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THE ANTI-SYMMETRIC ORTHO-SYMMETRIC SOLUTIONS OF
THE MATRIX EQUATION ATXA = D*

QING-FENG XIAOY, XI-YAN HU?, AND LEI ZHANGT

Abstract. In this paper, the following problems are discussed.

Problem I. Given matrices A € R"*™ and D € R™*™, find X € ASR} such that ATXA = D,
where

ASRY = {X € ASR™"|PX € SR™ " for given P € OR"X" satisfying PT = P}.

Problem II. Given a matrix X € R"*", find X € Sg such that
IX - X| = inf |IX - X]|,
XeSE

where || - || is the Frobenius norm, and Sg is the solution set of Problem I.

Expressions for the general solution of Problem I are derived. Necessary and sufficient conditions
for the solvability of Problem I are provided. For Problem II, an expression for the solution is given
as well.

Key words. Anti-symmetric ortho-symmetric matrix, Matrix equation, Matrix nearness prob-
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1. Introduction. Let R™*™ denote the set of all n x m real matrices, and let
OR™ ™ SR™ "™ ASR™™ denote the set of all n x n orthogonal matrices, the set of
all n x n real symmetric matrices, the set of all n x n real skew-symmetric matrices,
respectively. The symbol I, will stand for the identity matrix of order k, A" for
the Moore-Penrose generalized inverse of a matrix A, and rank(A) for the rank of
matrix A. For matrices A, B € R"*™, the expression A x B will be the Hadamard
product of A and B; also || - || will denote the Frobenius norm. Defining the inner
product (A, B) = tr(BTA) for matrices A, B € R™™, R"™™ becomes a Hilbert
space. The norm of a matrix generated by this inner product is the Frobenius norm.
If A= (ai;) € R"*", let Ly = (I;;) € R™*™ be defined as follows: [;; = a;; whenever
i > j and [;; = 0 otherwise (i,5 = 1,2,...,n). Let e; be the i-th column of the
identity matrix I,,(i = 1,2,...,n) and set S, = (en,en_1,...,€1). It is easy to see
that

ST —g, SIS, =1I,.

An inverse problem [2-6] arising in the structural modification of the dynamic

behaviour of a structure calls for the solution of the matrix equation

(1.1) ATXA =D,

where A € R"™™, D € R™*™ and the unknown X is required to be real and
symmetric, and positive semidefinite or possibly definite. No assumption is made
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about the relative sizes of m and n, and it is assumed throughout that A # 0 and
D #0.
Equation (1.1) is a special case of the matrix equation

(1.2) AXB=C.

Consistency conditions for equation (1.2) were given by Penrose [7] (see also [1]).
When the equation is consistent, a solution can be obtained using generalized in-
verses. Khatri and Mitra [8] gave necessary and sufficient conditions for the existence
of symmetric and positive semidefinite solutions as well as explicit formulae using gen-
eralized inverses. In [9,10] solvability conditions for symmetric and positive definite
solutions and general solutions of Equation (1.2) were obtained through the use of
the generalized singular value decomposition [11-13].

For important results on the inverse problem A7 XA = D associated with several
kinds of different sets .5, for instance, symmetric matrices, symmetric nonnegative
definite matrices, bisymmetric (same as persymmetric) matrices, bisymmetric non-
negative definite matrices and so on, we refer the reader to [14-17].

For the case the unknown A is anti-symmetric ortho-symmetric, [18] has discussed
the inverse problem AX = B. However, for this case, the inverse problem AT XA = D
has not been dealt with yet. This problem will be considered here.

DEFINITION 1.1. A matrix P € R™*™ is said to be a symmetric orthogonal matriz
if Pl =P, PTP=1,.

In this paper, without special statement, we assume that P is a given symmetric
orthogonal matrix.

DEFINITION 1.2. A matrix X € R™ " is said to be a anti-symmetric ortho-
symmetric matriz if XT = —X, (PX)T = PX. We denote the set of all n x n
anti-symmetric ortho-symmetric matrices by ASR}.

The problem studied in this paper can now be described as follows.

Problem I. Given matrices A € R"*"™ and D € R™*™  find an anti-symmetric
ortho-symmetric matrix X such that

ATXA=D.

In this paper, we discuss the solvability of this problem and an expression for its
solution is presented.

The optimal approximation problem of a matrix with the above-given matrix
restriction comes up in the processes of test or recovery of a linear system due to
incomplete data or revising given data. A preliminary estimate X of the unknown
matrix X can be obtained by the experimental observation values and the information
of statistical distribution. The optimal estimate of X is a matrix X that satisfies the
given matrix restriction for X and is the best approximation of X, see [19-21].

