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ON THE KY FAN K-NORM OF THE LI-MATRIX OF GRAPHS*

ZHEN LINT, LIANYING MIAO}, GUANGLONG YU$, AND HAN SHENGTY

Abstract. Let A(G) and D(G) be the adjacency matrix and the degree diagonal matrix of a graph G, respectively. Then
L(G) = D(G) — A(QG) is called Laplacian matrix of the graph G. Let G be a graph with n vertices and m edges. Then the
LI-matrix of G are defined as LI(G) = L(G) — 277”1”, where I, is the identity matrix. In this paper, we are interested in
extremal properties of the Ky Fan k-norm of the LI-matrix of graphs, which is closely related to the well known problems
and results in spectral graph theory, such as the Laplacian spectral radius, the Laplacian spread, the sum of the k largest
Laplacian eigenvalues, the Laplacian energy, and other parameters. Some bounds on the Ky Fan k-norm of the LI-matrix
of graphs are given, and the extremal graphs are partly characterized. In addition, upper and lower bounds on the Ky Fan
k-norm of LI-matrix of trees, unicyclic graphs, and bicyclic graphs are determined, and the corresponding extremal graphs are
characterized.
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1. Introduction. Let G be a simple finite undirected graph with vertex set V(G) and edge set E(G).
The matrix L(G) = D(G) — A(G) is called the Laplacian matrix of G, and its eigenvalues can be arranged
as:

0> (@) > p(G) > > pna(G) > n(G) = 0,

where p1(G) and p,—1(G) are called Laplacian spectral radius and algebraic connectivity of G, respectively.
The investigation on the eigenvalues of Laplacian matrix of graphs is a topic of interest in spectral graph
theory. There are amount of results on the eigenvalues of L(G) in the literature, such as the Laplacian spectral
radius [14, 38], the Laplacian spread spr(L(G)) [1, 8, 45], the sum of the k largest Laplacian eigenvalues
Sk (L(G)) [10, 16, 20], the Laplacian energy LE(G) [5, 6, 17], etc. The spr(L(G)), Sk(L(G)), and LE(G)
are defined as follows:

K
spr(L(G)) = 11(G) — pn—1(G),  Sk(L(G)) = ZM(G)’ LE@G) =)

i=1

Recently, the trace norm of the adjacency matrix A(G) of a graph G, defined as the sum of the singular
values of A(G), has been extensively studied under the name of graph energy [27]. For generalizing and
enriching the study of graph energy, Nikiforov [31, 34] investigated the Ky Fan k-norm of adjacency matrix
of a graph G, that is

IA(G) |7, = 01(A(G)) + 02(A(G)) + -+ + ox(A(G)),
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where 01(A(G)) > 02(A(G)) > --- > 0,(A(G)) are the singular values of the adjacency matrix A(G), i.e.
the nonnegative square roots of the eigenvalues of A(G)AT(G). Since the singular values of a real symmetric
matrix are the moduli of its eigenvalues, the Ky Fan k-norm of adjacency matrix of a graph G is also the
sum of the k largest absolute values of the eigenvalues of A(G). He showed that some well-known problems
and results in spectral graph theory are best stated in terms of the Ky Fan k-norm, for example, this norm
is related to energy, spread, spectral radius, and other parameters. Thus, he suggested to study arbitrary
Ky Fan k-norm of graphs and proposed many interesting questions, especially the maximal Ky Fan k-norm
of graphs of given order. Later, Nikiforov has done a series of systematic in-depth analyses and researches
for the Ky Fan k-norm, which are not restricted to the adjacency matrix of graphs. One may refer to
[31, 32, 33, 34, 36] for more details on the Ky Fan k-norm.

Motivated by the above works, we study the Ky Fan k-norm of the LI-matrix of graphs. Let G be a
graph with n vertices and m edges. Then the LI-matrix of G is defined as

By the definition of the Ky Fan k-norm, we have ||LI(G)||r, = Ele 0;(LI(G)), where the singular values
of LI(G) are always indexed in decreasing order. Clearly, ||LI(G)||r, = LE(G). Thus, a close examination
of ||LI(G)||F, further advances the study of Laplacian energy of graphs. In particular, o1 (LI(G)) is called
the spectral norm of the LI-matrix. Moreover, if G is a regular graph, then ||LI(G)||r, = ||A(G)||F,. From
a geometric perspective, the Ky Fan k-norm of the LI-matrix of graphs represents the ordered sum of the
distance between Laplacian eigenvalues and the average of all Laplacian eigenvalues, which is relevant to the
hard problem that distribution of Laplacian eigenvalues of graphs in spectral graph theory, see [22].

In this paper, the extremal properties of the Ky Fan k-norm of the LI-matrix of graphs are studied.
Around the following Nikiforov’s question, upper and lower bounds on the Ky Fan k-norm of LI-matrix of
trees, unicyclic graphs, and bicyclic graphs are given, and the corresponding extremal graphs are character-
ized, which integrates previous results on the Laplacian spectral radius, the Laplacian spread and the sum
of the k largest Laplacian eigenvalues of trees, unicyclic graphs, and bicyclic graphs.

