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LOWER BOUNDS FOR MAXIMAL CP-RANKS OF COMPLETELY POSITIVE
MATRICES AND TENSORS*

WERNER SCHACHINGERT

Abstract. Let p, denote the maximal cp-rank attained by completely positive n x n matrices. Only lower and upper
bounds for p, are known, when n > 6, but it is known that p, = %(1 + o(l))7 and the difference of the current best upper
and lower bounds for p, is of order O(n3/ 2). In this paper, that gap is reduced to (’)(n loglog n) To achieve this result, a
sequence of generalized ranks of a given matrix A has to be introduced. Properties of that sequence and its generating function
are investigated. For suitable A, the dth term of that sequence is the cp-rank of some completely positive tensor of order d.
This allows the derivation of asymptotically matching lower and upper bounds for the maximal cp-rank of completely positive
tensors of order d > 2 as well.
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1. Introduction and main results. In this paper, we consider completely positive matrices, as well
as tensors of order greater than two, and their cp-rank. An n X n matrix M is said to be completely positive
if for some k € N there are vectors vi,...,vy € R} such that there is a decomposition M = Zle viv],
i.e., if M is in the convex hull CP,, := conv{xx' : x € R” }. A completely positive matrix M usually has
many such decompositions, and the cp-rank of M, cpr M, is the smallest k allowing for such a decomposition.
Similarly, we call a tensor T € CP,, 4 := conv{x®d :x € R } completely positive, and define cpr T to be the
smallest k such that T = Zle v?d for some vi,...,vy € R}. Clearly, we have CP, 2 = CP,. See the
fundamental textbook [3] and the recent survey [2] on completely positive matrices, and [14, 24, 25] for early
work on completely positive tensors for d > 2, with the cp-rank of a tensor first appearing in [24]. Checking
whether a tensor is completely positive is known to be NP-hard even in the d = 2 case, see [13]. The set
CP,, constitutes a proper cone (it is pointed, convex, closed, and has nonempty interior). With respect to
the Frobenius inner product (A,B) := trace(AB"), CP,, is dual to the cone COP,, of symmetric copositive
matrices of order n.

An n X n matrix B is said to be copositive if x"Bx > 0 for all x € R?. The two cones CP, and
COP,, play an important role in the field of copositive optimization, which establishes a connection between
discrete and continuous optimization, and has many real-world applications, see [6, 8, 12, 16]. See [22, 23, 29]
for some recent uses of completely positive tensors in the field of optimization. From [23, Proposition 1],
we know that CP, 4 is also a proper cone for d > 3. Furthermore, with respect to the inner product
(A,B) := (vec(A)) "vec(B), its dual cone, COP,, 4, of symmetric copositive tensors, can be identified with
the cone of d-degree copositive forms, i.e., homogeneous polynomials P of degree d, satisfying P(x) > 0
for x € R’}. Here vec denotes vectorization of a tensor, so vec is a linear map from R™**" to R™ , such
that for ay,...,a; € R" (by abuse of notation) the outer product a; ® - - - ® ag is mapped to the Kronecker
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product a; ® --- ® ag. The copositive form corresponding to B € COP,, 4 is then Pg(x) := (B,x%®d). We
call Zg = {z € A" : Pg(z) = 0} the zero set of B, where A" := {x € R : x'n,, = 1} denotes the standard
simplex, with 7,, the all ones vector in R™. A tensor B is contained in the boundary of COP, 4 iff Zg is
nonempty. Tensors A € CP,, 4 that are orthogonal to B € COP,, 4 with finite zero set Zg, will play a central
role in this paper.

Our main results establish improved lower bounds for

P\ = max {cpr T: T € CP,a},
where for d = 2, we denote p%z) by pn. Currently, p, is only known for 1 < n < 5, with (p,)1<n<s =
(1,2,3,4,6), see [27]. For n > 6, only lower and upper bounds are available:

1
Pn < Sp = (n—; )_47

see [26], and

(1.1) Pn > Sn — {WJ = VfJ . TeSp., Pn > S, —n (\/ﬁ— 2) 7

where the first lower bound is the DJL bound. It was conjectured by Drew, Johnson and Loewy [15] to be
tight for n > 4, but is now known to be not tight for n > 7, see [9, 10]. Steps towards clarifying if it is tight
for n = 6 have been taken in [18, 28]. The second lower bound appears in [7], where it is also observed that
it is superior to the first one for n > 15, and follows from a bound given in [10, Theorem 2.2], where also
some possible improvements are indicated, which however only affect the constant % In this article we will

show
2

Pn > % — (2logy logn + €*)n.

We are only aware of a single result in the literature concerning p;‘“ with d > 2: In [17, Theorems 3.2 and
3.4] the case n = 2 is considered and the inequality péd) <1+ LgJ shown. Furthermore, examples are given
showing equality in the range 4 < d < 10. Somewhat related, in [25, Corollary 3] it is shown that tensors
in a certain subset of CP, 4 (the strongly symmetric, hierarchically dominated nonnegative tensors) have

cp-ranks upper bounded by 22:1 (Z) In this article we will show a lower bound slightly stronger than

< ("
=)

Our method of proof of these lower bounds is along the following lines: For given B € COP,, 4 with Zg
finite, there exists A € CP,, q with cpr A equal to some number p4(Zg) computable from Zg. This number is
regarded as being the dth term of a sequence p(Zg) = (pr.(Zg));>( of generalized ranks of a matrix with row
set Zg. Being in need of Zg with py(Zg) large, we employ a construction that maps finite zero sets (Zs,)1°,
to some other finite zero set Zg, with B; € COP,,, 4 for 0 < i < ng, and B € COP 4, with N = Z?:[’l g,
no
K2

and succeed in expressing p(Zg) in terms of (p(Zs,));2,. This constitutes a further major contribution of

this paper.

The paper is organized as follows: In Section 2, we consider tensors B on the boundary of COP,, 4,
with Zg finite. For A € CP,, 4 such that A L B, there is a strong connection between the zeros of B and
the cp-rank of A, that is dealt with in Corollary 2.2. Next, generalized ranks are introduced and studied
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in Propositions 2.4 and 2.5. In Section 3, we introduce generating polynomials for the sequence of rank
differences. In Section 4, we recall the operation &, that was introduced in [10], which turns a set of
matrices relevant for our study into a semigroup. In Theorem 4.2, we show a homomorphism property: The
generating polynomial of a product is the product of the generating polynomials. In Section 5, we introduce
for any matrix U a further operation, with as many operands (again matrices) as the number of columns of
U, and determine the corresponding generating polynomial in Theorem 5.3. In Section 6, and Section 7, we
use the results from previous sections to derive lower bounds for p%d) in the cases d > 2 and d = 2.

In this paper, vectors are denoted by bold lowercase letters, and their components in the corresponding
light letter. The zero vector and the ith standard unit vector of appropriate dimension are denoted by o and
e;, and |, is the n X n identity matrix. Furthermore, we denote [k : {] :=={n € Z: k < n < (£}, and rowsp A,
colsp A, and coker A denote the row space, the column space, and the cokernel of a matrix A.

