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ERROR ANALYSIS OF THE GENERALIZED LOW-RANK MATRIX
APPROXIMATION*

PABLO SOTO-QUIROST

Abstract. In this paper, we propose an error analysis of the generalized low-rank approximation, which is a generalization
of the classical approximation of a matrix A € R™*"™ by a matrix of a rank at most r, where r < min{m,n}.
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1. Introduction. Throughout this paper, we adopt the following notation: R**™ denotes the set of
all real m x n matrices of rank at most r, where r < min{m, n}, i.e., A € R"*" if and only if rank(A4) < r.
I € R™™ and 0,,x, € R™*™ are the identity matrix of order m and the null m x n matrix, respectively.
M, tr{M}, | M| and N(M) denote the pseudoinvserse, the trace, the Frobenius norm and the null space
of M, respectively. Furthermore, N'/? is the square root of N € R™*™ ie., N = NY/2N'/2,

Let D = UpXpV} be the singular value decomposition (SVD) of D € R™*" where Up € R™*™ and
Vp € R™ ™ are two orthogonal matrices, and ¥p = diag(o1(D), ..., Omin(mn) (D)) € R™*™ is a generalized
diagonal matrix with singular values o1(D) > 02(D) > ... > Opmin(m,n)(D) > 0 on the main diagonal. The
r-truncated SVD is defined by

T
D, =Y oi(D)uw! =Up,Sp,VH, € R™",
=1

where Up, € R™*" and Vp, € R™" are formed with the first r columns of Up and Vp, respectively,
and Xp, = diag(o1(D),...,0.(D)) € R™*". If k = rank(D), then Pp € R™*™ and Pp r € R™*™ are the
orthogonal projections of D on the range of D and DT, respectively, where Pp 1, = DD = UD,kUch and
Ppr=D'D= VDJCVg,k.

A generalization of the low-rank approximation was proposed in [2, 3, 4]. Given matrices A € RP*9
B e RP*™ and C' € R™*4, and rank r < min{m,n}, the generalized low-rank approximation finds a matrix
X, € R"*™ such that

& . 2
(1.1) |A - BX,.C|* = min  [|[A - BXC||
XER?

Note that if B and C are identity matrices, the problem (1.1) is the well-known low-rank approximation
problem proposed by Eckart and Young [1]. The problem in (1.1) was studied in [2, 3, 4] by Sonderman,
Friedland and Torokthi, respectively. The following theorem presents the solution of the generalized low-rank
approximation given in [3].
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THEOREM 1.1. Let A € RP*?, B € RP*™ qgnd C € R"¥9, and let M = UMZMVAE be the SVD of
M =P APcr = BBYACTC. Then matriz

(1.2) X, = BY\M|,C" = BtUy 201, Vi, CF,
minimizes the problem (1.1). This solution is unique if and only if either
r > rank(M),

or
1 <r<rank(M) and o.(M)> op41(M).

In this paper, we present an error analysis for the solution of the problem (1.1). The main result of this
paper is presented below, in Theorem 3.1. In the related work, for the same problem, in [5, Theorem 3.2]

~

Wang presented an error analysis for the specific case of rank(X,) = r. In this paper, we extend the analysis

~

to the case rank(X,) <r. The formula for the error in [5, Theorem 3.2] is different from that in Theorem
3.1

2. Preliminaries. In this section, we present some preliminary results that will be used in the next
section to study the error associated with the solution of the problem (1.1).

LEMMA 2.1 (Theorem 2.8 in [6]). If A € R™*™ and B € R"*™, then AB and BA have the same
nonzero eigenvalues, counting multiplicity.

LEMMA 2.2 (Propositions 3.1 and 3.2 in [7]). A" = AT(ANTAT = AV ANTAT = (ATA)TAT, for all
A e R™x™,

LEMMA 2.3 (Lemma 2.4.1 in [8]). Let A € R™*" and B € RP*™. Then N(A) C N(BA).

LEMMA 2.4 (Lemma 23 in [9] - Fact 2 in [10]). For any M € R™*", N € RP*"™ and S € R™**, the
following statements hold.

(a) If N(M) C N(N), then NMTM = N.

(b) If N(MT) C N(ST), then MMTS = S.

LEMMA 2.5. Let M € R™*"™ and r < min{m,n}. Then N (M) C N(|M],).

Proof. Without loss of generality, we assume m < n. Let M = UpyXy Vi, be the SVD of M. If

r € N(M), then Mz = 0,1, and therefore, ¥, Viiz = 0,1, because Uy is an orthogonal matrix. If
S, = diag(o1 (M), ...,0.(M),0,...,0) € R™*" then

I’r‘ 0 m—r
ZMVJ\I/;J} = 0n><1 = |: kex :| EMVAT/;JJ = 0n><1

Om—TXT Om—TXm—T
Sl T
= XMVt = Onxi
= T
= UMZM,TVM:C = 0n><1.

