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Abstract. The comparison of the asymptotic rates of convergence of two iteration matrices
induced by two splittings of the same matrix has arisen in the works of many authors. In this
paper new comparison theorems for weak nonnegative splittings of K-monotone matrices are derived
which extend some results on regular splittings by Csordas and Varga (1984) for weak nonnegative
splittings of the same or different types.
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1. Introduction. For the iterative solution of a linear system of equations
(L.1) Az =b

where A is a nonsingular matrix, it is customary to consider a splitting A = M — N
and the iterative scheme

(1.2) e ) = M—INg® 4 M, k>0,

where z(9) is the initial guess.

It is well known that scheme (1.2) converges to the unique solution of system (1.1)
for all z(®) if and only if p(M~'N) < 1, where p(M ~'N) denotes the spectral radius
of the iteration matrix M ~'N. The rate of convergence of scheme (1.2) depends on
p(M~1N); see, for example, Berman and Plemmons [2], Varga [18], or Young [20].

In 1960, Varga [18, Theorem 3.15] introduces results for the case where A is a
monotone matrix which allow us to establish, which of two regular splittings converges
faster. In 1973 WozZnicki (see for example [19, Theorem 5.1]) presents a more general
result, also for regular splittings. With these, we have a series of comparison results
which are easy to check from a practical point of view as they depend on matrices
which are easy to compute in many of the iterative methods of the form (1.2). In
recent years, some authors, such as Beauwens [1], Miller and Neumann [11], and Song
[15, 16] introduce new general comparison conditions for weak splittings of the first
type (see Definition 2.1 below) without requiring the matrix A to be monotone. These
conditions, although quite complex to check numerically, are sometimes useful in
proving convergence of other methods; see for example, Lanzkron, Rose, and Szyld [8].
Others authors, such as Elsner [6], Marek and Szyld [10], and Nabben [12] introduce
some comparison theorems for different types of matrices and splittings.

In Section 3, we generalize the result introduced by Csordas and Varga [5, The-
orem 2] for regular splittings of matrices to weak nonnegative splittings with respect
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to a general proper cone K. We also present new comparison conditions for weak
nonnegative splittings of the same or different type (also, with respect to K). These
conditions use the transpose of a matrix, in a way similar to the results of Woznicki
[19]. Here we do not need the hypothesis that the matrix A be symmetric, cf. Climent
and Perea [3]. Some of the results presented in Section 3 were introduced by Climent
and Perea [4] for the case K = R} .

The main result of the paper is Theorem 3.5, where we generalize the partial
reciprocal introduced by Csordas and Varga [5, Theorem 4] for regular splittings, for
weak nonnegative splittings (with respect to a cone K) of the same or different type.

Finally, in Section 4 we establish some relations between the comparison condi-
tions introduced by Climent and Perea [3] and the comparison conditions introduced
in Section 3.

2. Preliminaries. The following notation will be used throughout the paper.
Denote by K a proper cone in R" (see Berman and Plemmons [2] and Krein and
Rutman [7] for the infinite dimensional case) and let int(K) be the interior of K. A
vector z in R™ is called K-nonnegative (respectively, K-positive) if z belongs to K
(respectively, x belongs to int(K)), denoted z > 0 (respectively, x > 0). The n xn real
matrix A is called K-nonnegative (respectively, K-positive) if AK C K (respectively,
A(K \ {0}) C int(K)) and denoted A > 0 (respectively, A > 0). Similarly, for A and
B n x n real matrices we denote A — B > 0 (respectively, A— B > 0) by A > B
(respectively, A > B). A is K-monotone if A=! >0, and A > 0 is K-irreducible if A
has exactly one (up to scalar multiples) eigenvector in K, and this vector belongs to
int(K) (see Berman and Plemmons [2]). Recall that when we consider the particular
case K = R}, that is, the set of all vectors with nonnegative entries, then A > 0
(respectively, A > 0) denotes the matrices with nonnegative (respectively, positive)
entries. We will consider this particular case in all the examples of the paper.

We use the following results without any explicit reference to them (see for exam-
ple, Varga [18] and Young [20]): if A, B are n x n real matrices then (AB)T = BT AT,
p(AB) = p(BA), and p(AT) = p(A) where AT denotes the transpose matrix of A.
Furthermore, we also will use the spectral properties of K-nonnegative matrices stated
in Berman and Plemmons [2].

The different splittings of the second type in Definition 2.1 below, were introduced
by Woznicki [19] for the particular case K = R} . The concept of weak splitting of
the first type was introduced by Marek [9] for positive operators on a general cone
with the name of splitting of positive type. We note that not all authors use the same
nomenclature; see, for example, Beawens [1], Berman and Plemmons [2], Elsner [6],
Neumann and Plemmons [13], and Ortega and Rheinboldt [14].

