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ON MINIMAL ENERGIES OF TREES WITH GIVEN DIAMETER*

SHUCHAO LI' AND NANA LIf

Abstract. The energy of G, denoted by E(G), is defined as the sum of the absolute values
of the eigenvalues of G. In this paper, the trees with a given diameter having the minimal energy
are determined by three specific tree operations; using this method, together with previous work, a
conjecture proposed by B. Zhou and F. Li [J. Math. Chem., 39:465-473, 2006] is completely solved.
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1. Introduction. Let G be a graph on n vertices. The eigenvalues A1, ..., A, of
an adjacency matrix of G are called the eigenvalues of G. The energy of GG, denoted
by E(G), is defined as

E(G):Z|/\i|-

This concept was introduced by Gutman and is intensively studied in chemistry, since
it can be used to approximate the total m-electron energy of a molecule (see, e.g, [5, 6]).
For more details on the chemical aspects and mathematical properties of E(G), see
[3]-[6]

For a graph G, let m(G, k) be the number of k-matchings of G, k > 1, and define
m(G,0) =1, m(G,k) = 0if k < 0. If G is an acyclic graph on n vertices, then the
energy of G can be expressed as the Coulson integral [6]

5]
1 [T dx d
B(@) = _/ S {1+ m(G k)
-0 k=1
It is easy to see that FE(G) is a strictly increasing function of m(G,k),
k =1,...,|n/2]. This observation led Gutman [2] to define a quasi-order over the
set of all acyclic graphs: If Gy, G2 are two acyclic graphs, then

G1 = Gy @m(Gl,k) > m(Gg,k) for all k = 0,1,..., L%J
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If G1 = G, and there is a j such that m(Gy,7) > m(Ga, j), then we write G1 > Ga.
Therefore,

Gi1 > Gy = E(G1) > E(Gg)

This increasing property of E has been successfully applied in the study of the ex-
tremal values of energy over some significant classes of graphs. Gutman [2] determined
trees with minimal, second-minimal, third-minimal and fourth-minimal energies, and
the present authors [7] determined trees with fifth-, sixth- and seventh- minimal en-
ergies. More recent results in this direction can be found in [8]-[15] and the references
therein.

Let 7,4 denote the set of n-vertex trees with diameter d, where 2 < d <n — 1.
Obviously, T' € 7, 2 is a star K ,—1, while T € 7}, ,,—1 is a path P,. So we assume in
the following that 3 < d < n — 2. Let Ng(v;) denote the neighborhood of the vertex
v; in G. A pendent verter is a vertex of degree one, and a pendent edge is an edge
incident with a pendent vertex. A caterpillaris a tree in which a removal of all pendent
vertices makes a path. Let T'(n,d;n1,...,nq—1) € J5.q4 be a caterpillar obtained from
a path vgvy ...vg by adding n;(n; > 0) pendent edges to v;(i =1,...,d — 1). And in
this paper, if T} and T3 are isomorphic, then we denote it by T = Tb.

Yan and Ye [9] proved that T'(n,d;n —d — 1,0,...,0) is the unique tree with
minimal energy in .7, 4. Zhou and Li [11] proved that the trees with the second-
minimal energy in .7, q are T'(n,d;0,0,n —d —1,0,...,0) if d > 6, T'(n,3;1,n—5) if
d=3,T(n,4;1,0,n—6) or T'(n,4;0,n—"5,0)ifd=4(n>7),T(n,5;1,0,0,n—7) or
T(n,5;0,n—6,0,0)if d =5 (n > 8), and they also proposed the following conjecture.

CONJECTURE 1.1. T(n,4;1,0,n—6) (n > 7) and T(n,5;0,n —6,0,0) (n > 9)
achieve the second-minimal energy in the class of trees on n vertices and diameter d
for d =4 and d = 5, respectively.

In this paper, we use a new method to determine the trees in .7, 4 having the
minimal energy, which was obtained in [9] only by induction. Using this new method,
we also show that Conjecture 1.1 is true for d = 5. We have showed that this
conjecture is true for the case d =4 in [7].

The following lemmas are needed for the proofs of our main results.

