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CERTAIN MATRICES RELATED TO THE FIBONACCI SEQUENCE
HAVING RECURSIVE ENTRIES*

A. R. MOGHADDAMFART, S. NAVID SALEHY', AND S. NIMA SALEHYT

Abstract. Let ¢ = (¢;);>1 and ¥ = (¥;);>1 be two arbitrary sequences with ¢1 = 1. Let
Ag,y(n) denote the matrix of order n with entries a; 5, 1 < 4,75 < n, where a1,; = ¢; and a;;1 = ¢;
for 1 <4 < mn, and where a;; = a;—1,j—1 +a;—1,; for 2 < 4,57 < n. It is of interest to evaluate
the determinant of Ay . (n), where one of the sequences ¢ or ¢ is the Fibonacci sequence (i.e.,
1,1,2,3,5,8,...) and the other is one of the following sequences:

k—times
N
o® =(1,1,...,1,0,0,0,...) ,
x®) = (1k, 2k 3k . ik L),
€M) = (1,k,k2,... k"1, ..)) (a geometric sequence),
4F) = (1,14 k14+2k,...,1+ (i —1)k,...) (an arithmetic sequence).

For some sequences of the above type the inverse of Ay y(n) is found. In the final part of this paper,
the determinant of a generalized Pascal triangle associated to the Fibonacci sequence is found.

Key words. Inverse matrix, Determinant, LU-factorization, Fibonacci sequence, Generalized
Pascal triangle, Recursive relation.
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1. Introduction. Generally, finding the inverse of a matrix plays an important
part in many areas of science. For example, decrypting an encoded message or solving
a square system of linear equations deals with finding the inverse of a matrix. In some
instances, authors have discovered special matrix inversions; see, e.g., [2], [3], [4] and
[5]). Also, Milne [9], focuses on inverses of lower triangular matrices.

Furthermore, when one is faced with matrices whose entries obey a recursive
relation, inversion can be complicated. Such matrices have been studied e.g., in [1],
[6], [8], [10], [11], [12] and [14]. The research done in these papers is mostly related
to the determinants; rarely are the inverses discussed. One of the main purposes of
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this paper is to consider matrices whose entries are obtained by recursive formulas
and are related to two sequences, one of which is the Fibonacci sequence, and then
try to invert them. Since some of the matrices considered are lower triangular, it may
seem that their inverse matrices can be found by Milne’s results [9], but our approach
to the problem is new. Another aim of ours is to study the determinants of these
matrices.

2. Notations and Definitions. The generalized Pascal triangles were first in-
troduced by Bacher in [1], as follows. Let ¢ = (¢i)i>1 and ¥ = (¥;);>1 be two
sequences starting with a common first term ¢, = ¢1. We define a matrix Py ,(n) of
order n with entries p; ; by setting

¥ if i=1,1<j<n,
Pij =4 @i if j=1,1<i<n,
Di—1,; +pij—1 if 2<4,5 <n.

The infinite matrix Py ;(00) is called the generalized Pascal triangle associated to the
sequences ¢ and .

Following the ideas of Bacher in [1], we define in a similar way some matrices
whose entries are determined recursively and are associated with some sequences.

Definitions. Let ¢ = (¢;)i>1, ¥ = (¥i)i>1, A = (X\i)i>1 and § = (0;);>1 be sequences
such that ¢; = 1. We denote by A;’w’)\’é(m,n) the matrix of size m by n with
entries a;5, 1 <1 <m,1 < j < n by setting a1 ; = ¢; for 1 < j < n, a;1 = ; for
1 <i<mand

(2.1) aij = 05ai-1j-1 + Xj@i-1j,
for2<i<mand2<j<n.

Similarly, we denote by Ag7w7)\7(5(m, n) the matrix of size m by n with entries b; ;,
1<i<m,1<j<nbysetting by j=¢; for 1 <j<n, b1 =1 forl<i<mand

(2.2) bij = di(bi—1,j-1 + Aim1bi-1,5),
for2<i<mand2<j<n.
When A =4 =1 and m = n, for convenience, we put A7 , \ ;(m,n) = Ay y(n).

We recall that a sequence o = (0;);>1 satisfies a linear recursion of order k if
there exist constants c1, ¢, ..., ¢, (with ¢, # 0) such that

k
On = § CiOn—i,
i=1
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for all n > k. Initial conditions for the sequence o are explicitly given values for a
finite number of the terms of the sequence.

We will use the following notations: The Fibonacci numbers F(n) satisfy
F(0)=0, F(1) =
{ Fn+2)=F(n+1)+F(n) (n>0).
Throughout this article we assume that

F=(F)i>1=(1,1,2,3,5,8,..., F; = F(i),...) (Fibonacci numbers # 0),

k—times
—
alk) = (agk))pl =(1,1,...,1,0,0,0, ) (when k = 1, we put o) = a),
X® = (x{)iz1 = (1%, 28,35, .. 7x§k) ,o-)  (when k=1, we put xV) = x),
k) = (¢ k)) >1 = (1,k,k2,... 75‘ =kK-1.0) (a geometric sequence),

7 *) = (v, k))l>1 =(1,14+k,... ’%(k) =14 (i —1)k,...) (an arithmetic sequence).

Moreover, we assume that 1 denotes the all ones vector. Given a matrix A we denote
by

[J1:525- 53]
[i1,32,...,31]

the submatrix of A obtained by erasing rows i1, 9, ...,4; and columns ji, ja, - .., Jk-
We use the notation AT for the transpose of A. Also, we denote by R;(A) and C;(A)
the row ¢ and the column j of A, respectively. A matrix T = (t; j)1<s,j<n is said to be
Téeplitz if t; ; = ti; whenever i — j = k —[. For a Téeplitz matrix T' = (¢; j)1<i,j<n,
it p=(t1,)1<j<n and 6 = (t; 1)1<i<n, then we write T = T, o(n).

3. A Preliminary Result. Let x = (z1,22,...,2,) be a finite sequence with
xz1 # 0. We define the matrix Ax(n) of order n with entries a;;, 1 < 4,5 < n, by
setting

= Ti41 =1+, 0<I<n—-1,
v 0 otherwise.

Suppose now that the sequence o = (01, 02,03, ...) satisfies the recurrence

n
-1
=TI E L10i—1+1,
=2

for all ¢ > n — 1, and the initial conditions 0, =0 (1 <i<n—2), 0,1 = xl_l. We
put x = (&1, &2,...,&,), where &; = opti—2 (1 <i < n). In the following lemma we
show that Ax(n) and Ax(n) are matrix inverses.
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LEMMA 3.1. Let x and % defined as above. Then Ax(n) and Ax(n) are matriz
muerses.

