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LINEAR ALGEBRA AND THE SUMS OF POWERS OF INTEGERS*
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Abstract. A general framework based on linear algebra is presented to obtain old and new
polynomial expressions for the sums of powers of integers. This framework uses changes of polynomial
basis, infinite lower triangular matrices and finite differences.
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1. Introduction. Polynomial formulas to evaluate the sums of powers of inte-
gers

M=

k=1

has a long history. In the antic Greece, Archimedes (287BC — 212BC') obtained
expressions for n = 1 and n = 2, and during the apex of Arab mathematical sci-
ence, in the eleven century, Al-Haytham (965-1038), known in the West has Alhazen,
obtained formulas for n = 3 and n = 4 [4, 8]. Later several mathematicians consid-
ered this problem: Faulhaber (1631), Pascal (1636), Fermat (1654), Bernoulli (1713),
Euler (1755), Jacobi (1824), etc. The most celebrated results were obtained by J.
Faulhaber [10, 12, 20, 7, 14, 13] and J. Bernoulli [19, 14]. The reader interested by
the history of this problem could look at the preceding references and the following
[2, 6,9, 15, 18, 19, 21].

In this paper we present a unified approach for obtaining polynomial formulas for
the sums of powers of integers. The method is based on finite differences and changes
of basis for polynomial subspaces. The main result is the following theorem proved
in Section 2.

THEOREM 1.1. Let B, = {pz(x)}:;og be any family of polynomials such that the
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polynomial p;(x) is of degree i. For any fized real number T and any integer n > 0
there exist constants { o, ; (T)}?Z_l such that

(1.1) Z Z i (T)pj1 (K +7)

k=1 j=—1

(1.2) a1 (7 Zanu T)pj+1(T Zany T)pj+a(r —1).0

Well known examples of formulas that we can obtain from this result are the
Bernoulli’s polynomial expression [19, 14] (see Section 3), and the Faulhaber’s poly-
nomial expressions [10] (see Section 4.3).

In the last section the method is extended to obtain polynomial expressions for
the [-fold

(1.3) SW KD = Z Z i Z K

Kok}] 1= Ko k?2 Kokl KO

! summations

Finally, let us observe that the method worked out in this paper is also suitable
for implementation in a computer algebra system.

2. A general method for Zszl k™. Let B, = {pi(x)};;og be a family of poly-
nomials where p;(x) is of degree i for i > 0. Let A, be the finite difference operator
defined for any fixed 7 € R and for any function F(x) by

AF(x)=F(z+71)—F(z+71-1).

The method is based on the following two elementary results.
LEMMA 2.1. For any integer Ky < Ky we have

K1
(2.1) > AF(z+k)=Fa+EK +7)—Flz+Ko+7—1).0
k=Ko

LEMMA 2.2. For any integer i > 0, if p;(z) is a polynomial of degree i, then
gi(z) = Arpiy1(x) is a polynomial of degree i. O
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As a consequence of Lemma 2.2, for any integer n > 0 the sets B = {ei(x) =
xi}?zo, and By = {qi (z) = ATle(x)}::O are bases for the set P,, of polynomials of
degree at most n, and

(2.2) P, = Lin{ei(z)|i =0,...,n} = Lin{qi(z)|i = 0,...,n}.

Let E(z) = (eo(x), e1(z), e2(x), --)" and @ (z) ), q1(x), g2(w), )" then

from (2.2) we obtain
(2.3) E(@)=MG(z) and Q(z)=

where M and N are two infinite lower triangular matrices given by

ag,0(T) 0
MZ(‘“J(T)) i=0,1,... 3228 Z;EZ; 042,2(7) 0
and
5070(7—) 0
V= (0u) i _or . = | B e gm0
j=0,1,.. : : : :

These matrices are invertible and MN =1 = NM.

From (2.3) and (2.1), we obtain

K1
(24) Z en {E-l—/f Zan,] [Pngl x+K1+7—) pj+1($+K0+T—].) s
k=Ko

and if we set + = 0, Ko < K; = K, and Ky = 0 or 1, then we have a proof of
Theorem 1.1.

We suggest two methods for computing the scalars «; ;(7)’s. The first method is
by direct inversion of the infinite lower triangular matrix N while the second method
uses the derivative of g, (x).