In this paper, we will also consider the so-called optimal approximation problem
associated with AT XA = D. It reads as follows.

Problem II. Given matrix X € R"*", find X € Sp such that

1% - X = jof |IX - X],
E
where Sk is the solution set of Problem I.
We point out that if Problem I is solvable, then Problem II has a unique solution,
and in this case an expression for the solution can be derived.
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The paper is organized as follows. In Section 2, we obtain the general form of Sg
and the sufficient and necessary conditions under which Problem I is solvable mainly
by using the structure of ASR’ and orthogonal projection matrices. In Section 3,
the expression for the solution of the matrix nearness problem II will be provided.

2. The expression of the general solution of problem I. In this section we
first discuss some structure properties of symmetric orthogonal matrices. Then, given
such a matrix P, we consider structural properties of the subset ASR} of R™*™.
Finally, we present necessary and sufficient conditions for the existence of and the
expressions for the anti-symmetric ortho-symmetric (with respect to the given P)
solutions of problem I.

LEMMA 2.1. Assume P is a symmetric orthogonal matriz of size n, and let

1 1
(2.1) P = §(In +P), P,= §(In — P).
Then Py and P» are orthogonal projection matrices satisfying Py+Py = I,, PP, = 0.
Proof. By direct computation. O

LEMMA 2.2. Assume Py and Py are defined as (2.1) and rank(Py) = r. Then
rank(P,) = n — r, and there exist unit column orthogonal matrices Uy € R"™" and
Uy € R™("=7") such that

P =UUL, P,=UUf P=UU-UU], UI'U,=o0.

Proof. Since P; and P, are orthogonal projection matrices satisfying P; + P> =
I,, PiP, =0, the column space R(P,) of the matrix P; is the orthogonal complement
of the column space R(P;) of the matrix P;, in other words, R" = R(P1) @ R(Ps).
Hence, if rank(P;) = r, then rank(P;) = n —r. On the other hand, rank(P;) = r,
rank(Py) = n —r, and Py , P, are orthogonal projection matrices. Thus there exist
unit column orthogonal matrices U; € R™ " and U, € R"*("~") such that P, =
U UL, Py = UsUI. Using R" = R(P)) ® R(P), we have UL Uy = 0. Substituting
P1 = UlUlT, PQ = UQUQT into (21), we have P = UlUlT - UQUéT O

Elaborating on Lemma 2.2 and its proof, we note that U = (U, Us) is an orthog-
onal matrix and that the symmetric orthogonal matrix P can be expressed as

(I 0 -
(2.2) P_U(O In_r>U.

LEMMA 2.3. The matriz X € ASRY} if and only if X can be expressed as

(2.3) X=U ( _%T g ) uT,

where F € R™"=") and U is the same as (2.2).
Proof. Assume X € ASR%. By Lemma 2.2 and the definition of ASR, we have

T+P_I+P 1 |
PXP, = %X% = {(X+PX+XP+PXP)= £(PX +XP),

pQXp2:¥Xi: 1

. Z(X—PX—XPJrPXP):—E(PXJrXP).
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Hence,

X = (P, +P)X(P +P) =P XP + P XPy+ P,XP, + P,XP,

=P XP,+ PXP, = UWU' XU,U] + U UL XU U

Let F = U XUy, G = UI XUy, it is easy to verify that FT = —G. Then we
have

X:UlFUQT—i—UQGUlT:U(g f;)UTzU(_?,T ZS)UT

Conversely, for any F € R™("=") et

_ 0  F\pr
X_U(FT 0 )U.

It is easy to verify that X7 = —X. Using (2.2), we have

_ 0  F\pr
PXP_PU( AT )U P

B I, 0 . 0O F\,,. (I 0 T
(Y e 5o 2 )

_ 0 —F T _
(Yoo

0 F
-FT 0

LEMMA 2.4. Let A€ R™™, D € ASR™" and assume A— AT = D. Then there
is precisely one G € SR™ ™ such that

This implies that X = U < > UT € ASR%. O

A=1Lp+G,

and G = (A+AT) - L(Lp+LT) .