QUESTION 1.1. ([31]) Study the extrema of the Ky Fan k-norm of a graph G and their relations to the
structure of G.

The rest of the paper is organized as follows. In Section 2, we introduce some notions and lemmas which
we need to use in the proofs of our results. In Section 3, some properties on o1(LI(G)), o,(LI(G)), and
[|LI(G)||F, of a graph G are obtained. In Section 4, some bounds on ||LI(G)||F, of a graph G are presented,
and the extremal graphs are partly characterized. In Section 5, lower and upper bounds on the Ky Fan
k-norm of LI-matrix of trees, unicyclic graphs, and bicyclic graphs are obtained, and the corresponding
extremal graphs are characterized.

2. Preliminaries. Denote by K,, P,, C,, and K; ,_; the complete graph, path, cycle, and star
with n vertices, respectively. For v; € V(G), dg(v;) = d;(G) denotes the degree of vertex v; in G. The
minimum and the maximum degrees of G are denoted by § = §(G) and A = A(G), respectively. We assume
that di(G) > do(G) > -+ > dn(G) and say that d = (d1(G),d2(G),...,d,(Q)) is the degree sequence of
the graph G. The conjugate of a degree sequence d is the sequence d* = (dj(G),d5(G),...,d"(G)) where
df(G) = |{j : d;(G) > i}| is the number of vertices of G of degree at least . For a graph G, the first Zagreb
index Z; = Z1(G) is defined as the sum of the squares of the vertices degrees.
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A threshold graph may be obtained through an iterative process which starts with an isolated vertex, and
at each step, either a new isolated vertex is added or a vertex adjacent to all previous vertices (dominating
vertex) is added. The double star S, s is the tree obtained from Ks by attaching a pendant edges to a vertex
and b pendant edges to the other. A connected graph is called a c-cyclic graph if it contains n vertices and
n + ¢ — 1 edges. Specially, if ¢ = 0, 1 or 2, then G is called a tree, a unicyclic graph, or a bicyclic graph,
respectively. The G,,, ,, shown in Fig. 1, is a graph with n vertices and m edges which has m —n+1 triangles
with a common edge and 2n — m + 3 pendent edges incident with one end vertex of the common edge. The
join graph G V Gy is the graph obtained from G U G3 by joining every vertex of G; with every vertex of
GQ.

LEMMA 2.1. ([15, 23]) Let G be a graph with n vertices and at least one edge. Then A+1 < u1(G) < n.
The left equality for connected graph holds if and only if A =n — 1, and the right equality holds if and only
if the complement of G is disconnected.

LEMMA 2.2. ([40]) Let A be an m x n matriz with singular values cy > qg > -+ > Oumin{m, n}- Let B
be a p x q submatriz of A, with singular values By > B2 > -+ > Bumin{p,q}- Then, a; > Bi > Qi (m—p)+(n—q)
fori=1,2,... min{p, ¢} and i <min{p+q—m,p—+q—n}.

LEMMA 2.3. ([2]) Let G be a graph and let H be a (not necessarily induced) subgraph of G with p
vertices. Then, u;(G) > u;(H) for1<i<p.

LEMMA 2.4. ([3, 26]) Let G be a graph on n vertices, with vertex degrees di(G) > da(G) > - -+ > d,(G).
If G is not Ko U (n — 2)Ky, then pa(G) > dao(G).

LEMMA 2.5. ([29]) Let G be a threshold graph on n wvertices with conjugate degree sequence d* =
(di(G),d5(G), ..., d5(Q)). Then the Laplacian eigenvalue p;(G) = df(G) =d;(G)+ 1,1 <i<n—1.

LEMMA 2.6. ([42]) Let Ty, the set of trees on n vertices. Then,
p1(Tn) < p1(S3,n—5) < pa(Ty) < pa(T3) < pa(S2,n—a) < p1(S1,n—3) < i1 (K1, n—1),

for T, € To \ {K1,n-1,51,n—3,52,n—a,T2, T, 53, n—5} and T (i = 3,4) shown in Fig. 1, where p1(S1,n—3),
11 (S2, n—4), Tespectively, are the largest root of the following equations:

23— (n+2)2° + (3n —2)xz —n =0,
23— (n+2)2° 4+ (4n—T)x —n=0.

LEMMA 2.7. ([18]) For any tree T,, with n > 4 vertices, So(L(T},)) < SQ(L(SI'%'L LnT—2J)), The equality
holds if and only if T, = SrnT—Q‘L E=IE

LEMMA 2.8. ([24]) Let G be a connected graph withn >12. Then, p1(G) + p2(G) > 4+2 (cos £+ cos 2Z)
with equality holding if and only if G = P,.

LEMMA 2.9. ([12]) Let T,, be a tree with n > 5 vertices. Then,
spr(L(Pa)) < spr(L(Ta)) < spr(L(Ky, nr).