LEMMA 1.2 ([2]). Let G be a graph and uv be an edge of G. Then m(G,k) =
m(G —wv, k) +m(G —u—wv,k—1) for all k.

LEMMA 1.3 ([2]). For any tree T # Ki n—1, T(n,3;0,n —4) on n vertices, we
have E(K;i n—1) < E(T(n,3;0,n—4)) < E(T).

LEMMA 1.4 ([9]). Let G be a forest of order n(n > 1) and G’ be a spanning
subgraph (resp., a proper spanning subgraph) of G. Then G = G’ (resp., G = G’).
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LEMMA 1.5 ([2]). If we denote by GU H the graph whose components are G and
H, then

PP=PBUP_o=...= Popy UP_op = Popp1 UP o1 = Pop—1 U P _op41
=...P3UP 3= PLUP 4,

where l =4k +r, 0 <r < 3.

2. Three specific tree operations. In this section, we introduce three spe-
cific tree operations and our technique is to employ these specific tree operations to
transform tree with energy decreased after each application.

The following operation is introduced by Yu and Lv [10]. Let P = vovy ... vx (K >
1) be a path of a tree T. If dr(vo) > 3, dr(vg) > 3 and dp(v;) = 2(0 < i < k), we
call P an internal path of T. If dr(vo) > 3, dr(vg) = 1 and dr(v;) = 2(0 < i < k),
we call P a pendent path of T' with root vy, and particularly when k& = 1, we call
P a pendent edge. Let s(T") be the number of vertices in T with degree more than
2 and p(T) the number of pendent paths in 7" with length more than 1. We assume
throughout this paper that T,, ¢ = T'(n,d;n —d —1,0,...,0).

Let .7, i, be the set of n-vertex trees with k pendent vertices. If T € .7, 1, (3 < k <
n—2), T # Ty n—k+1 and p(T') = 0, then we always can find two pendent vertices uy
and vy of T'such that d(uq, v1) = max{d(u,v) : u,v € V(T')}. Let uyu, v1v be the edges
in T, then Np(u) = {u1,us,...,us,wh(s > 2), Np(v) = {v1,va,...,v,w'}(t > 2),
where uy, ug, ..., us, 1,02, ...,v; are pendent vertices of T, dr(w) > 2 and dp(w') >
2. Note that w = w’, when d(uy,v1) = 3. U T' =T —{uug, ..., uus} +{vug,...,vus}
or T =T — {vvg,...,vv:} + {uvs,...,uvs}, we say that T’ is obtained from T by
Operation I (sce Figure 2.1). It is easy to see that 7" € #, 4, p(T’) = 1 and
s(T") =s(T) — 1.

LEMMA 2.1 ([10]). If T’ is obtained from T by Operation 1, then E(T') < E(T).

Us Ut

Fic. 2.1. (a) = (b) by Operation 1.

IfT € J,.4 (3 <d<mn—2),then we can always find two pendent vertices vp and vg
of T' such that d(vg, vq) = max{d(u,v) : u,v € V(T)}. Let P = vgv; ... v; ...vg be one
of the longest path in T, and . = {T1,...,T.} be the set of connected components of
T—{vo,...,vq}. Ifv; e V(P) (1 <i<d—1),then Np(v;) = {vi—1,vit1,w1,..., W},
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where w; € V(T};), j = 1,2,...,m (e.g., see (a) in Figure 2.2). Choose a T;, € .7
such that [V(T;,)| = n; > 1, if T" is obtained from T' by replacing T;, U v;w; with n;
pendent edges u}v;, ubv;, . .. ,u%j v;, we say that T” is obtained from T by Operation
Il (see Figure 2.2). It is easy to see that T € .7, 4. Now we show that Operation I
makes the energy of a tree decrease strictly. In the following proof, we use the same
notations as above.

vo V1 V2 Vi1 Ui Vigl Ud-2 Ud-1 Ud

Vo U1

Fic. 2.2. (a) = (b) by Operation 1.

LEMMA 2.2. If T' is obtained from T by Operation I (e.g., see Figure 2.2), then
E(T") < E(T).