Proof. Let Ax(n) = (@i j)i<ij<n and Ax(n) = (bij)i<ij<n. Indeed, we must
establish

where T is the identity matrix of order n. Since both matrices Ax(n) and Ax(n) are
upper triangular matrices with x; and a:l_l on their diagonals, respectively, Ax(n) -
Ax(n) is an upper triangular matrix with 1’s on its diagonal. Hence, we have to show
that the product of row i of Ax(n) with column j of Ax(n) when ¢ < j is always 0.
To see this, we observe that

j—it1 j—i+1

J
R;(Ax(n))-C;(Ax(n)) = Zai,kbk,j = Z TyTjiip2 = Z Tt it
=i =1 =1

j—it1
=X10n+tj—i—1 + E T0ntj—i—1
1=2
j—it+1 j—i—1

-1
=zi(-2y" D woni)+ D, WOt =0,
1=2 1=

as desired. O

Example. Take the sequence x = (1,—1,-1,0,0,0,...,0). Through direct calcula-
tions we obtain

1 -1 -1 0 0 0 0 7
0 1 -1 -1 0 0 0
00 1 -1 -1 0 0

Axn)=| 0 0 1 -1 0 0
00 0 0 0 1 -1
Lo 0 0 0 0 1

and
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[ F(1) F(2) FB) ... Fin—1) F(n) ]
0 F(1) F2) ... F(n—-2) F(n-1)
0 0 F(1) ... F(n-3) F(n-2)
Ax(n) = ) )
0 0 0 F(1) F(2)
L 0 0 0 0 F(1)

4. Main Results. This section consists of six parts where in each subdivision
the matrices of type A;7w7)\7(5(n, n), for certain sequences ¢, ¥, A and ¢, will be treated
separately. In this treatment we have evaluated the determinants of such matrices
and in some instances we have been able to determine the inverse matrix.

4.1. On the matrices A;, » , 5(n,n). Given two arbitrary sequences A = ();)i>1
with Ay = 1, § = (8;)i>1 with d; # 0 for every 4, and the sequence v = (7;)i>1 =
(-1,0,1,0,0,0,...), we consider the matrices

L= A; 75 s(n,n) and L=A" as-r(nyn+ 2):2)]

v,

where —a = (—a;)i>1, —A = (=\i)i>1 and §1 = (571)1'21. The matrices L and L

7
are lower triangular matrices of order n with diagonal entries

1, 02, 9203, 020304, ..., 0203 ...0n,
and
1, 651, 65 te5t, oxteg ot ., oyttt L6t

respectively. Hence, det L-det L = 1 from which it follows that L and L are invertible.

Let
(4.1) Ui k)= APAE N (= 2,k>0),
where the summation is over all possible choices of ny,ns, ..., n; satisfying no +n3 +

-+ mn; = k. Suppose L = (d;;)1<ij<n- It is easy to see that the entry a; ; is also
given by the formula

0 if i<,
R - 5253...(5]' if i:j>1,
(42) @i =93 pu) i j=1,

5203 .. 0; v L Fli—j+1 - k)U(j, k) if i>7> 1

In particular, we have

1 1=2
Qi -1 =
o {6253---51;—1(/\1+/\2+"'+)\i—1) 3<i<n.
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Similarly, we assume that L = (Bi,j)lgi,jgn. Here, we can also easily see that

Bi’ifl = (52_1(53_1 ...(57;_1(—>\1 - )\2 — s = )\1;1), (2 § ) S TL)

THEOREM 4.1. Let L and L defined as above. Then L and L are matriz inverses.
Moreover, we have

0 ) e 5 N I

[n,n—1,...,m] [n,n—1,...,m]’
and

1,2,.m]\— =12,
(L{mﬂ) t= L{Lz,...,%’ L<m<n.

Proof. Tt is easy to see that the matrix L and L can be written as M D and D=1 M
respectively, where

M = A5 g a1 (non) = (@ijh<ijen » M=A0 _, \ (nn+2)0 = (b j)1<ij<n,

and D = diag(1,da,0203,...,0203...6,). Since L' = D~1M~1 it is enough to
prove the theorem for the simpler matrix M. In fact, we will prove that M~ = M.
Therefore, we must establish M - M = I, where I is the identity matrix of order n.
First of all, since both matrices M and M are lower triangular matrices with 1’s on
their diagonals, thus M - M is also a lower triangular matrix with 1’s on its diagonal.
Hence, we must show that the product of row i of M with column j of M when i > j
is always 0. Therefore we assume that ¢ > j and proceed by induction on j. This will
be done below by going through a sequence of separately stated lemmas.

Since the matrix M is determined after the omission of the first two columns of

matrix
Ary,—a,—)\,l(na n -+ 2);

for convenience, we put

bi,—1 bio big b2 - biy
ba,—1 bao b21 b22 -0 boy,
A;77(1,7)\,1(na n+ 2) = b37_1 b370 b371 b372 U b37n
bn,fl bn,O bn,l bn,2 e bn,n
Moreover, we notice that
i—1

Aji—1 = —bii_1 = Z/\k for every ¢ > 2.
k=1
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LEMMA 4.2. Let 1 < i < n. Then we have R;(M) - Cy(M) = 0.

Proof. The proof is by induction on i. We first prove the result for i = 2,3. Since,
for i = 2 we have

Ro(M) = (=X1,1,0,0,...,0) and Cy(M) = (F(1),F(2),...,F(n))T,
it follows that
Ry (M) - Ci(M) = —F(1) + F(2) = 0.
Similarly, when i = 3 we have
R3(M) = (=14 A Aa, =M1 — A2, 1,0,0,...,0),
and hence
R3(M)-Ci(M) = (—1+ MA2)F(1) = (A1 + X2)F(2) + F(3) = 0.

We now assume the result inductively for i = 2,3,...,k — 1 and prove it for i = k.
Therefore we see that it is sufficient to establish that

Ri(M) - Cy(M) = (bg.1,bk2,- -, bkk; 0,0,...,0) - (F(1), F(2),...,F(n))’ =0,

or, equivalently,

k
(4.3) > b F(l) =0.
=1

Before starting the proof of (4.3), we provide some remarks. We know by induction
hypothesis Ry,_o(M) - C1(M) = 0, hence

k—2

(4.4) Z br_2,F(1) = 0.
=1

Similarly, since Rk_l(M) - C1(M) = 0, we obtain
k—1

(4.5) br—1,F (1) = 0.

~
—

On the other hand, by the definition of b; ; as given by (2.2), we have
br—1,0 =br—21-1 — A—2br—2y, 1=1,2,... k-1

After having substituted these values in the left hand side of (4.5) and by using (4.4),
we deduce that

k—1
(4.6) Z br—2,-1F (1) = 0.
=1
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We are now ready to prove (4.3). We observe again as above that
bri = br—21—2 — Ap—2br—21-1 — Ap—1bp—1;, 1=1,2,... k.

If these values are substituted in (4.3) and the sums are put together, then we obtain
that

k k k k
Z b F(l) = Z br—2,1—2F () — Ap—2 Z bi—2,-1F (1) — Ap—1 Z br—1,F (1)
=1 =1 =1

=1

k k=1
Z br—2,1—2F (1) — Ap—2 Z br—2,1-1F(1)
=2 =1

(by (4.5) and since bx_2,—1 = 0)

k k—1
= brgu2{FI=2)+ F(I—1)} = M2 Y _br—2s-1F(I)
=2 =1
k—2 k—1
:Zbk 2, F (1) +Zbk 2,1-1F(1) >\k72zbk72,l71F(l)
=0 =1
k—2 k—1
= b2 F()+(1=Ak—2) Y br2s1F(1) =0 (by (44) and (4.6)).
=1 =1

The proof is now completed. O
LEMMA 4.3. Let j be fized with 1 < j < n. Furthermore, we assume that
“for all r with j < r <n we have R,(M) - C;(M) = 0". ™)
Then for all | with j +1 <1 < n we have Ry(M) - Cj 1 (M) = 0.