Proof. For given A € R™" D € ASR™" and A — AT = D, it is easy to
verify that there exist unique G = 3(A+ AT) — L(Lp + LT) € SR™", and we have
A=1A-AT)+1(A+AT) = L(Lp— L)+ 3(A+AT) = Lp+3(A+AT)— L (Lp+
L%) =Lp+G. 0

Let A€ R™™ and D € R™*™, U defined in (2.2). Set

(2.4) UTA = ( ;‘1‘1 ) , Ay € R™™, Ay € Rxm,
2

The generalized singular value decomposition (see [11,12,13]) of the matrix pair
[AT, A7) is

(2.5) AT = Ms Wt AT = M¥,, V7T,
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where W € C™*™ is a nonsingular matrix, W € OR™", V € OR™=")x(=7) and

I k
Sl S
(2.6) Y4, = Oq t—k—s
(0] m—t
O, k
SQ S
(27) EAQ = It—k—s t—k—s 5
0] m—t

where

t =rank(AT, ALY, k=t —rank(AD),
s = rank(AT) + rank(A2) — ¢

Sl = diag(ah o 7053); SQ = diag(/Blv e 765)7

withl>a; > >a;>0, 0<f<---<Bs<landa?+p2=1, i=1,---,s.
O, O1 and O, are corresponding zero submatrices.
Then we can immediately obtain the following theorem about the general solution
to Problem I.

THEOREM 2.5. Given A € R™™ and D € R™*™, U defined in (2.2), and UT A
has the partition form of (2.4), the generalized singular value decomposition of the
matriz pair [AT, AT] as (2.5). Partition the matric M—*DM =T as

D1 Dig Diz Dy k

D D Dss D s
M-1DM-T — 21 22 Doz Doy ,

D3y D3z D3z Day t—k—s

Dy Dyo Dys Dy m—t

k s t—k—s m-—t ,
then the problem I has a solution X € ASRY if and only if

(28) D'=-D,D;; =0,D33 =0,D41 = O, D4y = O,Dy3 = O, Dyy = O.

In that case it has the general solution

_ 0 F T
(2.9) X—U(FT O)U’
where
X11 D1232_1 D13
(2.10) F=W/| Xo S7'Lp,, +G)S;* S7'Doy | VT,
Xs1 X390 X33

with Xll c Rrx(nfrJrkft)} X21 c Rsx(nfr+k7t)’ X31 c R(rfkfs)x(nfrJrkft)’ X32 c
RUr—k=s)xs  Xoo e RIr—k=s)x(t=k=5) ynd G € SR*** are arbitrary matrices.
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Proof. The necessity. Assume Eq.(1.1) has a solution X € ASR%. By the
definition of ASRY, it is easy to verify that DT = —D, and we have from Lemma 2.3
that X can be expressed as

_ 0 F\,r
(2.11) XU(_FT O)U.

where F € R™*(n=7),
Note that U is an orthogonal matrix, and the definition of A4;(: = 1,2), Eq.(1.1)
is equivalent to

(2.12) ATFA, — ATFA, = D.

Substituting (2.5) into (2.12), then we have

(2.13) Sa,(WHEV)S,, =S4, WTEV)TSY = M~'DMT,
Partition the matrix W FV as

X1 X X3
(2.14) WITFV = | Xo1 X Xos
X311 X3z X33

)

where Xll c Rrx(nfrJrkft)’ X22 c RSXS, )(33 c R(rfkfs)x(tfkrfs).
Taking WTFV and M~ DM~ into (2.13), we have

0 X125 X3 0 Dyy D1 D1z Dy
—So X1 51X — (51X2292)T S1Xo3 0 | | Dar Doy Daz Doy
—-X{5 — X335 0 0 | | Dsi D32 Dsz Dsy
0 0 0 0 Dy1 Dys Dyz Dyy
(2.15)

Therefore (2.15) holds if and only if (2.8) holds and
Xi9 = D12S5", Xi3= D3, Xo3=S; "D
and
51X2252 — (S1X225)" = Das.

It follows from Lemma 2.4 that Xop = Sy *(Lp,, + G)S5 ', where G € SR**® is
arbitrary matrix. Substituting the above into (2.14), (2.11), thus we have formulation
(2.9) and (2.10).

The sufficiency. Let

X1 D125§1 Dq3
Fo=W | X S;{YLp,, +G)Sy" S;'Dys | VT.
X31 X32 X33

Obviously, F; € R™*(™=") By Lemma 2.3 and

. 0 Fa T
o 1)
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we have Xg € ASR}. Hence

ATXoA = ATUUT X ,UUT A = (AT AT) ( 0 FG> (A1>

—Fz O Asy
A

= (A3 (~Fg) AlFq) ( A;) = A7 (~Fg)A1 + Al Fg Az
0 D1, ST D3 0

_ ~S2D{, Lp,, — L}, Dz 0 T _

=M DI, " pi, 22 0 0 M* =D.
0 0 0 o0

C 0 Fe T . . .
This implies that Xog = U T o U" € ASRY} is the anti-symmetric ortho-

—t'a

symmetric solution of Eq. (1.1). The proof is completed. O

3. The expression of the solution of Problem II. To prepare for an explicit
expression for the solution of the matrix nearness problem II, we first verify the
following lemma.