2. Zero sets of copositive forms and generalized ranks. The following lemma, which essentially
combines [9, Lemma 2.1], [10, Lemma 2.1], and Carathéodory’s theorem (see [3]), will be used for inferring
the existence of matrices, resp., tensors, of high cp-rank, and for deducing upper bounds for cp-ranks.

LEMMA 2.1. Let V be an Euclidian vector space. Assume that U C V is such that C' := coneU is a
proper cone. Denote by C* := {v € V : {(u,v) > 0for all u € C} its dual cone. Moreover, for a fized
v € 9C*, define Z(v) :={u e U : (v,u) =0}, and let r := rank Z(v).

a) Assume u € C with (v,u) = 0. Then for any representation u = Zle yiu; with y € RE and
{uy,...,ux} CU, we have {uy,...,ur} C Z(v). For at least one such representation k <r < dimV
holds.

b) If Z(v) is finite, then there exists u € C such that u = Zle yiu; with 'y € R’i and {uy,...,ux} C
Z(v) implies k > r.

So, any vector in C' orthogonal to v, when written as a nonnegative combination of vectors in U,
exclusively uses vectors belonging to the set Z(v), there always being such a nonnegative combination that
uses no more than r vectors of Z(v). If Z(v) is finite, there is a vector in C' that uses at least r vectors of
Z(v), whenever written as a nonnegative combination of vectors in U. We will use the lemma with V' = R
and U = {x®? : x € A"}. Note that (x®% n,.) = 1 iff x'n,, = 1. Clearly, we then have C = CP,, 4 and
C* = COP,, 4, where for B € COP,, 4, also Z(B) = {z®? : z € Zg} holds. Noting that dimCP,, 4 = (n+371)7
Lemma 2.1 leads to the following corollary (see also [10, Lemma 2.2]):

COROLLARY 2.2. Let {uy,...,ur} CR% be the set of zeros of B€ COP,, 4. Then there exists y € Rﬁ

k
such that A:=3" yiuZ@d €CPyq satisfies cpr A=rank {u?d, e u?d}. For any A € CP,, 4 we have cpr A <
i=1

dimCP, 4 = ("+§_1),

For notational convenience (we want rows of certain matrices to correspond to tensors), we will be
working with vectorized tensors, and thus, by ® we henceforth denote the Kronecker product. We first
generalize the notion of two-rank, introduced in [10]:

For a matrix A=[ay,...,a;] €R¥*™ we let A®) :=[a; ®ay,...,a;, @ay]" Ekanz, and more generally
Alm) .= [aP™, ... ,agm]—r eRF*"™ "and define the m-rank of A as

rank™ A := rank A(™ |
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In particular, we have A{® = Nk, and therefore, rank® A = 1 and rank™ A = rankA. Alternatively,
rank™ A = rank G where G™) is the m-th Hadamard (i.e., elementwise) power of the Gram matrix
G = AAT of the set of vectors {ay,...,a}.

EXAMPLE 2.3.

01 0001 00000001
12 1224 12242448
A= = A% = AP =
31 933 1|’ 279939331’
20 4000 80000000

and therefore, rankV) A = 2, rank® A = 3 and rank® A = 4.

We call a nonempty subset U of a vector space V pairwise linearly independent, iff either U = {v} with
v # 0, or |U| > 2 and U does not contain two different vectors that are linearly dependent. Some fundamental
observations concerning the sequence p(A) := (rank(m) A)m>0 are listed in the following propositions. Note

that for the zero matrix O € R¥*™ we have p(0) = (1,0,0,...).

PROPOSITION 2.4. Let A = [aj,...,a;] € R¥*"\ {O}. Then for any submatriz B of A we have
rank™ B < rank™ A for all m > 0, which we denote p(B) < p(A). Moreover, p(A') = p(A) holds, if any of
the following conditions is satisfied;

a) A" = AQ, with Q € R™*™ of full rank,

b) the columns of A’ consist of a mazimal linearly independent subset of the column set of A,

¢) the rows of A’ consist of a mazimal subset of pairwise linearly independent vectors of the row set of
A (clearly, all such subsets are equal in size),

d) A" = DPA, where P € R¥*F is a permutation matriz and D € R¥** is a nonsingular diagonal matriz.

Proof. For the first assertion observe that B being a submatrix of A implies that B{™ is a submatrix
of A{™) for any m > 0. Regarding a), we have by well known properties of Kronecker products (AQ){™ =
AMQ®™  with Q®™ e R™" *"™ of full rank. Therefore rank™ A’ = rank(™ A. Turning to b) we first
observe that removing o columns from A will not change p(A). Then, by a), we may assume A = [by, ..., by,]
and A’ = [by,...,by], with ¢ < n being the maximal cardinality of any linearly independent subset of
the column set of A. Then there is Q € R™*™ of full rank, such that AQ = [by,...,by,0,...,0], and
thus, p(A) = p(AQ) = p(A’), by a) and by removing o columns. Regarding c), we can clearly remove any
row consisting entirely of zeros from A without changing p(A). If two nonzero rows a' and a' of A are
linearly dependent, then (a®™)T and (a®™)T will be linearly dependent rows of A™ for any m > 0. So,
removing the row a' from A will not change p(A) either. For the proof of d), just note (PA){™ = PA{™)
and (DA)(™ = DA™, u|

PROPOSITION 2.5. Let A € RE*™\ {O}. Then the sequence p(A) is eventually constant, that constant
being the mazimal number of pairwise linearly independent vectors of the row set of A. Before reaching that
constant, the sequence is strictly increasing.

Proof. By Proposition 2.4¢), we may and do assume that the vectors in {aj,...,a;} are pairwise in-
dependent. Since A has k rows for all m > 0, k is an upper bound for p(A). By the assumed pairwise
independence, there is a vector u € R™ such that a, u # 0 for all i € [1 : k]. By Proposition 2.4d), we may
and do assume that a]u = 1 for all i € [1 : k]. Let now v € R" be linearly independent of u, such that
{a/v :i € [1:Kk]}| =k, (such v exists by the assumed pairwise independence of the rows of A) and find
qi,% € [3 : n], such that Q := [u,v,qs,...,q,] has full rank. Defining A’ := AQ and A; := A[u, v], we have
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p(A2) < p(A’) = p(A) by Proposition 2.4. The entries of the first column of Ay are all ones, those in the
second column of Ay are all different, therefore some k x k submatrix of A§k> is a Vandermonde matrix with
determinant H1§i<j§k (aij — aZ-Tv) # 0. This shows rank® A, = k, so the upper bound k is attained by
p(A). For what follows, we assume additionally w.l.o.g. that the first column of A, like that of A’ before,
consists of all ones. Then A is a submatrix of A{*1  and this implies containedness of left null spaces,
i.e., coker Am+1) C coker A(™) . and thus, rank™ " A > rank™ A, for any m > 0, which means that p(A)
is increasing (and eventually constant with value k). The assumption rank™*Y A = rank™ A then implies
coker Alm+1) — cokerA<m>, i.e., for some n™ x ™! matrix Q = (Inm|R) we have Alm+1) = Alm)Q. Using

in several places the mixed-product property (A ® B)(C ® D) = AC ® BD, we now observe

m+2) _ Zez |: TA m+1) :| Zel A(m+1> ® A)

_Z:eZ e] e ) A @A) Q@ 1,) =AmT(Q®l,),

showing coker A{"t2) = coker A/"t1) . Thus, we obtain rank™? A = rank(™+?) A, and induction yields
rank® A = rank™ A for all i > m. We conclude that rank”*" A = rank™ A implies rank™ A = k, and
this completes the proof. O

3. Generating polynomials and cyclically symmetric matrices. For matrices A we are now going
to introduce the generating function (indeed a polynomial) of the sequence of differences of p(A). This (and
some proofs to come) is facilitated by the following definition.