For the first method, we consider the system M N = I and we obtain

51_;(7) for j =1,

(1) = A
50 St @i (T)Br(r) for j=i—1,..,0,
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or we consider the system NM = I and we have

i E X Buman(r) for j=0,..,i—1,
;j(T) = 1 for i —i
Bia(n) or jJ=u.

The second method proceeds as follows. Since p&)_l(a:) is a polynomial of degree

n, we can write
n
1
P (@) = njo1p(@)

and

qr(zl)( )* Tpn+1 Z’Yn,j 1A‘rpj Z')/n,](b )

Using the matrix notation, we have

(2.5) 3" @) =g @)

where I' is the infinite lower triangular matrix

0
Y,0 O
r= (o) o1, =| om0

73,0 Y31 32 O

Moreover, we also have
(1)
(2.6) E (z) = DPE (x),

where the infinite diagonal matrices D and P are defined by

0
0

o = O
S = O

and P =

o N O
o
o = O

Hence from E( (@ 6(1) ) and (2.6), it follows that DPM = MT.
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We obtain recursively each line of M by solving the system

DPM = MT,
E(§) =M (),
where £ is any arbitrary value for . This leads to : ao(7) # 0, and for ¢ > 1 we
have
%i7i_1ai_17i_1(7) fOI' ] = i,
(1) = %j_j_l i0i1(7) = V)i Oéi,z(T)%,j—l} for j=i-1,..,1,
ei(§) =30, @i (1)a;(§) .
25 for j =0

3. Bernoulli’s polynomial formula. Let B, = {p;(z) = ei(x)}j:og and 7 = 0.
We will use the notation o, ;(7) = o, ; and §; ;(7) = B; ;. We have

n
n+1 i
(B1) (@) = enpr (@) — cprla — 1) = Z( ) ) (—1)" ey (a),
=0
hence 8, ; = ( njl ) (1) for j =0,...,n, and
1 0
—1 2 0
No| 1 -3 3 0

To compute M we use (2.5), and since q,(ll)(x) = (n+1)gn—1(x) for n > 1, we

have

0

3.0 = (I + D)P.
0

Then solving the system

DPM = M(I + D)P,
E0)=Mg©0) (or E(1)=MG(1)),
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leads to : app =1, and for ¢ > 1

Q5 = Q151
j+1

for j=1,...,4, and

%

A
(32) Oé@() = Z(—l)j-i_laid =1- Zai7j'
j=1

=1
From these relations we obtain

1 1+ 1
(3.3) QG = 1 ( i1 >a1j,0

for j =0,...,1.

REMARK 3.1. From (3.2) and (3.3), if we set a;_;o = B;, the B;’s are the
Bernoulli’s numbers generated by : By = 1, and for i > 1

: it 1 <~/ i+1
4 —1)J B, = B, =1.
g Y (] ) B =0 o (] ) B

=0 =0

For i > 1, from (3.4) we get

2 i+1
(3.5) Hl”( % >sz1,
and

2 L&l i B
(36) i+ 1 ; <2j+1>B2j+11'

Since By = 1, from (3.5) we obtain the By;’s for j > 1. From (3.6) we have B; = %
and for 7 > 3

i—1
L3

t+1
> Bajy1 =
1<2j+1> o=

j:
which implies that Bojiq =0 for j > 1. O

In this case (1.1) leads to the following celebrated Bernoulli’s polynomial formula

K 1 &/ n+1 A
an_n—l-lz( i )BiKH“'

k=1 =0

Expressions (3.3) and (3.2), used to compute recursively the coefficients, have already
been presented in [5, 9, 17, 3]|. Several other proofs of this well known formula for the
sum of powers of integers appeared elsewhere [1, 6, 11, 12, 15, 16, 18, 21].
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SK = i1K*+1K
YN K? = IK*+ 1K+ 1K
YK = 1K'+ 1K3+41K?
YEK* = KP4+ IK'+1iK?- LK
YK = §KS+ 3K’ + $K* - HK?
SKC = KT+ 1KS+iKS - 1K+ LK
SKT = IK8+1KT+ SKC— LK*+ LK?
YK = LK+iK®+4+2K"- LK+ 2K3- LK
ZKQ _ %K10+%K9+%K8_1_70K6+%K4_2%K2
YK = LEKM 4KV 42K —1KT+1K° - §K3 4+ &K

TABLE 3.1
First 10 Bernoulli’s polynomial expressions for the sums of powers of integers.