The equality in the left-hand side holds if and only if T,, = P,,, and the equality in the right-hand side holds
if and only if T, =2 Ky p—1.

LEMMA 2.10. ([13, 43]) Let U,, the set of unicyclic graphs on n vertices. Then,
1 (Up) < p1(Gp,n) and Sa(Up) < S2(Gn,n),
for U, e U, \ {Gn,n}, Gn,n shown in Fig. 1.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society

Volume 38, pp. 680-696, September 2022. I L

683 On the Ky Fan k-norm of the LI-matrix of graphs

T3 T4 Gmn

FIGURE 1. Graphs TS, Té and Gy n.

LEMMA 2.11. ([4, 41]) Let U, be a unicyclic graph with n > 4. Then,
spr(L(Ch)) < spr(L(Un)) < spr(L(Gn,n)).
The equality in the left-hand side holds if and only if U, = C,, and the equality in the right-hand side holds
if and only if U, = G, r.
LEMMA 2.12. ([11, 21, 44]) Let B,, the set of bicyclic graphs on n vertices. Then,

(i) p1(Br) < p1(BY) for B, € B, \ {B};}, where B} is obtained from a star of order n by adding two
edges.

(ii) spr(L(By)) < spr(L(B)) for B, € B, \ {B}.
(iil) S2(L(By)) < So(L(Gr+1,n)) for By € By \ {Gn+1,n}, Gnt1,n shown in Fig. 1.

3. Some properties on o1(LI), 0,(LI) and ||LI||r, of a graph.

THEOREM 3.1. Let G be a graph with n vertices and m > 1 edges.

D) If m> 2 then oy (LI(G)) = 2.
i) If A> 4 1 then oy (LI(G)) = i (G) — 2.

n

(
(
(i) If G is a connected r-regular graph, then o1(LI(G)) = <2
(

iv) If G is a bipartite graph, then oy(LI(G)) = pu (G) — 22

Proof. (i) If m > ’2—2, by Lemma 2.1, we have 1 (G) < n < 42, Thus,
P (L1(6)) = max {pn(6) - 2 2 - 2

(ii) If A > 42 — 1 by Lemma 2.1, we have p1;(G) > A+1 > 42 Thus,

o1 (LI(G)) = maX{m(G) S 2;”} = (@) -2

(iii) If G is a connected r-regular graph, then u1(G) = r — A\, (G), where A, (G) is the least eigenvalue of
the adjacency matrix of G. If p1(G) =7 — A\, (G) > 22 = 2, that is ,|\,(G)| > r = A (G), a contradiction.
Thus, p1(G) < 2. Further, o1(LI(G)) = 22.
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FIGURE 3.1. The graph H, (n = 3t, t > 2 is the number of triangles).

(iv) Tt is well known that the spectra of Laplacian matrix and signless Laplacian matrix coincide if
and only if the graph G is bipartite. From Lemma 2.1 in [35], we have p1(G) > 2. Thus, 01(LI(G)) =
pi(G) — sz

This completes the proof. ]

COROLLARY 3.2. Let G be a graph with n vertices and m edges. If p1(G) < 477”, then G contains odd
cycles.

REMARK 3.3. There exist nonbipartite graphs for which the equality o1(LI(G)) = p1(G) — 22 holds
for m < "72. A bicyclic graph with n > 17 vertices is an example. However, there also exist monregular
graphs for which the equality o1(LI(G)) = 27’” holds for m < %2. The graph H, with n vertices and %n
edges, depicted in Fig. 3.1, is an example. By direct calculations, we have pi(H,) =5 < % = 477". Thus,

o1 (LI(G)) = 22 = 8. It is interesting to characterize the graphs satisfying o1(LI(G)) = 22 for m < §,

QUESTION 3.4. Characterize all graphs G satisfying o1(LI(G)) = 277" form < ”72.

THEOREM 3.5. Let G be a graph on n > 4 vertices. Then,
dm

Proof. Let (d1(G),d2(G), . ..,d,(G)) be degree sequence of G. If G is not a r-regular graph, by Lemmas
2.1 and 2.4, we have

2 (G) +da(G) + - +dn(G)) y_Am

p1(G) + 12(G) = di(G) + do(G) + 1> g

If G is a r-regular graph, then u1(G) + p2(G) = 2r — A\—1(G) — M\ (G), where A\,,—1(G) and \,(G)
are the second least eigenvalue and the least eigenvalue of A(G), respectively. Clearly, A,,—1(G) < 0 and
An(G) < —% (see, e.g. [19]). Thus,

1 5 4
tVE_dm
2 n

111(G) + p2(G) = 2r — \y_1(G) — \a(G) > 2r +

From the above arguments, we have the proof. ]

COROLLARY 3.6. Let G be a graph on n > 4 vertices. If 0,—1(LI(G)) > 0, (LI(QG)), then

2m

ou(LI(G)) # 11 (@) — 2.

n
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Proof. Suppose that ,,(LI(G)) = p1(G) — 22, Then,

2m

ou(LI(G)) = m(G) = == < our (LI(G)) < 2m

p2(G) = —=|.

