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SIMPLE NECESSARY CONDITIONS FOR HADAMARD FACTORIZABILITY
OF HURWITZ POLYNOMIALS*

STANISLAW BIALAST AND MICHAL GORA?

Abstract. In this paper, we focus the attention on the Hadamard factorization problem for Hurwitz polynomials. We
give a new necessary condition for Hadamard factorizability of Hurwitz stable polynomials of degree n > 4 and show that for
n = 4 this condition is also sufficient. The effectiveness of the result is illustrated during construction of examples of stable
polynomials that are not Hadamard factorizable.
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1. Introduction. A problem of the existence of a Hadamard factorization for a given Hurwitz stable
polynomial has been taken by many authors. Recall that a Hurwitz stable polynomial of degree n > 1 has
a Hadamard factorization if it is a Hadamard product of two Hurwitz stable polynomials of degree n. It
is known that every stable polynomial of degree n < 3 admits a Hadamard factorization (see Garloff and
Shrinivasan [5]) and that for every n > 4 there exists an n-th degree stable polynomial which is not Hadamard
factorizable (see Bialas and Géra [2]). Some conditions for the existence of a Hadamard factorization can be
found in Loredo—Villalobos and Aguirre-Herndndez [8, 9], but these conditions cannot be effectively applied
in practice. In turn, some topological properties of the entire family of polynomials admitting a Hadamard
factorization can be found in Aguirre-Herndndez et al. [1].

Note also, that there are some issues in which polynomials having a Hadamard factorization play an
important role. In [3], the authors have considered the stability problem for the generalized Hadamard
product of polynomials (recall that the generalized Hadamard product f e g of polynomials f of degree m
and g of degree n > m is a set consisting of polynomials of degree m which are defined as the Hadamard
products of the polynomial f and some other n —m + 1 polynomials formed from the polynomial g). It was
shown, among others, that if f and g are Hurwitz stable, then f e g is quasi-stable (i.e. all zeros of every
polynomial belonging to f e g have non-positive real parts). If, additionally, f has a Hadamard factorization,
then f e g occurs to be Hurwitz stable. This shows that the Hadamard factorization problem has both
theoretical and applied significance.

In this work, we develop the idea used in our recent paper [2]. We give a new necessary condition for
Hadamard factorizability of a polynomial and show that for n = 4 this condition is also sufficient. The
effectiveness of the result is illustrated during construction of examples of stable polynomials that are not
Hadamard factorizable.
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2. Preliminary results. Let us now introduce the notations and remind some results which will be
used in the sequel.

2.1. Basic notations. We use standard notation: R and R™*™ stand for the set of real numbers and
for the set of real matrices of order n x n, respectively; m,;" denotes the family of n—th degree polynomials
with positive coefficients.

2.2. Stable polynomials. A polynomial f € m,} (n>1),
(1) f(8)=ao+ais+...+a, 15" +a,s",

is Hurwitz stable (or shortly stable) if all its zeros have negative real parts. It is well known (and easily
verified) that a necessary condition for the stability of a real polynomial is that its coefficients are all of the
same sign; without losing generality we will assume in the sequel that they are positive. The entire family
of Hurwitz stable polynomials of degree n with positive coefficients will be denoted by H.'.

Let A; (f) denote the i-th leading principal minor of the Hurwitz matrix Hy € R™*" associated with
polynomial (1):

[ ap-1 an, O 0 0 |
Ap—3 Qnp—2 GQp—1 (479 0
Gp—5 0Ap—4 Gp-3 0ap-2 0
2 H, =
( ) ! Gp—5 Qnp—4 0 ’
0 0 0 0 .. a|

in particular Ay (f) = ap—1 and A, (f) = det Hy = aplp—1(f). It follows from the Routh-Hurwitz
stability criterion (see, e.g., Gantmacher [4]) that polynomial (1) with positive coefficients is stable if and
only if A; (f) >0, fori=1,2,...,n— 1. Among many other properties of the Hurwitz matrix, one can also
find the following given by Kemperman [7] (see Theorem 2 therein).

THEOREM 1. If f € H;\, then every square submatriz of the Hurwitz matriz Hy has positive determinant
if and only if all its diagonal elements are positive.