4. Towards the Faulhaber’s polynomial formula. In this section we present
three formulas for the sums of powers of integers related by the bases we use to obtain
them. The last one is the Faulhaber’s polynomial formula. Throughout this section

—1
T=3.

4.1. A first intermediate polynomial formula. The first formula of this

section is very similar to the Bernoulli’s polynomial formula. Let B, = {pi(z) =
ei(x)}::;, and let us use the notation u;(z) = Aqapit1(x), aij = o, ;(3) and b;; =

Bii(3)-
Let ﬁ(x) = (uo(x),u1(x),us(z),- )", and set E)(x) = Mlﬁ(x) and ﬁ(x) =



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 17, pp. 577-596, November 2008

584 F. Dubeau

NE (z) where

(lo}o 0
aio a1 O .
My = (ai’j) i=0,1,... | @20 a1 az2 O
j — , , . . .
and
boo O
bio b1p 0 -
N = (bi’j) i=0,1,... | b20 b21 b22 O
j_ P : : :
We have
1 1
Un(x) = eny1(x + 5) —ent1(x — 5)
n
1 1 . .
= ( " ) ()" I+ (1) e (@),
- J 2
7=0
L5]
_ n+1 Lo ‘
(4'1) - . ( 2j+1 >(2) €n72]($),
7=0
and hence
1 0
2
0 ( ; ) 0
3 3
#3) o (7)) o
Ny

Il

o

=
N
[SCINTN
~~_

(aw]
7N
—
~

(a]

From (4.1), we not only have (2.2) but also

Lin{en—ai(2)]i = 0, . |5 ]} = Lin{un—z(@)]i = 0, ., |5},
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and this observation implies that a, ,—(2j41) = 0 = by n_(25+41) for j =0,..., L"_*lJ

2
Therefore the sum of powers of integers (1.1) is given by

K 3]
1 ,
(42) Z kn = an,—1 + Zan,n—Qj(K + §)n+172]
k=1 =0
with (1.2) as
3] | 3], |
(43) an,—1 = — Z(§)n+172]an,n—2j = (_1)71 (§)n+172jan,n—2j-
=0 =0

It follows that a, 1 = 0 for n even.

Using (2.5), and since qg)(x) = (n+1)gn—1(x) for n > 1, we have

S N O

I'=(I+D)P=

o w O
(e}

Solving the system

DPM, = My(I+ D)P,
E@0)=MT©0) (or EQ1)=MT()),

leads to : ap,0 =1, and for ¢ > 1

Qi = mai—m—l
for j=1,...,4, and
L1 | 1+ (=17 &, 1
(4.4)  ajo=-— Z(§)j+1[1 + (=1)]a;; = s (5)z Oy
j=1 j=0

Hence a; o = 0 for odd ¢. From these relations we obtain

1 [ it1
4.5 ii=—1 . i—j
(45) wi=rpp (1) e

for j =0,...,1.
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REMARK 4.1. As for the Bernoulli’s numbers, let us set a; 0 = A;. Then from
(4.4) and (4.5), the A;’s are generated by : A9 =1 and for ¢ > 1

i

2 .
1 2j 1+ 1 _
2(5) ( 2j +1 )AH’J =0

Jj=0

Using z = 3 and x = —1 in F)(x) = Mlﬁ(x) , we have

(3 =St (-3)'=Svvm,

which leads to

i—1
3

e
1\¢
(5) :Zam‘—zj and 0= Z Qi i—(2j5+1) -
j=0 j=0

We also conclude from these relations that a;;_(2j41) = 0 and Az = 0 for any
j>0.0O

Finally, (4.2) becomes

K

L242)
1 .
SR =S (K B
k=1 =0

where the a, n—_2;’s are given by (4.3), (4.4) and (4.5).

+oo

4.2. A second intermediate polynomial formula. Let B, = {pi(x)}izo

where
ei(x) for 1=0,1,
pi(z) =

ei(x) — teio(z) for i>2.