Proof. The proof is by induction on [. We first assume that [ = j 4+ 2. In this
case we show that

Rj2(M) - Cj11(M) = 0.

Indeed, we have

n Jj+1 Jj+1

Rjp2(M)-Cia (M) = bjiakarji1 = bjyajii+aipaii = O _(=A)+ D A =0,
k=1 r=1
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as desired.

Let us assume that j + 2 < I < n. Now we must show that

!
(4.7) Ry(M) - Cipa(M) = Y bigan i1,
k=j+1
By (2.2) we have
bk =b1k-1—A_ b1k, k=j5+1,...,0

If these are substituted in (4.7) and the sums are put together, then we obtain

-1 -1
Ri(M) - Cipt (M) =Y bioagarsrger — Ay D bioigang.
k=j k=j+1

Since by induction hypothesis we have

-1
§ bi—1,kak,j+1 = 0,

k=j+1
hence we obtain
) -1
(4.8) Ry(M) - Cjyr (M) = o1 krs1,j41-
k=j

We now show that the sum on the right-hand side of (4.8) is equal to 0. Since
[ > j+2, it follows that I — 1 > j +1 > j and by (*) we have R;_y(M) - C;(M) =0
or, equivalently,

-1
(4.9) > by gar,; =0.
k=j

We also recall that by the induction hypothesis R;_1(M) - Cj11(M) = 0 from which
we deduce that
-1

(4.10) Z bi—1,kak,j+1 = 0.
k=j+1

On the other hand by (2.1) we have
Okj = Okt1j+1 = Ajy10kgr1, k=77 +1,..,1=1

Substituting this in (4.9) and using (4.10) we obtain

-1 -1
0= E bi—1,xar,; = E bi—1,k(Ak41,541 — Aj1Qk,+1)
k= k—j
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-1 -1
= E bi—1,k k41,541 — Aj1 E bi—1,k0k,j+1
k=j k=j
-1 -1
= § b1 k@k+1,5+1 — Aj+1 E bi—1, K0k, j+1
k=j k=j+1
-1
= E bi—1,kQk+1,j+1-
k=j

Now, it can be deduced that Z;;lj bi—1,k0k+1,j+1 = 0, as desired. O

Therefore, from Lemmas 4.2 and 4.3 we conclude the first part of the theorem.
The second part of the theorem is easily verified and we leave it to the reader. O

Remark 1. Another proof for the claim M - M = I in Theorem 4.1 is as follows.
First, we easily see that

Ry (M - M)=R(I) = (1,0,0,...,0).
Next, by Lemma 4.2, we observe
Ci(M-M)=Cy(I)=(1,0,0,...,0)7.
Finally, we show
(M- M)ij=(M-M)imyj+ = Xi-)(M - M)y (2<i,j<n).
In fact, by direct calculations we obtain
ey bikak
= Yhei(bicik—1 — Xicibiik)ak,;
= Yhejbictk—1ak; — Aic1 g bi1kak,

= D bicip-1(an—1-1 + Xjak-—1,5) = Ni—1 Dop_; bio1kak,;

= D1 bick@r o1+ A D p bt k—1ak—1 — XNic1 D0 bio1kak,;
= (M- -M)i—1j-1+X\; Zzzj,l bi—1,k0k,; — Ni—1 Z::j bi—1,x0k,;

= (M- -M)i—1j-1+ X\ —Nic1) >k bim1kQk 5

= (M- -M)irj-1+ A= A1) (M - M)i—,

(M - M),

as desired.

Remark 2. It is worth mentioning that Theorem 4.1 is quite close to a result due to
Neuwirth (Theorem 13 in [13]). In fact, Theorem 4.1 can be deduced from Neuwirth’s
Theorem with just a little effort. We will discuss it now briefly.
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Let L be the matrix in Theorem 4.1. The first column of L is not a geometric
sequence, but it is a sum of two geometric sequences, of quotients ¢ and ¢q. The
numbers g and ¢ are the roots of the equation

2—x—1=0.

Hence, to resolve the situation, we do two things:
(1) We modify A; = 0. Notice that this modification does not affect the matrix L.

(7i) We extend the matrix L by adding 3 rows and columns, indexed by —2, —1,0,
as follows. First, we define (A_2,A_1,A0,A1) = (0,¢,3,0) and 6_5 = 6_1 = &y =
01 = 1. Next, we complete the rows and columns in the unique way so we obtain
an extended matrix L¢ which is lower triangular and satisfies the same recursion.
Notice that the first column of L¢ is (1,0,0,...,0)” and hence geometric. It is thus a
“pure Galton array” in Neuwirth’s language, and Theorem 13 in [13] may be applied.
Notice that L is a triangular block inside L€, so that the inverse of L can be deduced
easily from that of L¢. Constructing (L)™' by the recipe given in Theorem 13 in
[13], we obtain the result, with a little difference. The sequence v is modified to
v = (-1,-1,1,0,...,0), and as mentioned above A\; = 0. But by changing back
from 4 to v and setting A\; = 1, we arrive at exactly the same second row, hence
Theorem 4.1 is confirmed.

4.2. On the matrices A,w x(n). In what follows we consider the matrices
Ag(n) := Ay £(n). As a matter of fact, we are interested in finding the sequence
of determinants

(det A (1), det Ap(2), det Ax(3), ..., det Ax(n), ...),

and the inverse matrix A,;l(n). Here, for every pair of integers k and n, with k£ < n,
we will determine det Ay (n) and A; ' (n).

When k& = 1, det A;(n) = 1 and by Theorem 4.1 we obtain that A;(n)~! =
AL o1+ 2)[12 Hence, from now on we assume that k > 2. Using LU-
factorization method (see [7], Sec. 4 or [6], Sec. 2.6), we first find the unique fac-
torization of Ag(n) as Ax(n) = L-U, where L = (L; j)1<i,j<n 1S a lower triangular
matrix and U = (U; ;)1<i,j<n is an upper triangular one. Then, clearly

n n
det A=det L-detU =[] Lii- [[ Vis-

i=1 i=1

THEOREM 4.4. Let Az(n) = Ay #(n). Then we have
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(a) Aa(n) =L -U, where

L =

1| 0
F | Aar(n—1) |’

with F = (F(2), F(3),...,F(n))" and where U = (U j)1<i j<n with

1 1=353<2
2 1=3532>3
Uij = 1 j=1+1
0 otherwise.
In particular, it follows that
1 if n=1
det A =
et Az(n) { =2 if p> 1.
(b) Aa(n)"t =U-1. L1, where
(1 wy|wi w2 w3 ... Wn-3 Wn_a |
0 wo| w1 wy w3 Wn—3 Wp_2
0 0 w1 w2 w3 ... Wp_3 Wp_2
v-t=10 0 |0 w w2 ... Whp4a Wnp_3 7
00 (0 0 O w1 wa
Lo oo 0 o0 0w |
with w; = (—1)"™1(3)" and @; = —w; (0 <i <n—2), and where
P 0
x| AL (=110 7

with z = (-1,-1,1,—1,1,..., (-=1)™T.