Proof. Let w; € Ty, wjv; € T and F; =T — V(T;,). By Lemma 1.2, we have

m(T' k) = m(T" — utvi, k) + m(T' —ul — v,k —1)
=m(T' — uivi, k) + m(Fj — v,k — 1)
m(T" — uiv; — ubvi, k) + 2m(F; — vi, k — 1)

(T — v, — ubvy — ... — uiljvi,k;) +nm(F; — v, k— 1)

m
m(Fj, k) +nym(F; — v, k—1). (2.1)
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By Lemmas 1.2, 1.3 and 1.4, we have

m(T, k) = m(T —vw;, k) + m(T —v; —wj, k—1)
=m(F; UT;,, k) +m((F} —vz)U(T —wj), k—1)

5

k
> m(Fy, k= )m(T,, +Zm — vk — 1= Dm(Ti, — w;,1)
0

l

V
= |l

m(Fj, k— l)m(le,l) + m(FJ — ’Ui,]f — 1)

Il
o

M?r

(F k— l)m(KLnj,l,l) + m(FJ — v, k — 1)

v

0
( k) 4+ (nj — )m(Fj —vi, k= 1) + m(Fj —vi, kb —1)
( ,k)

3 3

The last equality holds by Eq. (2.1).
It is easy to see that m(T,1) = m(T’,1). So, T > T and E(T) > E(T"). O
By Lemma 2.2, we immediately get the following result.

LEMMA 2.3. LetT € 9,43 <d<n-—2),ifT is not a caterpillar, then repeated
using Operation I we can finally get a caterpillar T" with E(T") < E(T).

So, in what follows, we may assume that T is a caterpillar in 7, 4 and P =
VU1 - .. V;...0q is one of the longest path in T. Without loss of generality, let T =
T(n,d;ny,na,...,nq-1) and i = min{ijv; € V(P),dT(vi) >2and2<i<d-—1}.
Obviously, if ¢ = d — 1, then T = T(n,d;n —d — 1,0,...,0), so we assume that

2 < i < d—2. Let the n; vertices which are adjacent to v; are u},uj, ... u; If
T =T~ {ulv;,... ,umvl} +{utvy,. .., mvl}, we say that T is obtained from T by

Operation II (see Figure 2.3). It is easy to see that T/ € 7, 4

Now we show that Operation Il makes the energy of a tree decrease strictly. In
the following proof, we use the same notations as above.

—_——
T, V; Vi Vo a b Y Vo
Visg .
ulou u Uy

U, Uy, >
4
@ T=TV, T ® T'=Tyv, VT,

Fic. 2.3. (a) = (b) by Operation II.
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LEMMA 2.4. If T’ is obtained from T by Operation W (e.g., see Figure 2.3), then
E(T") < E(T).

Proof. By Lemma 1.2, we have

m(T, k) = m(T —vvi41, k) + m(T —v; —vig1,k — 1)
= m(T1 uTs, k) + m((T1 — 'Uz'+1) U (T3 — ’Ui)7 k — 1)

k k—1
=> m(Ty, k= j)m(Ts,5) + Y m(Ty = vig1, k=1 = §)m(Ts — v;, ),
j=0 3=0

and

m(T', k) = m(T" — vivip1, k) + m(T" —v; —vig1,k — 1)
= m(T1 U Ty, k) + m((T1 — Ui+1) U (T4 — Ui), k — 1)
k k—1
m(Tla k _])m(T4)j) + Zm(Tl — Vit1, k—1 _.])m(T‘l - Ui7j)'
j=0 j=0

So,

k
m(T, k) —m(T', k) = > m(T1, k — 5)(m(Ts,5) — m(Ts, j))

<
[

0
+Zm(T1 —viy1, kb — 1 = ) (m(T5 — vi, j) — m(Ta — vi, §)).
=0

We have m(T53, j) = m(T5 — {ulv;, ..., ul vi}, j) + nam(Ts — {vg, uf, ... ul 3,5 — 1)
(vesp., m(Ty,j) = m(Ty — {uivy,...,ul, v}, j) + nim(Pi—1,j — 1)), according to the
vertices ut, ... ,ug are saturated or not in the j-matchings of T3 (resp., Ty4). And
also, m(Ts — {ul,...,ul ,v;i},j — 1) = m(P;,j — 1) + nym(P;—2,j — 2) according

1

to the vertices ui,...,u;, are saturated or not in the (j — 1)-matchings of T5 —

{vi,uf,...,ui, }. Note that T3 — {ulv;,...,ul, v;} = Ty — {ulvy,...,u} v1}. Define
m(Py,0) =1 and m(Po, k) = 0 for k£ > 0, and hence,

m(T3,5) — m(Ty, j) = nilm(P;,j — 1) + nam(Pi—2,j — 2) — m(Pi—1,j — 1)]
= ni(nl =+ 1)m(Pi_2,j — 2).