Let us use the notation v;(z) = Ay jopit1(z), ¢ij = a;;(3) and ds j = B; ;(3).

Let \-/)(x) = (vo(z),v1(2),v2(z),---)", and set F)(x) = MQV(x) and V(m) =

NQF)(x) where the two lower triangular matrices are defined by

€0,0 0
\ c10 c11 O
= C; 5 . =
2 (”) i=0,1,... €20 €21 C22 O
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K

SK =
TE =
SE =
SE =
TE =
SET =
TES =
SK =

E KIO

U?-14

Us— LU
Ut—1U%+ &
U~ %U3 + QZOU
US — ZU* + 5U?
U™ — U + LU —
US

U — %U7 + 120

1

31

zvic

_ Tpy6 4 49 4 _ 31 j2 17
20" + 392U 384U 3048

49 175 _ 31 py3 4 127 77

144 3840

17710 _ 3778 4 49776 _ 31774 | 381 772 _ 31
i sU”+ 5V gV + U

2560 2048

A7l _ 5779 o Tyr7 _ 31775 4 127773 _ 2555
U 507+ 5U 2U° + 355U U

33792

TABLE 4.1

587

First 10 Bernoulli’s like polynomial expressions for the sums of powers of integers, U = K + %

and

do,o
dio
dao da1 doo O

0

dii 0

We have vg(z) = eg(x), vi(x) = 2e1(x), and for ¢ > 2

(4.6) vi(x) = ui(x) —

|
i\l

ui—2()
)]
S >+<i2_j1

;

)]

)L+ (1) (@)

1

(5)2j6i72j (z).
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Hence
1 0o ...
02 0 -
0 0 3 0
No=|0 3 0 4 o0 -
o0 I o0 5 0
0+ 0 4 0 6 0

Then for n > 1

”; Ly = Lin{on_ss(@)]i = 0, .., L"; L,

and ¢, 0 =0 =dyo for n > 1, and ¢, —(2j41) = 0 = dp n—(2j+1)Cnn—(2j4+1) = 0 =
dpon—(254+1)for any j =0,..., [251]. It follows that (1.1) becomes

Lin{ep—_2i(z)|i =0, ..., |

n

K K(K +1) 3% Canozi (K + 5)m17% for n odd,

n__
2

k=1 K(K+1)(K +3) j=01 Cnn—2; (K + 3)""27%7 for n even.

REMARK 4.2. From (4.6) we have V(z) = (I — iPQ)ﬁ(x). Then E(z) =
Ms( —iPQ)U)(x). We also have E (z) = My U (z). It follows that My —1P?) = M.
But (I — 1P?)~1 = S5 °°(1) P2 then My = My(I — 1P?)~' = My 35 (3P,
and

J
1.
Cii—2j = Z(Z)] Laj i o
1=0
for j=0,..,|4]. O
4.3. Faulhaber’s polynomial formula. Let B, = {p; (x)}jzog where
i 1 1.2
pila) =28 (@ = D) + )]
Let us use the notation w;(z) = Aqapit1(z), fij = @i j(3), and gi; = B;;(3).
Let W(z) = (wo(x), w1 (z), wa(x),---)t, then E(z) = MpW(z) and W(z) =
N FF)(x) where the two lower triangular matrices are defined by

f070 0
fio fix O .-
Mp = (fi’j) i=0,1,... | f20 f2o1 fe2 O
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_ 1
YK o= v
YK = luv
3 _ 1772 1
KT = VU - 5]
4 _ 1772 7
LK = UV[EU® - g
5 _ 1774 1772 1
YK = V[gU*—=sU* + 53]
6 _ 1774 3772 31
S K = UV[IU* - 2U%+ 2
7 _ 1776 25774 73 172 17
LK = VIRUP - GU  + 55 U° — 513l
8 _ 1776 11774 239772 127
K = UVI[GU® — 55U + 25U° — 5551
9 _ 1778 77176 21774 113772 31
K = VgU® - 55U°+ 50" — 550U° + =15
10 _ 1778 13776 205774 409772 2555
KD = UVIFU® = 5U° + 55U — 555U° + §ass)
TABLE 4.2