DEFINITION 3.1. Let the rows of A € R¥*™ be pairwise linearly independent. We say that A is row-

Ao
adjusted (with £+ 1 blocks), if A = , with A; € R**™ q; > 0 for ¢ € [0 : £], and
Ay
rank”) A = rank) Ayg; Za,, for j€10: 4],
i=0
Ao
where Ajg,j) := l ] for j € [0: 4]
Aj

It is easy to see that if A is row-adjusted, then the numbers £ and (a;);e[o. are uniquely determined.
If for some permutation matrix P the matrix PA is also row-adjusted, then A and PA share the number of
blocks £ 4+ 1 and the sequence of block sizes (a;)ic[o.q. Moreover, for any matrix A € RF*™ with pairwise
linearly independent rows (but not for A = O), there is a permutation matrix P (in general not unique) such
that PA is row-adjusted.

DEFINITION 3.2. For A € R¥*" we define its rank differences generating polynomial as

pa(z) =1+ Z (rank(iﬂ) A — rank® A) zit
i>0

Clearly, pa depends on A only via p(A). If the rows of A are pairwise linearly independent, we may
w.l.o.g. assume that A is row-adjusted, with block sizes (a;);c[0.¢, leading to the representation pa(z) =

Zf:() (rank(i) At = Zf:o a;xt.
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ExamMPLE 3.3. Let
011
120
A= 131
040

Then (rank™ A)i6[0:2] = (1,3,4), and therefore pa(z) = 1+ 2z + 2% The matrix A is not row-adjusted, since

Ao
Swapping third and fourth row of A yields the row-adjusted matrix [M] , where Ag = [011], A; = [(1) i 8} ,
Az

and Ay = [1 3 1].

The following corollary easily follows from the preceding propositions.

COROLLARY 3.4. Let A € R¥*"\ {O}. Then pa(z) is indeed a polynomial. All coefficients up to the
leading one are positive. The rows of A are pairwise linearly independent iff pa(1) = k. If D,P and Q are as
in Proposition 2./, then for A’ := DPAQ, we have pa(z) = par(z).

We denote the support of a vector v=[vy,...,v,]" by I[(v):={i € [l : n] : v; #0}. For A=[a;,...,a;]" €
RF*™ and s C[1:n], we let K (A):={j € [L:k] : sCI(a;)}. Next, we let A, := Ag_(a)x[1:) be the matrix
whose rows are those rows of A that have supports containing s. In particular Ay = A.

DEFINITION 3.5. For A € RF¥*"_ we define its multivariate rank differences generating polynomial as

PA(T; 21, ..y 2n) = Z pa, () 1_[(2Z - 1),

sC[1:n] i€s

where in case that Ks(A) = {} we define pa_ to be the zero polynomial.

Obviously, pa(x) = pa(z;1,...,1) holds, and if P is an order k permutation matrix and D;,7 € {1,2},
are nonsingular diagonal matrices of orders k and n, then for A’ := D;PAD2, we have pix(z;21,...,2,) =
Pa (521,00, 2,). If P € R™ ™ is a permutation matrix, then pap(w;21,...,2n) = DA(T; 22(1), -+ -5 Zr(n)),
where 7 is defined by e/ P = el(i) for i € [1:n).

REMARK 3.6. a) Note that there is another representation of p*:

p;(z;zlv"wzn): Z qA7S(x)HZi7

sCl[1:n] 1€ES

where ga s(z) = Zsctcp;n}(*l)‘tlf‘slp& (z), obtained by expanding the products J[;c,(2; — 1) and inter-
changing the order of summation.

b) Note that if A € R¥*™ has no zero entry, then A, = A for all s C [l : n], and therefore
pa(z;z1, ..., 2n) = pa(z) [Ty 2

Matrices having as their set of rows the set of zeros of certain cyclically symmetric matrices will play an
important role in the last section of this paper. With ™ denoting symmetric n X n matrices, we call A € 8™
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cyclically symmetric (or symmetric circulant), if it satisfies A = PTAP, where P = (p;;) is the n x n matrix
satisfying p;; = 1 for j = i+ 1(modn), and otherwise p;; = 0. That is, the vector Pv is a cyclic shift of
v € R™ to the top by one position. We employ the notations C™ := {A € S§™ : A is cyclically symmetric},
and C(a) for a cyclically symmetric matrix whose first column is a.

Note that z € R’} is a zero of a copositive form Pg, where B € COP,, 4 iff z is a global minimizer of Pg
over A" with objective value Pg(z) = 0. Optimality conditions for (strict) local minimizers of Pg can be
found in [4, 5] for d = 2 and in [1] for d > 2. In the case d = 2, a local minimizer z of Pg(x) = x ' Bx is
said to enjoy strict complementarity, if (Bz); > z' Bz for any i ¢ I(z). Note that the Karush-Kuhn-Tucker
conditions at z ensure (Bz); = z' Bz for any i € I(z).

THEOREM 3.7. Let the rows of U € R™*"™ be all different and coincide with the global minimizers of Pg
over A™ for some B € C™, with all those minimizers conforming to strict complementarity, and with all rows
of U being cyclic shifts of the first row u' of U. Then the following holds.

a) If n is prime, and the entries of U are rational numbers, then rank U = n.

b) If n >3 is odd and |I(u)| = n — 2, then rankU = n.

¢) If n >4 is even and I(u) = [3: n], then rankU = n — 1, but any proper subset of the set of rows of
U has full rank. Furthermore, rank® U = n.

d) If n >3 and I(u) = [3 : n], then, with ¢, = {2’ for n even,

1, for n odd, we have

POz, 2) =14 (= 2z +a™ + > (1 + (K (V)] - 1)93) [z -
0#sC[1:n] i€s
K. (U)£0

Proof. a) Not all the entries of u can be equal, for otherwise all rows of U would coincide. Also the sum
of the entries of u is 1. Therefore, U is a circulant matrix with nonconstant rows and nonzero row sums, and
[21, Proposition 23] can be employed to deduce that det U # 0, which implies rank U = n.

b) Let v = u'Bu and B = B —vn,n, € C" NCOP,. Then u and its cyclic shifts are the zeros of
Ps. Let 4,5 € [1 : n] be those two indices not contained in I(u). Then, there is ¢ > 0 such that v := Bu
satisfies v; = v; = ¢ and vy = 0 for k € I(u). Strict complementarity implies v;,v; > 0, and v; = v;
is justified as follows: Define a permutation 7 on [1 : n] by 7m(k) = i + j — k(modn), and note that 7
swaps ¢ and j, but leaves the set I(u) unchanged: {m(k): k € I(u)} = I(u). Let the permutation matrix
R satisfy Rep = e for & € [1 : n]. Then RT = R, and by cyclic symmetry, we have RBR = B which
further implies u' Bu = u' RBRu. Therefore u and Ru are both minimizers of Pg over A™ with identical
supports, so they must be equal. (Since we are minimizing a quadratic function, there cannot exist two
different local minimizers with the same support, unless there are infinitely many such minimizers.) Thus,
(Bu); = (RBRu); = (RBu); = e/ RBu = e;:(i) Bu = e/ Bu = (Bu);.