DEFINITION 2.1. Let A be a square matriz. The representation

A=M-N

is called a splitting of A if M is nonsingular. In addition, the splitting is
regular if M~ >0, and N >0,
nonnegative if M~ >0, M—'N >0, and NM~* > 0.
weak nonnegative of the first type if M~ >0 and M~'N > 0, weak nonneg-
ative of the second type if M~ >0 and NM~! >0,
weak of the first type if M—'N > 0, weak of the second type if NM~' > 0.

In order to simplify notation, we will say that a splitting is weak nonnegative
(respectively, weak) if it is weak nonnegative (respectively, weak) of the first or of
the second type.
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As it is easy to see, the different types of splittings of Definition 2.1 are ordered
from the most restrictive to the least one. This can be found in Corollaries 3.1 and
6.1 of Woznicki [19] for K = R, and in Theorem 1 of Climent and Perea [3] for a
proper cone K. Consequently, even though in this paper we only present results for
weak nonnegative splittings, they are also valid for regular and nonnegative splittings.
Furthermore, all the results in Sections 3 and 4 are still valid if we change “weak
nonnegative splitting” by “convergent and weak splitting”; see Climent and Perea [3,
pages 96-97].

Using the above-mentioned classification, Climent and Perea [3] present conver-
gence results in a general infinite-dimensional case, which include as a particular case
those introduced by other authors such as Varga [18], Bermann and Plemmons [2],
Song [15, 16], and Woznicki [19], for finite-dimensional case. We reformulate some of
these results, for matrices, in the following theorem for further reference.

THEOREM 2.2 (Theorem 3 and Remark 4 of [3]). Let A be a nonsingular matrix
and let A = M — N be a weak nonnegative splitting of the first (respectively, second)
type. The following conditions are equivalent.

1. A7t >0
2. A7 > M1
8. A7*M >0 (respectively, MA™* >0).
At L prA -
4. p(M 1N) = W (respectwely, p(NM 1) = W}
5. p(M~IN)=p(NM~1) < 1.
6. [ — M 1N is K-monotone (respectively, I — NM ! is K-monotone).
7. AN >0 (respectively, NA=!1 >0).
8. AT'N > M~IN (respectively, NA=1 > NM~1).
AL p(NAD)
. p(M—IN 29(7 tivel NM—h)y=-~">"_~_)

Moreover, we state the following results of Marek and Szyld [10] for the finite-di-
mensional case. Similar results can be found in Berman and Plemmons [2].
LEMMA 2.3.
1. (Corollary 3.2 of [10]) Let T > 0, and let x > 0 be such that Tz — az > 0.
Then a < p(T'). Moreover if Tx — ax > 0, then a < p(T).
2. (Lemma 3.3 of [10]) Let T > 0 and let x > 0 be such that ax —Txz > 0. Then
p(T) < a. Moreover, if ax — Tz > 0 then p(T) < a.
To finish this section we introduce the following lemma which we will use in the
next sections.
LEMMA 2.4 (Lemma 6.1 of [7]). Let that AK C K and for some v > 0 and

o0

A J
p >0, Av = pv. Then for each x > 0, the sequence of vectors { (;) a:} lies at

j=1
a positive distance from the frontier of K.

A J
Observe, that in case K = R’ if we denote by y; = (m> z, Lemma, 2.4 says
p

that if A > 0 then the sequence of vectors {y;}72, satisfies y; > du with some 6 > 0
independent of j and u = (1,...,1)7.

s

3. Weak nonnegative splittings. Consider two splittings A = M; — N, =
Ms — No. One of the main purposes of this section is to derive new comparison
theorems for weak nonnegative splittings, so that we can establish the inequality
p(M['Ny) < p(M;*Ny) for a larger variety of cases. Also, we generalize the partial
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reciprocal of Csordas and Varga [5] for weak nonnegative splittings.

We begin with the result introduced by Csordas and Varga [5] for regular splittings
of matrices and that Woznicki [19] extends for weak nonnegative splittings of different
type; that is, one of the first type and the other of the second type, and that now
we extend for a general proper cone K. The proof is a generalization of Woznicki’s
proof, but with some differences for the cases with strict inequality.

THEOREM 3.1. Let A be a nonsingular matriz and let A = My — Ny = My — Ny
be two weak nonnegative splittings of different type.

1. If A= >0 and

(3.1 (ATPN)TATY < (A7 NL) AT for some > 1,
then
(3.2) p(M;"Ny) < p(M3 ' Ny) < 1.

2. If A7 >0 and

(3.3) (AT'N)Y A < (ATTNL)Y AY for some  § > 1,
then
(3.4) p(M*Ny) < p(My;'N,) < 1.