We denote T5 — v; (resp., Ty — v;) by Ts (resp., T5). If i > 3, we have

m(T27])

m(Ty —v1v2,7) +m(Ty — vy —v2,j — 1)
m(Pi—g U K1 ny+1,7) + m(Pi—s,j — 1)
m(Pi—2,j) + (n1 + 1)m(Pi—2,j — 1) + m(P;—3,j — 1),
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and similarly, m(T5s, j) = m(P;—2,j) + (ni + na + L)m(Pi—2,j — 1) + m(P;—3,j — 1).
So,

m(T3 - Uiaj) - m(T4 - Ui7j) = _nim(P’i—27j - 1)
And if ¢ = 2, then

m(T27j) - m(T5,j) = m(K17n1+1vj) - m(K17ni+n1+17j)

=-—nm(Py,j—1) = { 0, otherwise.
Therefore,
k
m(T,k) = m(T' k) =n; »_m(Ty, k= j)(n1 + Dm(Pi_s,j — 2)
§=0
k—1
—n; Zm(Tl — Vit1, k—1-— j)m(Pi—Qaj - 1)
j=0

k—2
="y Zm(Th])(nl + 1)m(P’i—25 k—2 _J)
=0

k—1
—n; »_m(Ty —vig, j)m(Pi_g, k — 2 — j)
=0
k-2
=iy m(Pia,k—2—j)((m + Dm(Ty, j) — m(Th — vy, 5))
=0

k-2
>n; Zm(Pzz% k—2—3)(m(T1,j) — m(Ty —vit1,5)) = 0.
=0

If i #d—1, then

1
m(T,3) = m(T",3) > n; Y _m(Pi_a,1— j)(m(Th, j) — m(T1 — vig1,5))
§=0
> nim(Pi_g, 0)(m(T1, 1) — m(T1 — Vit1, 1)) > 0.
So, T > T" and E(T) > E(T") in this case.

If i = d — 1, then Operation I is a special case of Operation I, and in this case,
Lemma 2.1 yields E(T") < E(T). Therefore, our result holds. O

3. Main results. In this section, we determine the tree with minimum energy
among 7, 4 by a new method. Furthermore, we determine the trees with the second
minimal energy among .7, 4 for 3 <d <5.
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From Lemma 2.4, we immediately get the following result.

LEMMA 3.1. Let T € 4 (3 <d <n—2) and T be a caterpillar. Then by
repeating Operation 1, we can finally get the tree T, ¢ with E(T,, q4) < E(T).

So we get the following result.

THEOREM 3.2 ([9]). Let T € Tpq and T # Ty q. Then E(T) > E(T,.4q), i-e.,
T,d is the unique tree with the minimum energy among trees in Iy, 4.

Let a(T') be the number of vertices in the path P = wgvy...vq with degree
more than 2. Let T € J,4 and T # T, 4. If a(T) = 1, we can finally get TV =
T(n,d;0,...,0,n;0,...,0) by a series of Operation II, where n, = n — (d + 1) for
i #£1,d—1. If o(T) > 2, we can finally get a caterpillar 77 and a(T’) = a(T') by a
series of Operation II. Therefore, if we denote the series of Operations I or 1l from T
to T),,q as follows:

T=Ty=T=1Ty= =T, 1=>T, = n,d>
then T, is obtained from 7,,,_1 by only one time of Operation II. Let
F ={T|T # T,,q and T), 4 can be obtained from T through Operation II once},

then the tree in .7, 4 of the second minimal energy lies in 77. In fact, it is the tree
in J7 of the minimum energy.

