C' is not

nilpotent.

Hence, A is not potentially nilpotent. 0
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LEMMA 4.4. The sign pattern matrices

+ + 0 0 O + + 0 0 O + 4+ 0 0 O
- 0 4+ 0 0 + 4+ 0 0 - - 4+ 0 0
Ni=|0 - — 4+ 0|, No=|0 — — + 0|, N3=]|0 — — 4+ 0],
0o 0 — — + 0 0 — — + o 0 - — +
0 0 0 — 0 0 0 0 — 0 0 0 0 — 0
do not allow a nilpotent matrizx.
Proof. Let by,ba,bs, by, a1,a3,a4 >0, ag € R and
ay 1 0 0
—bl a9 1 0 0
C = 0 —bg —as 1 0
0 0 —bg — Q4 1
0 0 0 —-bs O

The characteristic polynomial of C' is 2% — ¢12* + c22® — 322 + ¢4z — c5, Where

€1 = a1+ az —az — a4
co = ai(ag —ag — aq) — as(as + aq4) + agaq + by + by + bg + by;
c3 = a1(by + b3 + by) + aa(bz + bs) — az(by + bs) — as(by + ba) — araz(az + aq) + (a1 + az)azay;
cqg = b1b3 + b1by + boby + araa(bs + by) — arasby — ajagbs — asaszby + azagby + ajazazay;

Cy = a1b2b4 — a3b1b4 — a1a2a3b4.

Suppose C' is nilpotent. Then, ¢c; =cy =c3 =c4 =c5 = 0.

Noweci =0= a1 +as = as + aq, 5 = 0= aiby — a3b1 —ajasaz =0 and thus by + ajas > 0.

c3 =0 = ay(bg + by) + az(bs + by) — azby — as(by + b)) — arazays + (a1 + az)agas =0
= (a1 + a2)bs + by(a1 + as — as) — ag (b1 + ba + a1a2 — a1as — azaz) =0
= (a3 + a4)bs + agby — ag(by + by + a1a9 — ajaz — agzaz) =0
= by + by + aras — araz — asas > 0.

Then ¢4 = b1bs + b1by + boby + alag(b3 + b4) — araszbs — ayasby — asasby + azasby + aiasa3a4
= b1b3 + arazbz + ba(b1 + by + araz — a1az — azaz) + as(azby — a1by + arazaz)

= (b1 + alag)bg + b4(b1 + b2 +aja2 —ajasz — a2a3) > 0.

This is a contradiction. So C' is not nilpotent and thus none among Ni, No, N3 allow a nilpotent
matrix. 0

A sign pattern matrix A is said to allow the inertia (nq,n9,n3) if there exists a C € Q(A) such that
i(C) = (n1,n2,n3).
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LEMMA 4.5. If the path sign pattern matriz P in (4.1) is potentially nilpotent and allows the inertias
(5,0,0),(0,5,0), then P is equivalent to some super-pattern of one among

+ + 0 0 O + + 0 0 0 + 4+ 0 0 O
- 0 4+ 0 O - 0 4+ 0 O 0O + 0 O
P1:0—0+O,P2:0——+0,P3:0——+0
o 0 — 0 + o 0 — 0 + 0 0 — 4+ +
o 0o o0 — -— 0O 0 0 — + 0 0 0 — 0
Proof. By Theorem 3.4,
pr + 0 0 O
p2 4+ 0 0
P=10 ps + 0],
0 0 — ps +
0 0 0 — ps

allows the inertia (0, 5,0) if and only if at least one of py,p3,ps is —. Similarly, P allows the inertia (5,0, 0)
if and only if at least one of pi, ps3,ps is +. Hence, by Lemma 4.3, the path sign pattern matrices of order
5, which are potentially nilpotent and allow the inertias (0, 5,0) and (5,0,0) can only be equivalent to some
super-pattern of one among P;, P>, P3 and

+ + 0 0 O
- 0 0 O
P=0 — — + 0
o 0 — — +
0O 0 0 — 0

The only super-patterns of P, of the form P, which are super-patterns of none among P;, P5, P3 are
N1, Ny, N3. By Lemma 4.4, none among N7, No, N3 allow a nilpotent matrix. Hence, the result follows: 0O

LEMMA 4.6. The sign pattern matriz

rn + 4+ 4+ 0
— 715 0 0 0
R=|— 0 r3 0 0],
-0 0 0 +
00 0 — 0

is not potentially nilpotent, where r1,79,13 € {4+, —,0}.