Let m be the greatest common divisor of n and j —i. Note that m and £ := n/m are both odd numbers.
Now assume that there is A = [A1,...,A\,]T € R\ {0} such that o = }_}'_, AxP*u. Then, multiplying from
the left by B, we obtain

:\\z—1 + §J—1
0= MBPru=S NPBu=cY Mileirteji)=c Y :
k=1 k=1 k=1 :
Ai—n + >\j—n

where here and in the rest of this proof indices are computed modulo n with remainders in [1 : n]. For each
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r €[1:m — 1] we are led to

Ar = =Ajitr = A2@—i)tr = 0 = AU=1)(j—i)tr = —Ar,

from which we deduce Mg,y = 0, for all 0 < k < £, i.e., we have shown A\ = 0 for all k& € [1 : n]. Therefore,
rank U = n.

¢) Proceeding as in the proof of b), we have i = 1,5 = 2,;m = 1, and £ = n is now even. Therefore the
chain of equations Ay = —Ay = A3 = --- = —\,, has a solution depending on one parameter. We deduce, that
the cokernel of U is spanned by the vector w := [~1,1,~1,1,...,—1,1]T € R", so we have rankU = n — 1.
Since |I(w)| = n, any proper subset of the set of rows of U has full rank. Noting that no two rows of U are
proportional and U has corank 1, we get by Proposition 2.5 that rank® U = n, see also [19, Lemma A.3].

d) It follows from b) and c¢) that py(x) = 1+ (n — 2)x + . Moreover, since proper subsets of the
set of rows of U always have full rank by b) and c¢), we have rank U, = |K(U)|, and therefore py_(z) =
1+ (|Ks(U)] — 1)z, for Ks(U) # 0. 0

EXAMPLE 3.8. The set of rows of the matrix

53003
1 1 35300
U:= ﬁC([5,3,0,0,3}T):ﬁ 03530
00353
30035
is precisely the set of global minimizers of B := C([3,0,2,2,0]") € C® (and the set of zeros of

— }—?17517; € C° N COP;), and those conform to strict complementarity. Another such pair (of order
7)is B=C([4,0,1,2,2,1,0]7), U = £-C([20,16,7,0,0,7,16] 7).

Note that matrices U as in Theorem 3.7d) exist for any n > 3, see [11, Theorem 5] for a construction
using B := C([2cos, —1,0,...,0,—1]") € C" with 27” <f< %

In Section 7, for U € R"*™ as in Theorem 3.7, we will need to evaluate p{j(z; 21, ..., 2,) at polynomials
z; = pv, (z). The following corollary will be of help in that regard.

COROLLARY 3.9. For fized n > 5 let 0 < m < n and let U satisfy the conditions of Theorem 3.7d), and
let a,b be polynomials in x. Then, up to terms of order 3,

py(x; 1+ax, ..., 1+ax,1+bx, ..., 1+bx) =14+ (n—2)z + 2 + (1 + (n — 3)z)(ma + (n —m)b)x

m times n—m times

+ 1 (ma+ (n— m)b)2x2 — 2(ma® + (n — m)b*)2® + O(z?).

Proof. Note that n > 5 ensures that K (U) # 0 for s C [1 : n] satisfying |s| < 2. More precisely, if
|s] =1 then |K (U)] =n —2. If s = {1,2} or any of its cyclic shifts, then |K(U)| = n — 3, and in all other
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cases of |s| = 2, we have |Ks(U)| = n — 4. This results in

po(ai g, .., Lz, 1+ba, .. 1+b) =pu(z) + pug, () (ma + (n - m)b)a
+pug o () ((m = 1)a® + (n —m — 1)b° + 2ab)”
+ DU (96)((m2_1)a2 + ("N + (m(n —m) — 2)ab> z?
+0(z%)
=14+n-2)x+z" + 1+ (n—3)z)(ma+ (n —m)b)x
+ ((Tg)(f + (") +m(n — m)ab) z? + O(x?),

using pug, ,,(z) = 1+(n—4)z = 1+0(z),pu;, 5(x) = 1+(n—5)z = 1+O(z), and a final rearrangement
completes the proof. ]

4. A certain product and its relation to generating polynomials. We will first recall the oper-
ation &, that has been introduced in [10] and related to the Kathri-Rao product (see [20]), and that turns
an important set of matrices into a semigroup, with generating polynomials giving rise to a homomorphism.

For matrices U € RF*™ and V € R**™ we construct the following k¢ x (n + m) matrix, whose rows
are all the combinations [u”,v'] of rows u' of U and rows v of V, denoted as U®V = [U®n, |9 @ V.
Furthermore, in multiple products, we start multiplying from the left, U®V@®W := (U®V)®W etc. and
note that changing the order in which multiplications are carried out would result in a permutation of the
rows of the resulting product.

10 111
ExampLE 4.1. If A = [O 3] and B = {2 1 2}, then A®@B =

111
212
11 1|
212

S O = =
w w o O

THEOREM 4.2. Let A € RNaxma B € RNeX"8 share the following properties:
(i) the rows are pairwise linearly independent,
(ii) the all ones vector is contained in the column space.

Then A®B satisfies (i) and (i) as well, and ppgg(x) = pa(x)ps(z).

Proof. We may assume that both A and B are row-adjusted, with £+ 1, resp., m + 1, blocks, individual
blocks A;, resp., B;, having a;, resp., b; rows. Because of (ii) there are @ € R™ and B € R™® such that
Aa =nn,, BB = nn,. We let C := A®B and observe that C satisfies (i) and (ii). Because of (i), up to a

permutation of the rows, C is equal to some row-adjusted matrix [C(—ﬂ e |C2—+m]—r, with ¢, the number of
rows of Ci. We claim that we may use
Ao ® B2
Ag®B
Co=Ao®By, (= [AoiBl] , Co= |A1®By|, etc,
rene Az ®Bg

with C a stack of matrices (A; ®Br—i)ic[max(0,k—m):min(k,0)] for k€ [0:£+m]. It is easy to see that the row
sets of (Cg)rejo:¢+m) indeed constitute a partition of the row set of C. We note for further use that for given
matrices U,V any of the matrices (U ® V<k*i>)ie[0:k] is a submatrix of (U®V)*), with all those matrices
having the same number of rows, and that rank (U ® V) = rank UrankV holds. For the proof of Cig.s4m
being row-adjusted, we proceed in two steps.
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k
Step 1: For k € [0, + m], we have rank® Clo:) = Z i

In order to show that C< | has full row rank, we let N = [maX(O, k—m) : min(k, £)] and assume that there
are vectors (u;);en of ﬁttlng dimension such that

Z u; (A[O:i] %Bkﬂ-)%> =o'.

