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POLYNOMIALS IN THE MONOMIAL BASIS*

FERNANDO DE TERAN'T, CARLA HERNANDO', AND JAVIER PEREZ}

Abstract. In the framework of Polynomial Eigenvalue Problems (PEPs), most of the matrix polynomials arising in
applications are structured polynomials (namely, (skew-)symmetric, (skew-)Hermitian, (anti-)palindromic, or alternating). The
standard way to solve PEPs is by means of linearizations. The most frequently used linearizations belong to general constructions,
valid for all matrix polynomials of a fixed degree, known as companion linearizations. It is well known, however, that it is not
possible to construct companion linearizations that preserve any of the previous structures for matrix polynomials of even
degree. This motivates the search for more general companion forms, in particular companion £-ifications. In this paper, we
present, for the first time, a family of (generalized) companion f-ifications that preserve any of these structures, for matrix
polynomials of degree k = (2d + 1)¢. We also show how to construct sparse (-ifications within this family. Finally, we prove that
there are no structured companion quadratifications for quartic matrix polynomials.
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1. Introduction. Matrix polynomials
k

(1.1) P(\) =) NP, with Ry, ..., P, € F"™*",
j=0

(where F is an arbitrary field) arise frequently associated with Polynomial Figenvalue Problems (PEPs)
(see, for instance, [6, 41, 45]). The standard way to solve PEPs is by means of (strong) linearizations (see
Definition 2.1), which are matrix pencils (namely, matrix polynomials of grade 1, see Section 2), that allow
to recover the relevant information of the PEP (the so-called eigenstructure). Two particular interesting
features of linearizations from the point of view of applications are being ‘easily constructible’ from the
coefficients, Py, ..., Py, of the polynomial, and valid for all matrix polynomials of a given grade. This is the
case, for instance, of the classical Frobenius companion pencils

P, P,y Poo -+ R
I, I, 0 - 0

(1.2) Fi(\):= A . + |, and BV =F(V)?,
I, 0 ~I, 0
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where (-)® means block transposition. These pencils are particular cases of companion linearizations for

grade-k matrix polynomials (1.1). These are block-partitioned symbolic constructions that depend on the
coefficients of the polynomial and which are strong linearizations for all matrix polynomials of a fixed grade.
One of the main advantages of these linearizations is that they are easily constructible (you just need to
place the coefficients of the polynomial in some specific positions, together with other entries, typically
some identities, though there can be other additional entries involved) and that they are valid for all matrix
polynomials. In the recent years, several families of companion linearizations have been introduced in the
literature [3, 11, 12, 18, 26, 46].

One relevant feature of matrix polynomials that usually arise in applications is the structure. Here, the
term ‘structure’ refers to certain symmetries in the entries of the coeflicients, Py, . .., Pk, of the matrix polyno-
mial. In particular, the most frequently studied structures in the context of PEPs are the (skew-)symmetric,
the (skew-)Hermitian, the(anti-)palindromic, and the alternating structures [1, 6, 8, 9, 33, 38, 39, 42] (see
Definition 2.11 for the formal definition of all these structures). The symmetries on the coefficients that
define all these structures imply certain symmetries in the spectral structure of the matrix polynomial (for
instance, in the spectrum). If these symmetries in the coefficients of the polynomial are not preserved in the
linearization, then, as a consequence of the rounding errors that would affect the corresponding numerical
method (which is applied to the linearization), the symmetries in the spectrum would be lost, providing
meaningless results. Therefore, it is important to look for linearizations that preserve these symmetries in
the coefficients of the matrix polynomial. We will refer to these linearizations as structured linearizations.
The interest of the community in such constructions resulted in several families of structured linearizations
(not companion) [4, 38]. Later on, structured companion linearizations were obtained for the palindromic
structure [14, 19], for the symmetric structure [10, 13, 15, 16], and for all of them [28] (note that some
of these are quite recent references). However, these structured companion linearizations are not valid for
all polynomials. Actually, as it was discovered in [21, Theorems 7.20 and 7.21], there are no compan-
ion linearizations for structured matrix polynomials with even grade, for any of the structures mentioned
so far.

The non-existence of structured companion linearizations motivates the search for other constructions
that allow to recover the eigenstructure of the matrix polynomial (1.1) through a matrix polynomial with
higher grade ¢ > 1. A particular case of these constructions is the companion (-ifications (see Definitions 2.2
and 2.3). These are block-partitioned matrix polynomials of grade ¢, with blocks of size n x n (like companion
linearizations) that contain the coefficients, Py, ..., Py, of the polynomial among their blocks and that allow
to recover the eigenstructure of the matrix polynomial, as companion linearizations do (in particular, they
include companion linearizations, when ¢ = 1). Companion ¢-ifications for general (non-structured) matrix
polynomials have been considered in several recent references [7, 21, 24, 27]. In particular, a relevant family,
known as companion block-Kronecker (-ifications, has been recently introduced in [27], extending the family
of block-Kronecker linearizations [26].

However, so far no families of structured companion f-ifications are known, apart from some particular
examples provided in [26, Example 5] for the symmetric structure, or the strong linearization introduced in
[36] for the palindromic structure, which is quasi-companion, but not exactly companion (see Section 5).

In this paper, we introduce a family of structured /f-ifications, valid for all divisors, ¢, of the grade k
of the matrix polynomial (1.1) such that k = (2d + 1)¢, for some d, namely k is the product of ¢ times an
odd number. We obtain a family of ¢-ifications for any of the structures mentioned so far (i.e., the ones in
Definition 2.11). Our construction is a particular case of the block-minimal bases (-ifications introduced in
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[26]. More precisely, we choose a particular minimal basis that allows us to create structured constructions
which lie in the family of [27]. One of the features of these families is that they allow to recover the minimal
indices (which is part of the eigenstructure, and not preserved by general (-ifications) of the matrix polynomial
(1.1) from the minimal indices of any (-ification in the families. In particular, we provide explicit and very
elementary formulas for the minimal indices of the matrix polynomial in terms of the minimal indices of
these f-ifications. These formulas are a direct consequence of the general recovery formulas provided in [27]
for the block-minimal bases ¢-ifications.

We are particularly interested in sparse constructions, namely those having the smallest possible number
of nonzero block entries. Sparsity is a feature that raises when looking for the simplest constructions, but
also has a numerical motivation, since one could devise more efficient algorithms by taking advantage of the
sparsity. We first determine the smallest possible number of nonzero block entries in any /¢-ification in the
families considered in the paper, and then we provide a procedure to construct f-ifications with exactly this
number of nonzero block entries. In particular, this number is only attainable for the palindromic structure,
since, as we see in Corollary 4.11, for the (skew)-symmetric, (skew-)Hermitian, and alternating structures,
all ¢-ifications in the proposed family have a larger number of nonzero entries (this number is determined in
the proof of this corollary).

After the previous considerations, a natural question arises: Is it possible to obtain similar constructions
when k = (2d)¢? In this paper, we deal mainly with the notion of what we call generalized companion
L-ification (see Definition 2.3), instead of the one of companion (-ification (or companion form), which is
used, for instance, in [19, Definition 1.1] and [21, Definition 5.1] (see Definition 2.2). The first notion allows
for more flexibility in the blocks. More precisely, they are polynomials in the coefficients, Py, ..., Pk, of the
matrix polynomial (1.1) so, for instance, sums and products of these coefficients may appear in the blocks
of a generalized companion f-ification. However, in the last notion, the only nonzero blocks allowed are of
the form I,, or Pj, for j = 0,...,k, up to multiplication by scalars (namely, numbers in F). This notion
of companion form is consistent with the use of the term ‘companion’ in several references on companion
matrices for scalar polynomials, like [29, 30]. Despite its apparently restrictive definition, all the seminal
families of companion-like linearizations (namely, the Fiedler-like families [3, 11, 12, 18, 46]) consist of this
kind of constructions, and the block-Kronecker family [26] also contains many pencils of this form. Moreover,
all the structured families that we present in this work include such constructions. Therefore, to consider
companion {-ifications instead of generalized companion f-ifications makes sense. So the question at the
beginning of this paragraph can be split into the following two questions: (Q1) Is it possible to obtain
structured generalized companion (-ifications for matrix polynomials with grade & = (2d)¢? and (Q2) Is
it possible to obtain structured companion {-ifications for matrix polynomials with grade k = (2d)¢? The
answer to (Q1) is positive. In particular, it is possible to easily construct structured generalized companion
quadratifications (¢ = 2) for palindromic matrix polynomials of grade k = 4d from the quadratifications
introduced in [36] (see the example at the beginning of Section 5). However, these constructions involve the
product of several coefficients of the original matrix polynomial (1.1), so they are not just companion. In
Section 5, we prove that there are no structured companion quadratifications for quartic matrix polynomials
(that is, k = 4), which means that the answer to (Q2) is negative when d = 1 and ¢ = 2. Then, constructions
like the ones mentioned above are not possible (at least for k = 2¢ and ¢ = 2) if we restrict ourselves to
companion forms instead of generalized companion forms.

Finally, we want to emphasize that in this work we are just considering square matrix polynomials
which are expressed in the monomial basis. First, it makes no sense to consider rectangular polynomials,
because the structure imposes that the matrix polynomial must have square coefficients. However, most of
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the families of linearizations or ¢-ifications known so far are valid for rectangular matrix polynomials (see, for
instance, [20, 26, 27]). As for the polynomial basis, several authors have considered linearizations of matrix
polynomials in different polynomials bases [2, 5, 17, 31, 37, 43, 44].

The paper is organized as follows. In Section 2, we introduce or recall the notation and the basic notions
and tools that are used in further sections of the manuscript. Section 3 presents the general construction
(namely, the ‘(strong) block-minimal bases matrix polynomials’) that motivates our structured f-ifications,
together with the fundamental result on which they rely (Theorem 3.2). A natural extension to structured
matrix polynomials of grade ¢ is also introduced. Section 4 is the main section of this manuscript, where we
present our constructions. The main results are Theorems 4.5 and 4.6. Then, in Subsection 4.1, we analyze
the sparse structured f-ifications within the new families. In Section 5, we show that there are no structured
companion quadratifications for quartic matrix polynomials (Theorem 5.1) and, finally, in Section 6, we
summarize the main results of the manuscript and present some lines of further research.

2. Preliminaries. Throughout the paper, we use the following notation. Let F be an arbitrary field,
and we denote by F[)] the ring of polynomials in the variable A with coeflicients in F and by F(X) the field
of rational functions with coefficients in F. The algebraic closure of F is denoted by F. The set of m x n
matrices with entries in F[A] or F()\) are, respectively, denoted by F[A]"*™ or F(\)™*".

We say that the nonzero matrix polynomial P(\) in (1.1) has grade k. Note that some of the coefficients
P;, including the leading coefficient Py, may be the zero matrix. The degree of P()), denoted by deg(P), is
the largest integer, j > 0, such that P; # 0. In particular, when k = 1, we say that P()) is a matriz pencil.
A matrix polynomial is said to be unimodular if its determinant is a nonzero constant.

We recall the notation for some matrix operations that we use in this paper. The set of n X n invertible
matrices with entries in F is denoted by GL(n, F). Given two matrices A and B, A® B denotes their Kronecker
product [34]. Now, let A € F™*" be a constant matrix. Then, AT denotes the transpose of A, A* denotes
the conjugate transpose of A, which is used only when F = C, and A* denotes either the transpose or the
conjugate transpose. Finally, when F = C again, A is a matrix whose entries are the conjugate of the entries
of A, so A = A when F = R. When these operations on constant matrices are applied on matrix polynomials,
the matrix polynomial is seen as follows: P¢(\) = E?:o /\ij<>, where = {T,*,%} and P(\) = Z?:o N P;,
that is, these operations are just applied on the coefficients of the matrix polynomial P(\) and not to the
variable A.

Another notion for square matrices that plays an important role in this work is the one of coninvolutory
matrix [35], which is a matrix A € F"*" such that A- A = I,,. When F = R, coninvolutory matrices are
known as involutory matrices, and the condition reads A% = I,,.

In our analysis of strong /l-ifications for matrix polynomials, we consider the rev operator. In what
follows, the kth reversal of P(\) is the polynomial revyP()) = Zf:o N Py, obtained by reversing the
order of the coefficients of P()).

DEFINITION 2.1 ([21, Definition 3.3]). A matrix polynomial L()) of grade ¢ is said to be an (-ification
of a given n x n matrix polynomial P()) of grade k if, for some s > 0, there exist two unimodular matrix
polynomials U(A) and V() such that
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If, additionally, the matrix polynomial revyL(\) is an f-ification of revy P(\), then L(\) is said to be a strong
¢-ification of P(A). When ¢ = 1, (strong) ¢-ifications are called (strong) linearizations. When £ = 2, (strong)
(-ifications are called (strong) quadratifications.

The main motivation for dealing with (strong) ¢-ifications of a matrix polynomial is to recover all the
(scalar) spectral information of the polynomial, namely: (a) the finite elementary divisors (finite eigenvalues
together with their multiplicities), (b) the infinite elementary divisors (infinite eigenvalue, together with its
multiplicities), (c) right minimal indices, and (d) left minimal indices.

We refer the reader to [21, Section 7.1] for more details on the spectral information.

Any strong f-ification L(A) of a matrix polynomial P(A) has the same finite and infinite elementary
divisors as P(A) [21, Theorem 4.1] and the same number of left (resp. right) minimal indices. However, the
set of left (resp. right) minimal indices of L(A) and P()) can be different. Therefore, in order to recover all
the spectral information, it is important to provide formulas to recover the left and right minimal indices of
P(\) from those of the ¢-ification. In Theorems 4.5 and 4.6, which are the main new results in Sections 3
and 4, we will show the relationship between the left and right minimal indices of the proposed f-ifications
and those of the original polynomial.