Proof. Since A~' > 0 by Theorem 2.2 both splittings are convergent.

1. Suppose that A = M; — N; is of the first type, then also by Theorem 2.2 we
have that ANy > 0 and No A~ > 0. Now, for the eigenvalue p(A~!Ny) there exists
an eigenvector £; > 0 such that

(3.5) 2T ATIN, = p(A7 Ny
Hence from inequality (3.1) we have that

p(AIN Y 2T A7 = 2T (AN )T AY
<af (AN AT!
=T A7 (N A1),

Now considering yI = 27 A=! > 0, we can write the above inequality as
p(AT Ny <yl (N2AT1Y,
so by part 1 of Lemma 2.3 we have that
p(A7"Ny ) < p(Na A,
and then

(3.6) p(ATIN) < p(A7'No).

Since f(a) = I—T-é is an increasing function for a > 0, from part 9 of Theo-
e

rem 2.2, the inequality (3.2) follows.
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If A = M, — Ny is of the second type, then by Theorem 2.2 we have that A= N, >
0 and for the eigenvalue p(A~1N;) there exists and eigenvector 1 > 0 such that

(37) (NlA_l).’I}l = p(NlA_l).’L'l.

Now, taking into account that (A 1N;)7 A"t = A~1(N; A~ ')/ and using (3.7) instead
of equality (3.5) by a similar argument inequality (3.2) follows.

2. If A = My — N; is of the first type, by a similar argument that in part 1 we
have that A='N; > 0 and NoA~! > 0. Now for the eigenvalue p(N2A™!) there exists
an eigenvector xs > 0 such that

(3.8) (No A"z = p(No A1) o
Hence, from inequality (3.3) we have that
(AN A gy < (AT N A7 g = AN (NG A7 2o = p(No A7 A7 s
Now considering y» = A~'2y > 0 we can write the above inequality as
(A7'N1Yys < p(Na A~ 1)y
Then by part 2 of Lemma 2.3
p(ATIN) < p(A7IN,).

Therefore, inequality (3.6) follows with strict inequality, and then, inequality (3.4)
follows.

If A= M; — N; is of the second type, the proof is analogous using (3.7) instead
of equality (3.8) and part 1 of Lemma 2.3 instead of part 2 of Lemma 2.3. O

REMARK 3.2. Theorem 3.1 also holds if we replace A~'N; by A= M; fori = 1,2,
in (3.1) and (3.3).

Theorem 3.1 does not hold if we replace different type with same type (see Ex-
ample 8 of Climent and Perea [3]).

Csordas and Varga [5] also introduced the following partial reciprocal to part 2
of Theorem 3.1 considering the particular case K = R} .

THEOREM 3.3 (Theorem 4 of [5]). Let A be a nonsingular matriz with A=! > 0.
Let A= My — Ny = My — Ny be two regular splittings. If inequality (3.4) holds, then
there exists an integer jo > 1 such that

(3.9) (AT'ND)TA™Y < (A7T L) AT forall  § > jo.

However, the above theorem does not hold for weak nonnegative splittings of
different types nor of the same type, even carrying out the change A~!'N; for A='M;
for i = 1,2 in inequality (3.9) as in Remark 3.2, as the following example shows.

1 -2 1 -|
ExaMPLE 3.4. We consider the monotone matrix A = { 0 2 -2 | and
-1 0 2 J

the splittings A = P; — Q;, i = 1,2, 3, where

1 -2 1 2 -3 1 2 -2 -1
P = 0 2 -2 |, = 0 2 -2 | and P; = 0o 2 =2
-1 0 3 -2 1 2 -2 0 3
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For ¢ = 1,3 the splittings are weak nonnegative of the first type and for ¢ = 2 the
splitting is weak nonnegative of the second type.

Let My = P, and M> = P,, then p(Ml_lNl) =—-< == p(M{lNQ) but inequal-

1
2 )
ity (3.9) does not hold because for 5 > 1 matrices (A1 N;)7A~! and (A1 Ny)7 AL
have the same (3,3) entry. The same occurs with matrices (A 1M;)7A~! and
(Aile)inl.
Now let M; = P, and My = P3, then again we have that p(Ml_lNl) = % <

Q| =

% = p(M;'N,) but inequality (3.9) does not hold because for j > 1 matrices
(A7IN;1)7A=! and (A1 N5)? A~ have the same third row. The same occurs with
matrices (A71M;)7 A~ and (A=1My)7 A~L

Observe that in all cases the matrices NoA™!, My A~ A~'N, and A~'M, are
not irreducible.

The next theorem, which is the main result of the paper, establishes that The-
orem 3.3 is true for weak nonnegative splittings of the same or different types con-
sidering a general proper cone K, if we impose the additional condition that the
matrix A7 N, (respectively, NoA~1) is K-irreducible, when A = My — N is a weak
nonnegative splitting of the first (respectively, second) type.