iEN
Assuming that for some ;7 € AN we have already shown that u; = o for i < j, we are led to
Yien, W (A ®Bii) ™ = o7, where N := NN[j: £1m]. It follows that Y, - 1] (Afo )¢ @ B{") =o"
holds. Since A is row-adjusted, for any i € N there is a matrix Q;; such that A[o )= Q” holds Then,

with identity matrix | of fitting size,

A<J) <k J> QZJAO)

k— k—
0] ® @ 1B = (@ )(A[<3>]®B< J>)‘

So, denoting v;' :=u, (Q;; ®1) for i € N}, and p := max(0,k — ¢), we arrive at

T (A9 (k—3) (4) (k—3) (4) (k=3) \ _ T
u; (A[é:j] @B ) + o)V (A[é 5 @B ) (A[é ) © Bl ﬂ) =o,
1€EN;,i>]
where the components of w' are permuted components of [u] u;, g+1’ e ,vlin(kl)]. Since Afg?] Bfl’j kJ)J]

has full row rank by our assumptions, we have w = o and therefore u; = o. By induction, we conclude that

u; = o for every i € N. Therefore ct®  which is, up to a permutation of the rows, a stack of matrices

[0: k]
N (k)
((A[o:i] ® Bkﬂ) )ieN7 has full row rank.

Step 2: For k € [0,£ + m], we have rank® C = rank® Clo::
The left hand side cannot be smaller then the right hand side, since Cjg.;) is a submatrix of C. It cannot be

larger either since rowsp C*) C rowsp CE(I)C >k]. We will prove the latter property of row spaces by showing

(4.2) K >k = rowsp C[OK C rowsp C[OK 1

We will employ the following two lemmas.

LEMMA 4.3. Let k € N, a’ a row of A, bT a convex combination of rows of B, and A € RN® such that
(bT)*F = ATB*). Then (aT @bT)F) = AT (aT @B)¥.

Proof. Note that bT = u"B with u € AN5 implies b"8 = u"Bf = p'ny, = 1. Next, observe that
(a”®b")*) can be decomposed into 2¥ submatrices, where to any k € [0 : k] and any subset of [1 : k] of
size k there corresponds a submatrix built from % factors b” and k — k factors a in an order determined by
that subset. Up to a permutation of the columns, that submatrix equals (aT)*#" @ (bT){*) . So, we are left
with showing that (a” ) =% @ (bT)k) = =" ((a Tk B@) which would follow from (bT) =ATB®
holding for k € [0 : k]. Now the latter equality holds for £ = k by assumption. Assuming, it has been shown
for k+1 € [1: k], we prove it for k via

(7)) = (®B) (b7 = (b7 @bT) (1, 28) = (BN 11, 28) =NBED (1, 2B)

Np Np
=> Ai((eBf @ (e'B) ) (1,s@B) = > Ai(eiB)" (e;'BF) =B
i=1 =1

This completes a proof by induction. 0
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LEMMA 4.4. Leti,j,k>0,i+j>k—1,a" arow of A and b’ a row of B, and A, u of fitting dimension

satisfying (aT)% = /\TAE&], (bT)4) = p,TBfg:)j]. Then

(aT ®bT)<k) = /\T(A[on] ®bT><k> + #T(aT ® B[O:j])<k> -(A® ”)T<A[O:i] ® B[():j])(k>'

Proof. We use an analogous decomposition into 2¥ submatrices as in the proof of Lemma 4.3, which
necessitates investigation of the right hand side term

T ( p(k=F) T\(k T (AT (k—F (k) T A (k—F) TR(K)

(4.3) AT (A @ ®N®) 4 uT (@D @Bl )~ ATARY @ uTB.

(k—F) _

Note that k € [0 : k] implies either k — k < i or k < j. As in the proof of Lemma 4.3 we have AT A

- B [0:4]
(@) =F) for k —k € [0: ], and pTBf(]i)j] = (b")*) for k € [0: j]. Therefore, second and third term in (4.3)
cancel out if k — k < 4, and first and third term in (4.3) cancel out if k < j, leaving (a)*~% @ (bT)®) in

both cases, which is the corresponding left hand side term. ]

Continuing with the proof of (4.2), we assume K > k and let ¢ be a row of Cio:x]- Then there are
io,jo > 0 satisfying i, + jo = K, such that ¢ = a' ®@b', where a' is a row of Ao:i,) and b’ is a row of
Bi0:j,)- When i, = 0, we use (bT) k) = )\TB[%%C] with suitable A, and Lemma 4.3 to deduce

(CT>(k) € rowsp (,J@B[Oyk])(’f) C rowsp Cf&] c TOWSPC[<§,>K—1]'

We also find (¢ ) € rowsp C[((I)C)Kq] when j, = 0. Assuming now min(i., jo) > 0, we let i := i, —1 > 0 and

j = Jjo—1 >0, which satisfy i + j > k — 1. Since A, B are row-adjusted, all the hypotheses of Lemma 4.4
Ao:i—1] ® Bjozj,) [ (k)

A[O:io] ® B[O:jo—l] [0,K—1] This completes

are fulfilled, and we conclude that (c")®*) € rowsp C rowsp C

Step 2.
Since Ajg.x) ® B is a submatrix of C and Cjg. is a submatrix of Ajp.x) ® B, the assertion made in Step 2
implies
(4.4) rank® C = rank® (Ajo:x) ®B),
l+m )
noted for later use. By our construction, ppgg(z) = pc(z) = ;} c;x', where the coefficient [2*]pc(z) =
¢y = rank® Cj, = Z?:El(:,’ﬁ)7k_,,L) aibk—i = [x"]pa(2)ps(x), which shows pa g g () = pa(z)ps(z). o

REMARK 4.5. Equality of constant and linear terms, and an inequality for the coefficients of 22, of
Page () and pa(x)pe(x) was shown in [10, Lemma 15ab]. For ppgg(x) = pa(x)ps(x) to hold, property

11
(ii) is indispensable; see the following example: Let A := |; and B := ; i’ , with 94 & colspB, and
23
111
C:=A®B = 1 ; i’ . Then pc(z) = (1+ )2 # 1 +x + 2% + 2% = pa(z)ps(x). Property (i) is however not
123

required: For A, B not both conforming to (i), let A, B be maximal submatrices of A, B composed of pairwise
linearly independent rows. Then A®B is a maximal submatrix of A®B composed of pairwise linearly
independent rows. So, if both A,B (and hence, A,B) conform to (ii), we have pagg(z) = pags(z) =
pa(z)pg(@) = pa(z)pe().
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Here is a slight generalization of Theorem 4.2.

THEOREM 4.6. Let A, B satisfy property (i) of Theorem 4.2, and let u € R™ v € R"8 be such that Au
and Bv have no zero components. Let C:= [A ® Bv|Au® B|. Then pc(z) = pa(z)ps(x).

Proof. By our assumptions there are nonsingular diagonal matrices Da, Dg such that DaAu =7y, and
DgBv = ny,. We use those to define A := DaA, B := DgB, and C := (DA®Dg)C = [A®nx, [N, ®B] = A®B.
Then, by Proposition 2.4d) and Theorem 4.2, pc(x) = pe(x) = pa(z)pg(x) = pa(x)ps(z), noting that (ii) of
Theorem 4.2 is satisfied for A, B, because of Au = ny,,Bv = ny,. ]

REMARK 4.7. Assuming row-adjustedness of A,B in Theorem 4.6, a row-adjusted representation of C
can be constructed along the lines of the proof of Theorem 4.2, with [A; ® Bi_;v|A;u ® Bi_;] replacing
A; ®Bi_;. Equation (4.4) then implies

rank® C = rank® C = rank® (A[o;k] ®B) = rank®) [Aj:1] ® BV|Ap.u ® BJ.