Suppose now that n > 4 and that {Hy,..., H,,, } C R3*3 is a set of all 3 x 3 submatrices of the form:
k k
WY o k
(3) Hpp=| 88 ) p8) | with b >0,
k k
0 héz) hz(azs)
of the Hurwitz matrix Hy. Entries hz(f) occurring in (3) depend on the polynomial f but, to simplify the
notation, throughout this paper we do not make this dependence explicit.
EXAMPLE 1. For n = 4 we have my = 2 and
az ag 0 az as O

Hf)l = a; a2 as and Hf72 = a; Qa2 Q4
0 ap aj 0 apg az
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For n =5 we have ms = 4 and

az as O as as O
Hf,l = ay az a4 ) Hf,z = ayp az a4 y
L 0 ap a2 | L 0 a1 as |
[ a2 Qg4 0 7 [ as as 0 T
Hf,3 = ap G Q4 , Hf’4 = apg a3z a4
L 0 ap a2 | L 0 a1 as |

Theorem 1 allows us to conclude that if polynomial (1) of degree n > 4 is stable then

k), (k k), (k k), (k k), (k
(4) hgl)hgz) - h§2)hél) >0, héz)hés) - hgs)h:(m) >0,
and
k) (k) (k ) (k) (k k) (k) (k
(5) hiy hig sy — 1Y by by — iy ke b >0,
for k=1,...,m,. These inequalities will play a key role in our further considerations.

2.3. Polynomials admitting a Hadamard factorization. Together with polynomial (1), we will
consider a polynomial g € ;':

(6) g(s) =bg+bis+...+bp_15""1 4 b,s",
their Hadamard product f o g € m defined as an element-wise multiplication, that is,
(fog)(s) =apby 4+ arb1s+ ...+ ap_1bp_15""" + anbps™,

and their Hadamard quotient f ¢ g € 7} defined as an element-wise division, that is,

ap ay An—1 51 An
(fog)(s)fEnLaer...er +E
Garloff and Wagner [6] proved that the Hadamard product of two real Hurwitz stable polynomials is again
Hurwitz stable, and thus it seems to be quite natural to say that the polynomial f € H; has a Hadamard
factorization (or is Hadamard factorizable) if there exist two polynomials f1, fo € H;} such that f = f 0 fa.
Equivalently, the polynomial f € H; has a Hadamard factorization if there exists a polynomial g € H;®
such that fog € HI. A stable polynomial which is not Hadamard factorizable is said to be Hadamard

irreducible.

3. Main results. Let f € w7 and let w;kl), w;k% be positive numbers given by:
k), (k k), (k
(7) w;k) _ hél)h§2) wfk) _ hg2)hg3)
1T (k) (k) 2 7 (k) (k)
hiy hfy hi Sy
for k=1,...,my,. We start with the following simple observation.

LEMMA 2. Let n > 4.

(a) If f € 1}, then fork=1,...,m,

(8) w;kl) <1, w}kz) <1, w;kl) + w;kz) <1.
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(b) If f € HY and g € w7 are such that fog € HY, then fork=1,...,m,

k k k k
(9) w§f1)<w§;1); w;2)<w()
and

k
(10) wif) wl) + i) jwi)

Proof. The above inequalities follow from the stablhty of f and f©g: conditions (8) are equivalent to
(4)-(5) and conditions (9)—(10) follow from (8) and from the identities:

k k k k), (k
w;o)glfwfl)/w() and w;o)ngw;g/w()

3.1. A necessary condition for Hadamard factorizability of real polynomials. We are now
ready to prove the main result of this section.

THEOREM 3. Let n > 4. If a polynomial f € 7} has a Hadamard factorization, then
(11) Ax(f) = (wf - w;’“g) =2 (w +wff)) +1>0,
fork=1,....,m,.

Proof. Tt follows from the assumption that there exists a polynomial g € H;' for which the polynomial
f o g is stable. Then, by Lemma 2, we conclude that for any fixed k € {1,...,m;} it holds

(k) (k)

gl+w <1

and
k k k

In other words, the Hadamard factorizablhty of f nnphes that there exist 1 > 1 and x5 > 1 satisfying the
following system of inequalities:

1, 1 1
(12) TR
bix1 +boxs < 1

where, to simplify the notations, we put b; = w; .), for i = 1,2. By Lemma 2, we know that by,by € (0,1).
It is easy to note (see Fig. 1) that system of inequalities (12) has a solution if and only if the system:
1 1
Lyl
(13) bixy +bowa =1,
1 >1, 2o >1

has two different solutions («},x%) and (27, «%). This condition holds, in turn, if and only if the equation:
(14) boxs + (by — by — 1) 29 + 1 =0,
has two different solutions z5, > 1 and z§ > 1. This, by (8), is equivalent to (11) completing the proof. 0O

From Theorem 3 one can draw the following sufficient condition for Hadamard irreducibility of
a polynomial.