The notion of companion form (of grade £) was introduced, for the first time, in [21, Definition 5.1] as a
uniform template of grade-¢ matrix polynomials, which are constructed from the entries in the coefficients of
P()), in such a way that they are strong (-ifications for every matrix polynomial P()\). We refer the reader,
again, to [21] for more information on this concept and its properties. Nonetheless, as the authors commented
just after [21, Definition 5.1], the most common way to build such f(-ifications is by means of a template
obtained after block-partitioning each coefficient of the grade-¢ matrix polynomial in such a way that each
nonzero block is either an identity or a coefficient, FPy,. .., P, of the matrix polynomial (up to constants).
This more restrictive definition corresponds to the notion of companion form in [19] for matrix pencils, and
its natural extension to grade-¢ matrix polynomials leads to the notion of companion form (of grade £) (or
companion €-ification, to abbreviate) that we will use in this paper. It is presented in Definition 2.2.

DEFINITION 2.2. Given a divisor, ¢, of k, a companion £-ification for n X n matrix polynomials P(\) of
grade k is an "7’“ X ”7}“ block-partitioned matrix polynomial L(\) = Zf:o A L; of grade ¢ with % X % blocks
of size n x n such that:

(a) each nonzero block of L;, for i = 0,...,¢, is either of the form al,, or aP;, for some j =0,1,...,k,
and o € F\{0}, and
(b) L(X) is a strong ¢-ification for every n X n matrix polynomial of grade k.

The following notion is an extension, to matrix polynomials of grade ¢, of the family of generalized
companion pencils introduced in [25]. This notion allows for more flexibility in the nonzero blocks of L(\)
than Definition 2.2.

DEFINITION 2.3. A generalized companion {-ification for n X n matrix polynomials P()) of grade k as
in (1.1)is a ”7’“ X "Tk block-partitioned matrix polynomial L(\) = Zfzo A L; of grade £ with % X % blocks of
size n x n such that:

(a) each nonzero block of L;, for i = 0,...,¢, is a polynomial in Py,..., Py (i.e., it belongs to F[Py, ...,
Py]), and
(b) L(A) is a strong ¢-ification for every n X n matrix polynomial of grade k.
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Our goal in this paper is the construction of structure-preserving strong (-ifications for structured matrix
polynomials, for any of the structures introduced in Definition 2.11. By a structured (generalized) companion
L-ification, we mean a (generalized) companion f-ification with the additional property that it is structured
whenever P () is. These structured ¢-ifications will be addressed in Section 4.

All the families of strong (-ifications that we present in this paper are generalized companion f-ifications.
We particularize to the notion of structured companion ¢-ification (not generalized) only in Section 5, where
we prove that there are no structured companion quadratifications for structured quartic matrix polynomials.

2.1. Dual minimal bases. Another fundamental concept in this work is the one of dual minimal
bases. The name of ‘dual minimal bases’ and its definition were introduced in [22, Definition 2.10], but their
origins go back to [32]. This is the essential tool in the development of the block-Kronecker linearizations
and f-ifications [26]-[27] and also for linearizations in other bases other than the monomial basis [44].

By rank P()\g), we mean the rank of the constant matrix P()g), obtained by evaluating the matrix
polynomial P()A) as in (1.1) at A\g. We say that P(\g) has full row (resp. column) rank if rank P(Ag) = m
(resp. rank P(\g) = n). The ith row degree of a matrix polynomial P()\) is the degree of the ith row of P(X)
(namely, the largest degree of the entries of this row).

We also need the following notions that can be found, for instance, in [22].

DEFINITION 2.4. Let P(A) € F[A]™*™ be a matrix polynomial with row degrees k1, ..., k;,. The highest
row degree coefficient matriz of P(\), denoted by Py, is the m x n constant matrix whose ith row is the
coefficient of A\¥+ in the ith row of P()), for i = 1,...,m. The matrix polynomial P()\) is called row reduced
if Py, has full row rank.

DEFINITION 2.5. The matrix polynomial P(X) € F[A\]"*™ is a minimal basis if and only if the following
conditions are satisfied:

(a) P(X) is row reduced, and
(b) P()\o) has full row rank for all \ € F.

DEFINITION 2.6. Two matrix polynomials P(\) € F[A]"**™ and Q(X) € F[\]"2*™ are called dual mini-
mal bases if the following conditions are satisfied:

(a) P(\) and Q(\) are both minimal bases,
(b) mq +mg =n, and
(c) PNQT(N) =0.

The following matrix polynomials, which are dual minimal bases (see Definition 2.6), are known as ‘block-
Kronecker dual minimal bases’. We will use these dual minimal bases in Section 4 to construct structured
generalized companion (-ifications of a matrix polynomial P(A). The main advantage of these particular
minimal bases relies on their simplicity, which allows, in particular, to easily relate the f-ification with the
original polynomial P(\):

-1 A
-1 A

(2.3) La(\) : . e F\>@+D - and
-1 A
(2.4) AgN) =A% o X 1] e FAPX@FD,
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Note that Lq(\) and A (\) satisfy all the conditions in Definition 2.6, so they are dual minimal bases.
The following lemma shows how to easily obtain other pairs of dual minimal bases extending the block-
Kronecker dual minimal bases to higher degrees.

LEMMA 2.7 ([27, Lemma 3.6]). Let Ly(A\) and A} (\) be the matriz polynomials defined, respectively,
in (2.3) and (2.4). Then, for any £ € N the following statements hold.

(a) The matriz polynomials La(\*) and A} (\*) are dual minimal bases.
(b) For any n € N, the matriz polynomials Lqy(\*) ® I,, and AJ (\Y) ® I, are dual minimal bases.

Notice that Ly(A?) and A (A) are matrix polynomials with constant row degrees £ and ¢d, respectively. The
same holds for the matrix polynomials in Lemma 2.7-(b).

Theorem 2.8 establishes several properties of minimal bases. In particular, it is shown that there exists
a direct relation between a minimal basis, whose row degrees are all equal, and its reversal.

THEOREM 2.8 ([26, Theorem 3.7]). The following statements hold.

(a) Let P(\) be a minimal basis whose row degrees are all equal to j. Then rev,;P(X) is also a minimal
basis whose row degrees are all equal to j.

(b) Let P(X\) and Q(\) be dual minimal bases. If the row degrees of P(\) are all equal to j and the row
degrees of Q(X) are all equal to i, then rev;P(X) and rev;Q(N) are also dual minimal bases with all
the row degrees of rev;P(X) equal to j and all the row degrees of rev;,Q(X) equal to i.

2.2. Mobius transformations and M 4-structured matrix polynomials. Md&bius transformations
have become a relevant tool in the theory of structured matrix polynomials. They have been used in the
framework of matrix polynomials, at least, since 2006 to relate structured matrix polynomials having different
structures [38]. More recently, in [28] the authors showed that M&bius transformations for matrix polynomials
allow to provide a common framework for the most frequent classes of structured matrix polynomials, such as
(skew-)symmetric, (skew-)Hermitian, (anti-)palindromic, and alternating polynomials. A thorough study on
the influence of Mébius transformations on relevant properties of general matrix polynomials over arbitrary
fields has been carried out in [40].

DEFINITION 2.9. Let A = [‘;Z} € GL(2,F). The Mébius transformation of P(\) := Z?:o AN P; induced
by A is defined by

k
MA[P](A) :=>_ Pj(aX+b)? (A + d)F .
j=0

In order to simplify the exposition, from now on we write M4[P] := M4 [P]()\). We will write the
parameter A\ only when needed.

The following proposition includes general properties of Mébius transformations that we will use through-
out this work. They can be found, for instance, in [28, Proposition 3.4 and Theorem 3.5].

PROPOSITION 2.10. For any A, B € GL(2,T) the following statements hold.

(a) M4[C] = C, for any m x n constant matriz C'.

(b) Mpga[P] = B*¥Ma[P], for any m x n matriz polynomial P(\) of grade k and any 3 € F.

(c) Ma[BP] = SMa[P].



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 37, pp. 35-71, January 2021.

AS

F. de Teran et al. 42

(d) M4[P 4+ Q] = M4[P] +M4[Q], for any m X n matriz polynomials P(\) and Q(\) both of grade k.
(e) Let P(X\) and Q(N\) be two matriz polynomials of grades ki and ks, respectively. If P(A\)Q(X) is
defined, then MA[PQ] = Ma[P|Ma[Q], where P(A)Q(X) is considered as a matriz polynomial of
grade k1 + ks.
) If Q(A\) = P(A\) ® I, then M4[Q] = Ma[P]| ® I,.
g) Ma[P"] =Mu[P]".
(h) IfF = C, then Ma[P] = M#[P] and M4[P]* = M%[P*] = Mx[P] .

) Mdbius transformations act block-wise, that is, [Ma[P]];; = M4 [Pi;], for any row and column index

—~
L)

sets i and j, and where [P(\)];; has to be considered as a matriz polynomial with a grade equal to
the grade of P()).

(j) Mp[Ma[P]] = Map[P].

(k) Let P(X) be a minimal basis whose row degrees are all equal to j. Then M4[P] is also a minimal
basis whose row degrees are all equal to j.

(1) Let P(X\) and Q(\) be dual minimal bases. If the row degrees of P(\) are all equal to j and the row
degrees of Q(N) are all equal to i, then M4 [P] and M 4[Q)] are also dual minimal bases with all the
row degrees of M 4[P] equal to j and all the row degrees of M 4[Q)] equal to i.

As mentioned before, the advantage of using Mobius transformations is the possibility of unifying all the
known structures of matrix polynomials in a general family. In particular, we are interested in the classes
of (skew-)symmetric, (skew-)Hermitian, (anti-)palindromic, and alternating matrix polynomials (they were
also studied in detail in [28]). In the following definition, we show the conditions that define any of these
structures, relating each of these conditions to the corresponding Mé6bius transformation.

DEFINITION 2.11 ([40, Definition 9.6]). Let A1 = [§1], A2 = [ 7], and A3 = [7§] (they all belong
to GL(2,F)). An n X n matrix polynomial P(\) of grade k is

(a) x-symmetric if P*(\) = P(X\) := My, [P],

(b) *-skew-symmetric if P*(\) = —P(\) := =My, [P],

(c) *-even if P*(A) = P(=M\) := My, [P],

(d) *-odd if P*(\) = —P(—=\) = —M 4, [P],

(e) *-palindromic if P*(\) = revyP(\) := Mu,[P], and

(f) *-anti-palindromic if P*(\) = —revpP(\) := —M 4, [P].

The name *-alternating is also used for both x-even and x-odd structures. A x-symmetric (respectively,
x-skew-symmetric) matrix polynomial is usually known as Hermitian (resp., skew-Hermitian).

In [28, Definition 3.6], in order to unify all the identities for the different structures appearing in Definition
2.11 in a unique identity, the authors introduced the notion of ‘M 4-structured matrix polynomial’ for matrix
polynomials of odd grade k. To be precise, the matrix polynomial P(X) is M 4-structured if it satisfies the
identity M4[P] = P*(\). The x-symmetric, x-even, and x-palindromic structures in Definition 2.11 satisfy
this particular identity, for any grade of P()), and for the appropriate matrix A. Instead, the x-skew-
symmetric, x-odd, and *-anti-palindromic structures satisfy the identity —M4[P] = P*(\), for any grade k,
which is equivalent to M 4[—P] = P*(\), by Proposition 2.10-(c).

Notice that, by Proposition 2.10-(b), for any odd grade k, the identity M4[—P] = M_4[P] holds. This
allowed the authors of [28] to unify all the structures in Definition 2.11 via Mobius transformations in a
unique identity (i.e., Mi4[P] = P*()\), for appropriate choices of A) valid for matrix polynomials of odd
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grade. The previous identity is no longer true for matrix polynomials of even grade. Therefore, in order to
introduce an identity that unifies all the identities in Definition 2.11, for any grade k (even or odd) we need
to consider both the (+) and (—) sign. This is done in the following definition, which extends the notion of
M 4-structured matrix polynomial, introduced in [28, Definition 3.6] for matrix polynomials of odd grade, to
matrix polynomials of any grade.

DEFINITION 2.12. Let P(\) = Z?:o N P; € F[A]™*"™, such that k € N, and let A € GL(2,F). Then, the
matrix polynomial P()) is said to be M 4-structured if it satisfies

(2.5) Ma[P] = P*()), or Ma[—P] = P*(\).

In Section 4, we consider the problem of finding ¢-ifications of an M 4-structured matrix polynomial, in
a structure-preserving way, for all the structures in Definition 2.11. Notice that the matrices Ay, Ao, and Ag
in Definition 2.11 are coninvolutory. This property will be relevant to guarantee that the constructions are
indeed M 4-structured.

3. (Ma-structured) block minimal bases matrix polynomials. We first review the family of
(strong) block minimal bases grade-¢ matrix polynomials introduced in [27]. Most of the linearizations,
quadratifications and, in general, (-ifications known so far belong to this wide family (up to permutations).
Some examples can be found in [27, Section 4.1].

DEFINITION 3.1 ([27, Definition 4.1]). A grade-¢ matrix polynomial of the form

.
36) £ = [Ij\é(a)) KQO(A)} 7

where M (\) is an arbitrary grade-¢ matrix polynomial, is called a block minimal bases matriz polynomial if
K;(X\) and K3(X) are both minimal bases. If, in addition, the row degrees of K;()) are all equal to ¢, the
row degrees of Ks(\) are all equal to ¢, the row degrees of a minimal basis dual to K7 (\) are all equal to
each other, and the row degrees of a minimal basis dual to K2()) are all equal to each other, then £()) is
called a strong block minimal bases degree-f matriz polynomial.

The following theorem shows that every strong block minimal bases degree-¢ matrix polynomial is always
a strong f(-ification of a certain matrix polynomial P(\). Furthermore, it is also shown that there exists a
simple shift relation between the minimal indices of £(\) and P()).