Furthermore, if A, B of Theorem 4.6 additionally satisfy property (i7) of Theorem 4.2, then we have p(C) =
p(A®B).

5. Constructing complicated zero sets from simpler ones. Here we will introduce for any matrix
U a further operation, with as many operands (again matrices) as the number of columns of U. If all involved
matrices are composed of rows from some zero sets of copositive forms of the same degree, then the result
of the operation will also be such a matrix, and its generating polynomial can be expressed in terms of the
generating polynomials of the involved matrices, which will be the content of Theorem 5.3.

For a k x n matrix A and o € R, we define

A aA, a #0,
Q% =
[0,...,0] € RY*" o =0.

Next, let U be a k x n matrix and let for ¢ € [1 : n] the matrices V; be k; X m; matrices. Define

(U1 *V1)® - - ® (u1n * V)
@U(Vlv"'7vn) = )
(Ukl*vl)® ®(Ukn*vn)

and observe that this matrix has )., m; columns. Its number of rows will turn out to be p{j(1, k1, ..., k),
in case that all matrices U, Vy,...,V,, are row-stochastic and have no repeated rows.

A matrix A € [0, 1]¥*™ is called row-stochastic, if An,, = n;,. Denote by R the set of all row-stochastic ma-
trices of any dimension with no repeated rows. So, matrices in R have properties (i) and (ii) of Theorem 4.2.
Furthermore, define for each d > 2 the following set of matrices:

R := {U € R : the rows of U are all the zeros of some copositive form of degree d}.

REMARK 5.1. Note that U e RY = U e R¥ for all d’ > d: The set of zeros of a copositive form f(x)
of degree d defined for x € R” coincides with the set of zeros of (1, x)% ~¢f(x), which is a copositive form
of degree d'.

LEMMA 5.2. Let UeRI*", VeR>*™  with U,VeR. Let W:=@u(V,l1,...,11). Then pw(z) = py(z) +
puy, (@) (pv(x) — 1) = pG(a;pyv(), 1,...,1) holds.
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More generally, with V at position k, i.e., for Wy :== @u(l1,...,11,V,l1,..., 1), we have pw, (x) =
k—1 k
pU(m) +pU{k} (I)(pV(x) - 1) = ptl(xv 17 ) 17pV(x)7 1a RS 1)
k—1 —k

Proof. The equality py(z) + pu,,, (z)(pv(z) — 1) = p{(z;pv(x),1,...,1) follows from the definition of
py- To prove pw(z) = pu(x) — puy,, () + pug,, ()pv(x), we consider a special case first.

If Ki1y3(U) = {}, i.e., py,, is the zero polynomial, then W = [OJU], with O the j x m—1 zero matrix, if
m > 1, and W = U, if m = 1, resulting in pw(z) = py(x) via Proposition 2.4 b).

Assuming now K{13(U) # {}, we let U := Uyqy and let U consist of those rows of U whose first
component is 0, so we have Ue; = o. We assume w.l.o.g. that U,U are row-adjusted with &, resp., &
blocks, cf. Definition 3.1, and that the rows of U are partitioned as U = {UJ\ o |UH = UEBW], such that

the blocks of U additionally satisfy U, = {gk} . We let @y, a4, and u, = 4y + Uy denote the numbers of rows
k

of Uy, L:J;C7 and Uy, for k € [0 : k], also allowing for @ = 0 or 4y = 0, corresponding to empty blocks Us, l:Jk.
E.g., we have u, = 0 for K < k < k, and ug = 0, forced by ug = 4y = 1. This also shows that the blocks
l:Jk do not constitute a row-adjusted representation of L:J, since rank® U = rank® lj[o:k] does not hold in
general, defining rank® B = 0 for k > 0, if B is an empty block. Still we have rank® l:J[O;k] = Zf:o u; for
k € [0: k], as well as py(z) — pg(z) = > p_o Uk

U @ne Ue; @ V
U 0
columns and inserting an additional linearly dependent column W ([77] in front. We define W :=
U ®neUe; ® V] and W := [U|O]. Using Remark 4.7, we observe rank{k)(U®V) = rank® W =

rank®) [Ufo:) ©@ me|Upo:47€1 ® V], which, also employing the definition of blocks (U;);e[o,,), leads to

We make use of p(W) = p(W), where W := is obtained from W by permuting

= rank™ W + rank® l:J[Ozk],

w U @ e Upinger ® V
rank® | = | = rank(®) | ~1OF] [0:K]
[W] Ulo:x] 0

the second equality following from rowsp (U[<(])€:>k]) N rowsp (L:JE(]; >k]) = {o"}. Finally,

k
rank W = rank® (U@ V) + Zﬁi’ for k€ 0: k],
i=0

and thus, pw(z) =pgev(®)+>r_o wkz” =py(x)py(z)+pu(z)—pgy(z). The lemma’s last assertion now follows
easily from Proposition 2.4a) and properties of p*. 0
The next theorem generalizes Lemma 5.2.

THEOREM 5.3. Let U be a k x n matriz and let for 1 < i < n the matrices V; be k; x m; matrices. If
U,Vi,...,V, € R, then also W := @u(V1,...,V,) € R, and pw(x) = py(z;pv,(z),...,pv, (z)) holds. If
U,Vi,...,V, € R, then also W € R¢.

Proof. Tt is easily seen that U,Vi,...,V,, € R implies W € R, so we turn to pw(z). We are going to
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construct W by replacing matrices I} in U = @u(l1,...,11) by Vi one by one, i.e., we consider
WM = @Iy, ..., 11, V,),
——
n—1
W(n_l) = @W(") (lla ) Ilvvn—17 |17 M) Il) = @U(Iih MR} |1,Vn_1,Vn),
—— —— N——
n—2 Moy n—2
and generally, for k € [2 : n],
W(k_l) = %W(’V)(lla sy |17Vk—17 Ila ey Il ) - %U(Ila ey |17V/€—17V/€a cee 7V’n)7
—— N—— N——
k—2 M- +Mmp k—2

with W = W) the result of all n replacements. By Lemma 5.2, we have

pwa— () = Py (3 1,..., Lpy,_ (), 1,...,1)
k—2 mp+--+my

= pwm () + Pwtt) (z)(pv,_, () — 1).
We are now going to show by induction that for k € [1 : n], we have

(5.5) pw () = Z pu.(2) H (pv,(2) = 1),

sC[k:n] i€s

the case k& = 1 being the assertion of the theorem. Clearly, by Lemma 5.2, (5.5) is satisfied for k = n.