If 12(G) > 22, then 111 (G) < p2(G), a contradiction. If po(G) < 22, then 11 (G) + p2(G) < 22, a

n

contradiction. Therefore, o, (LI(G)) # p1(G) — 22, This completes the proof. |

THEOREM 3.7. Let G be a graph with n vertices and m > 1 edges. For any edge uv € E(G), we have

dy +dv+/(du +dv)* +4  2m
2

n

dy+dy —/([dy+d)2+4  2m
.

+

LI, =

Proof. Let uwv € E(G). By Lemma 2.2, we have 01(LI(G)) > o} and o2(LI(G)) > o4, where o}, o, are
the singular values of the matrix
dy — 22 -1
("5 )

Thus,
ILI(G)||p, = 01(LI(G)) + 02(LI(G))
> of + o4
_|dutdo V(A tdo) +4 2m|  Ndutdy —(du+d)?+4 2m
N 2 n 2 n |
This completes the proof. 0

THEOREM 3.8. Let G be a triangle-free graph with n vertices and m > 1 edges. For any edge uwv € E(G),

we have
ILI(G)||m, > /T + 2V,

where T = (dy = 22" +(d, = 22) dudy, ¥ = ((d = 2% +u) ((d = 220 + ) =(du = 42"

n n

Proof. Let uv € E(G). By Lemma 2.2, we have 01(LI(G)) > o} and o2(LI(G)) > o4, where o}, o}, are
the singular values of the matrix

B u—sz -1 *eee ok
v n 2XxXn

Since G is a triangle-free graph, we have

dy — 222 +d, ™-—d,-d
BT = (=% A
<‘i:"—du—dw (4= 22+,

Thus, the eigenvalues z; and xo of BBT are the roots of the following equations:

2m\° 2m\°
x2—<<du—) +<d,,—) +du+dv>x
n n
2 2 2
n n n
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By Lemma 2.2, we have
[LI(G)||p, = 01 (LI(G)) + 02(LI(G))
> o) + o)
= VE+ VT
xr1 +xo + 2«/1‘11’2
T +2V0,
2m 2 2m 2 2m 2 2m 2 2
where T = (dy — 22V 4 (d, — 22)* +dy+d,, ¥ = ((du— 2m) +du) (( = 2m)? 4, ) (dy + dy — 4m)*,
This completes the proof. ]
4. Bounds on ||LI||f, of a graph.
THEOREM 4.1. Let G be a connected graph on n > 3 wvertices and m edges, and let {vy,va,..., v} C

V(G) and d;(G) > 2 for 1 <i < k. If viv; ¢ E(G) for 1 <i,j <k, or viv; € E(G) and vv, ¢ E(G) and
vjvg ¢ E(G) for 1 <4i,j,h,g9 <k, then
2k:m
ILI(G)||p, = Se(L(G)) = ——

n

Proof. If v,u; ¢ E(G) for 1 <4,j < k, then the graph K, ;, UK, 5, U--- UK, . is a subgraph of G,
where each star K ,, centered on v;, s; > 477” and 1 <1 < k. By Lemma 2.3, we have

4m
wi(G) > pi(Kq, sy UKy, s, U--- UKy 5,.) = p1(Ka,s;) > *4—1

fori=1,2,...,k. Thus, we have

|ILI(G)||F, = Zalu :Z

If vu; € E(G) and vvp ¢ E(G) and vjv, ¢ E(G) for 1 < i,7,h,g < k, then the graph S, 5, U
San,bs U+ 8a, b, UK s, U--- Ky 4, is a subgraph of G, where each double star S,, 3, centered on v; and
Vj, Qp, bp > 477” —1,54 > 477”, 2p+q=k, 1 <p< g and 0 < ¢ < k — 2. By Lemmas 2.3 and 2.4, we have

Nz(G) 2 Ni(sal,bl U Sag,bg U-- 'Sap,bp UKl,sl U-- 'Kl,sq)
> min{ﬂl(sap,bp)v,UZ(Sap,bp)vNl(Kl,sq)}

dm
Z )
n
fori=1,2,...,k. Thus, we have
b 2m 2km
ILI(@)||r, = Zaz (LIG) = (@) = ==| = Sk(L(G)) = ==
=1

Combining the above arguments, we have the proof. 0
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THEOREM 4.2. Let G be a graph on n vertices and m edges, with vertex degrees di(G) > da(G) > --- >
dy(G). If the subgraph H of G is a threshold graph with d(H) > 2 — 1, then

B 2km
—

ILI(G)| 7, = Sk(L(G))
Proof. If d(H) > “™ — 1, by Lemmas 2.3 and 2.5, then 14(G) > puy,(H) > 2. Thus, we have
k

k
ILH(G)llm, = D o(LI(G)) = 3

i=1

This completes the proof. 0

THEOREM 4.3. Let G be a graph with n vertices and m edges. Then,

ILI@)lr, < Se(E@) + 22 + (k= 1)(n — 2,

n
The equality holds if G = K,,.
Proof. Let J,, be the all ones matrix of size n. Then, —L(G) = LI(G) + W,, and W,, = (22 —n)I,, + J,,.