THEOREM 3.5. Let A be a nonsingular matriz with A=' > 0. Let A= M, — N, =
Ms — N5 be two weak nonnegative splittings of the same or different type. Assume
that the matriz A~' Ny (respectively, NoA™1) is K -irreducible when A = My — Ny is
of the first (respectively, second) type. If inequality (3.4) holds, then there exists an
integer jo > 1 such that inequality (3.9) holds.

Proof. Let Ay = p(A"1Ny) = p(N2A™1). Assume that both splittings are weak
nonnegative of the first type. From part 9 of Theorem 2.2 we have that inequality
(3.4) implies

(3.10) p(ATIND) < Ay

Since A~! > 0, then for all 2 > 0 we have that y = A~'2 > 0. Now, by the K-
irreducibility of A~!' N, we have that for the eigenvalue A, there exists an eigenvector
2 > 0 such that

A_INQZEQ = \a2Z3.

_ J
Then from Lemma 2.4 we obtain that the sequence of vectors { (%ZNQ) y} lies

at positive distance of the frontier of K; and then

Ale J

(3.11) ( : 2) A'>0 forall j>1.

2

AilNl J
On the other hand, from (3.10) it follows that lim < \ > = 0 so that
j—ro0 2
A—lN J

(3.12) lim ( 1) A~ =0.

j—oo )\2

Now, from (3.11) and (3.12) there exists a positive integer jo such that

. j -1 J
<A>\2N1> A1<<A/\2N2> A~ forall j > jo,
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and inequality (3.9) follows.

If A= M; — Ny is of the first type and A = My — Ns is of the second type, taking
into account that Ay = p(A~'Ny) = p(N2A™1), and that p(M;'Ny) = p(No M),
and using NoA~! instead of A~'N,, by a similar argument, we obtain that

1N J 1 J
At <N2>:4 ) >0forall j>1, and lim <A /\N1> A"t =0.

2 j—o0 2

Therefore, there exists a positive integer jo such that

<A_1N1>]A_1 < A_l <N2A_1>J _ (A_1N2>JA_1
A2 A2 A2
for all j > jo. Then, inequality (3.9) follows.

If A = M; — N is weak nonnegative of the second type and A = My — Ny is
weak nonnegative of the first or second type, by a similar argument, but using Ny A~!
instead of A~*N; inequality (3.9) holds. O

REMARK 3.6. Theorem 3.5 is still valid if we replace A™'N; by A~'M; for
1=1,2 and NQA_l by MQA_l.

Observe that if we consider in Theorem 3.5 the proper cone K = R’} the condi-
tion “A='N, (respectively, NoA~') is K-irreducible” is equivalent to “M, INy (re-
spectively, No M, ') is K-irreducible” by Theorem 1 of Szyld [17].

As we have mentioned before, Theorem 3.1 does not hold for weak nonnegative
splittings of the same type. However, if we introduce other conditions similar to those
of Theorem 3.1, we obtain the following results. The proof is similar to that of part
1 of Theorem 3.1.

THEOREM 3.7. Let A be a nonsingular and K-monotone matriz. Let A = M, —
N1 = Ms — N> be two weak nonnegative splittings.

1. If both splittings are of the first type and

(3.13) ATHNA™Y < ATHATING)Y, for some § > 1,
or
(3.14) ATHATIN)T < ATY(NoATHY ) for some  § > 1,

then inequality (3.2) holds.
2. If both splittings are of the second type and

(3.15) (NP ATYTATY < (AT NL)Y A™Y) for some > 1,
or
(3.16) (ATIN)TATL < (N AYY AL for some §j > 1,

then inequality (3.2) holds.

REMARK 3.8. Theorem 3.7 is still valid if we replace A~'N; by A~'M; and
N;A7' by MiA~ fori=1,2.

Note that if in Theorem 3.7 and in Remark 3.8 we replace the inequalities by strict
inequalities, we obtain comparison conditions similar to those of part 2 of Theorem
3.1 for weak nonnegative splittings of the same type. In this case, the proof is similar
to that of part 2 of Theorem 3.1.
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Furthermore, Theorem 3.5 is still valid if we replace inequality (3.9) with one
of the inequalities (3.13)—(3.16) of Theorem 3.7 or in Remark 3.8, but with strict
inequality.