Next, we assume that (5.5) has already been shown for all k € [k : n], with & > 2. We observe that

W?Z)_l} = @U{k—l}(h? ooy 11, Vi, ., Vy) holds, so equation (5.5) with Ug,_13 in place of U then also implies
k—1

(56) Py (ZL') = Z Pu -1y (SIJ) H (pVi (x) - 1)

ety sClk:n] i€s
for k € [k : n]. This leads to

Pwi-1 (2) = pwa () +pym (@) (pvy_, (&) — 1)

(-1}
= > @] v.®)-)+ DY pug, @ [ (v.(@)-1)
sC[k:n] i€s sC[k:n] i€sU{k—1}
= > p.@]]v.(@-1),
sClk—1:n] i€s

i.e., (5.5), and thus (5.6), also hold for k = k — 1, completing the proof by induction. Finally assume
U,Vi,...,V, € R% Decompose x = [x] ,...,x,]T € RMi++mn guch that x; € R™ for 1 <i < n, and let
Y = [, X1, 00, %xn] T € R™. Let fy:R™ - R, fy, : R™ — R,1 <i < n be copositive forms of degree
d, such that the rows of U are the zeros of fy and the rows of V; are the zeros of fy, for 1 < i < n. Then the
rows of W are all the zeros of fi(x) := fu(y) + >.i—; fv,(x;), and clearly, fw is a copositive form of degree
d. This shows that W € R. ]

REMARK 5.4. Define a partial order < on polynomials p,q € R[z], such that ¢ < p iff p — ¢ has
nonnegative coefficients. Then p;,¢; € 1 + 2R[z], 0 < ¢; < p; for i € [1 : n] implies pfj(-;q1,...,¢n) <
py(-5p15- ., pn) for U such as in Theorem 5.3.
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6. Completely positive forms of degree > 3. We will first present copositive forms of degree 3 and
4 having zero sets that allow for rather direct computation of the generating polynomials. Copositive forms
of degree larger than 4 having those same two zero sets are easily obtained. Extracting coefficients then
leads to Theorem 6.3, stating a lower bound for pg\‘?) that asymptotically matches the upper bound, derived

from Carathéodory’s theorem.

For later use, in the following lemma we derive the rank differences generating polynomials of some
particular matrices with entries in {—1,1}.

LEMMA 6.1. Let, for N >2, the row set of By eRZ XN pe the set {1} x{=1,13N=1. Then we have
pey(z) = (1 +2)¥ T
Proof. We may and do assume that the rows of By are colexicographically ordered. Then By = (% ’11)

has full rank 2, and therefore pg, (z) = 1+, so the assertion of the lemma is true for N = 2. By Remark 3.6 b)
we then have pg (7;21,22) = (1 + 7)z122. Next we observe

1 -1 -1
11 -1 1 -1

Ba= |y 21 1| =® ([1 1}’1):®52(52’1)'
11 1 11

More generally, we have Byy1 = @, (B, 1) for N > 2, leading to
Peni () = pg, (@ipey (2),1) = L+ 2)(1+ )V = (1 +2)Y,

which completes the proof by induction. ]

PROPOSITION 6.2. For any N €N, there exist matrices Ay € R and Ay € R* with N columns, with all
entries of Al strictly positive, such that pa (r)=pay, (x)=(14+2)N" holds.

Proof. For N = 1, we may choose A; = A} = 1, yielding pa, (¥) = pa;(z) = 1, and we may thus assume
N > 2. Note that

N N 2
flay,...,zNn) = Zml (Nmi — Z@)
i=2

is a copositive form of degree 3 with zero set
ZN:{XGANLTZ'G{O,%} for2§i§N}.

We have |Zx| = 2V~1, and define the matrix Ay with row set equal to Zy. As in the proof of Lemma 6.1,
we assume that the rows of Ay are colexicographically ordered, and with the matrix By from that proof,
we have

By = AnQuw,

where Qn = (¢,j)1<i,j<n satisfies ¢; 1 =1 for ¢ € [1:N], ¢;;=2N—1 for ¢ € [2: N], and ¢; ;=—1 in all other
cases. For example, for N = 3 we have

300 1 -1 -1
1 -1 -1
1210 11 -1
AsQs = 15 —1| = — Bs.
3Q332011_15 1 -1 1 3
111 11 1
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Now Qu has full rank because of det Qx = (2N)V 1, s0 pa, (¥) =pp, (¥) = (1+2)¥ =1 by Proposition 2.4 and
Lemma 6.1. For the construction of Aly, we use

g(z1,.. . aN) = Nil ((N;‘ 1) e <§N:xj>2>2

i=1 j=1

which is a copositive form of degree 4 with zero set

Z}V:{XEAN:@H—QCA: for1§i<N}

2
NN +1)

completely contained in the relative interior of AN. Denoting dy = it is quite easy to check that

2
NNFI)
x € Z)y implies z; > dn for all ¢ € [1: N]. (Assuming x; < dn, note x; = z; + (x; —z;) < x; +|j —i|on <

(I — i+ 1)on for all j € [1: NJ]. This results in

N—i+1 N+1
1—Z$]<5N+ZJ5N+ ZJ6N<5NZ]—( )51\[—1

Jj=1 Jj=2 Jj=2

a contradiction.) Now define Ay composed of rows x € Z};, such that their first differences Ax := (z9 —
X1,T3 — Ta,..., TN —Tn—_1) € {—InN, 5N}N_1 are colexicographically ordered. For example,

96 3

585
Ay = —

P8 74T

369

because (up to factors d3 = §) we have (—1,—1) < (1,-1) < (-=1,1) < (1,1). Again, there is a simple
correspondence between matrices Al and matrices By from Lemma 6.1, namely By = AyQ)y, where

~ = (q; ;) satisfies ¢; ; =1 for i € [1: N], q§7i+1:—(N+1) fori e [l:N-1], ¢ ;= (V) for i € [2:N], and
q; ;=0 in all other cases. E.g., for N = 3, we have

96 3 1 -1 -1
1 -6 0
11585 1 1 -1
/ /I = . — —
A =15 17 4 7 1 g 66 1 -1 1 Ba.

369 11 1
It is an easy exercise to show detQjy = N (N ; 1)N_1, so Q) has full rank, and the proof continues as
before. 0

THEOREM 6.3. Let d € N satisfy d > 3. Then

d
N N -1 () N+d-1
< <
(d)<2i_0< i )pN< d )

N 2
i.e. ps\?) = (d) <1+O(§l\[>>, uniformly in d, as N — oo.

Proof. By Remark 5.1, the matrix Ay defined in Proposition 6.2 satisfies Ay € R?. From pa, (z) =
(1 +2)N=1 the left hand inequality

0 mn 55 (5 (5 (1) ()
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follows via Corollary 2.2. The right hand inequality follows from Carathéodory’s theorem, see also Corol-
lary 2.2. Finally, from (N+;71) — (Ij) <(e— 1)% (1{\1/)7 holding for fixed d, if NV is large enough, we see that
we have derived asymptotically matching lower and upper bounds, and the last assertion follows. We prove
the latter inequality by restricting our attention to N = d? +d — 1 +m with m > 0, for which we observe

d—1 d
N+d—-1 N d—1 d—1
= _— < _—

( d >/(d> kI_IO<1+d2+m+k)_<1+d2+m)

dld—1 did—1 d?
fexp(M) SH(“”%““@‘”N’

using 1+ 2z <e* <1+ (e—1)axfor0<z<1. 0

7. An improved lower bound for the cp-rank of completely positive matrices. We will con-
struct a sequence (J*);>1 of sets of matrices, each set J*) = {Jg\lf) :N >1} containing one matrix of each
order N, starting with 7™ ={Ix: N >1}. We then use matrices as considered in Theorem 3.7 together with
matrices from 7 in the construction introduced in Section 5 to build matrices of the set J**1 keeping
one matrix of each order, that achieves a high 2-rank. A lower bound for the maximal 2-rank achieved by the
order N matrices in (J,~,; J (%) yielding a lower bound for py, will be presented in Theorem 7.4. Choosing
members of J*) optimglly is possible with computer assistance for small orders, and some results will be
presented in Table 1. We start with two Lemmas.