Proof. Let
g 1 1 1 0
—b1 ag 0 0 0
C=|-by 0 a3 0 0| €Q(R),
—b3 0 O 0 1
0 0 0 —bsy O

where a1, a2,a3 € R and by, by, b3, by > 0.
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The characteristic polynomial of C is 2° — ¢; 2% + ¢22% — c32% + ¢4z — ¢5, where
Yy s

€1 =ay +az +as,
co = azaz + aiaz + araz + by + by + bz + by,
c3 = a1by + ag(bz + b3 + b4) + a3(b1 + b3 + b4) + ajazas,
c4 = by(agaz + araz + araz + by + bz) + azasbs,
Cc5 = b4(a1a2a3 + asb; + agbz).
Suppose C' is a nilpotent matrix. Then ¢; =c; =c3=c4 =c¢5 = 0.
Case I: Assume ay # 0.
Then, ¢y =0=a; +as+ a3 =0 and ¢5 = 0 = ajasasz + azb; + asbs = 0.
Hence, ¢c3 = 0= a2 + a3 = 0 = a; = 0, a contradiction.
Case II: Assume a; = 0.
Then, co =0= by + by +asaz3 <0and c; =0=as + a3 =0 = azaz < 0.
Therefore, ¢4y = by(azaz + by + be) + azazbs < 0, a contradiction.
Hence, C is not a nilpotent matrix and thus R is not potentially nilpotent.

LEMMA 4.7. The sign pattern matriz R in (4.1) is spectrally arbitrary if and only if it is equivalent to
some super-pattern of one among

0 + + + 0 0 + + + 0] 0 + + + 0
- 4+ 0 0 0 — 4+ 0 0 O - 4+ 0 0 O
Ri=|- 0 — 0 O0|,Ry=|-— 0 — 0 O0|,R3=|— 0 0 0 0
-0 0 - + -0 0 0 + -0 0 - +
00 0 — 0 00 0 — — 00 0 — +
Proof. We have

o+ + + 0]

— 7 0 0 0

R=|— 0 r5 0 0

- 0 0 ry +

000—7’5_

Suppose R is spectrally arbitrary. Then, R is potentially nilpotent and allows the inertias (5,0,0) and
(0,5,0). Since R allows the inertia (0,5,0), from Case II in the proof of Theorem 3.7, R is permutation
similar to some super-pattern of one among

o

0 +

\
o oo
o o o o +
o o o +
o + oo o
3
I
o [
o o o 4+ +
oo oo+
o o H+
+ + o o o
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Now
-r o+ + + 0 + 0 0 0 0
- —-ry 0 0 0 0 — 0 0 0
S(-R)S=| — 0 —-r3 O 0|, where S=|0 0 — 0 O
- 0 0 -r + 0 0 0 — 0
0 0 0 - —T5 0 0 0 0 +

So both Ay and S(—A2)S allow the inertia (0,5,0). Since the inertia of a matrix remains unchanged after
a similarity transformation, both A; and —Ay allow the inertia (0,5,0), that is, As allows the inertias
(0,5,0) and (5,0,0). If R allows the inertia (0,5,0) and R is not permutation similar to any super-pattern
of As, then R must be permutation similar to some super-pattern of A;. Any super-pattern of A;, which
is not equivalent to any super-pattern of As and allows the inertia (5,0,0), must be equivalent to some
super-pattern of

0 + + + 0
— + 0 0 0
Ay=|- 0 — 0 0
- 0 0 0 +
00 0 — 0

Therefore, if R is spectrally arbitrary, then by Lemma 4.6, we can conclude that R must be equivalent to
some super-pattern of one among Rj, Ro, R3.