Hence, the triangle inequality implies that

LI me < LG |E + (Wl

that is,
2m 2m

ILI(G)|F, < SK(L(G)) + - T (k=1)(n— 7)-
This completes the proof. ]
THEOREM 4.4. Let G # K,, be a graph on n vertices and m > 1 edges. If m > %2 and k > 2, then

LI llr, < 27 + (k — Dspr(L(C),

with equality if and only if G is a r-regular graph, and G = G1V (K1 UG3), |[V(Ga)|=n—r—1, p,—1(G1) >
2r —n and o9(LI(G)) = -+ = o (LI(GR)) = 1 (G) — r.

Proof. Since m > ”72, by Theorem 3.1, we have o1(LI(G)) = 22. Let x +y =k —1,0< 2,y < k — 1.
By the Cauchy-Schwarz inequality, we have

k

ILI(G)l|p, = 0i(LI(G))
=1
2m

2m 2m

< - + (1 (G) — 7) + 9(7 — pn-1(Q))
<2 TR (@) - 4 (22— ()
< 24k~ 1)spr(L@)),
with equality if and only if o9(LI(G)) = --- = o%(LI(G)) = m(G) = 22, 2 = k — 1 and p,, 1(G) = 22,

)
Since p,—1(G) = 22 and p,_1(G) < §(G) for G # K, (see, e.g. [9]), we have that G is a r-regular graph

n
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with p,—1(G) = r. From Theorem 1 in [25], we have u,—1(G) = r if and only if G = G; V (K1 U G2),
[V(G2)|=n—r—1and pu,—1(G1) > 2r — n. This completes the proof. 0

REMARK 4.5. If G = Cy V (K1 UKy), then ||[LI(G)||p, = 22 + (k — 1)spr(L(G)) for k =1,2,3.

THEOREM 4.6. Let G be a graph with n vertices and m edges. If k > 2 and m > %2, then

||LI(G)|F,€<2::L+\/(I€—1) <2m+Z1—47;:2—4:22>. (4.2)
The equality holds in (4.2) if and only if G is a graph satisfying
{ 02(LI(G)) = 03(LI(G)) = - - - = o (LI(G)),
ok+1(LI(GQ)) = op42(LI(G)) = - -+ = 0, (LI(G)) = 0.

Proof. Since m > "72, by Theorem 3.1, we have o1(LI(G)) = 2. Since Y., 02(LI(G)) =2m + Z1 —
%, by the Cauchy—Schwarz inequality, we have

k
ILIG) Ik, = 3 o3 LI(G))
2m b
<= = 1) eALIG))
<y {& Y S o2(LI(@)
=2

2 am?  4m?
:m+\/(k—1)<2m+zl—m—m>.
n n

n2
Hence, the equality holds in (4.2) if and only if G is a graph satisfying

{ 03(LI(G)) = 03(LI(G)) = --- = o (LI(G)),
0161 (LI(G)) = 042 (LI(G)) = - -+ = 0o (LI(G)) = 0.

The proof is completed. 0

REMARK 4.7. For a fized k, we can use complete regular r-partite graphs or threshold graphs to construct
graphs such that the equality holds in (4.2). However, it is an open problem to find all the graphs such that
the equality holds in (4.2).

THEOREM 4.8. Let G be a graph with n vertices and m > 1 edges, and let da be the second largest degree
of G. If dy > 477”, then

2k
IL1G)lr, < kn— == (4.3)
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Proof. Since dy > % by Lemma 2.4, we have [y — 22| > |u; — 22| for i = 3,4,...,n. By Lemma 2.1,
we have

|ILI(G)||p, = Zalu

< (@) - 27 +0-1) (4a(6) - 27

2km
= (G) + (k= Dp2(G) — o
< kn — 2k7m
n
This completes the proof. 0

REMARK 4.9. If G is a complete split graph Ky V (n — k)K, with k < |2n=l=vZni—2ntl Wj, then the
equality in (4.3) holds.

Let z = (z1,22,...,25) and ¥y = (y1,Y2,...,Yn) be two nonincreasing sequences of real numbers. If
ZZ 1% < ZZ 1 Yi for j=1,2,... n, then we say that z is weakly majorized by y and denote z <,, y. If in
addition to & <y y, Yor gz = Zi:l y; holds, then we say that x is majorized by y and denote x < y. From

[30], if f(¢) is a convex function, then < y implies (f(x1), f(x2), ..., f(xn)) <w (f(W1), f(y2),-., f(yn)).