Finally, note that if in Theorem 3.7 and in Remark 3.8 we consider the particular
case where 7 = 1 we obtain new comparison conditions similar to the comparison
condition introduced by Csordas and Varga [5] for the particular case K = R} and
regular splitting extended by WoZnicki [19] for weak nonnegative splitting of different
type. For example, for the splittings M; = P and My = P; of Example 4.8 in Section
4, the comparison conditions of Theorem 3.15 of Varga [18] are not satisfied, but we
have that A=*A"'N; < A“'N,A~. Moreover, for the splittings M; = Piy and
M> = Py, also of Example 4.8, the comparison conditions of Theorem 14 of Climent
and Perea [3] are not satisfied, but we have that Ny A=t A= < A=I Ny A=1. Therefore,
with these new conditions we can affirm that p(M; ' N;) < p(M; ' N,) in both cases.

With the idea introduced by Woznicki [19] to use the transpose matrix in one
of the matrices of the splittings we can obtain a series of new comparison conditions
similar to those seen so far in this section.

THEOREM 3.9. Let A be a nonsingular and K-monotone matriz. Let A = M, —
N1 = Ms — N> be two weak nonnegative splittings.

1. If both splittings are of the first type and

(3.17) A LN AT <At ((A71N2)T)j, for some j>1,
or
(3.18) (ATTN)T(AHT < ((NQA_I)T)j (A=Y, for some j>1,

then inequality (3.2) holds.
2. If both splittings are of the second type and

(3.19)  (ATHT(VATY < (AT (AT'NDY, for some j > 1,
or
(3.20) (AN AL < ((N2A*1)T)j AL for some j>1,

then inequality (3.2) holds.
3. If A= My — Ny is of the first type, A = My — N5 is of the second type and

(3.21) ATH(N AT < ATt ((NQA_l)T)j, for some j >1,
or
(322)  (AHT(AT'NY < (AT (A7 'N)TY | for some j > 1,

then inequality (3.2) holds.
4. If A= My — Ny is of the second type, A = My — N5 is of the first type and

(3.23) (AN AL < ((A*1N2)T)j AL for some j>1,
or
(3.24) (N AHI(AHT < ((NQA_I)T)j (A=HT ) for some j>1,

then inequality (3.2) holds.
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Proof. The proof is also similar to that of part 1 of Theorem 3.1 taking into
account that p ((A7'N2)T) = p(A='N,). O

REMARK 3.10. Theorem 3.9 is still valid if we replace A~'N; by A~!M; and
NiAil by MiA71 fori=1,2.

Note that Theorem 3.9 and Remark 3.10 are still valid if we replace inequalities
by strict inequalities. Furthermore, Theorem 3.5 is still valid if we replace inequality
(3.9) by one of the inequalities (3.17)—(3.24) in Theorem 3.9 or in Remark 3.10, but
with strict inequality.

On the other hand, when both splittings are of the first type, inequalities (3.17)
and (3.18) of Theorem 3.9 may be written, for j =1, as

AN AT < ATINT(ATHT and AN (ATHT < (ATHINT(ATHT

respectively. Therefore, we obtain new comparison conditions for weak nonnegative
splittings of the first type. Note that for the splittings M; = Ps and My = P, of
Example 4.8, we have that the inequality (3.18) of Theorem 3.9 for j = 1 holds, and
none of the comparison conditions introduced before by Varga [18], or Csordas and
Varga [5], are satisfied; that is, these conditions are not redundant.

Furthermore, if we take j = 1 in inequalities (3.19)—(3.24) of Theorem 3.9 we also
obtain new comparison conditions for weak nonnegative splittings of the second type
and for weak nonnegative splittings of different types. For example, if we consider the
splittings M; = P, and My = P»; of Example 4.8, the inequality (3.21) holds; but
none of the other similar comparison conditions we have had up to now are satisfied.

In the particular case where the matrix A is symmetric, the inequalities (3.17)—
(3.20) of Theorem 3.9, for j = 1, can be written as

AN AL < AINT AT

therefore obtaining Theorem 12 of Climent and Perea [3] for the finite dimensional
case as a particular case.
Moreover, if we take j = 1 in inequalities (3.21)—(3.24), we obtain the following
corollary.
COROLLARY 3.11. Let A be a symmetric, nonsingular and K -monotone matrix.
Let A = My — Ny = My — Ny be two weak nonnegative splittings of different types.
1. If A= My — Ny is of the first type and

ATINIATY < ATTATINT or ATTATIN, < ATINT AT,

then inequality (3.2) holds.
2. If A= M; — N, is of the second type and

ATITNJATE < NTATYA™Y or NyAT'ATL < ATINT AL,
then inequality (3.2) holds.

4. Relations between comparison conditions. The aim of this section is to
complete the chain of implications introduced in Section 4 of Climent and Perea [3]
for the finite dimensional case, with the new comparison conditions presented in this
paper. In this chain, we relate the comparison conditions introduced in this paper
in such a way that we establish a series of implications which are ordered from the
most restrictive (usually easier to check) to the weakest (usually the most difficult to
check).