THEOREM 3.2 ([27, Theorems 4.2 and 6.2]). Let K1(\) and N1(\) be dual minimal bases, and let Ko(X)
and N2(X) be other dual minimal bases. Consider the matriz polynomial

(3.7) P(A) := N2(N)M AN (V)
and the block minimal bases matriz polynomial L(X) in (3.6). Then:

(a) L(A) is an L-ification of P(\).

(b) If L(X) is a strong block minimal bases degree-¢ matriz polynomial, then

(b1) L(N) is a strong L-ification of P(X), when P(\) is considered as a polynomial with grade {+deg(Ny)+
deg(N2),

(b2) if 0 < €1 < e <--- <€y are the right minimal indices of P(\), then e +deg(N1) < ea +deg(N7) <
-+ < e, +deg(Ny) are the right minimal indices of L(X), and
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(b3) #f 0 <m <mo <--- <y are the left minimal indices of P(X), then n1 + deg(N2) < 12 + deg(N2)
<o <y + deg(N2) are the left minimal indices of L(X).

In the following remark, we show the relation between the grade and size of the matrix polynomial P())
as in (3.7) and its strong {-ification £(A) as in (3.6) when P(\) is square.

REMARK 3.3. Assume that P()\) := No(A\)M(A\)N; (\) as in (3.7) has size n x n and grade k = £ +
deg(Ny) +deg(Na) := £+ +4s. Let Ny(X) € FIN"*(Fm1) and Ny(\) € F[A]"*("+72) 5o the minimal bases
dual to N;(\) and No(\) are of the form Kj()\) € F[A™*(+m1) and Ky(\) € F[A]™2X("+m2) regpectively,
by Definition 2.6-(b). In addition, it must be ¢fm; = £1n and ¢mg = lon (because K1(\), N1(A), and Ka(A),
Na()), respectively, are dual minimal bases [23, Lemma 3.6-(b)]). Now, adding up these two identities and
using k = £+ 01 + {5, we get

nk
(3.8) lmy+mg)= U1+ Ll)n=(k—0n<sn+m —l—mg:?.
Therefore, ¢ is a divisor of the product size(P) - grade(P), for every £(A) and P(\) as in Theorem 3.2. By
part (bl) in Theorem 3.2, a strong block minimal bases degree-¢ matrix polynomial £(\) as in (3.6) is a
strong (-ification of P(A) and it has size n + my +mo = %, by (3.8).

The following definition is a generalization of [28, Definition 4.3] to grade-¢ matrix polynomials.

DEFINITION 3.4. Let K(\) and N(X) be dual minimal bases, with all the row degrees of K(\) equal to
¢ and with all the row degrees of N(X) equal to each other, and let A € GL(2,F) be a coninvolutory matrix.
Then, an M 4-structured grade-¢ matrix polynomial of the form

(3.9) L) =

M) My [iK]*]

M) My+K]T
K(\) 0 {

ith My [+=M] = M*(\
K()\) 0 ] Wi A[ ] ( )7
is called an M 4-structured strong block minimal bases degree-f matriz polynomial.

Notice that £(\) as in (3.9) satisfies the identity M4 [£L] = L*(X\) (Definition 2.12) if and only if A is
coninvolutory. In particular,

 [Ma[EM] Mg [EMA[£K]]]  [Ma[£M] My [+Mg[+K]"]
Mal#£] = __Mi[ﬁ:K] ! oA }_[Mi[i[(] ! 0 }
_ [Main) M MR | _ [MaREM] Ma [MA[KHT]
| Ma[£K] 0 M4 [£K] 0
_ MM MAA[KF}_ M.a[£M] KT@)}:{M*M) K*(A)} N
| M4 [+K] 0 Mu[+K] 0 Ma[£K] 0 ' '

To get the previous identity, it is important to note that the =+ sign in ££(\) at the beginning is in accordance
with the + sign that appears in (3.9). For this reason, the signs cancel out.

Therefore, any M 4-structured strong block minimal bases degree-¢ matrix polynomial is, as the name
suggests, M 4-structured.

As a corollary of Theorem 3.2, any M 4-structured strong block minimal bases degree-¢ matrix polyno-
mial is always a strong f-ification of a certain M 4-structured matrix polynomial. This is a straightforward
extension of [28, Theorem 4.5] for grade-¢ matrix polynomials.
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THEOREM 3.5. Let K(X\) and N(X) be dual minimal bases, with all the row degrees of K(\) equal to £
and with all the row degrees of N(\) equal to each other. Let A € GL(2,F) be a coninvolutory matriz, and
let L(X) be an My -structured strong block minimal bases degree-f matrix polynomial as in (3.9). Then, the
matriz polynomial L(N) is a strong L-ification of the M 4 -structured matriz polynomial

(3.10) P(A) == (Mz[N]MNT) (N),
of grade £ + 2deg(N). Moreover,

o if 0 < e < e <--- < ¢, are the right minimal indices of P(\), then €1 + deg(N) < ez + deg(N)
<o <¢, +deg(N) are the right minimal indices of L(X), and

o if 0 <m <my <--- <y are the left minimal indices of P(X), then m + deg(N) < 12 + deg(N)
< --- < mp+deg(N) are the left minimal indices of L(X).

Although the proof is very similar to the one of [28, Theorem 4.5], we include it here for completeness.

Proof (of Theorem 3.5). Notice that K(A\)NT(A\) = 0 implies F()\)NT()\) = 0. Then, we have that
+K()\) and £N()\) are dual minimal bases with all the row degrees of £K (\) equal to ¢, and all the row
degrees of £N () equal to deg(N). Then, by Proposition 2.10-(k), we conclude that My[+K] and Mz [£N]
are also dual minimal bases with all the row degrees of M[Z[jzf] equal to ¢, and all the row degrees of
M [£N] equal to deg(N). Therefore, £(\) is a strong block minimal bases degree-¢ matrix polynomial. By
Theorem 3.2, we immediately obtain that £()\) is a strong (-ification of P(\) and that the minimal indices
of L(A) are those of P(A) shifted by deg(NN). We still have to show that P()) is M 4-structured, that is,
M4 [£P] = P*(A\). Computing the Mobius transformation of P(\) associated with the matrix A and using
that A is coninvolutory, together with parts (c), (e), (g), (h), (j) in Proposition 2.10, we get

Ma[£P] = My [+M5[+N]JMNT] = My [Mg[£N]] M4 [£M] M, [N7]
= s NM*M4[N]T = (NT)*M*Mz[£N]* = P*()). 0

For structured matrix polynomials, we rewrite Remark 3.3 as follows.

REMARK 3.6. Let P(\) € F[A]"*™ be a matrix polynomial of grade k = ¢ + 2deg(N) := £ + 2¢; defined
as in (3.10), where N(\) € FIA\|"*("*+™) and K(\) € F[A]™*(+™) are dual minimal bases as in Theorem
3.5. Note that this implies k¥ — £ = 2¢1, so k and £ (the grades of P(\) as in (3.10) and £(\) as in (3.9),
respectively) have the same parity. Then, m = ¢in, by [23, Lemma 3.6-(b)], and replacing ¢; = % in this
identity, we get

k-t nk

(3.11) Em—Tn©n+2m=7.

Now, L£()\) € F[A](H2m)x(n42m) a5 in (3.9) is a strong f-ification of P(\) by Theorem 3.5, and, by (3.11), it
has size n 4+ 2m = ”7}“.

Notice that, in order to look for a unified framework of M 4-structured matrix polynomials, the grade
parity has to be taken into account, as a consequence of Remark 3.6. Therefore, we will analyze both cases
on the grade parity separately (namely, k, ¢ even and k, ¢ odd) when necessary.

The following theorem is a natural extension of [28, Theorem 4.6] to grade-£ matrix polynomials. Now,
we consider the inverse problem, that is, given an M 4-structured matrix polynomial P()), we show how
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to construct a structure-preserving strong f-ification of P(A). This is, actually, the relevant problem we are
interested in, since usually the given input is the matrix polynomial P(\). Recall that the grades of P())
and the strong f-ification must have the same parity, by Remark 3.6.

THEOREM 3.7. Let K(A\) and N(X) be dual minimal bases, with all the row degrees of K(\) equal to £
and with all the row degrees of N(\) equal to each other, and let A € GL(2,F) be a coninvolutory matrix.
Let P(X) be a given M 4 -structured matriz polynomial of grade k := £+ 2deg(N). If M()\) is any solution of
the equation (3.10) (not necessarily M 4-structured), then the grade-£ matriz polynomial

1

M) = 3

(M + Ma[+M]") (),

is an M y-structured solution of (3.10), and the M 4-structured strong block minimal bases degree-{ matriz
polynomial

(3.12) L(A):= [N

_ [; (M + Ma[£M]) (\) Mu[K]"
K(\) 0o |

is a strong (-ification of P(\) := (MZ[:I:N]MNT> (\).

Proof. Since M()) is, by hypothesis, a solution of (3.10), in order to show that M()) is a solution of
(3.10) it suffices to show that M 4[+M]* is also a solution of (3.10), since any affine combination of solutions
of (3.10) is also a solution of (3.10). Using that P(\) is M 4-structured, together with the fact that A is
coninvolutory, as well as parts (c), (e), (g), (h), (j) in Proposition 2.10, we have

*

P(A) =Mu[£P]* = My [+M[+N|MNT]" = (£ENM4[=M]M4[N]T)
= (NM4[EMIMA[£N]T)" = Mg[+NMA[+M]*N .

Furthermore, notice that the matrix polynomial M (N) is M4-structured, because

M [£M] := M4 % (M +Ma[£M])| = % (Ma[£M] + M*) = M*(N),

then £(A) as in (3.12) is an M 4-structured strong block minimal bases degree-¢ matrix polynomial. d

It is important to mention that we can always construct an M 4-structured strong block minimal bases
degree-¢ matrix polynomial as in (3.12), which is a strong ¢-ification of a certain matrix polynomial, not nec-

essarily M 4-structured. However, to guarantee that it is a strong f-ification of P(\) := (MZ[:I:N]MNT> (N,

then P(\) must be M 4-structured (see the proof of Theorem 3.7). We refer the reader to Example 4.8 (at
the end of the example) for more details.

Theorem 3.7 provides a way to construct a family of M 4-structured strong f-ifications of a given M 4-
structured matrix polynomial P()). However, this family depends on two ingredients: (a) a matrix polyno-
mial M (), which is a solution of (3.10), and (b) a pair of dual minimal bases satisfying the conditions of the
statement of Theorem 3.7. In the next section, we will show how to obtain such an M () from the coefficients
of P()\) using some particular dual minimal bases (namely, ‘block-Kronecker dual minimal bases’). This will
give us an M 4-structured generalized companion f-ification of any given M 4-structured matrix polynomial
of grade k. The construction is valid for k = s, with s being an odd number.
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4. My-structured block-Kronecker matrix polynomials. We focus on the problem of constructing
explicitly structure-preserving strong f-ifications for all structures in Definition 2.11. In particular, we will
construct them from a subfamily of Ml 4-structured strong block minimal bases degree-¢ matrix polynomials
(see Definition 4.1).

In [27, Definition 5.6], the authors introduced the notion of (¢, n,n, m)-block-Kronecker degree-¢ matriz
polynomial. We adapt this definition, and the corresponding results, to square matrix polynomials. Then, an
(e,m, €,n)-block-Kronecker degree-¢ matriz polynomial is of the form

| M LI el,
=1L e, 0 '

It is proved in [27, Theorem 5.7] that any (e, n, €, n)-block-Kronecker degree-¢ matrix polynomial is a strong
{-ification of the matrix polynomial

(4.13) P(A) = (AL (X) ® L) M) (A(X) @ I),

of grade (2¢ + 1)¢. Notice that this family of matrix polynomials is a subfamily of the strong block minimal
bases matrix polynomials (Definition 3.1). Furthermore, this family generalizes the block-Kronecker pencils
in [26] from ¢ = 1 to any degree . The main advantage of using this subfamily for constructing strong
¢-ifications is that it is very easy to construct the (1,1) big block M (A) in order to recover the given matrix
polynomial P(\) as in (4.13), due to the choice of the specific block-Kronecker dual minimal bases (Theorems
4.5 and 4.6). In particular, we only have to look for an appropriate matrix polynomial M (\) that allows us to
recover the polynomial P(A) in (4.13), to construct block-Kronecker degree-¢ matrix polynomials. However,
since we are also looking for structure-preserving strong f-ifications, we introduce, in Definition 4.1, the
notion of ‘M 4-structured block-Kronecker degree-¢ matrix polynomial’, extending the one in [28, Definition
5.1], valid for matrix pencils. This is a subfamily of the M 4-structured strong block minimal bases degree-¢
matrix polynomials in Definition 3.4 obtained when particularizing the minimal basis K () to be of the form
Lg(\Y) ® I, with Lg(\) being a Kronecker pencil as in (2.3).

DEFINITION 4.1. Let Lg(\) € F]A\]**(¢+1) be the matrix pencil defined in (2.3), and let A € GL(2,F) be

a coninvolutory matrix. Then a degree-¢ matrix polynomial of the form

M) Mal£Ld (X))@ I,

(4.14) L) = Lo\ ® I, 0

, with Ma[£M] = M*()),

is called an M 4-structured block-Kronecker degree-f matriz polynomial.

The following theorem is a corollary of Theorem 3.5 and, then, a simple extension of [28, Theorem 5.3].

THEOREM 4.2. Let L(A) be an M 4-structured block-Kronecker degree-£ matriz polynomial as in (4.14).