THEOREM 4.10. Let G be a graph with n vertices and m edges. If m > %2 and there is o such that
p1(G) > o > 22 then

2m 2m 2m—a  2m
> 20 _ 2 _ _ o
ILI@)llr, 2 22 4 o= 20 4 ) |20 20
fork >2.
Proof. Let x = (o, 2252, 2022 0), y = (u1(G), p2(G), ..., pn-1(G),0) € R". Then, z < y. By
2

Theorem 3.1, we have o (LI(G)) = 22 for m > . Since f(t) = |t — 22| is a convex function, we have

2m 2m 2m
> —+ (@) — — |+ + |pp-1(G) — —
n n
5 2m am+(k2)‘2m a_2m|
n n—2 n
for k > 2. This completes the proof. O

COROLLARY 4.11. Let G be a graph with n vertices and m edges. If m > "72, then

2m — A —1 2
||LI<G>|szA+1+<k—2>\m—m

)
n—2 n

for k> 2.

Proof. By Lemma 2.1 and Theorem 4.10, we have the proof. O
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5. On the ||LI||r, of c-cyclic graphs.

THEOREM 5.1. Let T, be a tree with n vertices. Then,

o1(LI(P,)) < o1(LI(Ty)) < o1(LI(Ss. n_5)) < o1(LI(T})) < o1 (LI(T?))
< O'l(LI(SQ,n_4)) < O'l(LI(SLn_g)) < Ul(L[(Kl,n—l))a

fOT Tn c 7;1 \ {Kl,n—h Sl,n—?n SQ,n—4aT7??T’37 S37 n—>5; Pn}-

Proof. By Theorems 3.1, we have ||[LI(T,)||r, = ||QI(T\)||r = w1 (Tn) — 2+ 2. Tt is well known that
w1 (Pr) < pa(T,) for all trees with n vertices (see, e.g. [37]). By Lemma 2.6, we have

o1(LI(P,)) < 01(LI(T},)) < o1(LI(S3,n—5)) < o1 (LI(T})) < o1 (LI(T?))
< 0'1<LI(SQ,n,4)) < Ul(LI(Sl)nfg)) < Ul(Ll(Kl’nfl)),

for T,, € Ty \ {K1,n—1,51,n—3, 52, n—a, T

n

T S3. n—5, Pp}. This completes the proof. 0

THEOREM 5.2. Let T, be a tree with n > 12 vertices. Then,
ILI(P) ey < ILIT)ley < LI (Spaszy (2sz lles < IEIS1ums)lles < LI )|,

fOT Tn S 7;7, \ {Kl,n—la Sl,n—37 S|’7’T*2'|7 L”T*Z’J ) Pn}
Proof. For the upper bounds, we consider two cases depending on oo (LI(T},)).

Case 1. 03(LI(T,)) = pa(T,) — 2+ 2. Then ||[LI(T,)||r, = p1(Tn) + p2(Tn) — 4+ 1. By Lemma 2.7,
we have

4
ILI(To)|[ 7y < S2(L(Stazzq | no2))) =4+ o

Case 2. 02(LI(T,)) =2 — 2. Then, ||LI(T,)||r = p1(Tn). Let d2(T,) be the second largest degree
of T,,. If do(T},) > 4, by Lemma 2.4, then ‘ILLQ(T»”) — 27”" > ’ui(Tn) — 277”‘ for i = 3,4,...,n, that is,
oo(LI(T,)) = po(Ty) — 2+ %, a contradiction. Thus, d2(7},) < 3. By Lemma 2.6, we have

p1(Tn) < p1(S3,n—5) < p1(T) < p1(T3) < p1(Sa, n-a) < p1(S1,n—3) < p1 (K1, n-1),

for T, € T \ {K1,n—1,51,n-3,52 n—a,T, T2, S35 n_5} and T! (i = 3,4) shown in Fig. 1, where u1(S1,n—3),
11(S2, n—4), respectively, are the largest root of the following polynomials:

filz) =2% — (n+2)2* + (3n — 2)x —n,
fo(z) = 2% — (n+2)2® + (4n — )z — n.

By derivative, we know that fi(xz) > 0 for € (n — 1,400). Therefore, fi(x) is strictly increasing on
(n—1,400). Since f1(n—1) = =1 < 0 and fi;(n) =n(n—3) > 0 for n > 10, we have n—1 < p1(S1, n—3) < n.

By derivative, we know that fi(x) > 0 for x € (n — 2,400). Therefore, fa(x) is strictly increasing on
(n —2,+00). Since fo(n—2) = —-2<0and fo(n—2+ ) = L (n* —10n® + 15n% — 8n + 1) > 0 for n > 10,
we have n — 2 < p1(S2 p—a) <n—2+ %
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By direct calculation, the Laplacian characteristic polynomial of S [no2p |n-2 is

n—2, n—2
2 1 2

o) =x(x— D"z - (n+2)2% + 2n + [ |+ D)z —n].