CONCLUSION 1. Letn > 4. If f € HY and for some k € {1,...,my} :
Ai(f) <0,
where Ap(f) is as in (11), then f is Hadamard irreducible.
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bix1+boxgs =1

1’1:1 X1

FIGURE 1. Solutions to system of inequalities (12) filled with gray color.

3.2. How to get a Hadamard irreducible polynomial? Garloff and Srinivasan considered in [5]
the Hadamard factorization problem and gave, among others, an example of the Hadamard irreducible
polynomial of degree n = 4. Now, using Theorem 3 and Conclusion 1, we will show a fairly universal way of
construction of further examples of Hadamard irreducible polynomials of arbitrary degree n > 4. First, we
need to introduce some additional notations.

Let, for f € H}f and a >0, F, € 71';+1 be a polynomial of the form:
Fu(s) = as"*! + f(s),
and let A, Ay,..., Ay, ., CR be sets defined as follows:
A={a>0:F, e H },

and, for k=1,...,muy1,
A = {a >0: Ak(Fa) < 0}
The following theorem holds.
THEOREM 4. Let n > 4 and let f € H}. Under the above notations, if for some k € {1,...,mp11} we
have

(15) AN Ay #0,

then for every a € AN Ay the polynomial F, is stable and Hadamard irreducible.

Proof. The thesis is a simple consequence of Conclusion 1.

It is known (see, e.g., Lemma 3.1 in Bialas and Gdéra [3]) that if f € H;} then there exists a* > 0 such
that F, € H,,, for every a € (0,a*). This means that the set A is always non-empty. On the other hand,
one can show that if the polynomial f is stable, then sets A;,..., A4, ,, are all separated from zero and,
hence, it is possible that in some cases assumption (15) of Theorem 4 will not be satisfied.

3.2.1. A numerical example. Consider a Hurwitz stable polynomial f € 71';_ of the form:

f(s)=5>+3s+s5+1,
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and let, for a > 0,
F,(s) =as* +s%+3s> + 5+ 1.

It follows from the Routh-Hurwitz stability criterion that the polynomial F, is stable if and only if
(16) 0<a<2.

On the other hand, submatrices (3) of the Hurwitz matrix Hp, have the form (see Example 1):

1 a O 1 a O
HFa,l = 1 3 1 and HFa’Q = 1 3 a
0 1 1 0 1 3
Thus, according to (7),
1 a 1 1 2 a 2 a
w%a),l = 57 w%a),Q = g and w%‘a),l = 5’ w;‘a),Q = §

—~

Simple calculations show that the condition Aq(F,) < 0 is satisfied if and only if

(17) Gmin S a é Omax

where amin = 4 — 2v/3 &~ 0.5359 and amax = 4 + 2v/3 ~ 7.4641. It follows from Theorem 4 that for every

a € [amin, 2) the polynomial F,, is Hadamard irreducible; for a = 1 we get a Hadamard irreducible polynomial
|4

g (s) = s* + 53 + 35% + s + 1 obtained previously by Garloff and Srinivasan [5].

To construct a Hadamard irreducible polynomial of degree n = 5, we put a = 3/2 (unfortunatly, for
a = 1 assumption (15) of Theorem 4 is not satisfied) and repeat the above reasoning. As previously, we
begin with considering the polynomial:

Ga(s) =as® +3/2s* + 5% +3s% + 541,
and showing that it is stable if and only if
(18) 0<a<a*=-3/2+3~0.2320.

One of the submatrices (3) of the Hurwitz matrix Hg, has the form:

and the condition A;(G,) < 0 is satisfied if and only if
(19) Gmin < @ < Gmax;

where amin = 3/2 — V2 ~ 0.0858 and amax = 3/2 + V2 ~ 2.9142. Combining (18) and (19), we conclude
that for every a € [amin, a*) the polynomial G, is Hadamard irreducible; taking for example a = 1/5 we get
a quintic polynomial:

h(s)=1/55"+3/2s* + 5% +3s* + s+ 1.
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When considering the submatrix:

1/5 a 0
1 3/2 1/5 |,
0 1 1

of the Hurwitz matrix for the polynomial H,(s) = as® 4+ h(s) and performing similar calculations as above,
we show that the polynomial:

k(s) =1/55% +1/55° +3/25* + 5% + 352 + 5 + 1,

is stable but not Hadamard factorizable.