Then, the matriz polynomial L(X) is a strong {-ification of the M a-structured matriz polynomial of grade
(2d+1)¢

(4.15) P(V) = (Ma[EAT (V) @ L) M(A)(Aa(X) ® L),
where Ag(\Y) is as in (2.4). Moreover,

o if0 <€ <e <o < g, are the right minimal indices of P(X\), then eq +dl < ea+dl < --- < g, +dl
are the right minimal indices of L(\), and
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o if0<m <my <--- <y are the left minimal indices of P(X), thenm +dl < mna+dl < --- <mn,+dl
are the left minimal indices of L(\).

As in Remarks 3.3 and 3.6, we show, in the following remark, the relation between the size and the
grade of the polynomials £(\) and P(\) in (4.14) and (4.15), respectively, and we deduce the relation on
the parity of both grades.

REMARK 4.3. Let P(\) be the matrix polynomial in (4.15), with grade k := (2d + 1)¢ and size n x n.
Then, £(A) in (4.14) has size (2d+1)n x (2d+ 1)n. Note that ¢ is a divisor of k, that is, the degree of L()) as
in (4.14) is a divisor of the grade of P(A) as in (4.15). Moreover, k and £ have the same parity, since 2d + 1
is odd.

In Table 1, we list the minimal bases M 4[4 L4](\*) and the conditions on the grade-¢ matrix polynomial
M(X) for M 4-structured block-Kronecker degree-¢ matrix polynomials, according to Definition 2.11. Notice
that the parity of £ is only relevant for the x-even and *-odd structures.

Definition 4.4 introduces three different conditions on the matrix polynomial M (\), extending the ones
in [28, Theorem 5.4] for matrix pencils. They will be used to characterize (structured) strong f-ifications of
the given (structured) matrix polynomial P(X) as in (1.1).

DEFINITION 4.4. Let P(\) = Z?:o N P; € F[A]"*™ be a grade-k matrix polynomial, and let M(\) =
Zf:o N M; € F[AJ(d+nx(@+Dn he g grade-¢ matrix polynomial, with k = (2d + 1)¢, for some d > 0. Let us
partition the matrices M;, for i = 0,1,...,¢, into (d+1) x (d+1) blocks, each of size n x n, and let us denote
the blocks by [M;],,, € F**", for s,t =1,2,...,d+ 1, and i =0,1,...,¢. Then, we say that M ()) satisfies

(AS) the anti-diagonal sum condition for P(X) if

Pp= > [Mex+ Y. [Mey forr=0,1,...,2d+1,
s+t=2d+2—7r s+t=2d+3—r
forr=0,1,...,2d,
Perte = Z [Me]s.e and c=1,2,...,0—1.

s+t=2d+2—1r

TABLE 1
Minimal bases Mg[£Lg](M) and conditions on the grade-f matriz polynomial M()\) = Zf:o N M;, taking into account
the parity of £ when necessary.

Structure ‘ M4 [+ La](\) ‘ Conditions on M(\) = Zf:o AEM; Parity of ¢

*-symmetric M, [La](X) = La(\Y) M} =M, fori=0,1,...,¢ any £

*-skew-symmetric Ma, [~La](ME) = —Lag(A\F) My =—M;, fori=0,1,...,¢ any ¢

oven Moo, [Lal () = La(—\) My* = ]f\/[ii.ail(i)]\l/[%-}—l ;*MQH—M ? odd
(alternating) I ]‘2 ! ; - 7071 2 S 1

M a, [La](XY) = La(A! 20 =Mz, fore==4,4%,...,3, an ¢

Az [Lal(N) a(X) Moiy1* = — Moy, fOl"i:O,lanw%—l even

rodd Mg, [~ La](AY) = — La(—\) My* = ;Jr\J?i_agdlM2i+1€;1: Moy, 7 odd
(alternating) o ]C\} ! 7f - '(')’ . 2 S 1

M, [~ La)(AY) = —Lg(\*) 2 = 20 0T T, gy A ¢ even

MQiJrl* = M2i+1, for i = 0717...,% —1
*-palindromic Ma, [La](AE) = reveLa(A\F) Mp =M, fori=0,1,...,[5 any ¢
x-anti-palindromic | M4, [—Lg](\) = —rev,Lg(\) M} =—M;_; fori=0,1,...,[5] any £
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(ASS) the anti-diagonal signed sum condition for P(X) if

Ppr= Y (D" Molae+ Y (DT M], forr=0,1,...,2d + 1, and
s+t=2d+2—r s+t=2d+3—r
forr=20,1,...,2d
_ _1\d—s+1 s 4y y all,
Peryc = Z (=1) [Me]s0 and c=1,2,...,0—1.

s+t=2d+2—r

(DS) the diagonal sum condition for P(\) if

Py, = Z [Mo)s.e + Z [Mylss forr=0,1,...,2d +1, and

s—t=r—d s—t=r—d—1
forr=0,1,...,2d
Pr c = Mcs o ’ ’
brt _;_d[ Ja. andec=1,2,...,0— 1.

The AS condition was introduced for the first time in [16] for symmetric matrix pencils. The names and
acronyms of the other conditions have been chosen in order to be consistent with this one.

Note that the AS condition states that the sum of the blocks on the (2d+ 1 —r)th block anti-diagonal of
My plus the sum of the blocks on the (2d+ 2 —r)th block anti-diagonal of M, must be equal to the coefficient
Py, of P(\), and that the sum of the remaining blocks on the (2d + 1 — r)th block anti-diagonal of M., for
c=1,2,...,/ —1, must be equal to the coefficient Py, ..

The ASS condition is similar to the AS condition but adding some minus signs in certain blocks, de-
pending on the respective rows they are placed in, together with the parity of d. More precisely,

(—1)d=s+1 = _1 if d is even, in even rows,
if d is odd, in odd rows,
(—1)4=s+1 =1, otherwise.

Finally, the DS condition states that the sum of the blocks on the (2d+1—r)th block diagonal of M plus
the sum of the blocks on the (2d 42 —r)th block diagonal of M, must be equal to the coefficient Py, of P()\),
and that the sum of the remaining blocks on the (2d 4+ 1 — r)th block diagonal of M., for ¢ =1,2,...,¢—1,
must be equal to the coefficient Py, where the order of the diagonals increases from the lower left corner
(the block entry (d + 1,1)) to the upper right corner (the block entry (1,d + 1)).

Notice that, when £ = 1, the second line in each of the AS, ASS, or DS conditions does not appear in
the corresponding conditions (just look at the range of ¢). In this case, M(\) is a matrix pencil of the form
M(X) = My + MMy, and only the first line of these conditions applies. In particular, for matrix pencils, these
conditions are introduced in [28, Theorem 5.4].

Regarding ¢ > 1, as a consequence of the second line in any of the AS, ASS, and DS conditions, there is,
at least, one nonzero block entry for each (anti-)diagonal (there is a total number of 2d+ 1 (anti-)diagonals),
because the coefficient Py, for c=1,2,...,0—1,and r =0,1,...,2d, must be equal to the sum of all the
blocks of M, placed on the (2d + 1 — r)th (anti-)diagonal.

In Theorem 4.5, we show how to construct strong (-ifications of a given matrix polynomial of grade k,
using the conditions AS, ASS, and DS introduced in Definition 4.4. In particular, we impose these conditions
to the (1,1) big block of a degree-¢ matrix polynomial as in (4.14). We emphasize that the given matrix
polynomial and its ¢-ification are not necessarily M 4-structured, although the basic template of the ¢-ification
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is the same as for the M 4-structured block-Kronecker degree-¢ matrix polynomial in (4.14). The reason for
this is to obtain M 4-structured strong ¢-ifications when the (1, 1) block is Ml 4-structured (which is provided
in Theorem 4.6).

In the forthcoming developments, we will apply Mobius transformations to several different matrix
polynomials, say Q()\) (in particular, Q()) is either M (\), Lg(\?), Ag(XY), P(X), or £(\)). In some cases,
the Mébius transformations are applied to Q(\) but, in some other cases, they are applied to —Q()). In the
first case, we will use the notation M 4[+], where A is the matrix associated with the Mébius transformation,
and in the second case, we use M4[—].

We also have to take into account the parity of the grades k, £ in Theorem 4.5 (recall that k and ¢ have
the same parity).

THEOREM 4.5. Let P(\) = Z?:o N P; € FIN™*" be a matriz polynomial of grade k (not necessarily
My -structured), and let M(\) = Zf:o N M; € TN dtDnxd+On e o grade-¢ matriz polynomial, with k =
(2d + 1)¢, for some d > 0. Let us partition the matrices M;, fori=0,1,...,¢, into (d+ 1) x (d+ 1) blocks,
each of size n x n, and let us denote the blocks by [M;]s, € F"*™ fors,t =1,2,...,d+1, andi=0,1,...,¢.
Let A be one of the matrices in Definition 2.11 and set

(4.16) L) = [Ld (f\fé ()AQ)@ . MA[iLd]g(V) ® L]

Then, if M(\) satisfies either

) " A=Ay, foranylt, or
(i) the AS condition for P(X\), when { A= Ay, if £is even, or

(ii) the ASS condition for P(\), when A = Ag, if £ is odd, or
(iii) the DS condition for P(\), when A = Az, for any ¢,

the matriz polynomial L(X\) in (4.16) is a strong block minimal bases degree-¢ matrix polynomial (not neces-
sarily M 4-structured) such that:

(a) L(X) is a strong L-ification of P()),

(b) if0<e <€ <---< ¢, are the right minimal indices of P(X\), then e; +dl < eg+dl < --- < ¢, +dl
are the right minimal indices of L(N), and

(c) if0<m <ma <--- <y are the left minimal indices of P(X), then i +dl <mo+dl < --- <mp+dl
are the left minimal indices of L(X).

Proof. Lemma 2.7-(b) and Proposition 2.10-(1) together imply that £(A) is a strong block minimal bases
degree-¢ matrix polynomial (Definition 3.1).

Part (bl) in Theorem 3.2 guarantees that £(\) is a strong f-ification of the matrix polynomial Q(\) :=
(MA[£A TN @ I,)M(N)(Ag(\Y) ® I,,). Then, to prove part (a), we just need to check that Q(\) = P(\)
or Q(\) = —P(A), where the sign depends on the Mobius transformation M 4. In particular, the identity
Q(A) = P(A) holds for M4[+] and the identity Q(\) = —P()\) holds for M 4[—]. Moreover, notice that, in
the case Q(A) = —P()), part (a) in the statement also holds for P()), since any strong ¢-ification of —P(\)
is also a strong (-ification of P(\). By parts (b2) and (b3) in Theorem 3.2, part (b) in the statement follows,
since the left and right minimal indices of P(\) and —P(\) are the same.

To prove (a), we only consider the case A = A, since the proof for the other cases is similar. This
transformation appears only in parts (i) (for £ even) and (ii) (for ¢ odd) in the statement.



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 37, pp. 35-71, January 2021.

AS

51 Structured Strong f-ifications for Structured Matrix Polynomials in the Monomial Basis

We consider separately the Mobius transformations My, [+] and My,[—]. Let us start with M4, [+].
Looking at Table 1, M4, [Lq](\*) ® I,, = La(=\*) @ I,,, if £ is odd, or M4, [La](AY) ® I, = La(\Y) & I, if £
is even. As for Mia,[A4](\*) @ I,,, we have the following:

o Ma,[AgJ(N) @I, = Ag(\Y) @ I, if £ is even. Then, no block entry has a minus sign.

o My, [AdJ(A) @I, = Ag(-X) @ L, = [-A%* - 42 -\ +1] ®1,, if £ and d are odd. Then,
the block entries in odd positions of Ayz(—\’) ® I,, have a minus sign.
o M, [Ad)A) @I, = Ag(—A) @I, = [+A% —A@=DE o 422 X +1]®1,, if £ is odd, and

d even. Then, the block entries in even positions of Ay(—\’) ® I,, have a minus sign.

Therefore, if ¢ is odd, for any value of d, we get

MA2 [Ad]()\e) ®1I, = [(_l)d/\dé (_1)(1—1/\((1—1)@ (_1)d—2)\(d—2)€ . +/\2£ _)\Z +1] ® I,.

Now, we compute the product Q(\) = (Ma,[Ag]T (X)) @ L,)M(N)(Aq(\Y) ® I,,) using the previous
expressions. Let us start assuming that ¢ is even. Then,

Q) = [M]as1,a+1 + A ((Ma,ar1 + [M]as1,a) + A2 ([M]a—1,a41 + [M]aa + [M]at1,a-1)
+ A ([M1,a41 + [M]2,a 4+ [M]3a-1 + -+ [M]a—13 + [M]a2 + [M]as1.1)
+ o AR (M]y 5 + [M]22 4 [M]31) + APV (M) 5 + [M]21) + A2 [M] 4,
where [M]s ¢ is the grade-¢ polynomial in the (s,¢) block of M(A). Then, since M(\) satisfies the AS

condition (part (AS) in Definition 4.4), the following identities are satisfied for each of the coefficients P;,
for j=0,1,... k:

Py = [Mo]a+1,d+1,
P. = [M]g+1,d441, fore=1,2,...,£ -1,
Py = [Milas1,a+1 + ([Mola.a+1 + [Mo]d+1 a)
Py = [Mc)aa+1 + [Melgsa,q, fore=1,2,...,0—1,
Py = [Mylaa+1 + [Mela+1,a + ([Mola—1,4+1 + [Mola,a + [Molda+1,d-1) »

Poge = ([M),2 + [Mi]21) + [Mo11,
Pgdg_i_c = [Mc]l,la fOI‘ CcC = 1, 2, e ,f — 1,
Prarrye = [Me]11-
Then, comparing the expressions for Q(X) and those for the coefficients P;, for j = 0,1,...,4(2d + 1) = k,

and taking into account that M(\) = My + AM; + --- + A*M,, the identlty Q(A) = P()\) follows. Now,
assume that £ is odd. Then,

Q) = [M]at1,a+1 + A (= [M]a,a41 + [M]as1,a) + A ((M]a—1,a41 — [M]a,q + [M]as+1,a-1)
o XD ]1 d+1+( D M) a+(—1)" 2 [M]3,4-1 + -+ + [M]a—1,3 — [M]ao+[M]at1,1)
Ty (- 2)4( M)ys+ (— 1) M ]22+(—1)d_2[M]3 1)
d

3

4+ \(2d-1)¢ (( 1) [Mh 2t (= )d 1[M]2,1) 4 )\2de ((_1)d[M]1 1) ,

)



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 37, pp. 35-71, January 2021.