THEOREM 4.1. Let A be a nonsingular and K-monotone matriz. Let A = M, —
N1 = Ms — N> be two weak nonnegative splittings of different types.
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1. If Ny < Ny, then M; " > M, *.

2. If M7 > My, then A='N{A™' < AT N, AL,

3. IfATINJA L < A"IN, AL, then the following inequalities hold for all j > 1
a. (AilNl)inl < (AilNQ)inl.
b, (A7IM)TA=Y < (A7 ML) AL,

4. If either 8a or 3b hold for some j > 1, then inequality (3.2) holds.

Proof. For parts 1 and 2 see Climent and Perea [3, Theorem 15].

3. Assume that A = M;—N; is weak nonnegative of the first (respectively, second)
type. By hypothesis, we have that the inequality of part 3a holds for j = 1. Now,
taking into account that, from Theorem 2.2, A=1N; > 0 (respectively, Ny A= > 0),
the proof follows by induction over j.

Next, since ATIN;A™1 < A='N, A1 if and only if A='M; A7t < A71M, AL,
and once again, by induction over j the inequality of part 3b follows.

4. By Theorem 2.2 and Remark 3.2. O

Parts 1 and 3 of Theorem 4.1 are also valid for weak nonnegative splittings of the
same type. However, for parts 2 and 4 this is not true, as we can see in Example 8
of Climent and Perea [3]. This example also show that the converses of parts 1 and 2
of Theorem 4.1 do not hold either. In Examples 4.8 and 4.9 below, we also show that
the converses of parts 3 and 4 of Theorem 4.1 do not hold.

THEOREM 4.2. Let A be a nonsingular and K-monotone matriz. Let A = M, —
N1 = Ms — N> be two weak nonnegative splittings of the first type.

1. If 0 < N1 A=Y < A=Y Ny, then the following inequalities hold for all j > 1
a. Ail(NlAil)j < Ail(A71N2)j.
b. Ail(MlAil)j < Ail(Aile)j.
2. If 0 < A"'N; < NoA~L, then the following inequalities hold for all § > 1
a. ATHATIN)T < A7H(Ny A1),
b. A7YATIM) < A7 (Mo A1),
3. If some of the conditions 1a, 1b, 2a, or 2b hold for some 7 > 1, then inequality
(3.2) holds.

Proof. 1. Clearly 0 < (N;A71)7 < (A71Ny)? and multiplying both sides, on the
left, by A~ > 0 we obtain the inequality in part 1a.

On the other hand, taking into account that N; = M; — A for i = 1,2, we have
that 0 < My A~! < A~'M,. Now, by a similar argument as above, the inequality of
part 1b follows.

2. Similar to part 1.

3. From Theorem 3.7 and Remark 3.10. O

REMARK 4.3. Theorem 4.2 is still valid if we make the following changes.

e “first type” by “second type”’, A7'N; and Mi_lNi by N;A~! and NiMi_l,

respectively,
° A LNy A ) <A AN, by (NJAH)TAE < (AN, ATY
o AN MIATY < ATHAT M) by (M AT AT < (ATTM) AT,
. (A 1N1) < A~ I(NQA_I)j by (A_lNl)jA_l < (NQA_l)jA_l,
o ATV (AIM)T < A7Y (M2 A=) by (A71M;)T A=Y < (My A1) AL,

Observe that parts 1 and 2 of Theorem 4.2 and parts 1 and 2 of Remark 4.3
(really, parts 1 and 2 of Theorem 4.2 together with the changes proposed in Remark
4.3) still hold regardless of the type of splitting. This is not true for part 3 as we can
see in Example 4.8 below. Examples 4.8 and 4.9 below also show that the converses
of Theorem 4.2 are not true.

THEOREM 4.4. Let A be a nonsingular and K-monotone matriz. Let A = M, —
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N1 = Ms — N> be two weak nonnegative splittings of the first type.
1. If 0 < NyA™' < (A7'No)T then the following inequalities hold for all j > 1
a. ATH(N{ AT < AT ((ATINR)T)Y.
b AN (M AT < AT ((ATTMR)T).
2. If 0 < A7INy < (NoA=HT | then the following inequalities hold for all j > 1
a. (AIN)T(AHT < (N, A HTY (AT,
b. (A7'M) (ATHT < (M2A™H)T) (ATHT
3. If some of the conditions 1a, 1b, 2a, or 2b hold for some 7 > 1, then inequality
(8.2) holds.
Proof. The proof of parts 1 and 2 is similar to the proofs of the same parts in
Theorem 4.2. The proof of part 3 follows from Theorem 3.9 and Remark 3.10. O
REMARK 4.5. Theorem 4.4 is still valid if we make the following changes.
e “first type” by “second type”, AT'N; and M;'N; by N;A~' and N;M; ",