2—periodic
Proof. (a) The matrix L is a lower triangular matrix with 1’s on the diagonal,

whereas U is an upper triangular matrix with diagonal entries 1,1,2,2,2,...,2.

By definition, Ri(L) = (1,0,0,0,...,0), Ci(L) = (F(1),F(2),...,F(n))T,
Co(L) = (0, F(1),F(2),...,F(n—1))T and

(4.11) Lij=Li-1j-1+ Li—1,
for 2<i<mnand3<j<n. Also we have

(1,0,0,...,0)T j=1
(4.12)  (Uiy,...,Un)" =< (1,1,0,...,0)7 j=2,

0,0,...,0,Uj_1,; =1,U;; =2,0,...,007  j>2.
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For the proof of the claimed factorization we compute the (¢, j)—entry of L - U,
that is

n
(L-U)ij =Y LixUk;.
k=1

In fact, so as to prove the theorem, we should establish Ry (L - U) = (1, 1,0,0,...,0),
Ci(L-U) = (F(1), F2),..., F(n))", Co(L - U) = (F(2), F3),...., F(n +1))" and

(L-U)ij=(L-U)icr 1+ (L- Ui,

for2<i<mnand 3<j<n.

Let us do the required calculations. First, suppose that ¢ = 1. Then

n
(L-Uh,;= ZLl,kUk,j = L1101 =Uy,
k=1

and so Ry (L-U) =(1,1,0,0,...,0).

Next, suppose that 7 =1 or 2. In this case we obtain

n
(L-U)iq = ZLi,kUk,l = L; Ui = F(i),
k=1
from which we deduce that C1(L - U) = (F(1), F(2),...,F(n))T. Similarly, we have
n
(L-U)io = ZLi,kUk,Q =Li1Uio+ LipUsp = F(i) + F(i — 1) = F(i + 1),
k=1

and we get Co(L-U) = (F(2),F(3),...,F(n+1))T again.

Finally, we assume that 2 <4i <n and 3 < j < n. Now, we claim that
(4.13) (L-U)ij=(L-U)iz1,j-1+ (L-U)iz1y-
If j = 3, then we have

(L-U)ic12+(L-U)ic1s = (Licia+Lic12) + (Lic12 +2L0i21 3)
= Lio11+2(Li—12+ Li—13)
= L;2+2L;3

(L-U);z3.
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Suppose j > 3. In this case we have
(L-U)i—1,j-1 = ZLiq,kUk,jq =L 1j0+2L;_1;-1,
k=1
and
(L-U)i1j =Y LicawUs = Licvj-1 +2Lim1,j.
k=1
Consequently, the sum on the right-hand side of (4.13) is equal to
(L-U)i-1j-1+ (L-U)icrj = (Licaj—2 + Lic1j-1) + 2(Lic1j-1 + Lica ),
and by using (4.11), we obtain
(L-U)i—1,j-1+ (L-U)imrj = Lij—1 + 2L
On the other hand, we have
(L-U)ij=> LixlUk; = Lij1+2Li;.
k=1
Now, if we compare with the last equation, we obtain the claimed (4.13).

It is obvious that the claimed factorization of As(n) immediately implies that

1 it =1
det Az(n) = { 272 if >

(b) One can readily check U - U~! = I. Now, we show L-L~! = I. First of all, we
notice that by Theorem 4.1, the inverse of Ay #(n—1)is AL _, ;(n—1,n+ 1)L2,
Therefore, we obtain

o, —

1 K
F4+Asr(n—1)xz | I

L- L7 '=

Now, it is enough to show
(4.14) F4Agrn—1)xz=0.

Let Ao, 7(n—1) = (as,5)1<ij<n—1, F = (.7:"1,17 .7:"2,1, .. ,.7:'n_171)T where .7:"171 = F(i+1),
and

= (r11,%21,- - Tn-11) =(=1,-1,1,—-1,1,...,(-=)™)T.

2—periodic
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From (4.1) and (4.2), with 6; = \; = 1, it follows that ¥(j, k) = (k;rif) and
0 it i<,
Q4,5 = F(Z) if j = ].,
S0 Fli—i+1-k)(*7%)  if izj> 1L
The proof of the claim (4.14) requires some calculations. The (i, 1)-entry on the left-
hand side of (4.14) is F; 1 + Ri(Aa,7(n — 1)) x . First, we assume that ¢ = 1. Then
the (1,1)-entry is equal to F1 1 + a1, X (=1) = F(2) — F(1) = 0, and in this case the
result is true. Next, we assume that ¢ > 1. Then the (i, 1)-entry is equal to

Firt a1z +a;0T21 + - Fa; x50+ a1 =

Fli+1)—aj1—aip+aiz—ais+-+ (=1 a j+- + (=1)Ta;; =

)

F(i+1)—F(i)+ZZ(_1)j+1F(i_j+1_k)<k+j—2> _

=2 k=0 J—2

Fi+1)—F@)—F(i—1)+ i (ji(_lym (J' ; 2>)F(i —j+1),

=3 k=0
and since >37_2(—1)*1(7,2) = 0, this entry is 0. O

THEOREM 4.5. Let Ax(n) = Aym #(n), where 2 < k < n is a natural number.
Then we have

(a) Ax(n) = L-U, where

1]o0
Fl Aar(n—1) |’

with F = (F(2), F(3),...,F(n))" and where U = (U j)1<i j<n with

j—times
— T )
U oo (1,1,...,1,0,0,0,...,0) j <k,
sy Unj)” = (0,0,...,0,1,2,1,1,...,1,0,0,...,0)7 j >k
—_———— —————— —— —
(j—k)—times k—times (n—j7)—times

In particular, it follows that det Ag(n) = 1.

(b) If we partition U in the following manner
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A | B
U= ,
0 |C
1 1 .
where A = 0 11 then C = Ax(n —2) withx = (1,1,...,1,2,1,0,...,0). More-
——

k—times
over, we have Ap(n)~! =U"1- L™, where

Ut = A7V —AT'BAs(n - 2)
and where
1 | 0
L 1= |
[ x | v,fa,—l,l(n —1,n+ 1)[172] ]

with x = (-1,-1,1,—1,1,..., (-=1)™T.

2—periodic

Proof. (a) The matrix L is a lower triangular matrix and U is an upper triangular
one with 1’s on their diagonals. It is obvious that the claim immediately implies that
det Ag(n) = 1.

By definition, Ri(L) = (1,0,0,0,...,0), Ci(L) = (F(1),F(2),...,F(n))T,
Co(L) = (0, F(1),F(2),...,F(n—1))T and

(4.15) Lij = Li—1,j—1+ Li—15,
for2<i<mnand3<j<n.
Similar to the proof of Theorem 4.4, here we also compute the (i, j)—entry of

L -U, that is

(L-U)ij= ZLi,kU,w».
k=1

k—times
—
In fact, we must prove that Ry (L -U) = (1,1,...,1,0,0,...,0), C1(L-U) =
(F(1),F(2),...,F(n)T, Co(L-U) = (F(2),F(3),...,F(n+1))T and

(L-U)ij=(L-U)i-1,j-1+(L-U)i-1;,

for2<i<mnand3<j<n.
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First, suppose that ¢ = 1. Then

(LU= LimUn; = L1aUs; = Urj,
m=1
k—times
—
and so Ry(L-U)=(1,1,...,1,0,0,...,0).
Next, suppose that 7 =1 or 2. If j = 1, then we have

(L-U)ix =Y LimUn = LinUr1 = F(i),

m=1

from which we deduce that Ci(L - U) = (F(1), F(2),...,F(n))T. Similarly, if j = 2
then we have

n
(L-U)i2= ZLi,kUk,Q =LiaUig2+ LigUso = F(i) + F(i — 1) = F(i + 1),
k=1
and so we get Co(L-U) = (F(2), F(3),...,F(n+1))T.
Finally, we assume that 2 <¢ <n and 3 < j < n. Now, we claim that

(4.16) (L . U)i’j = (L . U)i71,j71 + (L . U)ifl’j.