If a(T) =1, then 3 ={T'(n,d;0,...,0,n;, =n—(d+1),0...,0)]2<i<d— 2},
we will show that the tree with the minimum energy among 7 is T'(n,d;0,0,n— (d+
1),0,...,0). If a(T) > 2, then

A ={T(n,d;0,...,n:,0,...,0,n4-1)|n; + ng—1 =n—(d+1),n; > 1},

we will show that via this case the tree with the minimum energy in 73 is T'(n,d; 1,0,
...,0,n —d—2). And at last, we compare the energy between T'(n,d;0,0,n — (d +
1),0,...,0) and T'(n,d;1,0,...,0,n —d — 2).

LEMMA 3.3. If a(T) = 1, then the tree with the minimum energy in Fi is
T(n,d;0,0,n— (d+1),0,...,0) for4 <d <mn-—2.

Proof. Since a(T) = 1 and Operation T does not change the number of vertices
in vy . .. vg with degree more than 2, we can finally get a caterpillar 7" and a(T”) =
a(T) = 1 by a series of Operation I. Then we can get T), 4 from 7" by applying
Operation I once. Hence,

A ={T(n,d;0,...,0,n;,0,...,0)|n; =n—(d+1),i #1,d — 1}.

Let T; € 21, and suppose that the n; vertices which are adjacent to v; are uy, ..., Up,.
Then

m(Ti, k) = m(Pas1, k) + (n — (d+ 1))m(P; U Py—;, k — 1) for all k,
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according to the vertices ui,...,u,, are saturated or not in the k-matchings of 7.

Note that ¢ # 1,d — 1. Then we have m(P; U Py_;,k — 1) > m(Ps U Py_3,k — 1) by
Lemma 1.5. Therefore, the result follows. O

LEMMA 3.4. If a(T) > 2, then the tree with the minimum energy in J; is
T(n,d;1,0,....n—d—2) for3<d<n-—2.

Proof. Tt is easy to see that we can finally get a caterpillar T’ and a(T") = o(T) > 2
by a series of Operation II. Then we can get T, 4 from 7" by one or more times of
Operation II. Hence,

J ={T(n,d;0,...,0,n;,0,...,0,ng-1)|n; + ng—1 =n— (d+1),
n; > l,and i # d — 1}.

Let n; = s and ng_1 =t be fixed. We shall show that
T(n,d;0,...,n; =5,0,...,n4-1 =t) = T(n,d;s,0,...,0,t), if i # 1.
Let T'(n,d;0,...,n;, = 5,0,...,n4—1 =t) =T1 and T'(n,d;s,0,...,0,t) = T5. Then

m(Ty, k) =tm(T(n - (t+2),d—2;0,...,0,n;,0,...,0),k—1)
+m(T(n—t,d;0,...,0,n;,0,...,0),k),

and
m(To, k) =tm(T(n— (t+2),d —2;s,0,...,0),k = 1)+ m(T(n —t,d;s,0,...,0),k).
Then by Theorem 3.2,

Tn—(t+2),d—2;s,0,...,0) <T(n—(t+2),d—2;0,...,0,n;,0,...,0)
and T(n — t,d;s,0,...,0) < T(n — ¢,d;0,...,0,n;,0,...,0) if ¢ # 1. So we have
m(T1, k) > m(Ts, k) and m(T1,k) = m(Ts, k) for all k if and only if ¢ = 1. Hence,
T, = Ty and

E(T(n,d;0,...,0,n; =s,0,...,t)) > E(T(n,d;n1 = s,0,...,0,t)), ifi# 1
In the following, we shall show that

T(n,d;s,0,...,t) = T(n,d;1,0,...,0,s+t—1), if s> 1.