respectively, '

o AN (N{ATT) < A7 ((A7'N2)T) by .
(A” )( Ny AT < (AT ((ATIN)T),

o ATH(MIAT)T < AT (AT M)T) by
(A‘)( A)S(A)(( ~1M)T),
o (ATIN))I(AH)T < (NyA~H)T) (A~1)T by
(A~ 1N1)JA < ((N2A- ) ) A,

o (A'M)I(A YT < ((MaAH)T) (AHT by

(A~ 1Ml)JA L< ((MA ) ) AL
Observe that parts 1 and 2 of Theorem 4.4 and parts 1 and 2 of Remark 4.5
(really, parts 1 and 2 of Theorem 4.4 with the changes proposed in Remark 4.5) still
hold regardless of the type of the splittings. This is not true for part 3 as we can see
in Example 4.8 below. Examples 4.8 and 4.9 below also show that the converses of
Theorem 4.4 do not hold.
Similar to Theorem 4.4 and Remark 4.5 we have the following results.
THEOREM 4.6. Let A be a nonsingular and K-monotone matrixz. Let A = My —N;
be a weak nonnegative splitting of the first type and let A = My — Ny be a weak
nonnegative splitting of the second type.
1. If 0 < NA™L < (N2 A™HT then the following inequalities hold for all j > 1
a. A7TH (N AT < AT (N ATH T,
b A7H (M AT < AT (Mo A—HT).
2. If0 < A7'Ny < (A=Y No)T then the following inequalities hold for all j > 1
a. (AHT(ATIN) < (AHT (A7Y(V)T).
b (AHT(ATIM)T < (A7HT (A1 (M)T).
3. If some of the conditions 1a, 1b, 2a, or 2b hold for some j > 1, then inequality
(3.2) holds.
REMARK 4.7. Theorem 4.6 is still valid if we make the following changes.
e “A= M, — N first type” by “A = M; — N; second type”,
e “A = M, — N> second type” by “A = My — N first type”,
o ATH(N{ATH)T < ATH((N2ATHT) by
(N A1) (AT < (N A~ HT) (AT,
o AN MATY < AT (MaA™HTY by
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(M ATV (AT < (MzA™)T) (AT,
o (ATHT(ATIN) < (ATHT (ATH(N)T) by
(ATIN])TATE < ((A7IN,)T) A7,
(AHT(AT M) < (ATHT (AT (M2)T)” by
(ATIM )T A7 < (AP Mp)T) AL
Observe that parts 1 and 2 of Theorem 4.6 and parts 1 and 2 of Remark 4.7
(really, parts 1 and 2 of Theorem 4.6 together with the changes proposed in Remark
4.7) still hold regardless of the type of the splittings. This is not true for part 3 as

we can see in Example 4.8 below. Examples 4.8 and 4.9 below also show that the
converses of Theorem 4.6 do not hold.

ExaMPLE 4.8. We consider the monotone matrix of Example 3.4 and the
splittings A = P; — Q; with ¢ = 1,2,... 15, where

3 -2 1 2 -2 2]
P = 0 2 -2/, P= 0o 2 -2,
[ -2 0 2] [ -3 0 3]
1 -2 2] 2 - 1]
Py = 0 2 —4 |, bb=|-1 1 -2/,
| -1 0 4] . 0 0 2]
1 -2 1] [ & 20 E]
9
PSZ[—l 4 -2, P= % % -2 0,
[_i R 1 @J
2 4 . L 9 9 9
1 -1 1] 1 - 1
P7: 0 2 -1 ,PS— 0 -3 )
0 0 5| | -1 2
3 -6 3] 1 -4 4
PQZ 1 2 —3 ,Plo— 0 2 -2 )
| -3 0 6 | -1 0 2
5 48] B
Ph=| -1 4 4|, Pu=|-3 3 -5 |,
| -1 0 3] | -2 0 4]
[ 3 -2 %] [ 1 -2 1]
Pz = 0 2 -2, Py= 0 1 -2,
|4 0 3] [-1 2 2
2 -4 2
Pis = 0 4 —4
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Fori =1,2,3,4,6,11,14, the splittings are weak nonnegative of the first type. For
1 = 7, the splitting is nonnegative and for ¢ = 5,8,9,10,12,13, 14,15, the splittings
are weak nonnegative of the second type.

Let M; = P, and M = Ps it follows then that (A7!Ny)*A=1 < (A71N,)*A—1
and (A1M;)PA7 < (APM3)5A™L but AP N A7t £ ANy A~L. Therefore the
converse of part 3 of Theorem 4.1 does not hold.