0 1 1 1 0
—To X1 0 0 0
For the converse part, let X = |—a29 0 0 0 0 | € Q(R3), where xg, x1, T2, T3, T4, Ts5,26 > 0.
—ZIs3 0 0 —xy4 1
0 0 0 —I5 Tg

3 — 322 4+ caz — 5, where

The characteristic polynomial of X is 2° — c12* + co2
€1 = X1 — x4 + Xg,
Co =T+ Tog+ T3+ T5 —T1T4 + T1Tg — T4Tg,
€3 = X1X2 + X1X3 + T1T5 — ToTg — TaX4 + Toxe + T2Xg + T3Te — T1T4T6,
¢y = (xo + x2) (x5 — xawg) — T12224 + T126(T2 + 23),
Cs = .131332(.135 — $4Z‘6).

X has a nilpotent realization at (&g, &1, &2, I3, T4, 25,26) = (2,2,1,1,4,8,2). The Jacobian of the coefficients

of 24,23, 2%, 21, 20 with respect to xg, z1, 7, 3, 75 at (2,2,1,1,4,8,2) is
0 -1 0 0 0
1 —T4 + T 1 1 1
T4 — Tg —Xo — X3 — Ty + T4Tg —T1 + x4 — Tg —T1 — Tg —x

X5 — Takg —ToTy + T(To + X3) X5 — TyXe — T1T4 + T1T6 T1Tg To + T
0 —zo(x5 — T46) —z1 (x5 — T46) 0 —T1To

0 -1 0 0 0

1 -2 1 1 1 1 1 1

=12 -2 0 -4 —-2/=-2|2 0 —4/=64=#0.
0 0 —4 4 3 0 -4 4
0 0 0 0 =2
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Therefore, by the Nilpotent-Jacobian method, every super-pattern of Rg is spectrally arbitrary. Similarly,
the super-patterns of the sign pattern matrices R; and Rs can be shown to be spectrally arbitrary by the
Nilpotent-Jacobian method. Such nilpotent matrices in Q(R;) and Q(R2) are respectively,

0 1 1 1 0 0 1 1 1 0
—453 943 0 0 0| |28 341 0 0 0
— 343 0o -1 0 0|, [-2338 o _\By1 0 o0
—EE g 0 —1-V3 1 -1 0 0 0 1

0 0 0 -5 0 0 0 —2 -2

Since any sign pattern matrix equivalent to a spectrally arbitrary pattern is also spectrally arbitrary, the
converse part follows. 0

The following result characterizes all 5-by-5 spectrally arbitrary tree sign pattern matrices with all edges
negative.

THEOREM 4.8. A 5-by-5 tree sign pattern matriz with all edges negative is spectrally arbitrary if and
only if it is equivalent to some super-pattern of one among Py, Py, P3, R1, Ro, R3.

Proof. Let A be a 5-by-5 spectrally arbitrary tree sign pattern matrix with all edges negative. Then by
Lemma 4.1, A is not a star sign pattern matrix. If A is a path sign pattern matrix, then it is equivalent
to a matrix of the form P in (4.1). If A is spectrally arbitrary, then A is potentially nilpotent and allows
the inertias (5,0,0) and (0,5,0). So by Lemma 4.5, A is equivalent to some super-pattern of one among
fjl7 PQ, P3.

If A is neither a star sign pattern matrix nor a path sign pattern matrix, then it is equivalent to a
matrix of the form R in (4.1). If A is spectrally arbitrary, then by Lemma 4.7, A must be equivalent to some
super-pattern of one among Ri, Ro, R3.

Now we prove the converse part. By Lemma 4.2, the super-patterns of P; are spectrally arbitrary.
The super-patterns of the sign pattern matrices P, and P35 can be shown to be spectrally arbitrary by the
Nilpotent-Jacobian method, and such nilpotent matrices in Q(P,) and Q(Ps) are respectively,

VE+1 1 0 0 0 6 1 0 0 0
—4 0 1 0 0 -12 0 1 0 0
0 —4 =25 1 0 ,l 0 —24 —12 1 0
0 0 -4 0 1 0 0 -54 6 1
0 0 0 -4 5-1 0 0 0 -18 0

The super-patterns of the sign pattern matrices Ry, Re, and R3 are spectrally arbitrary by Lemma 4.7.
Since any sign pattern matrix equivalent to a spectrally arbitrary pattern is also spectrally arbitrary, the
converse part follows. 0
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