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CONE TYPE MAJORIZATION AND ITS STRONG LINEAR PRESERVERS*

G. SANKARA RAJU KOSURUT AND SUBHAJIT SAHA#?

Abstract. This study introduces a novel notion, cone type majorization and characterizes the same. Further, the structure
of linear preservers and strong linear preservers of this cone type majorization have been studied.
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1. Introduction. Majorization in finite dimensional spaces has been extensively studied because of its
applications in a wide variety of areas such as mathematics, physics, engineering, and economics. Particu-
larly in mathematics, majorization has applications in matrix analysis, operator theory, frame theory, and
inequalities involving convex functions ([3, 5, 10]). For a detailed overview of this subject, we refer to the
book by Marshall and Olkin [8].

For any two vectors z,y € R™, x is said to be majorized by y, denoted by = < y, if

n n
xJiSZyj (for k=1,2,...,n—1) and ij:Zyj.
j=1 j=1

k
=1 j=1

J

Also z is said to be weakly-majorized by y, denoted by x <., y, if

k k
ij < Zyj (for k=1,2,...,n).
j=1 j=1

Here :c‘lL > x% > ... > x} is the non-increasing rearrangement of the components of the vector z.

Characterizations of majorization and weak majorization are well studied. Suppose z,y € R"™ with
non-negative components; then = <., y if and only if z = Dy for some doubly sub-stochastic matrix D ([4]).
A square matrix D is said to be doubly sub-stochastic if all entries are non-negative and each row sum is
at most 1, and the same for each column sum. Earlier, Littlewood et al, proved that, for z,y € R", x <y
if and only if « = Dy for some doubly stochastic matrix D ([7]). A square matrix D is said to be doubly
stochastic if all entries are non-negative and each row sum is equal to 1, as does each column sum. It is well
known that if z,y € R™ and x < y, then x is in the convex hull of all vectors obtained by permuting the
components of y ([4]). Multiple studies generalized the notion of majorization using different settings ([8]).
In [6], the authors have studied G-majorization for a closed group G C M, of orthogonal matrices of order
n. Recently, in [1, 9], the authors have introduced the notions of even majorization and B-majorization
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respectively, which are indeed special cases of the aforementioned G-majorization, and provide particular
geometric set-ups.

Here, we considered a different geometry, a cone type, the convex hull of the origin and vectors obtained
by permuting the components of a vector y in R™ and fixing a particular component of y. Depending on this,
we introduced a new type of majorization, called cone type majorization, which includes weak majorization
in the positive cone of R™. We establish a few basic properties and a characterization of this majorization.

One of the interesting problems in the theory of majorization is the linear preserver problem, which
analyzes linear operators that preserve majorization on certain spaces. For an overview of such problems
the reader can refer to [11]. The following result gives a characterization of linear maps which preserve
majorization.

THEOREM 1.1. ([2]) Let T : R™ — R™ be a linear map. Then T'(z) < T(y), whenever x <y if and only
if one the following conditions hold:

(i) T(z) = tr(z)a for some a € R™.
(i) T(x) = aP(x) + Btr(x)e for some o, B € R and a permutation matriz P.
Here tr(z) = Z x; is the trace of the vector v = (x1,%2,...,2,)" € R™ and e denotes the vector (1,1,...,1)"

Jj=1
in R™.

In this study, we provide the structure of linear maps on R"™, which preserve the cone type majorization.
We prove that a linear map A : R® — R™ preserves the cone type majorization if and only if either all the
columns of A, except the first column, are all equal or the 2" to the n'* components of the first column
of A are all equal and the rest of the columns are possible permutations of the second column, keeping the
first component the same. Finally, we studied the structure of such linear maps which strongly preserve the
cone type majorization.

2. Cone type majorization. Let o = (aj,9,...,a,)" be a vector in R™ and let {e1,ea,...,e,}
be the standard orthonormal basis of R™. Suppose S, is the set of all permutations on the n symbols,
{1,2,...,n}. We first fix some notations, which will be used throughout this paper:

d = (ag,...,an) €R"™! for a = (a5, as,...,a,)" € R",
Gt= (a%, ceey afl)t, the non-increasing rearrangement of the components of ¢,
Sl={oceS,:0(l)=1},
M= {H : IT is a permutation matrix of order n with Ile; = el},
Sp={llz: 1l € A} for x € R", and
e=(1,1,...,1)' e R™.
DEFINITION 2.1. Let z,y be two vectors in R™. We say that z is cone type majorized by y if x belongs

to the convex hull of the origin and the points of S;,. We denote this by z <¢ y. Also z is said to be cone
type equivalent to y, denoted by = ~¢ y, whenever z <¢ y and y <¢ .

It is evident from the above definition that (2, 3, 3)" <c (—1,1,3)".

The following figure shows the (geometric) difference between the cone type majorization and majoriza-
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tion on R3.