We split the proof into two cases, according to the following possibilities for j.

Case 1. 3 < j < k. In this case we have

Jj—1 Jj—1 J
(L-U)i—1,j—1 = E Li 1, mUpj-1 = E Li—1m = E Li_1m-1,
m=1 m=1 m=2

and

J J
(L-U)i—1,y = Z Li1mUp; = Z Li_1,m.
m=1 m=1

Consequently, the sum on the right-hand side of (4.16) is equal to

J J
(L-U)i—1,j-1+(L-U)j—rj = Z Li 1 m—1+ Z Li—1,m,

m=2 m=1
and by using (4.15), we obtain
J J
(L-U)ic1jor+(LoU)i1; = 2F(i—1)+F(i=2)+ Y Lin = F(i)+F(i—1)+ > Lim.

m=3 m=3
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On the other hand, we have

n J
(L-U)ij=Y LimUnj=> Lim=F@)+F@i—1)+ > Lim.

m=1 m=1 m=3
Now, if we compare with the last equation, we obtain the claimed (4.16).

Case 2. j =k + 1. In this case we have

(L-U)i—1j-1+(L-V)i-1,; = Zk Li—1,m + an+:12 Li—1,mUnm,;

m=1
= Zf::lg Li-tm—1+Li—12+2L;—13+ 21::;14 Li—1m
= Li11+2(Lic12+ Lici3)+ Zf,j;lél(l/i—l,m—l +Li—1m)
= Lij2+2L;3+ an+:14 Lim
= (L-U);,-
as required.

Case 3. k+1 < j <n. In this case we obtain

j—1 J
(L-U)j—1,j-1 = Z Li1mUmj-1=Li—1j—k+2L;—1 j_p+1 + Z Li—1m-1,
m=j—k m=j—k+3

and

J J
(L-U)i—r,y = Z Lic1mUmj =Li—1j_p+1 +2L; 1 5 py2 + Z Li_1m.
m=j—k+1 m=j7—k+3

Consequently, using (4.15) we get

J
(L-U)ic1jo1+ (L Uiy =Lijkir +2Lij ko + Y, Lim=(L-U)ij
m=j—k+3

This completes the proof of part (a).

(b) Using Lemma 3.1 and easy matrix-calculations, we deduce that U - U~! = I.
On the other hand, by Theorem 4.4, it follows that L - L~' = I. Therefore, we have
Agn)~t=U"1'. L=t O

4.3. On the matrices AX(MJ—(n). In this subsection, we concentrate on the
evaluation of determinant of matrices of the kind A, x) z(n). Moreover, we restrict
our evaluations to the cases k = 1,2. Our observations show that these evaluations
for k > 3 are complicated and we leave them for future investigation.



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 17, pp. 543-576, November 2008

Matrices Related to the Fibonacci Sequence 561

THEOREM 4.6. Let A = A, r(n) with n > 2. Then det A = 2""2.

Proof. We apply LU-factorization. Here, we claim that

A=L-U,
where
1 0 0
L=]1 1 0 ,
F OF|A,xn-2)
with
-7:—: (-7:—1)3§1<n = (F(3)7F(4)7 7F(Z)a 7F(n))T7
F = (Fi)s<icn = (0,0,-1,-2,...,1 = F(i = 2),...,1— F(n—-2))T,
o o 35 Fi—2)+i—2 Fn—2)+n-—2
= (Fi)s<icn = (1,2,2,.
]: (‘7:1)3§1§" ( ’ 27 27 9 9 ) ) 2 )a
and where
1 3 4 n
U— 0o 112 3 ... n—1 ’
0 ‘ U
with

T — 0 i>7,
S 20—+ 1) i<j.
The matrix L is a lower triangular matrix with 1’s on the diagonal, whereas U is an

upper triangular matrix with diagonal entries

1,1,2,2,2,....2.

) 3

It is obvious that the claim immediately implies the theorem.

For the proof of the claimed factorization we compute the (¢, j)—entry of L - U,
that is

n
(L-U)iy = LixUk;,
k=1
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and then we show that (L -U);; = A; ;. It is not difficult to see that

Ri(L-U) =Ry(A) = (1,2,3,...,n),
RQ(LU) = RQ(A) = (1,3,5,...,271— 1),

Ci(L-U)=Ci(A) = (1,1,2,..., F(n))".
Moreover, for i > 3 we obtain

n
(L-U)ia=Y LixUr2=2Li1+ Lip =2F(i) + 1= F(i —=2) = F(i+1) +1,
k=1

which implies that Co(L - U) = Co(A) = (2,3, F(4)+1,...,Fi+1)+1,...,F(n+
)+ 1T

Similarly, for i,j > 3 we get

n
(L-U)sj=> LapUk; =2j+2(j —3+1)=4(j - 1),
k=1

and

n
(L-U)is= Z L Ups=3L;1 +2L;2+2L;3
k=1

:SF(Z‘)+2(1—F(Z‘—2))+2><W:F(i—kﬁ—m.

Hence, we have R3(L - U) = R3(A4) and C3(L - U) = C3(A).
Now, it suffices to establish the equation
(4.17) (L-U)ij=(L-U)icr 1+ (L- Ui,
for 4 <i,j <n.
Here, we recall that
(4.18) Lij=Li1j-1+ Li—1,
for 4 <i,j5 <n.

Let us do the required calculations. First, we obtain that

i—1

(L - U)q;_Lj—l = Z Li_11Uk j—1
k=1
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i—1
=(j-DFi-1)+(G-2)1=F@-3)+) 20 —k)Li-1x
k=3

=-DFGE-1)+(G-2)1-F(-3))+ 2(j—k+1)Li—1 p-1.