It is well known that p,—1(T,) < §(T,) = 1 (see, e.g. [9]). By Lemma 2.3, we have ,uQ(S[anz], LanzJ) > 2.
Thus, Ml(ST"T’QL L"T’QJ)’ ug(SmszL L"T’ZJ) and M"—l(sf”%L Lanz‘J) are roots of the following polynomial

n—2..n—2
2 1 2

g(x) =2® — (n+2)2* + 2n + [

|+ 1Dz —n.
Since pn—1(G) =n — pu1(G) (see, e.g. [28]), by the Vieta Theorem, we have

#1(Snz2y  nz2 ) + p2(Spag2y, | no2)) =0+ 2= pn1(Spag2y | nz2)) = w1 (Spagey ng2)) + 2.
Thus,

S 4 4
||L1(5(%1,L%J)HFZ‘ :MI(S[%],L%J) -2+ n <n-—2+ n < p1(S1,n-3).

If n is an odd number, by direct calculation, we have that the Laplacian characteristic polynomial of

Sn-1 n-3 IS
2 12

1
o(x) = Zx(x —n+1)""42® — 8(n — 1)a? + (5n* — 12n 4 7)z — n® + 4n* — 3n].
It follows that py(S 01 onos ) is the largest root of the following polynomial
hi(z) = 423 — 8(n — 1)z + (5n? — 12n + T)z — n> + 4n? — 3n.

Thus, HLI(Sanl} %4)|\F2 is the largest root of the polynomial hi(z 42— 2). Noting that fo(z) and hy(z +

2 — ) are strictly increasing on (n — 2, +00). Since

4 48 256
hi(z+2— =) — fo(z) = 32 — (Tn+ — — 34)2% + (5n? — 48n — ——
n n n
192 476
+ — 4 158)z —n® + 14n® — 78n — —
n n
512 256
E R
<0,

for x € (n —2,n — 24 1/n), we have ||LI(S%7TLT—3)HF2 > 11 (S2, n—4).

If n is an even number, by a similar reasoning as the above, we can conclude that HLI(Sanzy anz)| |7 >
11(S2,n—4). Therefore, HLI(S(%], L%J)”E > u1(S2, n—4)-

It is easy to see that ||[LI(K1 n—1)|lr, = 1 (K1, n-1), [LI(S1, n-3)||F, = p1(S1,n—3) and |[LI(S2, n—a)||F,
= 111(S2,n—4). Combining the above arguments, we have

NLI(To)l|py < [ILI(Staz2y | no2)llm < [|ILI(S1,n-3)llr, <[|[LI(Kin-1)|F,

for T,, € T \ {Kl,n,1,517n73,5(%—2]7 L"T—ﬂ}ﬂ
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Now we will show that ||[LI(P,)||r, < ||LI(TW)||lp for T, € T, \ {P,}. By Lemma 2.8, we have
Sa(L(Py)) < Sa(L(Ty)). Since u1(P) < p1(Ty), we have

ILI(T)|| 7y = 01 (LI(T})) 4 02(LI(T}))
4
= max{ (1) + p2(Th) — 4+ w w1 (Thn)}
4
= max{Sz(L(Tn)) — 4+ — m(Tn)}
2 [|LI(Py)]] 7y
with equality if and only if T}, = P,. This completes the proof. ]
THEOREM 5.3. Let T, be a tree with n > 5 vertices. Then,
2
LT ey <nt1-2,

with equality if and only if T, = Ky n—1.

Proof. From Theorem 1.1 in [10], we have S2(L(T,)) < n+2—2 and S3(L(T,,)) < n+4—2. By Lemma
2.9, we have spr(L(T},,)) < spr(L(Kiy,n-1)) =n—1for T,, € T, \ {K1,n—1}. Thus,

LI(T) s = o1 (LI(T3)) + 02(LI(Ty)) + o3(LI(Ty))

= max{Ss(L(T})) — 2+ % S3(L(T},)) — 6 + % spr(L(T,)) + 2 — %}

IN

2 2
max{n,n — 2+ —,spr(L(T,)) +2— -}
n n

<LKy, 1)
2
=n+1-—,
n
with equality if and only if 7,, = K ,—;. This completes the proof. ]

CONJECTURE 5.4. Let T,, be a tree with n > 12 vertices. Then,

LI(P)|[ 7 < |ILI(Tn) |7 < ([ LI (K, 1)l

The equality in the left-hand side holds if and only if T,, = P,,, and the equality in the right-hand side holds
if and only if T, =2 Ky n—1.

THEOREM 5.5. Let U, be a unicyclic graph with n > 5 vertices. Then,
o1(LI(Cy)) < o1(LI(Uy,)) <n—2.
The equality in the left-hand side holds if and only if U, = C,, and the equality in the right-hand side holds
if and only if U, = G, r.

Proof. If A(U,,) > 3, by Lemma 2.1, we have u1(U,) > A(U,,) +1 > 4. Thus, 01(LI(U,)) = p1(Un) — 2.
By Lemma 2.10, we have o1(LI(U,)) < 01(LI(Gy,»)) with equality if and only if U,, = G, ,,. From [39],
it follows that U2, shown in Fig. 5.1, is the smallest Laplacian spectral radii among all unicyclic graphs
with A(U,,) > 3. Hence, o1(LI(U,)) > o1(LI(U?)). By Lemma 2.3, we have o1(LI(U?)) = u1(U2) — 2 >
(1 (U2) — 2 > 2.17008. Thus, o1 (LI(U,)) > 2.17008.