FIGURE 1. The geometries of the sets {x : x <c y} and {z : x < y} in R3.

We present some basic properties of the cone type majorization. Detailed verifications can be obtained
by the reader.

PROPOSITION 2.2. Let x,y,z be any three vectors in R™. Then the following statements hold:

(i) x <¢c x.
(i) If v <c y and y <¢ z, then x <¢ z.
(4ii) IFILIL € A and x <¢ y, then Tz <¢ 1ly.
(iv) The set {z € R" : z <¢ x} is a polyhedron; in particular, it is convex.

Now, we give a characterization of the cone type majorization.

THEOREM 2.3. Let x = (x;)%, y = (y;)! be two vectors in R™. Then x <¢c y if and only if there exists
some r € [0,1] such that

k k
(2.1) T =TY1, Zq;jngyj for 2<k<n-1, and ijeryj.

j=2 =2 j=1 j=1

.PT'OOf, Let x =c Y. Then x = 60(0707' .. 70)t+Cl(y17y01(2)7y01(3)7‘ .. 7y01(n))t+02(ylay02(2)7y02(3)7 RS
ng(n))t + -4 (yhyak(g),ygk(;g),...,yak(n))t for some o; € S}L, 1<j<kandc¢ >0, 0 <1t <k with
k

ZCZ' = 1. Therefore, x = c1Il1y + colloy + - - - 4+ ¢pllgy for some II; € 4,1 < i < k. Equating the

i=0

components, we have 1 = ry; and £ = My, where r = ¢; +co+ -+ -+ ¢ and M = (m;;) is a matrix of order
n—1 n—1

n — 1 with non-negative entries withz mij =1 = Z myj, for 1 <4,5 <n —1. Clearly, r € [0,1]. Now if
j=1 i=1
r =0, then (2.1) holds trivially. If r # 0, then & = Dry, where D = %M Thus, (2.1) holds.

Conversely, assume that (2.1) holds for some r € [0,1]. If » = 0, then z = 0. So z <¢ y. Now if r # 0,

then £ = c1 Py + co Py + - - - + cx Py, where P; is a permutation matrix and ¢; > 0 for 1 <14,j < k with
k

Z c¢; = r. Therefore,

j=1
= Cl(y01(2)7y01(3)a cee ayal(n))t +tck (yak(2)ayak(3)v s 7y0k(n))t

for some o; € S}l, 1 <i< k. Hence, z <¢ y. 0
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Let z = (x;)t,y = (y;)* be two non-zero vectors in R™ with # ~c y. Then by Theorem 2.3, there exist
r,r1 € [0,1] such that zy = ry; and & < rg; also y; = rz; and § < rd. If 1 # 0, then r = = 1.
Therefore, £ < y and ¢ < . Hence, £ = Py, where P is a permutation matrix of order n — 1. On the other
hand, if 1 = 0, then & # 0. Thus, we have r = r; = 1. Therefore, & < ¢ and § < £. Thus, & = Qy, where
Q is a permutation matrix of order n — 1. Hence, we have the following lemma.

LEMMA 2.4. Let x,y be two vectors in R™. If x ~¢ y, then x = Iy for some 1l € A .

Also, it is to be observed that if = 1 in (2.1), then the cone type majorization coincides with majoriza-
tion.

ExAMPLE 2.5. Let = = (2, 3,3)", y = (1,1,3)", w=(0,1,1)" and v = (1,1,0)". Then z <¢ y but z is

not majorized by y. On the other hand, u < v but u is not cone type majorized by v.

Let x,y € R™ be two vectors in R™. Suppose z <¢ y. Then by Theorem 2.3, we have x = Ky, where

K = (k;;) is a matrix of order n with non-negative entries, k11 = r, k1y = 0 = k1, for 2 < ¢ < n and
n n

Z kij=r= Z k;; for 2 <4, j < n. Since r € [0,1], K is doubly sub-stochastic. Thus, the following holds:
j=2 =2

FACT 2.6. Let x and y be two vectors in R™ with non-negative components. If v <c y, then we have
T <wyY-
The following example illustrates that the converse of the above fact is not true in general.

EXAMPLE 2.7. Let = (2,2, 1) and y = (1,1,1)". It is easy to see that z <,, y. But z is not cone

type majorized by y.

Also, it is important to note that, if z = (0, -1, —1)* and y = (0, —2, —2)*, then  <¢ y but x is not weakly
majorized by y. Hence, the non-negativity of the components of x and y is necessary in the Fact 2.6.

3. Linear preservers of the cone type majorization. In this section, we characterize all the linear
maps which preserve the cone type majorization.

DEFINITION 3.1. A linear map A : R™ — R” is said to be a preserver of the cone type majorization, if
Az <¢ Ay whenever x <¢ y, for z,y € R”. We denote the set of all such linear maps by Z2,,(R").