Similarly, we obtain that

i—1

(L-U)i—15= ZLi—l,kUk,j
k=1

=jFi-1)+(G-1)A-F@i-3)+ G —-2)(F(—-3)+i—3)

i—1

+> 20 —k+1)Lio1x.

k=4

From (4.18), the sum on the right-hand side of (4.17) is equal to

(419) (2J—-1DFG@-1)+(2j-3)1—-F(i—3)+ (G —2)(F(@—3)+i—3)

+> 20 —k+ 1)L

k=4
On the other hand, we have

(4.20) (L-U)ij=3F@)+(G-DA-F(@-2)+0G-2)F>E-2)+i-2)

A
+3 20 —k+1)Li
k=4

But since F(i) = F(i—1)+F(i—2) and F(i—2) = F(i—1)— F(i—3), easy calculations
show that

JF@+ (G -1DA-F@-2)+ (G -2)(F(i—2)+i-2)

=jFGi -+ F(i-2)]+G-DA-F@-2)+G-2)[FiE-1)-Fi-3)+i—2]
(2 =2DF(-1)+j-14+F@—-2)-([-2)F@—-3)+ (1 -2)(-2)
( VFi—-1)4+j—-14+4F(i—-1)—F(—-3)—(—-2)Fi—-3)+(G—-2)(i—-2)
=2 -DFE-1)+j-1-(G-DF@E-3)+(-2)(i-2)
( JE(G—1)+ (2 =3-7+2)— (2 =3-j+2)F0@-3)+(—-2)(i—2)
( JE(E=1)+ (2 =3)A = F(i=3)+ (G —2)(F(i —3) +i—3).
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By comparing (4.19), (4.20) and the above relation we obtain (4.17). The proof of
the theorem is now complete. O

THEOREM 4.7. Let A= A, 2 z(n). Then

1 if n<2

det A = { P53 i > 2.

Proof. We apply LU-factorization. Here, we claim that

A=L-U,
where
1 0 0
I ; _12 (1) 035 (n—3) ’
F F F|A,xn-3)
with

. - 13 23 -1 =
F = (Fi)a<i<n = (g’ < otiTg [F(i+2)—4F(i+1)+7F (i)+3i—8],..., F,)",
o o 12 1 . . . . T
F = (Fi)a<i<n = (1, 5 JFi = : [F(i+3)—4F (i)+=i(i—1)=5i+6], ..., F,)",
and where

1 4 9|16 25 ... 52 n?

0 1 4|16 9 ... (j—1)2 (n —1)2

U=|0 0 8|24 48 ... 4G-1D(G-2) ... 4(n—-1n-2) |,
0 ‘ U

with

— 0 i> 7,
Ui,j - { 5(]'_1'4_2) . 3
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The matrix L is a lower triangular matrix with 1’s on the diagonal, whereas U is an
upper triangular matrix with diagonal entries

1,1,8,5,5,5,...,5.

It is obvious that the claim immediately implies the theorem. Moreover, the proof of
the claim is similar to the proof of Theorem 4.6 and we leave it to the reader. O

Remark 3. Computing LU-factorizations of finite matrices is well known and
plenty of software can do this. However, let us explain how we compute the LU-
factorization of A, 2 #(n) in Theorem 4.7. We put A(n) = A, ) #(n) = (Ai j)1<ij<n-
Let A(n) = L(n) - U(n) be the unique LU-factorization of A(n) where L(n) =
(Li,j)1<ij<n is a lower triangular matrix with all entries along the diagonal equal
toland U = (U; ;)1<i,j<n is an upper triangular matrix. Obviously, by the structure
of A(n), we have

A(n—1) = A(n)!"

[n]?

and also

Lin—1)=Lm)" and Umn-1)=Um)".

(7] (7]

First of all, we go to the computer and crank out the matrices L(n) and U(n) for
small values of n. Then, we try to guess what the entries of the matrices L(n) and
U(n) are. For the purpose of guessing, it suffices that we just display the matrices
L(8) and U(8). They are

M1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 -2 1 0 0 0 0 0
L(8) = 3 -4 13/8 1 0 0 0 O
5 -9 23/8 | 12/5 1 0 0 O
8 -16 35/8 |23/5 17/5 1 0 O
13 -28 27/4 | 37/5 8 22/5 1 0
| 21 47 41/4 11 77/5 62/5 27/5 1 |
and
1 4 9|16 25 36 49 64 ]
0 1 4 9 16 25 36 49
0 0 8|24 48 80 120 168
0 0 O 5 15 30 50 75
U(8) =
®) 0 0 O 0 5 15 30 50
0 0 O 0 0 5 15 30
0 0 O 0 0 0 5 15
L0 0 O 0 0 0 0 5 |
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Having seen that, it will not take you for long to guess that, apparently, L(n) has
the following form:

where F , F, F and F are certain finite sequences, and that U(n) has the following
form:

1 4 9 S
0 1 4 S
U(n) 0 0 8 S ’
O0(n—3)x3 ‘ Ts 5(n—3)

where S .S, S and S are again certain finite sequences. Therefore, it is enough to show
that these sequences are as in the proof of Theorem 4.7. To do this, we determine
the entries of columns 1, 2, 3, 4 of L(n) and rows 1, 2, 3, 4 of U(n).

It is not difficult to see that

Ci(A(n)) = (1,1,2,..., Ai1 = F(@),..., Ap1)7,

Ca(A(n)) = (4,5,6,...,4ia =F(i+1)+3,...,4,2)7,

C3(A(n)) = (9,13,18,..., A3 = F(i +2)+3i+4,..., A, 3)7,

C4(A(n)) = (16,25,38,..., Aia = F(i +3) + 3i(i — 1) +4i +9,..., Apna)T,
Ri(A(n)) = (1,4,9,..., A1 = 32,..., A1),

Rao(A(n)) = (1,5,13,..., 42, =252 — 25+ 1,..., Aa ),

Rs3(A(n)) = (2,6,18,..., 43, =45 —=8j +6,..., A3 ),

Ry(A(n)) = (3,8,24,..., Ay ; =852 — 245 + 24, ..., Ay ).
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Moreover, it is easy to see that

Ri(L(n)) = (1,0,...,0),

Ra(L(n)) = (1,1 0,...,0),
R3(L(n)) = (2,-2,1,0,...,0),
Ra(L(n)) = (3 4, 13/8,1,0 .,0),
C1(U(n)) = (1,0,...,0)T,
Co(U(n) = ( - 0)7,
C3(U(n)) = (9,4,8,0,...,0)7,
Ca(U(n)) = (16,9,24,5,0,...,0)T.

In the sequel, first we try to compute the columns C;(L(n)), for j =1,2,3,4.

Let us do the required calculations. First, we observe that

(4.21)

and hence Cy(L(n)) =

1
F(i) = A = ZLi,l U1 = Lia,
=1

(1,1,2,...,Liy = F(i),...

, F(n))T. Similarly, we obtain

567

2
F(i+1)+3=A2=Y Ly Up=4Li1 + Lis = 4F(i) + Li, (by (4.21))

=1
which implies that
(4.22) Lio=F({+1)—4F () +3.
Therefore, we get
Cao(L(n)) = (0,1,-2,...,Lio=F(i+1) —4F(i) +3,...,F(n+ 1) — 4F(n) + 3)T.
Also, we have
F(i4+2)+3i+4 = A

which implies that

(4.23) Lis

)

S Lig-Uis

9L;1 +4L;2+8L;3

9F (i) + 4[F(i + 1)
(by (4.21) and (4

[F(i+2)—

1
8

AF(i+1) + TF(i) + 3i —

—4F(i)+ 3] + 8L;3
22)),

8],
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and so, we obtain

1
C3(L(n)) = (0,0,1,...,L;3 = 3 [F(i+2)—4F(i+ 1)+ 7F(i)+3i —8],...,Ln3)".
Finally, from

Fi+3)+3i(i—1)+4i+9 = A4

S Liy-Upa
16L;1 +9L;2+24L;3 +5L; 4
= 16F(i)+ 9[F(i+ 1) — 4F (i) + 3]
+24- g[F(i+2) = 4F (i + 1) + TF(i) + 3i — 8]
+5L;4 ( by (4.21),(4.22) and (4.23))
F(i) =3F(i+1)+3F(i+2) + 9 +345L;4
AF(i) + 9i + 3+ 5L; 4,
we deduce that