Note that

min{m,n}

UnSa,Vap = Y. oi(Mup] =Y oi(Muw! = | M],.
=1

=1

Finally, | M |, = O0y,x1. Thus, z € N(|M],). O
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LEMMA 2.6. If M € R™*"™ S € R"* gnd R € R**™, then the following statements hold.

(a) |RM| MM = |RM],.
(b) SST|SR], = |SR],.

Proof. We consider (a). It follows from Lemma 2.3 that A (M) C N (RM). By Lemma 2.5, we obtain
N(RM) C N(|RM],), and therefore, N (M) C N(|RM],). As a result, (a) follows from Lemma 2.4. The
proof of (b) is similar to the proof of (a). |

3. Main Result.

THEOREM 3.1. Let A € RP*?, B € RP*™ (' € R"*? and r < min{m,n}. The error of the solution of
the problem (1.1) is given by

(3.3) min_ A - BXC|? = |42 = S A (D),
XeRyX™ i=1

where T = BTACTC AT B € R™*™ and \;(T) is the i—th eigenvalue of T with A\1(T) > Ao(T) > ... > A (T).
Proof. Tt follows from the identity ||D||> = tr{DD7T} and the linearity of the trace operator that

(3-4) 1A = BXC|* = |A|* — IM|* + | M — (BT B)'*X (CCT)' 2|2,

where M = (BT B)'/?1 BT ACT (CC™)'/?f. Note that ||M — (BT B)'/2X(CCT)'/2|]? is the only term in (3.4)
that depends on X. Therefore, problem (1.1) is equivalent to

(3.5) min ||M — (BTB)'\/2x(CCT)'/? |2
XeRpxn

Based on Theorem 1.1, the solution of the problem (3.5) is given by
(3.6) X, = (B"B)'! | Pigrpy1/2 L MP ey g), (CCT)V?,

Note that (BT B)/?f and (CCT)/?! are symmetric matrices. Therefore, it follows from Lemma 2.2 that

(3.7) Piprpye (BT B)Y?T = (BT B)Y*(B” B)Y/*1(BT B)'/*" = (BT B)"/*",
and
(3.8) (CCTYV2 P ogryie g = (CCT)HY2(CCT)Y2(CCT)V2 = (O™,

Further, (3.7) and (3.8) imply
LP(BTB)l/Q,LMP(CCT)1/2,RJT == LP(BTB)1/2’L(BTB)1/2TBTACT(COT)1/2TP(CcT)1/2’RJ7-
_ L(BTB)l/ZTBTACT(CCT>1/2TJT
(3.9) =|M],.

It follows from (3.6) and (3.9) that X, = (BT B)Y/2t | M| _(CCT)'/2t. On the basis of Lemma 2.6, we obtain
that

(3.10) (BTB>1/2)’€T(CCT)1/2 — (BTB)1/2(BTB)1/2T I_MJr (CCT)l/QT(CCT)1/2 — \_MJ

e



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I

Volume 37, pp. 544-548, July 2021.

547 Error analysis of the generalized low-rank matrix approximation

By equations (3.4) and (3.10) and the facts that [|[M||?> = tr{MM*} =37 N\;(MM?™) and | - || is unitary
invariant [6], we obtain the following identity

min |4~ BXC|? = | A*  [M? + |M — (BTB)'2%,(CCT) /2|

X eRPX1
= [lAIZ = | M|* + | M — [M],|?
= AP =D MMM+ > A(MMT)
i=1 1=r+1
(3.11) = [AI* =Y x(MMT),
=1

Note that MMT = (BT B)'/?t BT ACTC AT B(BT B)'/?. From Lemmas 2.1 and 2.2, we obtain that
(3.12) Ni(MMT) = \(BTACTCAT B),
for all i =1, ...,m. Finally, (3.3) follows from (3.11) and (3.12). o

4. Advantage and Numerical Example. The error formula given by (3.3) is useful for choosing an
optimal value for the rank r, before computing the matrix )/(\'r in (1.2). For example, we consider matrices
A € R20x35 B ¢ R20%30 and C € R40%35 generated from a uniform distribution with zero-mean and standard
deviation 1. Figure 1 shows the relationship between the error associated with the solution of problem (1.1)
and the rank r. It follows from Figure 1 that the associated error is 0 when r > 20. Therefore, the smallest
value of r that implies the minimal error of the solution of problem (1.1) is given by r = 20. Note that
it was not necessary to compute each optimal matrix )?T, for r = 1,...,30, to obtain the associated error.
In this example, we only compute the eigenvalues of T = BTACTCATB € R3°%30 and use the formula
(3.3). Furthermore, in this numerical simulation, we obtain that rank(7T") = 20 and o?(A) = \;(T), for all
i=1,...,20. Thus,

XGR?«O x40

min A~ BXC|* = [|A* = > \(T) =0,
i=1

for all r > 20.
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FIGURE 1. Diagram of the error associated with the solution of problem (1.1) versus rank r.
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