First 10 intermediate polynomial expressions for the sums of powers of integers, V.= K(K + 1).

and
goo O
g0 911 O
Nr = (gi’j) i=0,1,... | 920 921 922 O
j O’ 17 . . . .
We have
®
war () sz[<k+1>+< K >}e
2k = . . 2k—2j
= 27+1 27+1
and
ﬁ
w (x) S 2 ( Rl ) e
2k+1 = ) 2k+1-25-
= 27+1
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The matrix Np is

Np =

coococ o
cC oo oo
O~ o wo -
N O R O -

Consequently for ¢ > 2
Lm{wi,gj(x)b =0,.., L§J — 1} = Lm{ei,gj(x)u =0,.., L§J — 1},
and also
[4]-1
(47) 67,(])) = Z fi7i_2jwi_2j (J))
§=0

Hence, for n > 2, (1.1) becomes

n—3

[K(K +1)]" Y2 famoi[K(K +1)]7 7 for n o0dd,

K
N

k=t (K + 5K (K +1) X5 fan-2 [K(K +1)]

n_1—j
2 for n even,

which is the Faulhaber’s polynomial expression for the sums of powers of integers.

To compute recursively the coefficients f; ;_2;, we observe that

(4.8) wi) o (@) = (14 2(1 + 1))warsq () + ”lezl,l(x),
and
(4.9) wi)y () = 201+ 1wa ().

Then, from (4.7)

!
(4.10) (21 +2)2+! = Z fav2240-25 | (14 2(1 — j 4 1))wa—j)+1(2)

=0
I—j)+1
(4.11) +%w2(l,]‘),1(l‘) s
and
-1
(412) (2l + 1)1’2[ = Z f21+1’21+1,2j2(l — j =+ 1))w2(l_j) (:L’)

j=0
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Then again using (4.7), (4.8) and (4.9), we obtain the recursive method : assume
foo=0and foo = %, forl>1:
(a) to compute fa11,2141—2; from fo; 2;—2; we use the relation

(20 +1)
4.1 gi= = 7 Y
(4.13) foi41,2141—2; 20+1 j)f2l,2l 25

for j =0,...,01—1;
(b) to compute for42,2i42-25 from for41 2141-25, we set fory00144 = 0 and fy 11,1 =0
and we use

2(1 + 1) (1+2-7)

(4.14)o149 21422 = 20— +3) far1,2041—25 — mf2l+2,2l+272(j71)}

for 7 =0,...,1

REMARK 4.3. Using the matrix notation, (4.8) and (4.9) lead to the lower trian-
gular matrix ' such that Y (x) = FW(&:) and its nonzero elements are y; ;1 = i+1
for ¢ > 1, and o213 = é for [ > 2. Solving the system DPMp = Mpl', we obtain
(4.13) and (4.14). O

The formula (4.13) was known by Faulhaber [10, 14] and appears also in [12, 20,
7, 15].
4.4. Other polynomial formulas. We could find other formulas trying with

other sets B. For example, take any integer m > 2 and set p;(x) = e;(z) for i <0 and

ol 1 1.7l
pile) =22l |(@ = S)(@ + 3)

for ¢ > 1. The value m = 2 corresponds to the Faulhaber’s case.

5. An extension of the method. In this section by repeating the application
of the difference operator we obtain expressions for [-fold summations of powers of
integers. Let us use the following notation for the [-fold summations

A7F(x + K1) for 1=0,
W AIF(z + Ky) =
EkKlLKO e E’;ﬁf:KOA?F(x +k1) for 1>1,
and
1 for =0,
!
W KY =

el g 1 for 1>1,

for any nonnegative integer [.
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YK = 3V
S K? = fuv
Z K3 — iv2
K'Y = UV[EV -l
YK = V2V -l
SKS = UVEVE-iv+ g
SKT o= VvE-1V+4+ 4]
SKS = UVEVE -2V 4 v - 4]
YKY = VRV Vi V- &)
MKW = UV[FVE-BVi4 V- EV4 3
TABLE 4.3

First 10 Faulhaber’s polynomial expressions for the sums of powers of integers.