F. de Teran et al. 52

so there are some signs that depend on the parity of d. Then, since M () satisfies the ASS condition (part
(ASS) in Definition 4.4), the coefficients P; satisfy, in this case, the following identities:

Py = [Mola+1,d+1,
P. =

g

]
clat1,a+1, fore=1,2,...,0—1,
Py =[M]a+1,a+1 + (= [Mola,a+1r + [Molat1,4) »

— [M¢la,a+1 + [Mc)as1,a, fore=1,2,...,0—1,

— [Mela,a+1 + [Melavi,a + ([Mola—1,a+1 — [Mola,a + [Mo)a+1,a-1)

PZ+C
Py =

Page = (=1 [Me]12 + (=1 [Myla1) + (—1)*[Mo)11,
Pogore = (1) M1 1, fore=1,2,...,0—1,
Pagiiye = (—1)* M1 1.

Notice that the only difference between these identities and those for the AS condition (listed above for the
case £ even) is the appearance of some minus signs in certain blocks of the polynomial M (\), depending
on the respective rows they are placed in, together with the parity of d. Comparing, again, the coefficients
of Q(\) and the expressions for P;, for j = 0,1,...,¢(2d + 1) = k, and taking into account that M(\) =
My + AM;y + - - - + XM, the identity Q(A\) = P(\) also holds in this case.

Now, we consider the case M 4,[—]. By Proposition 2.10-(c), M4, [~ Lq](AY) ® I, = —Ma, [L4](\)) ® I,
and Mg, [~Aq](\) @ I, = —M 4, [Ag](\) @ I,,. Reasoning as in the previous case, when we compute Q()\) =
(Mg, [—Ag] TN @ L)M(A)(Ag(\) @ I,) = —(Ma,[Ag] T (V) @ I,)M(N)(Ag(\*) @ I,,), since M () satisfies
either the AS condition, when £ is even, or the ASS condition, when ¢ is odd, we conclude that Q(A) = —P()).
Then the result is true for all appearances of A = Ay in the statement. ]

Notice that, in order for the matrix polynomial £(\) as in (4.16) to be an M 4-structured block-Kronecker
degree-¢ matrix polynomial (Definition 4.1), the additional identity M4[£M] = M*(\) must be satisfied,
that is, M (\) must be M 4-structured. Theorem 3.7 provides a way to construct a structure-preserving strong
{-ification of a given M 4-structured matrix polynomial of grade k via an M 4-structured strong block minimal
bases grade-¢ matrix polynomial with a particular (1,1) big block (like the one in (3.12)). More precisely,
and focusing on the block-Kronecker dual minimal bases, what we need is a solution of (4.15), M(X), not
necessarily M 4-structured, and then place the polynomial 5 (M + M4 [+M]*) (A) in the (1,1) big block of
the M 4-structured block-Kronecker degree-¢ matrix polynomial as in (4.14). But Theorem 4.5 provides a
way to construct a solution of (4.15) depending on the matrix A associated with any of the structures in
Definition 2.11. Namely, we just need to follow either the AS, ASS, or DS conditions, depending on the
structure and the parity of £. These considerations lead us to the following result.

THEOREM 4.6. Let P(\) = Z?:o N P; € FA]™*™ be an M 4-structured matriz polynomial of grade k,
with A being any of the matrices in Definition 2.11. Let M(\) = Zf:o NM; € FA@tnx(dthn pe g
grade-€ matriz polynomial, with k = (2d + 1)¢, for some d > 0. Let us partition the matrices M;, for
1=0,1,...,¢, into (d+1) x (d+ 1) blocks, each of size n xn, and let us denote the blocks by [M;]s, € F™*™
fors,t=1,2,...,d+1, and i = 0,1,...,L. Then, if M()\) satisfies either (i), (ii), or (iii) in Theorem 4.5,
the matriz polynomial

(M +MAEM]) () Ma[£L]T () @ I,

1
(4.17) L) = |2 L) ® I, 0 ,
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is an M 4-structured block-Kronecker degree-f matriz polynomial such that:

(a) L(X) is a strong L-ification of P()),

(b) if0<e <€ <--- < ¢, are the right minimal indices of P(X\), then 1 +dl < ea+dl < --- < ¢, +dl
are the right minimal indices of L(N), and

(c) if0<m <ma <--- < mp are the left minimal indices of P(X), then m +dl <ma+dl < --- <mp+dl
are the left minimal indices of L(N).

REMARK 4.7. In the statement of Theorem 4.6, the + signs in (4.17) must be taken in accordance with
the appropriate identity in (2.5) for the M 4-structured matrix polynomial P(\).

Proof (of Theorem 4.6). By Proposition 2.10, and using that A is coninvolutory, it is straightforward
to check that £(\) is M4-structured. In particular, it is an M4-structured block-Kronecker degree-¢ matrix
polynomial (Definition 4.1). To prove parts (a)—(c), we need to check that (4.15) holds for the matrix polyno-
mial § (M + Ma[£M]*) (A) (up to a sign, specifically in the cases associated with the Mébius transformation
Ma[—]), and then, the results follow immediately from Theorem 4.2.

We focus only on A = Ay, since the proof for the other cases is similar. In particular, M (\) satisfies the
AS condition for P(X) (see Theorem 4.5).

First, we consider the case M 4, [+]. Since A; = I3, we have M4, [Lyg](\)®1I,, = Lq(\)®1I,,, M4, [Ag](A\))®
I, = Ag(\Y) ® I,,, and M4, [M] = M()). By Theorem 4.2, the matrix polynomial
Loy = [FOT M09 () e, LTO @ L) | [3004 390 LI @
La\) eI, 0 Lo\ ® I, 0

is a strong f-ification of

1

Py )= (AT 0 @ 1)

(M + M*) <A>) (8N ® L),

If we compute the product of these three blocks, using M= %(M + M*) to abbreviate, we obtain the
following polynomial:

Py+(AN) = [M]d+1,d+1 + A ([M]d,d+1 + []Tﬂdﬂ,d) + A% ([M]d—l,d-i-l + [M]d,d + [M}d+1,d—1)

+ o A ([M]l,d+1 + [Mlo,qa+ [M]s,a-1+ -+ [M]a—1,3 + [M]az2 + [M]at1.1

et ACTD (M (M0 + M1 ) + XD (M1 + M ) + X2#[M]1,1,

where [M]&t is the grade-¢ polynomial in the (s, t) block of M(A) Since P(A) is M 4, -structured, in the sense
that M, [P] = P*()\) (i.e., P; = P;, for j =0,1,...,k), and M()) satisfies the AS condition (part (AS) in
Definition 4.4), we conclude that Py+(A) = L(P+P*)(A\) =P(\).

Now, we consider the case M4, [~]. Then, M, [~Lg](\) @ I,, = —Lg(\*) @ I,,, M, [-Ag](\) ® I, =
~Ag(XY) @ I,,, and M4, [~M] = —M()). By Theorem 4.2, the matrix polynomial
L0 = 3 (M +Ma, [-M])(A) Ma,[-La"(N) @ L] _ [3(M - M) (N) —Li(X) @1,
La(\) @I, 0 La\) 1, 0 ’
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is a strong f-ification of

Po-(N) = (-AJ(\) e 1) (

1 (M = M4 () (0a0N) & 1,)
= _(A:ir(/\e) ® In) (

(M — M*) (X)) (Aa(X) @ ).

SRS

Reasoning as in the previous case, since M () satisfies the AS condition for P(\) and P(\) is M 4, -structured,
in the sense that M, [~P] = P*(\) (which implies —P; = P, for j = 0,1,...,k), we conclude that
Py-(A) = —2(P —P*)(A\) = —P(\). Therefore, parts (a)—(c) in the statement are satisfied, since any strong
¢-ification of —P(\) is also a strong (-ification of P(\), and the sets of left and right minimal indices of P())
and —P(\) are the same. |

Theorem 4.6 not only provides a way to construct the block M(\) in (4.14) to obtain a structure-
preserving strong f-ification £(A) of an M 4-structured matrix polynomial for all the structures in Definition
2.11 but also presents a wide family of structured strong f-ifications. This family is wide in the sense that
the polynomial M ()) can be constructed, in general, in many different ways just following the requirements
provided by either the AS, ASS, or DS conditions. These conditions impose some restrictions on the (anti-)
diagonals of M (A) in terms of the coefficients of P(A) but allow for some flexibility, and it is quite easy to
construct different polynomials M (A) just following these rules. Once M(A) is built, we place the matrix
polynomial 3 (M + M [£M]*) (A) in the (1,1) big block of (4.17) to get a structure-preserving strong (-
ification of P(\).

Table 2 summarizes the relevant information in Theorem 4.6 (conditions (i)—(iii)) and relates it with the
particular structures introduced in Definition 2.11.

In the following example, we illustrate Theorem 4.6 by explicitly constructing structure-preserving strong
quadratifications for x-symmetric, x-odd, and x-palindromic matrix polynomials of grade 10.

EXAMPLE 4.8. Let P(\) = Z;io M P; € F[A]"™" be a matrix polynomial of grade 10. Let us consider
the following three quadratic matrix polynomials:

APy + 2Py P+ AP; 4+ A\2P; 0
Mi(X) = 0 Py + \P; P, +AP; |,
0 0 Py + \P;
TABLE 2

Relation between the conditions and the structures associated with its Mdbius transformation.

Conditions for P(\) ‘ Mébius transformation M 4[] ‘ Parity of ¢ H Structure

My, [+] any /¢ *-symmetric
My, [-] any ¢ *-skew-symmetric

AS
My, [+] ¢ even *-evern
Ma,[—] ¢ even *-odd
My, [+] £ odd *-evern

ASS Mg, [-] ¢ odd *-odd

DS Mg, [+ any / *-palindromic
Mg, ] any / *-anti-palindromic
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Ps 4+ APy + M2 Pyg 0 Py
My(\) := Ps + AP; AP; 0 , and
0 AP3 Py + AP+ AP,
Py4+APs+X2Ps 0 Py+ AP+ AP,
Ms()\) = AP, 0 AP; .
Pg+ APy +A2Py 0 0

It is straightforward to check that M;(\) and My(\) satisfy the AS condition, and that Msz(\) satisfies the
DS condition for P(\).

If A; is the matrix in Definition 2.11, and P()\) is *-symmetric, the quadratic matrix polynomial
(M7 + My, [Mi]*) (X) is equal to

1 APy + A2 Py (Ps + APr + A?Pg) /2 0
3 (M + M7) (A\) = | (Ps+APr + X2Ps)/2 Py + APs (P2 +AP3)/2 |,
0 (P24 AP3)/2 Py + APy

which is a x-symmetric quadratic matrix polynomial and, by Theorem 4.6, the x-symmetric block-Kronecker
quadratic matrix polynomial

L) eI, | 0
r APy 4 A2Ppg (Ps 4+ AP; + A2Pg) /2 0 I, 0
(PG + A\P7 + )\QPS)/Q Py + AP (P2 + )\P3)/2 )\ZIn —1I,
= 0 (P2 + AP3)/2 Py + APy 0 NI,
—Ip A1, 0 0 0
L 0 —In N, ‘ 0 0

is a x-symmetric strong quadratification of P(\) whenever P()) is a x-symmetric matrix polynomial.

If As is the matrix in Definition 2.11, and P(\) is *-odd, the quadratic matrix polynomial

1 (Ms 4+ Mg, [Ms]*) (A) is equal to
1 Ps + APy + )\2P10 (P6 + )\P7)/2 P4/2
5 (Ma(N) = M3(=A) = | (Pe+APr)/2 APs AP3 /2 7
2 Py/2 AP3/2 Py + AP, + )\2P,

which is a x-odd quadratic matrix polynomial and, by Theorem 4.6, the x-odd block-Kronecker quadratic
matrix polynomial

LoV ® I, 0
[ Ps+MPy+A2Pjg  (Ps+AP7)/2 Py/2 I 0
(Ps + AP7)/2 A\Ps APs/2 -1, In
= P4/2 )\P3/2 Py + APy + )\QPQ 0 —)\an
—I, N1, 0 0 0
L 0 —I N, ‘ 0 0

is a x-odd strong quadratification of P(A) (although, in this case, the following identity is the right one
(=A3 (A @1,) (5 (M2(X) — M3 (=X))) (A2(A\*)®1,) := —P()\)) whenever P(]) is a x-odd matrix polynomial.
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Finally, if A3 is the matrix in Definition 2.11, and P(\) is x-palindromic, the quadratic matrix polynomial
2 (M3 4+ Mg, [M3]*) (X) is equal to

1 Py+APs+A2Ps  AP3/2 Po+APL+\2P,
- (M3 + reszg) (A) = APz /2 0 AP3/2 R
2 Ps + APy + \2Pyg  AP7/2 0

which is a *-palindromic quadratic matrix polynomial and, by Theorem 4.6, the *-palindromic block-
Kronecker quadratic matrix polynomial

Lo(N) = 3 (M3 +revoM3) (A) | reva(L2)T(N?) @ I,
Lo(\?) @1, | 0
[ P+ APs+A\2Ps  AP3/2 DPy+ AP+ AP, —X27, 0
\P7 /2 0 AP5/2 In -1,
= Ps + APy + )\2P10 )\P7/2 0 0 I,
—In M1, 0 0 0
L 0 —In A, ‘ 0 0

is a x-palindromic strong quadratification of P(\) whenever P(\) is a x-palindromic matrix polynomial.