Without loss of generality, we may assume that s <t¢. Let

To =T(n,d;s,0,...,0,t) and Ty, = T'(n,d; 1,0,...,0,s +t — 1).
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Let the s vertices which are adjacent to vy in Ty be uq, ..., us, and suppose that there
are s+t — 1 vertices uf, ..., ul,w],...,w;_; that are adjacent to vy_1 in Tj. For all
k, we have
m(To, k) =m(T(n —s+1,d;1,0,...,0,t), k)
+(s=1)m(T(n—s—-2,d—2;0,...,0,t),k —1),

(resp.,
m(Ty, k) =m(T(n —s+1,d;1,0,...,0,t),k)
+(s—=1)m(T(n—s—td—2;1,0,...,0),k — 1)),
according to the vertices u1,...,us—1 are saturated or not in the k-matchings of Ty
(resp., u},...,ul_; are saturated or not in the k-matchings of T|.) Note that ¢t > s >

1. Then T(n—s—t,d—2;1,0,...,0) is a proper subgraph of T'(n—s—2,d—2;0,...,t),
hence by Lemma 1.3, T(n — s — 2,d — 2;0,...,t) = T(n — s — t,d — 2;1,0,...,0).
Therefore, m(To, k) > m(T}, k) and there exists a j, such that m(Ty,j) > m(Tj, 7).
So, Ty > Ty and E(Tp) > E(T}). The lemma thus follows. O

LEMMA 3.5. E(T(n,5;0,0,n—6,0)) > E(T(n,5;1,0,0,n— 7)) forn > 9.

Proof. Let Ty, := T'(n,5;0,0,n —6,0) and T), := T'(n,5;1,0,0,n — 7). It is easy
to see that for all k,

m(Tn, k‘) = m(PG, k)) + (TL — 6)m(P2 UPs, k— 1)
and
m(Ty, k) = m(Ps, k) + (n — 7)(m(Py, k — 1) + m(P2, k — 2)).

So, m(T»,0) = m(Ty,0) = 1, m(T, 1) = m(T,1) = n— 1, m(T,,2) = 3n — 12,
m(T),2) =4n — 19, m(T,,3) = 2n — 11, m(T),,3) = 2n — 12, m(T,, k) = 0 if k > 4,
and m(T), k) =01if k > 4.

Note that

E(G) = —/O — (14> m(G, k)

T 2
k=1

Hence,

2 /+°° dr . 14 (n—1)2% + (3n — 12)z* + (2n — 11)2°
0

E(T,) - E(T)) == — .
(Tn) (To) 7r x? n1+(n—1)m2+(4n—19)x4+(2n—12)x6

For a fixed z > 0, let f(y) := ﬁgjgzzigiz:ggijigz:g;;z Then we have that

, —2212 — 6219 — 1028 — 625 — 2*
fy) = _ 2 _ 4 _ o <0
14 (y—1)z?+ (4y — 19)z* + (2y — 12)29)
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So, f(n) is a strictly decrease function of n. Therefore, for all n > 9, we have that
E(T,) — E(T}) < E(Ty) — E(T}) < 0. The result thus follows. O

THEOREM 3.6. Among the trees in Iy, 4,

(i) T'(n,3;1,n — b) is the unique tree achieving the second-minimal energy in the

class of trees on n vertices and diameter d for d = 3.
(i) ([7DT(n,4;1,0,n — 6)(n > 7) is the unique tree achieving the second-minimal

energy in the class of trees on n vertices and diameter d for d = 4.
(iii) T(n,5;0,n — 6,0,0) (n > 9) is the unique tree achieving the second-minimal

energy in the class of trees on n vertices and diameter d for d = 5.
Proof. Here we should only prove (i) and (iii). For the proof of (ii), see [7].

(i) When d(T) = 3, it is easy to see that if a(T) = 1, then we have 7 = 0;
otherwise, by Lemma 3.4, the tree with the minimum energy in % is T'(n, 3;1,0,n—5).
Therefore, T'(n, 3;1,0,n — 5) is the unique tree achieving the second-minimal energy
in the class of trees on n vertices and diameter d for d = 3.

(iii) Combining Lemmas 1.5, 3.4 and 3.5 implies that T'(n, 5;0,n—6,0,0) (n > 9)
is the unique tree achieving the second-minimal energy in the class of trees on n
vertices and diameter d for d = 5. 0

Remark. (1) By (ii) and (iii) of Theorem 3.6, Conjecture 1.1 is completely solved
by us.

(2) For n < 10, by Appendix of tables of graph spectra in the book: Spectra of
Graphs [1], when n = 9, 7(9,5;0, 3,0, 0) has the second-minimal energy among 5 5
and when n = 10, T'(10,5;0,4,0,0) has the second-minimal energy among Jig s,
which are examples that confirm our results.
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