It is easy to observe that for « € R and A, B € £,,(R"), aA,AB € &, (R™). Also it is clear from
Proposition 2.2 (iii) that .#Z C &2, (R™). The following example ensures that the inclusion is proper.

EXAMPLE 3.2. Let 0 # 8 € R be fixed. Suppose A : R™ — R™ is the map defined by Az = 3 - tr(z)e for
x = (z;)* € R". Clearly, A is a linear map on R". Now for z = (x;)!,y = (y;)! € R", if  <¢ vy, then by
Theorem 2.3, tr(z) = rtr(y). Hence, A preserves the cone type majorization.

Now we provide a family of linear maps which preserve the cone type majorization.

THEOREM 3.3. Let A be a linear map on R™. Suppose A is of one of the following forms:

(i) Az = z1a + tr(£)b , where a,b € R™ and x = (z1,7a,...,7,)".
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o Bét
A =
~vé AP +46J

where a, 3,7, A, 0 € R with A # 0, P is a permutation matriz of order n — 1 and J is the matrix of
order n — 1 with all entries 1.

Then A preserves the cone type majorization.

Proof. Let & <¢ y. Then there exists r € [0,1] such that z; = ry; and £ < rg. If (¢) holds, then
Az = rAy, and hence, Ax <¢ Ay. If (#i) holds, then

Aw— (@ pét 1\ _ axy + ptr(f) _( rlay + Btr(y))
\yé AP+6J)\7) \ymé+ (AP +60)E) \ywié+ (AP +d8J)t) "

Since & < 19, (AP + 8J)& < (AP + 6J)y, and hence, yx1é + (AP + 6J)& < r(yy1é + (AP + 6J)y). This
implies that Ax <¢ Ay. Hence, A preserves the cone type majorization. ]

The converse of the above theorem is true. The following lemma will be useful in this direction.

LEMMA 3.4. Let A:R™ — R"™ be a linear map. Then the following are equivalent:

(i) A preserves the cone type majorization.
(i) For any Il € A, there exists 11 € .M such that Al = TI1A.

Proof. Let A be a preserver of the cone type majorization. Now
(3.2) Az = ((w,aﬁ},(x,aé),...,(x,a%))t,

where a; denotes the i'” row of the matrix of A with respect to the standard basis. It is enough to prove
that for any II € ., there exists a permutation o € S} such that

(3.3) aill =a; and a;ll = a,¢; for j=2,3,...,n.

Let IT € .#. By Lemma 2.4 and the fact that Iz ~¢ x, we have Allx = II; Az for some II; € .#. Now as
Az = ((z,al), (z,db), ..., <x,a;>)t, we have

Allz = ((z,T%aL), (x, T, . .., (x, TT%a%,))",

where II! is the transpose of II. By equating the components of II; Az and Allz we get (z,a}) = (z,ITtat)
and (z,af, ;) = (z,1I'a}) for some o € S}, 2 < j < n. This implies (3.3).

Conversely, assume that ¢ <c y. Then z = ¢o0 + 111y + colloy + -+ - + cxllpy, where 0 is the

k
origin, Il; € A4 for 1 < i < k, and ¢; > 0 for 0 < j < k with ch = 1. Therefore, we have Ax =
j=0

co0 + clﬁlAy + czﬂgAy 4+ ckﬁkAy, where II; € .4 for 1<i<k. Thus, Ax <¢ Ay. This completes
the proof. ]

Now we state an elementary fact, which will be useful in the sequel. The proof of the fact easily follows
from combinatorial techniques.
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FAcT 3.5. Let a = (a1, az,as,...,a,)" be a vector in R™. All the components of 4 are equal except one,
if and only if {a'TL: 11 € A} contains exactly n — 1 elements.

Now we prove the main theorem in this section.

THEOREM 3.6. Let A be a linear map on R™. Then the following are equivalent:

(a) A preserves the cone type majorization.
(b) A is of one of the following forms:
(i) Az = z1a+tr(2)b , where a,b € R™ and z = (z1,22,...,2,)".
(i)
a Bét

vé AP 46T

where a, 8,7, \,d € R with A # 0, P is a permutation matriz of order n—1 and J is the matrix
of order n — 1 with all entries 1.

Proof. Let A preserve the cone type majorization and let the matrix of A be represented in the form
[al/ag/ ... /an}, with respect to the standard basis, where a; denotes the i*" row of the matrix of A. By
(3.3) we have that for any II € .#, there exists a permutation o € S} such that

aill =a; and ;I = a4y for 2<j<n.