Notice also that the matrix polynomials

L) = | M) | M LT © L

= fori=1,2,3
L2(>\2)®In‘ 0 , 101 7 3 &y 9,

are, by Theorem 4.5, strong quadratifications of P()), even if P()) is not structured.

The previous constructions can be considered, of course, even if the original polynomial P()) is not
structured. However, in this case they do not necessarily provide a strong ¢-ification of the original polynomial
P()). Let us focus, for instance, on the matrix polynomial M;(A) and assume that P(\) = Z?:o N P;
is a general (not necessarily x-symmetric) matrix polynomial. The quadratic matrix polynomial %(Ml +
M4, [M1]*)(A) is equal to

1 APy + Pg) +X(Pio + Pfy)  (Ps + APr + A\°Fs)/2 0
3 (My + M7)(\) = (P§ + APX +22P%) /2 (Py+ PF) + X(P5 + PY) (P2 + AP3)/2 ,
0 (Py+AP3)/2 (Po+ Pg) + \(P1L + Py)

which is a x-symmetric quadratic matrix polynomial and, by Theorem 3.7, the *x-symmetric block-Kronecker
quadratic matrix polynomial

APy + P§)/2+ X2(Pio + Pyy)/2 (Ps + AP7 + A2 P3) /2 0 I 0
(P +APF +A2F¢)/2 (Pa+ Pp)/2+MPs + Py)/2 (P2 +AP3)/2 Nlp  —In
0 (Py +AP§)/2 (Po+ P§)/2+ MNP+ P})/2 0 2T,

—1Iy A2 0 0 0

0 —I AN, ‘ 0 0

is a x-symmetric strong quadratification of the matrix polynomial

k

Q)= AT 0% 1) (5 (O +341) ) (a0 & 1) = S V(B + )
=0

which is equal to the matrix polynomial P(A) if and only if P()) is x-symmetric.
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4.1. Sparse M 4-structured block-Kronecker matrix polynomials. In this section, we analyze
the sparsity of the strong ¢-ifications as in (4.17), and we will present a procedure to construct f-ifications
in this family having exactly the minimum number of nonzero block entries. We will first determine, in
Proposition 4.9, the smallest number of nonzero block entries of a matrix polynomial as in (4.16) (not
necessarily M 4-structured). To obtain this minimum number of nonzero block entries, we focus on the
matrix polynomial M ()), placed in the (1,1) big block of (4.16), because the two minimal bases, placed in
the (1,2) and (2,1) big blocks, always have the same number of nonzero block entries.

PROPOSITION 4.9. Let P(\), M()), and L(A\) be as in the statement of Theorem 4.5. Then, L(\) has,
at least,

a

(b)

Proof. Tt is proved in [25, Theorem 52] that any generalized companion pencil with, at least, 2(k — 1)
nonzero block entries in F™*"™, has, at least, 2k — 1 + L%J nonzero block entries. Then, (a) follows, because
the pencils Lg(A\) ® I,, and Ma[£L4] " (A) ® I, in (4.16) have a total amount of 4d = 2(k — 1) nonzero blocks.

L%J = 5d + 1 nonzero block entries, if £ =1, or

= 6d + 1 nonzero block entries, if £ > 1.

“‘w ;rn

To prove (b), we are going to see that, for £ > 1, an (M4-structured) block-Kronecker degree-¢ matrix
polynomial as in (4.16) has 6d + 1 nonzero block entries. First, and as before, the polynomials Ly(\Y) ® I,
and Ma[£L4) T (\*) ® I, in (4.16) give us a total amount of 4d nonzero blocks. Second, the identity on the
coefficients Py, in either the AS, ASS, or DS condition for P(\) (second line of each of these conditions
in Definition 4.4), implies that all the 2d + 1 (anti-)diagonals of M () have, at least, a nonzero block entry
containing coefficients of P()\). Therefore, £(\) as in (4.16) has, at least, 4d + 2d + 1 = 6d + 1 nonzero block
entries. O

Proposition 4.9 motivates the following definition for structure-preserving ¢-ifications.

DEFINITION 4.10. A sparse M 4-structured block-Kronecker strong £-ification of P()) is a matrix poly-
nomial satisfying Theorem 4.6 with exactly

(a) 2k —1+ L%J = 5d + 1 nonzero block entries, if £ =1, or
(b) 28 —2=6d + 1 nonzero block entries, if £ > 1.

Proposition 4.9 provides the smallest number of nonzero block entries within the family of strong ¢-
ifications in Theorem 4.5, namely those of the form (4.16). We are interested, however, in structure-preserving
strong (-ifications as in (4.17), namely those satisfying Theorem 4.6 (like in Definition 4.10). A natural
question after Proposition 4.9 is whether or not there are sparse M 4-structured block-Kronecker strong /-
ifications as in (4.17), for any k, ¢, and any of the structures in Definition 2.11. The answer is positive for
£ =1, namely for linearizations.

In order to get a linearization £(A) asin (4.17) with exactly the number of nonzero block entries indicated
in Definition 4.10-(a), we set
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for A = Ay,
[Pr_1+ APy b
—(Pr—3 +APy_1)
, if d is even,
—(Pg + )\Pg)
Py + AP,
Ms(N) = - Z
2(M) —(Pr—1+ APy)
Pr_3+ APp1
, if d is odd,
— (P2 + AP3)
L Py + APy |
for A = A,, and
Py + \P,
M3 ()\> = A ’ 1)

Pi_1+ AP,
for A = As.

The matrix polynomial M (\) satisfies the AS condition, the matrix polynomial Ms(\) satisfies the ASS
condition, and the matrix polynomial M3(\) satisfies the DS condition, and they all have exactly d + 1
nonzero block entries. Therefore, the pencil %(Mz + My, [£M;]Y), for i = 1,2, 3, is an M4, -structured pencil,
provided that P(\) is M 4,-structured, and has also exactly d+ 1 nonzero block entries, so the corresponding
pencil (4.17) is an M 4,-structured pencil having exactly 2k —2 + d 4+ 1 = 5d + 1 nonzero block entries.

Looking at the previous constructions, we see that the pencils 1 (M; 4+ My, [£M;]*)(N), for i = 1,2,
have all their nonzero block entries in the main diagonal. It is not difficult to see that, in order for £(\) as
in Theorem 4.6, with £ = 1, to be sparse, for A = A;, As, all nonzero block entries must be on the main
diagonal, and they have the same structure as M7 () and Mz()), up to multiplication by nonzero constants.
Note also that the pencil §(Ms+Ma, [£M3]*)()) has all its nonzero block entries on the main anti-diagonal.
However, this is not necessarily the case for all sparse matrix pencils in Theorem 4.6 with A = Ajs (see
Example 4.12).

We want to emphasize that the previous constructions are not new, since they are particular cases of the
family introduced in [28]. However, for £ > 1, the situation is different, since, as we have seen in Proposition
4.9, every anti-diagonal of M (\) in (4.17) must contain, at least, one nonzero block entry. Before proceeding
with the answer for the case ¢ > 1, we present a procedure for constructing sparse f-ifications as in (4.17),
following the proof of Proposition 4.9.

Procedure to construct a sparse M 4-structured block-Kronecker strong /-ification. We aim
to present a procedure for constructing sparse M 4-structured block-Kronecker strong f-ifications £(A), in-
troduced in Definition 4.10, for the different structures in Definition 2.11. This procedure is stated below.
In particular, we explain how to construct the matrix polynomial M (\) in order to guarantee that the (1,1)
big block (M + M [£M]*)(A) of £(A) as in (4.17) has the minimum number of nonzero block entries.

Let us assume that P(\) = E?:o N P; € FIA\™*" is an M s-structured matrix polynomial of grade
k, with A being any of the matrices in Definition 2.11. Let M()\) = Zf:o NM; € F[A(d+nx(d+n he
a grade-f matrix polynomial, with ¥ = (2d + 1)¢, for some d > 0. Let us partition the matrices M;, for
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i=0,1,...,¢, into (d+1) x (d+1) blocks, each of size n x n, and let us denote the blocks by [M;], . € F"*™
fors,t=1,2,...,d+1,and i =0,1,...,£. Then, from the proof of Proposition 4.9, we propose the following
procedure to get M (\):

Procedure. Construct M (\) with the following requirements:
Case 1: A= A; (only if ¢ =1):
(1-1) Place the coefficients of P(A) on the main diagonal of M (A) fulfilling the AS condition.

(1-ii) (Optionally). Add other nonzero block entries with the constraint:
[Mi]s = —Ma, [£[M;]e,s]" = F[[Mi]e,s]"

Case 2: A= A (only if £ =1):
(2-1) Place the coefficients of P(A) on the main diagonal of M () fulfilling the ASS condition.

(2-ii) (Optionally). Add other nonzero block entries with the constraint:
[Mils,e = =Ma, [£[Miles]" = F[[Milt, s (=A)]"

Case 3: A= As:

(3-1) Place the coefficients of P(A) in d + 1 nonzero block entries of M (), for £ =1, or 2d + 1,
for £ > 1, in such a way that M (\) satisfies:

(3-i.a) the DS condition, and
(3-1.b) if [M],, is nonzero, then [M]; , is also nonzero.

(3-ii) (Optionally). Add other nonzero block entries, namely Hy, ..., H,, in the same diagonal
such that 37, H; = 0, and, for all H;:

[M;]s,0 = —Ma, [£[M;e s]" = F[[Me—ilt,s]"

The procedure above provides the matrix polynomial M () that is used to construct structure-preserving
strong (-ifications £(A) as in (4.17) of M -structured matrix polynomials of grade k, and that gives the
minimum number of nonzero block entries in £(\) (namely, the one in Definition 4.10). Conditions (1-i),
(2-1), and (3-i) in the previous procedure are the ones imposed on the matrix polynomial M (\) to guarantee
that not only M (A) has the minimum number of nonzero block entries (in the sense of Definition 4.10) but
also that M()\) = 2 (M + Mu[£M]*) (A) has the smallest number of nonzero block entries. Some other
nonzero block entries can appear in M (A), but they must cancel out in the matrix polynomial M (M\). This
is exactly the purpose of conditions (1-ii), (2-ii), and (3-ii). Despite these conditions, the number of nonzero
block entries in M () and M (M) is not necessarily the same, since, when computing the polynomial M (N,
some additional nonzero block entries may arise, so the final construction could not be sparse in the sense
of Definition 4.10. This is exactly what happens for certain structures, as the following result shows.

PROPOSITION 4.11. Let P(\) be as in the statement of Theorem 4.6. Then, for £ > 1, any x-(skew-)
symmetric or x-alternating block-Kronecker degree-f matriz polynomials satisfying Theorem 4.6 have, at least,
7d 4+ 1 nonzero block entries.
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Proof. We first consider the x-(skew-)symmetric structure. In particular, it is associated with the Mobius
transformation My, (see Definition 2.11) and M (\) satisfies the AS condition for P(\) (see Theorem 4.5).
Recall that, for ¢ > 1, the second line of the AS condition in Definition 4.4 (the identity on the coefficients
Pyry.) implies that all the 2d + 1 anti-diagonals of M () have, at least, a nonzero block entry containing
coefficients of P(A). Moreover, the coefficients can be grouped in just one nonzero block entry for each
block anti-diagonal, as we have seen in the proof of Proposition 4.9. However, when we compute the matrix
polynomial M()) = 3 (M 4 My, [£M]*) (X) = 5 (M £ M*) ()), all nonzero block entries outside the main
diagonal of M()) have a copy in M()), because of the term M*()\). Then, M(A) will have, at least, d more
nonzero block entries than M(\), since the number of nonzero block entries of M (A) that can be placed
on the main diagonal is, at most, d + 1. In the best case, the x-(skew-)symmetric block-Kronecker degree-¢
matrix polynomial has, at least, 4d 4+ 2d + 1 + d = 7d + 1 nonzero block entries, where the 4d nonzero block
entries come from the (1,2) and (2, 1) big blocks in (4.17).

The same reasoning as above can be applied for the x-alternating structure, associated with the Mobius
transformation M 4, (see Definition 2.11), where M () satisfies the AS (resp. ASS) condition for P(\) when
¢ is even (resp. odd) (see Theorem 4.5). |

As a consequence of Proposition 4.11, there are no sparse (in the sense of Definition 4.10) structured
block-Kronecker strong {-ifications, for £ > 1, and for the x-(skew-)symmetric and x-alternating structures.

We want to recall the recent work [16], where the authors present four families of symmetric matrix
pencils which, under some generic conditions, are block minimal bases pencils and strong linearizations of
a given matrix polynomial. The first family, denoted by Of()\) and introduced in equation (4.17) in [16],
is the only one which is sparse in the sense of Definition 4.10, and the (1,1) big block M()\) of the strong
linearization has all its nonzero block entries on the main diagonal.

In the following example, we illustrate the procedure presented after Definition 4.10, by explicitly con-
structing sparse structure-preserving strong linearizations for x-skew-symmetric, x-even or x-anti-palindromic
matrix polynomials of grade 7, and sparse structure-preserving strong quadratifications for *-palindromic
matrix polynomials of grade 14.

EXAMPLE 4.12. Let P(\) = 2]7‘:0 N P; € F[A]"*™ be a matrix polynomial of grade 7. Let us consider
the following three matrix pencils:

[ Ps+ AP 0 0 0
L 0 Py + \P5 0 0
Mi(A) == 0 0 Py + AP3 0 ’
| 0 0 0 Py + APy
[ —(Ps + APy) 0 0 0
L 0 Py + \Ps 0 —Q*(=X)
M () = 0 0 —(Py + AP3) 0 , and
L 0 Q) 0 Po+ APy
0 Po+AP3s 0 Py+\P;
. Py + A\Ps 0 0 0
MB()‘) = 0 0 0 0 )
| Ps+ A\P; 0 0 0

where Q(\) is any matrix polynomial with coefficients in F[Py,..., P;] (in order for the pencil Ms()\) to
provide a generalized companion linearization).
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Looking at the procedure presented after Definition 4.10, it is straightforward to check that Mj())
satisfies (1-i) and (1-ii), Ma(X) satisfies (2-1) and (2-ii), and M3(\) satisfies (3-i) and (3-ii).