Liy=

s

[F(i +3) — 4F (i) + ;i(z’ ~1)—5i+6],

ot~

and hence

C4(L(n)) =(0,0,0,1,...,Lis = = [F(i+3) —4F (i) + ;i(i —1)=5i+6],....L, )"

1
5

Now, in a similar way we determine the coeflicients of rows 1, 2, 3, 4 of U(n).
Again, we observe that

1
(4.24) j2=A; = ZLl,lUl,j = Uy,
=1

and as a result Ry (U(n)) = (1,4,9,...,U1; = j%,...,n?). Similarly, we have

2
2j2 =2j+1=As; =) Loy Uy =Urj+ Uz =7 +Uz; (by (4.24))
1=1
from which we deduce that
(4.25) Usj = (j— 1)

and so R2(U(n)) = (0,1,4,...,Us; = (j — 1)%,...,(n — 1)2). Also, from
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452 — 85 + 6

A
iy Lag - Un

2U1,j - 2U2’j + Ugyj

= 22-2(j—1)2+Us; (by (4.24) and (4.25))

we conclude that

(4.26) Us; =4(j —1)(j - 2),

and hence R3(U(n)) = (0,0,8,24,...,Us ; =4(j — 1)(j — 2),...,4(n — 1)(n — 2)).
Finally, we see that

852 —24j+24 = Ay
s Laa - Usg
= 3U1; —4Uz; + 2Us; + Us;
= 37 -4 -1+ F 40 - 1)1 —2) + Usy
(by (4.24), (4.25) and (4.26))

and hence, we get

iy =5 U209 :5<j;2>.

Therefore, it follows that R4(U(n)) = (0,0,0,5,15,...,Us,; = 5(];2), .. .,5(”52)).
Moreover, if we put T 5(n — 3) = (ti,j)4<i,j<n, then we easily see that

b= 0 1> 7,
,) — 5(]*;4’2) i < j
We will conclude this subsection with a short discussion about the computational

complexity of the problem. As we mentioned in the beginning of this subsection,
computing det A, where A = A, &) #(n), is more complicated for k£ > 3.

Let R(i, j, c) denote the row operation of adding to row 4, ¢ times row j. Starting
with a matrix A = A;  for an arbitrary sequence ¢, we work our way by performing
R({n — 1,n,—1), then R(n — 2,n — 1,—1), continuing through R(1,2,—1), we obtain
a matrix whose first column is (F(1), F(0), F(1), F(2),...,F(n — 2))T, the first row
is still ¢, and the remaining (n — 1) x (n — 1) block is the matrix A with the last row
and last column removed. We continue to do the same thing on the (2,3,...,n) x
(2,3,...,n) block, in order to push A further to the lower left corner. The first
column is affected of course. Continuing in this way, we end up with a Tdeplitz
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matrix with first column (F(1), F(0), F(-1),...,F(2 —n))T, and first row t. Our
problem is now reduced to the evaluation of the determinant of a Téeplitz matrix. The
miracle that happens for k = 0, 1, 2 is that the sequence uniting the first column and
row, i.e., F(2 —n),...,F(~1),F(0),F(1),2% 3% ... n* is a union of “overlapping”
recursive sequences. This means that if we extend the sequence 2%, 3%, ... to the left,
by prepending k elements to the left, (k being the length of the recursion), we will
just have to prepend the elements F'(0), F/(—1), etc. This does not happen any more
for k = 3. In fact, this is very important, because if this happens we can perform
row operations by taking successive differences. Doing this in the correct order will
annihilate the sequence t = x(*), bringing us to a lower triangular matrix. Actually
it will be triangular up to a lower left triangular (k + 1) x (k + 1) block, due to edge
effects. The element in the diagonal will be a constant Fibonacci number, independent
of n (since except for the lower k + 1 rows, the matrix will still be Tdeplitz). This
explains the geometric behavior of the determinants.

4.4. On the matrices Agw) r(n) and A @ x(n). In this subsection we first
consider the matrices of type Agw z(n), where £(@) is a geometric sequence and show
that in every case the determinant of Agw #(n) is 1.

THEOREM 4.8. Let A = A z(n). Then we have det A = 1.
Proof. We apply again LU-factorization method. We claim that
A=L-U,

where

1 0
L= (Lij)h<ij<n = [ 7 % A 1) ] ;

with F = (F(2), F(3),..., F(n))T and F = (F;)i>1 with
Fi=F(i+2)—1—(Fi+1)—1)a, (i>1),
and where U = (Ui,j)lgi,jgn with
Ui,j = Ok Z‘ - ]
a j=i+k(k>0).

The matrix L is a lower triangular matrix and U is an upper triangular one with
1’s on their diagonals. It is obvious that the claim immediately implies the theorem.

By definition, Ri(L) = (1,0,0,0,...,0), Ci(L) = (F(1),F(2),...,F(n))T,
Co(L) = (0,1,2 — a,4 — 2a,7—4da,...,Fi+1)—1— (F(i) — Da,...,F(n+1)— 1 —
(F(n) —1)a)T and

(4.27) Lij=Li-1j-1+ Li—1;,
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for2<i<nand3<j<n.

As before, here we also compute the (7,j)—entry of L - U, that is (L -U);; =
> ori LixUgk,;. In fact, we must prove that

Ri(L-U)=(1,a,a%...,a" "), Ci(L-U)=(FQ1),F(2),...,F(n)T,

Co(L-U)=(a,1+a,24a,....,F(i+1)—=1+a,...,F(n+1)—1+a)7,
and
(L-U)ij=L-U)i-1j-1+ (L-U)i-1,
for2<i<mand 3<j<n.

First, suppose that ¢ = 1. Then

(LU= Z Ly mUn,j = L11Us,; = al

m=1
and so Ry(L-U) = (1,a,d?,...,a"1).

Next, suppose that j =1 or 2. If j = 1, then we have

n
(L-U)ip = Z LimUm1 = L;1U1 1 = F(i),

m=1

from which we deduce that Ci(L-U) = (F(1), F(2),...,F(n))?. Similarly, if j = 2,
then we have

(L-U)j2=1xa=a,

and for 7 > 1

(L-U)i2 =Y LixUs2
k=1

=L;1Uio+Li2Usp=0aF()+F(i+1)—1—(F@)—1a=F(i+1)—1+a,
and so we get Co(L-U) = (a,1+a,2+a,....,F(i+1)—1+a,...,F(n+1)—1+a)T.
Finally, we assume that 2 <¢ < n and 3 < j < n. Now, we claim that
(4.28) (L-U)ij=(L-U)ima 1+ (L- Ui

Here, we verify (4.28) by a direct calculation. We split the proof into two cases i = 2
and ¢ > 2.
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Case 1. i = 2. Here, by an easy computation we obtain

2
(L-U)s; = Z Lo Up j—1 = ot al?

m=1

and

1 1
(L- U)o+ (LU= LimUnj1+ Y LimUnj =a’ % +a7 7,
m=1

m=1

and so
(L-U)zj=(L-Uj1+(L-Uy,
as required.