3.3. A necessary and sufficient condition for Hadamard factorizability of fourth-degree real
polynomials. In this last part of our work, we would like to focus the attention on polynomials of degree
n = 4. We will show that in that case a necessary condition for the Hadamard factorizability of a polynomial
given in Theorem 3 is also sufficient.

To do this, let f,g € 7/ be two polynomials of the form:

f(s)= ass* + azs® + ass® + ars + ag,

g(s)= bys* + b3s® + bos® + bys + by,

and let

ay1a4 apas b1by bobs
1= w’QZ w,lz— w,gz—.
a2a3’ ! a2a71 ’ g bzbs’ g baby

(20) we

REMARK 1. It follows from the Routh-Hurwitz stability criterion that

(a) f € mf is stable if and only if w1 +wy2 < 1
(b) for f,g € mf, fog is stable if and only if w1 /w1 +wso/wy e < 1.

The following theorem holds.
THEOREM 5. A polynomial f € H is Hadamard factorizable if and only if
(21) (wia —wp2)® =2 (wpy +wpz) +1>0,

where w1 and wro are as in (20).

Before proceeding to the proof, we need an auxiliary lemma.

LEMMA 6. Suppose that 0 < by < 1,0 < by <1 and that
(22) (by — by)> —2(by +by) +1>0.
Then

1. there exist x1 > 1 and xo > 1 satisfying the system of inequalities:

(23)

bix1 + bz < 1
1 1
51?71+3072<1
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2. it holds

(24) Vb1 4+ /ba < 1.

Proof. The first part of the thesis follows from the proof of Theorem 3 where the equivalence of conditions
(12) and (14) was derived.

To prove the second part note that the first one implies that b; + bo < 1. Then, (24) is a simple
consequence of the following equality:

(by —b2)* = 2(by +by) +1 = (1—(\/E+\/E)2> (1—bl—b2+2\/@). O

Proof of Theorem 5. The necessity of (21) for the Hadamard factorizability of f follows from Theorem 3.
To prove the sufficiency, we will show that condition (21) implies that there exists a polynomial g € ’Hj{
such that fog e Hj.

It follows from (21) and from Lemma 6 that there exist s; > 1, s3 > 1 such that

(25) { wy1-81+wpo-sy <1

1 1
§+g<1

Let, for any solutions s; > 1 and sg > 1 of system (25),

2 1
(26) g(s)=s'+258 + 2+ —s+ —.
S1 5152

According to (20), we have wy1 = 1/s1 and wg 2 = 1/s9. It follows from Remark 1(a) and from (25) that
polynomial (26) is stable. Besides, as follows from (25),

wy1/we1 +wp2/wg o < 1.

It means, by Remark 1(b), that f ¢ g is stable too. This completes the proof. |

As a conclusion, we present the following theorem collecting the necessary and sufficient conditions for
Hadamard factorizability of polynomials of degree n = 4 derived in this section.

THEOREM 7. For f € HJ, the following conditions are equivalent:

(a) the polynomial f (s) = ass* + azs® + a2s® + a1s + ag is Hadamard factorizable;
(b) it holds
(wpa = wy)® =2 (wp +wpz) + 1> 0;

(c) it holds
VWil +Jwre < 1

2
apas [a104
< — /a2 ;
ax ( as > 7

(e) the polynomial g (s) = \/ass* + \/azs® + \/azs® + \Jais + \/ag is stable.

(d) it holds
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Proof. The equivalence (a) < (b) follows from Theorem 5, the implication (b) = (¢) follows from
Lemma 6, the equivalence (¢) < (d) is straightforward and follows from the stability of f, the equivalence
(c) & (e) follows from Remark 1 and from the identities w, 1 = /w1 and wy2 = ,/ws2, and the last
implication (e) = (a) follows from the obvious equality f = g o g. This completes the proof. d

Let us point out that alternative proofs of two equivalences stated in Conclusion 7 can be found in some
earlier works: the equivalence (a) < (d) was previously proven by Loredo—Villalobos and Aguirre-Herndndez
[8] (see Lemma 3 therein) and (a) < (e) by Aguirre-Herndndez et al. [1] (see Theorem 7 therein).
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