Then, if A;, for i = 1,2, 3, are the matrices in Definition 2.11, and P()) is x-skew-symmetric, x-even, or *-
anti-palindromic, respectively (namely, P(\) is M 4,-structured), the matrix pencils % (M; + My, [£M;]*) (N)
are given by

[ Ps+AP; 0 0 0
1 N o 0 Py + AP5 0 0
i(MliMl)()\) T 0 0 Py 4+ A\P; 0 )
L 0 0 0 Py + \P;
[ —(Ps +AP7) 0 0 0
1 N o 0 Py + APs 0 0
5 (MQ()\) + M2 (_A)) T 0 0 7(P2 + )\Pg) 0 ) and
i 0 0 0 Po+ APy
[ 0 Po+AP3 0 Py+XP;
1 N Py + \P; 0 0 0
5 (Mg — revl(Mg) ) ()\) = 4 0 5 0 0 0
| Ps+ APy 0 0 0
Then, by Theorem 4.6, the M 4,-structured block-Kronecker matrix pencils
LM + My [EM]) (V) | Mg [£L3] TN ® I,
EMAi()\):z 2( + M| )( )‘ alELs] (M) ® , fori=1,2,3,

Ly(\) ® I, | 0

are sparse M 4,-structured strong linearizations of P(\) whenever P()\) is M 4,-structured.

Now, let P(\) = 2;4:0 N P; € F[A]"™™ be a x-palindromic matrix polynomial of grade 14. Let us consider
the following two quadratic matrix polynomials:

0 APs + A2 Pg Q) Po+ APy + \2Py
- Ps + APy 0 0 —QO\) +APs+ 2Py
M4(>\) T —revaQ*(N) 0 APy 0 , and
| Piz+ APz + APy revaQ*(A\) + Pig + APi1 0 0
[ 0 APs 4+ A?Ps 0 Po+APL+ NP
L Pg + APy 0 0 APs + )\2P4
Ms(2) = 0 0 APy 0 '
| AP13+A2Piy Pio+APu+ APz 0 0
where Q()\) is any matrix polynomial with coefficients in F[FPy, ..., Px], in order for the construction to be a

generalized companion f-ification.

Notice that, looking at the procedure presented after Definition 4.10, My () and M5 () satisfy (3-i) and
(3-ii). Now, computing the quadratic matrix polynomials & (M; + Ma,[M;]*) (X), for i = 4,5, we obtain

0 APs+X2Ps 0 Py+ AP+ AP

1 N Ps + APy 0 0 AP3 4+ A2 Py
3 (My +reva(My)*) (N) = 0 0 AP, 0 , and

| Pi2+APi3+ APy Pio+ AP 0 0

i 0 APs + A2 Pg 0  Py+APL+A\2Py)2
1 N Ps + AP, 0 0 Py/24 AP+ A2P,
3 (M5 + reve(Ms5)*) (A) = 0 0 NS 0

| P12/2+AP13 + 2Py Pio+ APi1 +A%Pi2/2 0 0
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By Theorem 4.6, the x-palindromic block-Kronecker quadratic matrix polynomials

% (Mz + I'eVQ(Mi)*) (A) I'GVQ(Lg)*()\Q) X In

Lpi(A) = Li(A\) ® 1, 0

, for i =4,5,

are sparse *-palindromic strong quadratifications of P(\) whenever P()) is a x-palindromic polynomial.

After looking at the constructions in Example 4.12, a couple of interesting observations raise up. The first
one is that even though Lp 5()) is sparse (according to Definition 4.10), it contains duplicated coefficients
of P(\) (in particular, P, and P appear twice). The second one is that all the nonzero block entries of the
(1,1) big block in L, (A), for i = 1,2, are on the main diagonal. However, this is not true for L, (A).

The block-Kronecker minimal bases f-ifications in Theorem 4.6 are particular cases of the strong block
minimal bases f(-ifications. These (-ifications allow for more flexibility in the (1,2) and (2,1) big blocks
(the ones containing the minimal bases). As an example, we are going to construct a block minimal bases
structure-preserving strong f-ification as in (3.9) that contains some additional invertible matrices in its (1, 2)
and (2,1) big blocks. The idea is to replace the block Lg(\*) ® I,, in (4.14) by another minimal basis whose
dual minimal basis is still the block-Kronecker minimal basis Ag(A*) ® I,, in (2.4). Then, the construction
provides an M 4-structured strong block minimal bases grade-f matrix polynomial as in (3.9), which is a
strong (-ification of a given M 4-structured matrix polynomial as in (4.15). This is shown in Example 4.13,
where, in particular, we construct a structure-preserving strong cubification (¢ = 3) of a given x-symmetric
matrix polynomial of grade 21.

EXAMPLE 4.13. Let P(\) = 251:0 N P; € F[A]"*™ be a x-symmetric matrix polynomial of grade 21, and

let X,Y € F™*" be invertible matrices. Let us consider the following matrix pencils:

[ Pis 4+ AP1g + A2 Pyp + A3 Py 0 0 Py + AP1o + A2P11 + \3Pio
L Pi5 + APig + A2 Py7 APi3 + A2Pyy 0 0
M(2) := 0 0 Ps+ AP + 2Py Py + APy + A2Ps , and
L 0 0 0 Py + AP) + )\2P,
[ —X A\X 0 0
KAN:=| o -Y xy o
0 0 —I, M,

M () satisfies the AS condition for P()\) (Definition 4.4). If K (\?) is the matrix polynomial K()\) evaluated
at A3, notice that both K(\) and K(\3) are minimal bases. Moreover, the matrix polynomial AJ (A\®)®1,, :=
[N, A°I, A3I, I,]is a minimal basis dual to K(A\*) (Definition 2.6).

By Theorem 3.7, the x-symmetric strong block minimal bases cubic matrix polynomial

_ [z (M +M*)(N) E*(\%)
['S()‘) = |2 K()\S) 0 )

is a *-symmetric strong cubification of P(X) := (A3 (A*) ® I,) (5(M + M*)(N)) (As(\*) ® I,,).

5. There are no M 4-structured companion quadratifications for My-structured quartic
matrix polynomials. The wide family of structure-preserving strong ¢-ifications of a given M 4-structured
matrix polynomial P(\) of grade k, constructed in Theorem 4.6, deals with matrix polynomials which are
generalized companion f-ifications of P(A) (Definition 2.3). However, in this section we focus on companion
(-ifications (Definition 2.2). In particular, we will prove, in Theorem 5.1, that, for all the structures in
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Definition 2.11, there are no M 4-structured companion quadratifications for any M 4-structured quartic
matrix polynomial P(\).

The notion of companion f-ification is more restrictive than the one of generalized companion f-ification
(as the names suggest). However, in the literature, the most well-known families of linearizations (i.e., ¢-
ifications with £ = 1) are companion. We refer, in particular, to the classical Frobenius companion pencils and
to all families of Fiedler-like pencils (Fiedler, generalized Fiedler, and Fiedler pencils with repetition). Even
the more recent classes of block-Kronecker linearizations [26] and (-ifications [27] contain many companion
linearizations/¢-ifications. Moreover, it is natural to focus on companion ¢-ifications, since they are the
simplest structures which are strong ¢-ifications and valid for all polynomials.

In [21, Theorem 7.20], it was proved that there are no structured generalized companion pencils for struc-
tured matrix polynomials of even grade k, for any of the following structures: *-symmetric, x-alternating,
and *x-palindromic. We have seen that, however, there are structured generalized companion /-ifications when
k = (2d+1)£. Moreover, our constructions include structured companion f-ifications for any of the structures
considered in this paper.

It is natural to ask whether for k = (2d)¢ there are structured (generalized) companion f-ifications or
not.

In [36], a family of companion-like palindromic quadratifications for palindromic matrix polynomials of
any even degree has been presented. This family, however, is not generalized companion, since it involves
the transpose (or conjugate transpose) of some of the coefficients of the polynomial. Nonetheless, based in
this construction, it is not difficult to construct a generalized companion quadratification for quartic matrix
polynomials which is x-palindromic whenever the polynomial is. More precisely:

Py +>\(P2 —I—P0P4)+)\2P3 I+)\2P4

L) = Po+ A\2T Ys

is a strong quadratification of P(\) = Zj’:o b P;. In order to see that it is a quadratification just perform
the following elementary block-column and block-row operations:

Ci2(AI Py 4+ APy — PoPy) + N2P3 + X3Py I+ X2P; | Ri2(AP, P1+ AP+ A2P; + A3P, I
L\ 12(A]) 1+ A(Pa2 oPs) + 3 + A + A 12(APa) 1+ APy + 3 + A
5 Py — } Py Y
Rot(M) | Pi+ AP+ A2P3+ X3Py I | Cia(—(Pi+AP2+X’P3+)A%Py)) 0 I | Ra | PN O
; P(\) 0 P(\) 0 o I

To see that it is strong, we perform the following elementary block-column and block-row operations on the
polynomial revao L(\):

Ps + )\(PQ - POP4) + )\2P1 -+ )\3P0 Py

revaL(}) = I+X2PR =Y

Ps + )\(PQ - I - P()P4) =+ )\2P1 Py + 2T R12()\1)
I+ )\2P —Al

P3+ AP, +22P + X3Py Py
I —AI

0 revaP(N) :| % l: reva P(\) 0]

Ca1(XI) P3 + APy + )\2P1 + )\SP() I‘eV4P()\)

C12(APo)
1 0

Ri2(—(Ps+AP;+X>P1+° Py))

1 0 0 1
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Finally, it is straightforward to see that L(\) is x-palindromic whenever P()) is x-palindromic, since, in this
case Py = Py, P = P§, and P, = PJ, so:

* —
L*(\) = I+ 22P; -\

P} + NPy — 1 — PfPE)+X2P;  Pp + A1 ] B

P3+>\(P2 —I—P0P4)+)\2P1 P4+)\21
I+X22Py =l

} = revaL(\).

As a consequence, there are x-palindromic generalized companion quadratifications of x-palindromic quartic
matrix polynomials. However, if we remove the adjective ‘generalized’ and we restrict ourselves to companion
quadratifications, Theorem 5.1 tells us that this is no longer the case.

THEOREM 5.1. Let P(\) = 24:0 N P; € FIN]"*™ be an M 4-structured quartic matriz polynomial, with
A being any of the matrices in Definition 2.11. Then, there are no M 4-structured companion quadratifications
for P(X).

Proof. We focus on the scalar case (namely, n = 1) for simplicity, because in the case of existing a
companion quadratification like the one mentioned in the statement, it should be valid for all values of n.
We proceed by contradiction. Notice that, for scalar polynomials, p*(A) can be either p(\) (if x = T) or B(X)
(if * = %). In addition, when p(}) is scalar, condition (b) in Definition 2.2 can be replaced by the following
one:

k
(5.18) det L(A) = ap(\) = a > _ Np;,
=0

for some 0 # o € F.

We are going to prove that there are no M 4-structured companion quadratifications for M 4-structured
quartic scalar polynomials. So let p(\) = Z?:o Mp; be a quartic scalar polynomial, with p; € F, for
7=0,1,...,4, and let

ia(A) i 2()\)}
LN =" ’ ,
W= o)
be a quadratic matrix polynomial, where 5 +(\) = 22

=0 N(1;)st, for s,t = 1,2, (with (I;)s; € F for all values
of s, t, and 7).

We consider only the x-symmetric case (since the procedure for the x-skew-symmetric and x-alternating
cases is very similar to this one) and the *-palindromic case (since the procedure for the x-anti-palindromic
case is very similar to this one).

First, we consider the *-symmetric case. More precisely, we assume that L()) is x-symmetric whenever
p(A) is x-symmetric, and that L(\) is a companion quadratification of p(A). If p(X) is x-symmetric, it satisfies
p*(A) = p(A), namely

(5.19) pj =pj, for 0 < j <4,
whereas, if L(\) is x-symmetric, it satisfies L*(A) = L(\), that is,

(1)%s = (li)s,s, fori=0,1,2, and s = 1,2,
(l:)1 2 = (li)2,1, for i =0,1,2.

(5.20)
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Now, equation (5.18) is equivalent to

4
(lo)11 + A1) +2%(12)11 o)1z +A(a)12 + A2 (l2)1 2] i
5.21 det ’ ’ ’ ’ ’ =« Nops.
(5:21) (l0)f 2+ AT 2+ A%(12)T 2 (lo)2.2 + Al1)2.2 + A2 (I2)2.2 ;0 b

Spanning the determinant in the left-hand side of (5.21), and equating the coefficients of the terms in A with
the same degree in both sides, we get, for the coefficients of A% and A%, the following equations:

(5.22) apo = (lo)1,1(lo)2,2 — (l0)1,2(l0)7 2,
(5.23) apy = (I2)1,1(I2)2,2 = (l2)1,2(l2)7 2-

Looking at (5.22), the coefficient pg must appear in the right-hand side of the equation with degree 1. In
order for this to happen, and taking into account that L(\) is a companion quadratification (namely, (I;)s
is either £4 or +8p;, for some § € F and j =0, ...,4), the only possibility is that it appears in the product
(l0)1,1(lo)2,2- As a consequence, it must be (lg)12 = 0. Then, there are only two possibilities for (5.22),
namely

(So0.1): (lo)1,1 = Bo and (lp)2,2 = aopo, where Soog = a # 0, and (Ip)1,2 = 0.
(50,2)1 (l0)171 = ppPo and (10)272 = Bo, Where ﬂoao = 7’5 0, and (l0)172 =0.