LEMMA 5.1. For any integers Ko < K1 and 0 > 1 we have
Sl ATF(w 4+ k) = A" Fa+ Ky +7) — A 'F(z+ Ko+ 7 - 1). 0
More generally we have
LEMMA 5.2. For any integers Ko < K1 and 0 <[ < o we have
W AIF(z + K1) = A F(a + K+ I7)
) [E(IQ)K?} AT"DE(z + Ko+ (1— )7 — 1). O

LEMMA 5.3. For any integer i > 0, if pi(z) is a polynomial of degree i, then
qi(z) = AZpito(x) is a polynomial of degree i. [

From Lemma 5.3 we have

P, = Lin{e;(z)|i =0, ...,n} = Lin{g;(z)|i = 0,...,n}.
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593
Let E M@) and 6

) where M and N are two lower triangular
matrlces

1 =0,1,.
7=0,1,.
a.0(T, o) 0
a10(m,0) ara(T,0) 0
| ago(r,0) asi(r,o) aga(r,o) O
and
N = (ﬂ@j(TaO—)) i=0,1,.
j=0,1,.
Bo,o(7,0)) 0
Bio(r,0)) Bia(r, o)) 0
| Bo(r,0)) B2n

(1,0)) B22(r,0)) 0O .- ’
such that MN =1 = NM. It follows that

(5.1) Zam (r,0)q(x Zam (7,0)Apj1o(2),
7=0

and

2) = Bij(r,0)e(w).
=0

From (5.1) and the Lemma 5.2 we have

E(I?O x+ Kqp)" Za’” T,0) Z( ) JATDj o (T + K1).

If weset t =0and 1 = Ky < K7 = K, the [-fold summation of powers of integers is

n
SOK™ =3 o i(r,0)8 AZpj 10 (K).

The scalars «; j(7,0)’s can be computed recursively by inversion of the lower

triangular matrix N if this matrix is known or by the following procedure. Since
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pill_‘)_a(x) is a polynomial of degree n + o — 1, we have

n+o—1
1
piz-i)-a Z Vn.j—oPj (T
Then
n4+o—1
1
g (z) = Agng-i)ra Z Vn.j-o ATP;(x Z'Ym]q]

and we write @)(1)(33) = F@(m) where I is a lower triangular matrix with zero values
on the diagonal. We also have E’)(l)(x) = DPE(x). Using these identities with
ﬁ(l) 67( ) , it follows that

DPM = MT.
Adding

E©)=Mq ()

for any fixed = = £, we can solve for M.

6. Examples. We present two families of formulas based on the general ap-
proach. The details are left to the reader.

6.1. A Bernoulli’s type example. Let B, = {p;(z) = ez(m)}+og, and let us
use the notation u;(z) = A{ ,pito (), agf;) = a;;(%,0) and b” = Bi,(3,0). We
have

5]

ann 2;€n— 2] )

then

Lin{en—2(2)]i = 0, ., [ 5]} = Lin{un—2:(@)]i = 0, |5 |}

It follows that

en(z) = aanszqun*Qj(x) = aggr)z—sz(f/zanra—m (z).
j=0 j=0
and
5]
Ega)Kn = iL[TzL—szl )AT/2Pn+a 25 (K)
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For example, let ¢ = 2 we have

K = Zam o3 [ 4127 (1 )],

6.2. A Faulhaber’s type example. Let B, = {pz(x)};og with

pi(e) =228 (@ — 05 (o + o))

for i > 1. We use the notation w;(z) = A{ ypito(2), fi(;) = w;,;(3,0), and g(g)
ﬂiﬁj(%, o). It is possible to show that

i—1
3

v)= > g\7 e 0;(x)
=0

with g( ) = 0 and fi(,%) = 0. Then

: ‘ i
Lin{e;—2;(2)[j = 0,..., |

@) =0,... 1151},

and we can write

[251] 1"z
en(x) Z fn n—2j Wn— QJ( ) = fT(LTY)L—QjAg/Qpn+072j(x)
7=0 j=0
and obtain
25
SO = 3 1 S A a2 (K).
=0

For example, for o = 2 we have

rLl

PR = Z Faon=2i S0 A3 b 225 (K)

L” w
Z F& (K +1)n2Ls] [K(K+2)

n,n— 2]

}L%Prlfj
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