As a1I1 = a; for any II € .#, the 2" to n'* components of a; are all equal. Now if all but one component
of dy (or any d, 2 < k <n) are the same, then by Fact 3.5, the orbit {aIl : II € .#} contains exactly n—1
distinct elements. Thus, by (3.3), the orbit {a2II : IT € .#} coincides with {as,as, ..., an}. Therefore, A is
of the form (i7). Now if dy (or any d}, 2 < k < n) is a scalar multiple of é, it is easy to observe that A
is of the form (i). No other case is possible, otherwise the orbit {a2II : II € .#} would contain more than
n — 1 distinct elements, which contradicts (3.3). The converse is contained in Theorem 3.3. This completes
the proof. 0

The following example shows that the sum of two cone type majorization preservers on R™ need not be
a cone type majorization preserver.

1 3 3 3 1 1 11
4 1 2 2 4 3 3 1
EXAMPLE 3.7. Let A = 4921 9 and B = 43 1 3l Then by Theorem 3.6, the maps A and
4 2 2 1 4 1 3 3
2 4 4 4
. 4 8 4 5 3 . .
B both are in &, (R*). Let M = A+ B = s 5 9 5| By Theorem 3.6, M is not a preserver of the
8 3 5 4

cone type majorization.

For n = 3, a simple calculation gives us that A+ B € 2,,.(R3), if A, B € £,,.(R®) and A, B both are
of the same form i.e. both are either of the form (i) or of the from (4i).
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4. Strong preservers of the cone type majorization. In this section, we study the structure of
linear maps which strongly preserve the cone type majorization.

DEFINITION 4.1. A linear map A : R™ — R™ is said to be a strong preserver of the cone type majorization
if the following holds true:

x <¢cy ifand only if Az <o Ay, for x,y € R™.
We denote the set of all such maps by &, (R").

It is evident from the above definition that for a(# 0) € R and A, B € &, (R"), aA,AB € &, (R").
The following example shows that a cone type majorization preserver on R™ is not necessarily a strong
preserver of the cone type majorization.

EXAMPLE 4.2. Let e be the vector (1,1,1)! and A : R® — R? be the linear map defined by Az = tr(z).e,

for 2 € R®. Then by Theorem 3.6, A € Z,,.(R?). But A ¢ 225 (R?), since A(1,—1,0)" is cone type majorized
by A(0,0,0), but (1,—1,0)? is not cone type majorized by (0,0,0).

Let A be a linear map on R™. Suppose Az = 0, for some x € R3. Then Ax is cone type majorized by
0 = A0. If A strongly preserves the cone type majorization, then x <¢ 0. Hence, x = 0. Thus, we have:

THEOREM 4.3. Let A be a linear map on R™ that strongly preserves the cone type majorization. Then
A is invertible.

LEMMA 4.4. Let A be an invertible linear map on R™. Then A preserves the cone type majorization if
and only if A® preserves the cone type majorization, where At denotes the transpose of A.

Proof. Let A be a preserver of the cone type majorization. As A is invertible, A is of the form (i7) of
the Theorem 3.6. Clearly, A? is also of the same form. Therefore, At is also a preserver of the cone type
majorization. In a similar fashion, one can establish the converse. a0

The next example shows that the invertibility condition of the linear map A, in the above lemma is

necessary.
1 2 2 1 3 5

EXAMPLE 4.5. Let A= |3 4 4/|. Clearly, A is not invertible and A* = |2 4 6|. Then A? is not
5 6 6 2 4 6

a preserver of the cone type majorization.

THEOREM 4.6. Suppose A is an invertible linear map on R™. Then A is a preserver of the cone type
majorization if and only if A™! is a preserver of the cone type majorization.

Proof. Assume that A is a preserver of the cone type majorization. Let IT € .#. Then there exists a
Il € .# such that AIl* = ITA. Therefore, ' A=' = A1, which implies (A~)'II = IT*(A~!)". By Lemma
3.4, (A_l)lt is a preserver of the cone type majorization. Hence, by Lemma 4.4, A~! is a preserver of the
cone type majorization. In a similar fashion, one can prove the converse. 0

As a consequence of Theorem 3.6, Theorem 4.3 and Theorem 4.6 we get the following:
THEOREM 4.7. Let A be a linear map on R™. Then the following are equivalent:

(i) A is a strong preserver of the cone type majorization.
(ii) A is invertible and A preserves the cone type majorization.
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(iii) A is invertible and A is of the form:

~vé AP +46J

IL
AS

518

where a, 3,7, A, 0 € R with A # 0, P is a permutation matriz of order n — 1 and J is the matriz of

order n — 1 with all entries 1.

Let A be a linear map on R™. If A preserves the cone type majorization, then in view of Theorem 3.3,

A is not necessarily invertible. Suppose A4 is of the form
A =

with (a, 8) # (0,0), (@,7) # (0,0), A # 0 and

{x\;é—(n—l)é if8=0,
(o,7) # ((n —1)eB,¢(A+ (n— 1)), where c € R with ¢ #0 if 8 #0.

Then A is invertible.
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