Let M; = Pi5 and My = Py, it follows then that A_lNlA_l < A_IA_lNQ and
ATMATY < ATYATI M, but p(M;YNy) £ p(M;'N,). Now, for M; = P, and
My = P, it follows that AilAilNl < AilNgAil and AilAilNl < AilNgAil
but p(M; *Ny) £ p(M, ' N,). Therefore, part 3 of Theorem 4.2 does not hold if both
splittings are not weak nonnegative of the first type.

Let M; = P; and M, = Ps it follows then that A='(N;A71)6 < A7 (A"1N,)6
and A_I(MlA_1)7 < A_l(A_1M2)7 but NlA_l f A_lNQ. Now, for My = P, and
Ms = Py it follows then that A=Y (A7IN;)* < A=Y (N2 A71)* and A=H(A~I M) <
A=Y (MyA~Y)? but A7'Ny; £ Ny A~L. Therefore, the converses of parts 1 and 2 of
Theorem 4.2 do not hold.

Let M; = Pjy and My = Py it follows then that A='N; A=! < A=1(A7'N,)T and
ATTM AT < AY AT ML)T but p(M7'Ny) £ p(MyNy). Now, for My = P, and
My = Py it follows that A7'N; (AT < (NoA DT (A HT and A~ 1M (A HT <
(MaA~Y)T(A"Y)T but p(M; *Ny) £ p(M,*Ny). Therefore, part 3 of Theorem 4.4
does not hold if both splittings are not weak nonnegative of the first type.

Let M; = P, and M, = P; it follows then that A1 (N A1)® < AL (A" 1Ny)T)°
and A= (M A7) < AL ((A_IMQ)T)5 but Ny A=t £ (A71Ny)T. Also we have that

2

(Alel)Z(Afl)T S ((NzAfl)T) (Afl)T

and
(A7 M)A AT < (MeA™)T) (47HT,

but A7'N; £ (NoA=H)T. Therefore, the converses of parts 1 and 2 of Theorem 4.4
do not hold.
Let M, = Pg and My = P;3 it follows that
A_lNlA_l S A_l(NQA_l)T and A_lMlA_l S A_I(MQA_I)T,
but p(M; 'Ny) £ p(M,*Ny). Now, for M; = P3 and My = Py it follows that
(AHTAIN; < (AHT(AIN)T and (AH)TA- My < (AHT (A7 M,)T, but

p(M{'N1) £ p(M5 " Na).

Therefore, part 3 of Theorem 4.6 does not hold when A = M; — N; is not weak
nonnegative of the first type and A = My — N5 is not weak nonnegative of the second
type.

Let M; = P, and M, = P it follows then that A1 (N A 1)2 < AL (A 1N,)T)?
and A=H(MA=Y)? < A=Y (A7 M,)T)° but Ny A= £ (N, A=1)T. Now, for M = Py
and My = Py it follows that (A71)TA=IN; < (A™HT(A7INy)T and (A~HTATIN, <
(A"HT(AN)T but A='N; £ (A~'N,)T. Therefore, the converses of parts 1 and
2 of Theorem 4.6 do not hold.
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[ 01 -1
EXAMPLE 4.9.  For the monotone matrix A = | 1 0 0, consider the
0 0 1 J
splittings A = P; — Q;, i = 1,2, 3, where

01 -1 0 3 -3 01 -1

P=(2 0 0|, P=|120 0 and Ps=1|1 0 0

0 0 1 0 0 1 0 0 2

For ¢ = 1,3 the splittings are regular and for ¢ = 2 the splitting is weak nonneg-
ative of the second type.

Let M; = P, and My = P» it follows then that p(Ml_lNl) < p(M{lNg), but
forall j > 1, (A7IN;)7A"Y £ (A'Ny)J AL and (A M) AL £ (A1 My) AL,
Therefore, the converse of part 4 of Theorem 4.1 does not hold.

Now, let M; = P, and M, = P3. It is easy to prove that the converses of parts 3
of Theorems 4.2, 4.4 and 4.6 do not hold.

It is immediate the equivalence between the inequalities

AilNlAil S A71N2A71 and AilMlAil S AileAil;

as well as the comparison conditions which appear in Theorems 3.7 and 3.9 and those
which appear in the corresponding remarks in which the N; with ¢ = 1,2, and the
similar conditions in which the M; with ¢ = 1,2, appear for j = 1 are equivalent.
However, if we consider the matrix A of Example 4.8 and the splittings M; = P; and
M, = Ps of the same example, it follows that A=1(N;A71)¢ < A=1(A7TN,)® but
A=Y (M ATYHS £ A=1(A71M5)8. Therefore, the equivalence is not true for j > 1.
On the other hand, the examples obtained suggest that if the inequality with M;,
i = 1,2 for a certain j > 1 holds, then the same condition with N;, i = 1,2, for
the same j holds. However, we have not been able to prove this result or to find a
counterexample.
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