LEMMA 3.1. Suppose that E,F € R**®, and let S, = diag(ai,---,as) > 0,
Sy = diag(by,---,bs) > 0. Then there exist a unique Ss € SR**® and a unique
S, € ASR**® such that

(3.1) 15258y — E||*> + [|S45Sy, — F||* = min

and

(3.2) Sy =@ % [Su(E + F)Sy + Sy(E + F)T'S,),
(3.3) S, =®x[S,(E+ F)S, — Sy(E + F)''S,],
where

(3.4) D = (1hij) € SR ahyj = ! 1<d,5 <s.

2(a0? 4 a3b7)’

Proof. We prove only the existence of S, and (3.3). For any S = (s;;) € ASR**%,
FE = (eij),F = (fij) S ]%SXS7 since Sii = O, Sij = —Sji,

1SaSSy = E|* + 1SaSSs = FII* = > [(aibjsi; — €i3)” + (aibjsij — fij)°]

1<i,j<s

= Y [(aibysi; —eij)® + (—ajbisi; —e5i)* + (aibysi; — fiy)” + (—azbisi; — f3)°] +

1<i<j<s
2 2
+ D (ef +edy)
1<i<s
Hence, there exists a unique solution S, = (s;;) € ASR**® for (3.1) such that

5. = aibj(eij + fij) — ajbi(eji + f51)
1] 2(&?()?"‘(1?()3) 9

1<4,j<s.
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This amounts to the same as (3.3). O

THEOREM 3.2. Let X € R™ ™ the generalized singular value decomposition of
the matriz pair [AT | AT] as (2.5), let

. AT At
3.5 U?ﬂ]:( 11 12>,
( ) Z21 Z22
7 X fl X {2 X TS T - Yl*l Yl*z Y1*3
(3.6) WIZL,V =\ X35 X35 X3 |, W ZuV=| Y Yy Yo |,
X;:l X§2 X§3 YS*l Y3*2 Y3*3

if Problem I is solvable, then Problem II has a unique solution X, which can be

expressed as

A F
(3.7) X:U( %jO)U?
where
3 3(X§ = Y5) Di2Syt D13
F=w %(Xékl —-Y3) Sy (Lp,, +G)Sy ! Sy ' Das VT
3(X5-Y5) 35X -Yh) (X5 -YH)

G =0x[S; (X3, — Y5 — 287 ' Lp,, Sy )85+ 85 (X5, — Yoy — 287 ' Lp,, S 1) TS,
with

L)

O = (¢;; SRs)(s7 e b N
(Vi) € 2(a?? + a25))

Vi =

1<i,j<s.

Proof. Using the invariance of the Frobenius norm under unitary transformations,
from (2.9), (3.5) and (3.6) we have

1X = X2 = 1 Z5 )P + [|F = Z3|* + || = FT = Z3,|* + 123,

X1 D12Sy! Dy3 2

= H Xo1 S;iH(Lpy, + G)Syt ST Dey | =W ZLV|| + (12517
X31 X32 X33
X1 DiS5 ! Dq3 2

+{| | X2 ST Lpy, +G)S5t ST Doy | + WTZSTV| + [ Z5, )
X31 X3 X33

Thus

is equivalent to

IX - X = inf [IX-X]|
€Sp

| X113 — X351 |12 + | X1+ Y7, [IP=min, || Xo1 — X3, I” + || X21 + Y5, [|*= min,
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| X1 — X3, [I” + || Xa1 + Yy [IP=min, || Xsz — X5, [|* + || X32 + Y35 ||°= min,
| Xss — X35 11> + || X33 + Y35 ||°= min,

157Gy — (X35 — ST Ly Sy DI + 1197 1GSy ! + (Yo + 57 ' Lp,, S5 1)|1? = min.

From Lemma 3.1 we have X171 = 5 (X7, — Y1), Xo1 =

1 g (X§1 - Y2*1)a X31 = %(Xékl -
Y3i), Xzo = §(X§2 —Y3), Xaz = §(X§3 —Y33) and

1
2

G = [S7 (X35~ Y5y — 257 "Lp,, Sy )95 4851 (X35 — Yoy =257 'Ly, S5 1) ST,

Taking X11,X21,X317X327X33 and G into (29), (210), we obtain that the solution
of (the matrix nearness) Problem II can be expressed as (3.7). O
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