If A(U,) = 2, then U, = C,,. Thus,o1 (LI(Uy)) = o1 (LI(Cy)) = 2.

Combining the above arguments, we have the proof. 0
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THEOREM 5.6. Let U,, be a unicyclic graph with n > 12 vertices. Then,
ILI(Cn)llpy < ILI(Un)|p, < 1.
The equality in the left-hand side holds if and only if U, = C,, and the equality in the right-hand side holds
if and only if U, = G, p.

Proof. Since ||LI(U,)||r, = max{ui(U,), S2(L(Uy)) — 4}, by Lemma 2.10, we have ||[LI(U,)||lr, <
|LI(Gn,n)||F, with equality if and only if U, & G, ,,. It is well known that S>(L(C,)) = 6 + 2cos 2= for
even cycle and So(L(C,,)) = 4 + 4cos 7 for odd cycle. Thus, S3(L(Cy,)) < 8. From the proof of Lemma
4.4 in [24], it follows that p1(T,) + pe(Thn) = ¢1(Tn) + ¢2(T,) > 8 for n > 12. By Lemma 2.3, we have
So(L(Uy)) = p1(Uy) + p2(Uy) > 8 for n > 12. Hence, So(L(Uy)) > Sa(L(Cy)) for Uy, \ {Cr}. By the proof
of Theorem 5.5, we have p1 (U,) > u1(Cy,) for U, \{Cy}. Therefore, |LI(U,)||r, = max{p1(Uy,), S2(L(U,))—
4} > ||LI(Cy)||r, with equality if and only if U,, = C,,. This completes the proof. |

THEOREM 5.7. Let U,, be a unicyclic graph with n > 12 wvertices. Then,
ILI(Un)||py <n+1,

with equality if and only if U, = G, .
Proof. From Corollary 4.1 in [7], we have S3(L(U,)) < n + 6. By Lemmas 2.10 and 2.11, we have
S2(L(Up)) < S2(L(Gp,n)) and spr(L(Uy)) < spr(L(Gp,»)) =n —1 for U, € Uy, \ {Gn,n}. Thus,
LI 7y = 01(LI(Un)) + 02(LI(Un)) + 03(LI(Uy))
= max{S2(L(U,)) — 2, S3(L(U,)) — 6, spr(L(U,)) + 2}
S ILI(Ghn,n)l Py
=n+1

with equality if and only if U,, =2 Gy, . This completes the proof. 0
THEOREM 5.8. Let B,, be a bicyclic graph with n > 17 vertices. Then,
o1(LI(B,)) < o1(LI(By)) < o1(LI(By)).
The equality in the left-hand side holds if and only if B, = BL, and the equality in the right-hand side holds
iof and only if B, = B}
Proof. Since B} = U2 + e, by Lemma 2.3, we have
2 2 2 2 2
p (B =2 —=> (U —2—-=>m(U}) —2— = >2.23566 — =~ >2+ =
n n n n n

for n > 17. From [39], we know that B!, shown in Fig. 5.1, is the smallest Laplacian spectral radii among all

bicyclic graphs. Thus, o1(LI(By)) = p1(Bn) —2— 2 > py(B}) — 2 — 2 with equality if and only if G = B}.
By Lemma 2.12, we have o1(LI(B,)) = pu1(Bp) —2 — 2 <y (B}) — 2 — 2 = o¢(LI(B};)) with equality if
and only if B, = B}. This completes the proof. 0

THEOREM 5.9. Let B,, be a bicyclic graph with n vertices. Then,
ILI(Bn)|lp, < [|LI(Gnga,n)llF

with equality if and only if By, = Gpi1,n-
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FIGURE 5.1. Graphs U2 and B.

Proof. Since ||LI(B,)||r, = max{u(By,), S2(L(B,)) —4 — 1}, by Lemma 2.12, we have the proof. 0O
THEOREM 5.10. Let B,, be a bicyclic graph with n vertices. Then

2
LBl <n+2- 2,

with equality if and only if By, = Gpt1,n-
Proof. From Corollary 4.2 in [7], we have S3(L(B,)) < n+ 7. By Lemma 2.12, we have

ILI(B)p, = 01(LI(Un)) + 02(LI(Un)) + 03(LI(Un))
= max{S2(L(B,)) — 2 — %, S3(L(Byp)) — 6 — g, spr(L(Bp)) + 2+ %}
S ILI(Grga,n)llpy

2
=n+2-—
n
with equality if and only if B, = G41,,. This completes the proof. ]

Based on the conjecture of Guan et al. [18], we present the following conjecture on the uniqueness of
the extremal graph.

CONJECTURE 5.11. Among all connected graphs with n and m edges n < m < 2n — 3, the G, is the
unique graph with mazimal value of ||LI(G)||r, and ||LI(G)||F,-
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