Using the same argument for the coefficient p4 in (5.23), there are another two possibilities, namely

(54_1)2 (12)171 = 54 and (12)2,2 = Qi4P4, Where 540[4 =« # 0, and (12)172 = 0
(S1.2): (I2)11 = cups and (l2)2,2 = B4, where fgaq = a # 0, and (I2)1,2 = 0.

Now, spanning the determinant in the left-hand side of (5.21) and equating the coefficients of A and \?, we
get

(5.24) ap1 = (10)1,1(11)2,2 =+ (11)1,1(l0)2,2 - (10)1,2(11)’1k 2~ (11)1,2(10)1(,2,

)

(5.25) aps = (l1)1,1(12)2,2 + (I2)1,1(l)2,2 — (L)1,2(12)1 2 — (I2)1,2(11)7 2

Depending on (Sg.1) and (Sp.2) for po, or (S4.1) and (Ss1) for ps, (5.24) and (5.25) can be rewritten as
follows:

(5.26) { for (So.1) : ap1 = Bo(l1)2,2 + (I1)1,100p0,
. for (Sp.2) : ap; = Oéopo(ll)l2 =+ (ll)l,lﬂo-
(5.27) { for (Ss1) : aps = (l1)1,104ps + Ba(l1)2,2,
. for (Sa.2) : aps = (11)1,184 + capa(l1)2,2.

Looking at (5.26), the coefficient p; must appear in the right-hand side of both equations with degree 1, and
the only possibility is that it appears in either the term By(l1)2,2 (for (So.1)) or (I1)1,150 (for (Sp.2)). In the
first case, it must be (I;)1,1 = 0, whereas in the second case it must be (I1)2,2 = 0. As a consequence, we get
the following two possibilities:

(S1.1): (So.1), together with (I1)22 = a1p1, where a5 = @ # 0, and (I1)1,1 = 0.
(Sl_g): (So_g), together with (11)1,1 = x1p1, where Oélﬂo =« }é 0, and (11)272 =0.

Replacing the terms obtained in the two precedent cases in any of the two equations in (5.27), we get that
the coeflicient p3 cannot appear in the right-hand side of any of the equations with degree 1, in contradiction
with the left-hand side.
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Therefore, none of the cases may occur, so there is no *-symmetric companion quadratification for
*-symmetric quartic polynomials.

Now, we consider the x-palindromic case. More precisely, we assume that L()) is x-palindromic whenever
p(A) is *-palindromic, and that L(\) is a companion quadratification of p(A). If p(A) is *-palindromic, it
satisfies p*(\) = revap(\), namely

(5.28) pj = pa—j, for 0 <j <2,

whereas, if L(\) is *-palindromic, it satisfies

I* ()\) 1% <)\) I'€V2l1 1()\) reV2l1 2()\) )
L* P 2,1 _ I _ ’ ’ . ‘
W [liz(/\) 132(A) reval () revala 1(\)  revaloo(N)]’ that 1s

(li)s s = (la—i)s,s, for i =0,1, and s = 1,2,

(5.29) ‘ > .
(li)T2 = (l2—i)2,1, for i =0, 1.

Now, (5.18) is equivalent to

(I2)T 2 + AT 2+ A%(l0)T 2 (lo)2,2 + Al1)2.2 + A%(l0)3 2 =

Spanning the determinant in the left-hand side of (5.30), and equating the coefficients for A’ and A\*~7 in
both sides, for j = 0,1,2, we three identities in the form: ap; = f;, and aps—; = f7, for some function f
depending on the coefficients (1;)s,, for 1 <s,t < 2 and 0 < ¢ < 2. This, in particular, implies that, if x = *,
then it must be @« = @ (i.e., @ € R). From the practical point of view, these two identities mean that the
conditions we get for p; and ps—; = p} are exactly the same. Therefore, we will focus only on the equations
for the coefficients p;, for j = 0,1,2. First, spanning the determinant in the left-hand side of (5.30) and
equating the coefficients of \°, we get the following equation:

(5.31) apo = (lo)1,1(lo)2,2 = (lo)1,2(l2)7 2-

Looking at (5.31), the coefficient pg must appear in the right-hand side of the equation with degree 1, and
there are three different possibilities:

e (Ip)1,1(lo)2,2 = a1po and (10)1,2(12)12 = Y1po, where 0 Za; € F,0#£ vy € Fand oy — 11 = a.
e (lo)1,1(lo)2,2 = apo and (lp)1,2(l2)7 2 = 0.
i (l0)1,1(10)2,2 =0 and (10)1’2@2)12 = apo.

These three possibilities can be subdivided into four cases each, depending on the possible values of the
coefficients of L(\), namely:

(Po.1): (lo)1,1 = aopo and (lp)22 = Bo, where foag = a1 # 0, (lo)1,2 = Yopo and (l2)] o = do, where

90 =1 # 0.

(PO.Q): (10)171 = opPo and (lo)z)g = 50, Where Boao = 75 0, (lo)l’g = (50 and (lg)iQ = Y0Po, Where
007 =1 # 0.

(Po_g): (10)171 = 50 and (10)272 = QppPo, Where B()O[O = (1 # 0, (10)172 = 7YoPo and (12)1(72 = 50, where
9070 =71 # 0.

(POA)Z (10)1’1 = ﬁo and (10)2’2 = PO, where ﬂoao = 75 0, (10)1’2 = (50 and (lg)ig = Y0Po, Where
dov0 =7 # 0.
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(P0‘5)Z (l())1 1 = QpPo and (lo) = ﬁo, where 50040 =« 7é 0, and (10)1’2 =0.
(P(),G)Z (10)171 = ppPo and (lo)g’z = 50, where B()Oéo =« 7’5 0, and (l2)i(,2 = u.
(Po.7): (lo)1,1 = Bo and (lp)2,2 = aopo, where foag = a # 0, and (ly)1,2 = 0.
(Po.g): (lo)1,1 = Bo and (lg)2,2 = aopo, where fpap = o # 0, and (lg)’{g =0.
(Po.g): (lo)1,2 = aopo and (I2)7 o = Bo, where Boag = o # 0, and (lp)1,1 =

(Po.10): (lo)1,2 = aopo and (l2)T o = Bo, where foag = a # 0, and (lp)2,2 = 0.
(PO,ll): (l0)1’2 = 50 and (lg)iz = opo, Where Boao = 7’5 0, and (10)1,1 =0.
(Po.a2): (lo)1,2 = Bo and (l2)T o = aopo, where Soag = a # 0, and (lp)2,2 = 0.

We are going to consider each case separately. Let us directly look at the coefficient of A% in (5.30). We
equate in both sides and use the particular conditions on the coefficients of L(A) obtained in (Pp.1)—(Po.12)-
We will focus only on (Py.1), (Pos), and (FPpg). The cases (Py2)—(FPo.4) are analogous to (Pys5), the cases
(Po.s)—(Py.g) are similar to (Py5), and (Py.10)—(FPo.12) are similar to (Py.g).

(5.32)  for (Po.1) = apa =appo(Bo)™ + (11)1,1(11)2,2 + (@opo)*Bo — (vopo) (Yoro)™ — (I1)1,2(11)7 .2 — (o) "o,
(5.33)  for (Po.5) : ape =aopo(Bo)* + (11)1,1(I1)2,2 + (@opo)*Bo — (11)1,2(11)T 2 — (I2)1,2(12)7 2,
(5.34)  for (Po.g) : apa =(l1)1,1(I1)2,2 — (@opo)(aopo)” — (I1)1,2(11)1 2 — (Bo)*Bo-

Looking at (5.32) and (5.33), the coefficient p, must appear in the right-hand side of the equation with
degree 1 and the only possibility is that it appears in the product (11)1,1(l1)2,2- As a consequence, the two
terms with degree 1 in py cannot be cancelled with any other term (notice that the sum of both terms is
equal to 2Bpagpo, if x = T, and 2Re(Boagpo), if x = *, with Bpag = a3 # 0). Therefore, the cases (Pp1)
and (Pp5) are not possible, and because of the symmetries in the equations when spanning (5.30), the cases
(Po.2)—(Po.a) and (Py.6)—(Po.g) are not possible since they give us analogous equations to (5.32) or (5.33),
respectively.

Looking at (5.34), the coefficient ps must appear in the right-hand side of the equation with degree 1 and
the only possibility is that it appears in the product (11)1,1(l1)2,2. In addition, not only the term containing
the coefficient pg, but also the constant term must cancel out, and both terms cannot be cancelled out with
the remaining term (1)1,2(l1)7 5. As a consequence, (Pp.9) is not possible, and then (Py.10)-(Fo.12) are also
not possible because symmetries.

Therefore, none of the cases may occur, so we get a contradiction. Then, there is no x-palindromic
companion quadratification for x-palindromic quartic polynomials. 0

REMARK 5.2. Note that, in the proof of Theorem 5.1, we have not used the fact that L()) is a strong
quadratification. Only the property that L(X) is a quadratification, for all values of py, ..., p4, is needed.

In [38, Theorem 2.7], the authors proved that x-alternating and x-(anti-)palindromic matrix polynomials
are linked via Cayley transformations C_; or C41, introduced in [38, Definition 2.4]. We refer the reader to
[38] for more information on these relations. In addition, in [40, Example 3.10], it was shown that the
Cayley transformation is a special type of Mobius transformation, and, by [40, Corollary 8.6], we know
that Mobius transformations preserve any strong f-ification. However, we cannot ensure that they preserve
companion f-ifications. Below, we provide an explanation of this. The key fact is that, after applying a
Mobius transformation, companion f-ifications can be transformed into generalized companion f-ifications
which are not necessarily companion.

Let us assume that P()A) is a x-palindromic matrix polynomial of grade k and Q(A\) = C41(P) :=

(1—N\)FkP (HA) is a x-even matrix polynomial of grade k. Let £Lp(\) be a x-palindromic companion pencil
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of P(X). Then, the question that we aim to answer is whether there exists a x-even companion pencil Lo (A)
of Q(A) such that Lo(A) = C41(Lp). This problem is showed in the following diagram.
c
P()) (x — palindromic) — — > Q()) (* — even)
Companion Pencilé éCompanion Pencil?

Lp(N) (* — palindromic) . Lo(A) (x — even)

Notice that we have used the Cayley transformation Cy; and the x-palindromic and x-even structures, but
other ones can be chosen, according to [38, Theorem 2.7].

The following example answers negatively the question, because we obtain a matrix pencil £g(A), which
is x-even, but is not companion (L£Lg(A) does not satisfy condition (a) in Definition 2.2).

EXAMPLE 5.3. Let P(\) = Z?:o N P; € F[A]"*™ be a cubic matrix polynomial. Then, P(\) is *-
palindromic if P*(\) = rev3P()\), namely, if

Pj* = Pg_j, for _] = O, 1.
Let Q(\) be a cubic matrix polynomial defined as follows:

00 =P = -2 [Pt () b (L2 1y (E2) P

— LU+l - 0 1_ )\ 1 1_ A 2 1_ )\ 3

= (Py+Pi+Po+P3) +A(=3P)— Py + P, +3P;) + N2 (3P — P, — P> + 3P)

3
+ M (=Py+ P — P+ P3) = Y _NQ,.
j=0

By [38, Theorem 2.7], Q()) is *-even whenever P(\) is x-palindromic.

Now, let us consider the following matrix pencil:

0 PO + )\Pl *>\In
[,p()\) = ERQ + )\EPJ = | P+ \P; 0 1, s
-1, A, 0

which is a companion pencil of P(\) (see Definition 2.2) and, moreover, Lp()) is x-palindromic whenever
P()) is, and, as above, we define Lg(\) as the matrix pencil

1+ A
£aW) i=Cua(r) = (1= 0 (Lo + (153 ) £ ) = (Lroct L) + A (~Lro + Lr)

i 0 Po+ P+ AN-Po+P) —1I,—- A,

=|Po+Ps+ AN—P+ P3) 0 I, — A,
I, + A, I, + M\, 0

[ 0 QQo—CiH-?Q:s) + A (Qo—%ﬁ-@s) —I, -\,
= <2Qo+€421*@3> A (*Q0+32+2Q3) 0 I, =\, |

i —1I, + M\, I, + M\, 0
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which is x-even whenever P()) is x-palindromic. However, L4 () is not a companion pencil of Q(\) since
there are nonzero block entries of Lg(A), namely the (1,2) and (2,1) blocks, which do not fulfill condition
(a) in Definition 2.2.

As a consequence of Example 5.3, Mobius transformations do not preserve the property of being a
companion f-ification. For this reason, the proof of Theorem 5.1 has been carried out for all the structures
in Definition 2.11 separately.

The question on whether there are structured companion /-ifications of structured matrix polynomials
of grade k = (2d)¢ is still open in general. We have only proved, in Theorem 5.1, the case d = 1 and £ = 2,
that is, there are no structured companion quadratifications of structured quartic matrix polynomials.

6. Conclusions. In this paper, we have presented, for the first time, structured (generalized) com-
panion f-ifications of structured matrix polynomials of grade k = (2d + 1)¢, given in the monomial basis,
for the main structures of matrix polynomials that are frequently considered in the literature (namely,
(skew)-symmetric, (skew-)Hermitian, (anti-)palindromic, and alternating structures). The constructions are
structured versions of the block-Kronecker ¢-ifications presented in [27]. We have also determined the smallest
number of nonzero block entries in these constructions, and we have provided a procedure to construct sparse
structured /f-ifications within this family. Finally, we have shown that there are no structured companion
quadratifications for quartic matrix polynomials.

As a natural continuation of this work, some lines of future research are the following: (1) to show
whether or not there are structured companion ¢-ifications for matrix polynomials of grade k = (2d)¢; (2)
to look for (not necessarily structured) f-ifications for matrix polynomials given in other bases than the
monomial basis.
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