Case 2. 1 > 2. In this case we have

j—1 j—1 J
j—1—m j—m
(L-U)iz1,j—1 = E LioimUm,j—1 = E a’ Licim= E @’ " Li—1,m—1,
m=1 m=1 m=2

and

J J
(L-U)i—1,, = Z Li1mUp,; = Z @ L1 m.
m=1

m=1
Therefore, by (4.27) we obtain
(L-U)i—1,j-1+ (L-U)i-1,

J
=a' PLiia+d 'Liig+d Lo+ Z @’ "™ (Li—1,m—1 + Li—1,m)
m=3
= PF(i—1)+a 'Fi— 1)+ *[F(i) = 1— (F(i—1) = )a]+ Y _ @’ "Lim
m=3

= VF(i— 1)+ a2 F(i 1)+ F(i) =1 — (F(i — 1) — 1)a] + i " Lim
m=3

=a Y (F(i—1)+F(i—2))+a 2[F(i+1)—1—(F(i—1)+F(i—2)—1)a]+ 2]: a’ " Ly m
m=3
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=a'F@i)+a ?[F(i+1)—1— (F(i) — 1)a] + i: ™" Lim
m=3

= (L-U)iy;
as desired. The proof of the theorem is now complete. O

In what follows, we concentrate our attention on arithmetic sequence (%) and
we consider the matrices A, ) z(n). The following theorem contains an interesting
result which is simple at the same time, and so we leave its proof to the reader.

THEOREM 4.9. Let A= A @) #(n) and D(n) = det A. Then we have
D(n) =d" *D(1)+d" 2D(2)+---+d*D(n—2) + D(n — 1),
or equivalently
D(n)=(1+d)D(n—1)+d(d—-1)D(n—2).
In particular, when d =1 and n > 2, we obtain det A = 2"~2. (Note that in this case

we have A = A, ) z(n).)

4.5. On the matrices Az ) (n). In this part, we pay attention to the matrices
of kind Ag, &) (n) and try to find their determinants. For the case k = 1, we have
the interesting result contained in the following theorem, but the general case seems
to be a hard problem.

THEOREM 4.10. Let A(n) = Ar(n). Then, we have

0 n is even,

det A(n) = { .

n is odd.

Proof. Let A(n) = (@i j)1<i,j<n- First of all, by the structure of A(n), we notice
that

(4.29) Ai—1,n = Qin—1 forall 1 <i<n.
and
(430) ap—2n = Qn—1,n—1-

Assume first that n is even. We will show that the column rank of A(n) < n, in other
words we show that

Ci(A(n)) + C3(A(n)) + - + Cr1(A(n)) = Cn(A(n)),
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or equivalently
(4.31) i1+ a;3+a;5+ ...+ a;n-1= Qjn, 1< <n.

It is obvious that the above claim immediately implies det A(n) = 0.

We verify the claim (4.31) for 1 < i < n —1 and ¢ = n, separately. First, we
suppose that 1 <7 <n — 1 and apply induction on 7. If i = 1, then we have

arptarztars+-tarn=F1L)+FB)+F(5)+---+F(n—1)=F(n)=ain.
Also, if i = 2, we obtain

ag1+azsz+ass+--+agp1=2+FA4)+F6)+ -+ F(n)=F(n+1)=agn,.
Suppose now that i > 3. By induction hypothesis, we have

(4.32) Ai—11 + Qi—13+ + Gim1n—1 = Qi—1,n;

or equivalently

I+ai—21+ (ai—22+ai—23)+ (@i—24+ai—25)+ -+ (Gi—2n—2+Gi—2n—1) = Gi—1.n;
from which we deduce that

(4.33) 14+ai12+ai—1a+tai—16+ -+ a-1,n—2+a-2n-1=a—1n-

Therefore, we obtain

Qi;n = Qi—1n-1+ ai—1,n (by definition)
= Gi—2n+ai—1,n (by (4.29))
= l4ai12+ai1a+ai-16+ - +ai-1n-2+a -2n1~+ai—2n (by (433))
= l4ai12+a-1a+ai16+ - -+ai—1,n2+ai—1,n (by definition)
14+ ai—11+ai—1,2+ai—1,3+aic1,a+ -+ aicin—2 + ai—1,n—1 (by (4.32))
= (14ai—11)+ (aic12+ai—1,3)+(@ic1,a+ai15)+ -+ (@Gicin2+ai—1n-1)

= i1 +tai3+ a5+ "+ an-1,

as desired. In fact, we proved that

(434) Qi1 + a3 + a5 + ...+ Qjn—1 = Qjn, 1 S ) S n— 1.

Now, we suppose that ¢ = n. In this case we have
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nn =  Gn—1,n—1 + an-1,n (by definition)

=  Gn-2,;n+ an-1,n (by (4.30))
an-11+Gn-13+an-15+ ...+ @n-1,n-1 + @n—2n (by (4.34) for i =n —1)
= l+4an—21+an-22+0n-23+ - +an-2n-2+an-2n-1+an-2n (by definition)
= l4an12+an14+a-16+ - +ai-1n-2+an_1,n (by definition)
= (I+4an-11)+ (@n-1,2 +an-1,3) + (@n-1,4 + @Gn-15) + - + (@n-1,n—2 + Gn—1,n—1)
(by (4.34) for i =n — 1)
= Qn1+an3+ans+-+ann-1,

which completes the proof of (4.31).

Assume next that n is odd. For n = 3,5 the result is straightforward. Let n > 7.
We introduce the upper triangular square matrix

T
In-axn-2|0 0O
B(n) = 11 1 0
12) 0 1
of order n, wherervy; = (-1,0,-1,0,...,-1,0,—1) and v = (—-1,0,-1,0,...,—1,0,—2).
2—periodic 2—periodic

It is not difficult to see that

where B = Cp,_1(A(n)(n,n-1]), C = Cn(A(n)[n,n—1)) and where * is an entry being ob-
tained by multiplying row n of B(n) and column n of A(n), and the reader himself can
check it similar to the previous case. This clearly implies that det A(n) = det A(n—2),
and so det A(n) = 1, as desired. O

4.6. On a generalized Pascal triangle. In this final subsection, we consider
the generalized Pascal triangle matrices Pr ,(n) with n > 2, and obtain their deter-
minants. In fact, we prove the following theorem.

THEOREM 4.11. Let P = Pr,(n) with n > 2. Then we have det P = 2"~2,

Proof. As before, we use LU-factorization method. We claim that
P=L-U,

where
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with F = (F(2), F(3),..., F(n))T and where U = (U; j)1<; j<n with

0 1> 7,
U . — j =1,
“J Uifl,j71 + U@jfl Z;é 3,1<i<y,

U37];1 - UQJ;Q + 2U27j71 1=3,3<75.

Since the proof of P = L - U is quite similar to the previous ones, we stop here.

Notice that, the matrix L is a lower triangular one with 1’s on the diagonal,

whereas U is an upper triangular matrix with diagonal entries 1,1,2,2,2,...,2. It is
obvious that the claim immediately implies the theorem. O
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