LEMMA 7.1. Let f(z) = %2 +CN (%)a be defined on ]0,00[, with C,a, N > 0 satisfying CaNT® >
32t Then

1 1 a
f*:=min f(n) < (Coz)’“iCY (2 + a) NE + 4 4+ 2a.

Proof. We note that f is strictly convex and readily find z* := (C’o<)2”%l]\7éiig and f(z*) =
(Ca)ﬂ% (% + i) N%, the minimum of f among the positive reals, where the condition on C,«, N is
equivalent to z* > 3. Defining k := 2 P’;l—‘ + 1, we have max(5,2*) < k < z* + 2, and thus, f* < f(k).
By Taylor’s Theorem,

f(r) = f(&") + f(r) — f(2") < f(2") + max f'(z) < f(z7) +2(2+ ),

where we used |k — 2*| < 2, monotonicity of f”(x) =1+ Cala + 1)N1Tz=272 and f"(z*) =2+ a. 0

LEMMA 7.2. Let N,n,¢ € N satisfy N = m({+1) + (n—m)f = nl +m with 0 < m < n. Then, for
0<a<l,
N1+a

ml+ )4 (n—m)te < —— +

«o
—N.
ne 4

Proof. By some straightforward manipulations, we have

292 92 2 . N2 _
(7.7) m(£+1)2+(n_m)£2:n£ + 2ndm 4+ m* +m(n m):7+M7

n n n

with W < &. Then, for o € [0,1] we use Jensen’s and Bernoulli’s inequalities, together with (7.7), to
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obtain

m(£+1)1+a+(nim)gl+a :N(m(f\;rl) (£+1)a (n m) ga)

< V(G e+ 1) + 7(";;”)%) = V(& 4 mpzm)
<N(N n )"<E<1+9ﬁ> Ak
AN/ — no 4 N2/ —
PROPOSITION 7.3. Define constants cy, := Qk—l_l, Cr:=(1- 2_’“)21_’“"“ fork eN, and dy :=2k — 1 —
ag—1 for k > 2, and dy :== —1. Then, for any k, N € N there is a matriz JS\],C) € R? with N columns, such
that

(7.8) rank JV = N

N2
(7.9) rank® J& > &~ G —diN
hold.

Proof. We start defining J%) = ly for N > 1 (here C; = 1,y = 1, (7.8) is satisfied, and (7.9) is

actually an equality). The construction continues inductively. Having defined (Jg\lfc)) N> for some k > 1, we

are going to define J (k1) J(k) for N small, and J( 1) equal to

(7.10) Wi o= @u, (I, I8 00 oy,

m times n—m times

with carefully chosen n € [5: N], £ € N and 0 < m < n, and U, as in Theorem 3.7, for N = nf + m large.

We first deal with small N. Define 14 := 8 and vy, := {302“1_1 for k > 2, with ¢ = % We want to
show that for £ > 1, N < v, we have

(7.11) Cu N — Cloypy N+ < dyy — dy.

For k = 1, we see that C; N — CoyN®2 = {N —
Using ¢? — ¢ = 1, we have

20/3N3 < 3 =dy — dy holds for N < wvy. Let now k > 2.

N <y, = N%1 < = N2+ _ N%+1 < ]
= Cp N — Cpp N+t < CkN2ak+l — Cp N+ < Cf < 2 < dpy1 — d,

which yields (7.11). The first inequality in the second line follows from

1
N1 (Nock72ak+1 - 1) < p(p —1) < 3(p(<p% —Day < 5(1 +(k—1)log 2)Ozk

Cr+1
14 SE) ghow (o _q = ~1.
( T3 Ck

In the latter chain of four inequalities, we used correspondingly:
(i) ag — 2ag41 = agagyr (this is also used in (iv) below),

(ii) monotonicity of “’ =L for a > 0: €52 < €221 315 — 1),

Qp Q2
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(iii) the k = 2 case: 3p(p3 — 1) = 0.84454... < 0.84657... = L(1 +log2), and
(iv) the inequality a + b < ( + a)eb2¢ — 1, valid for a,b,c > 0, where a = %, b = 5-1a;log2 and
c= @akakﬂ, and finally 2-Lay, + ¢ = kay, — (k + Dogy1.
(k+1)

Therefore, for k£ > 1, we define J J(k) for N < vy, yielding

N2 N?
rank® JGHY > S5 - QNI S AN 2 S - G N~ dga N

by (7.11), in accordance with (7.8) and (7.9).

Next, we assume N > vj. Using Theorem 5.3, Theorem 3.7 d), Corollary 3.9 with

0+1)2
a=1{+ (( J; S Cr(0+ 1) — (dy + 1) (0 + 1)> x
£2
b=0¢—1+ <2 - CkflJrak — (dg + 1)6) T
where 1 +az < pw (z), 1 +br < p,w (x) by assumption, and Remark 5.4, we find
£+1 4

PWy . (@) = 1+ (n—2)z+z + (1+(n—3)x) (ml + (n—m)({—1))x

+m (@ C Ol + 1) (dy + 1) (0 + 1)) 2

+(n—m) (% — Rl (dy + 1)&) 22

— I(ml + (n—m)(t —1)*)z” + L (ml + (n—m)(f—l))2x2 +O(x?).
The identities m¢ + (n—m)({—1) = N —n and mw + (nfm)w = N — § lead to rank Wy, =
N +1 —€,. So, we have rank Wy ,, = N iff n is odd, which we from now on assume. Furthermore,

rank® Wy, >N 4+ (n = 3)(N —n) + (N —=n)2 + N — 2 — (dy + 1)N
— C(m(+ 1)1 4 (n — m)er+or)

2

1+«
>N (24 )N + 30— Cp (N + %N,

wZ,

where we employed Lemma 7.2. Note that N > v, implies Cjay, N+t > 32T This is easily checked for

k = 1. For k > 2, note that, by the Mean Value Theorem, we have 2F+1 —22+1 > (L —2)8log2 > (k—2) 112527

implying <p2k+1_1 > 7282 Next, for N > v, +1 > <p2k+1_1 we deduce the claimed inequality from

2/ N\ g T\ 9T
1+ar9—2—ay —— - r _rr
ChrowNTE3 3(3-2k> >3<12> 3t

so the application of Lemma 7.1 is justified. Now, by fixing 7 > 5 to be the smallest odd number larger than
1 | ed 2
(Crag) T ex N2+“’Z, and invoking Lemma 7.1, noting that % =1+ ags1 and (Cray) 2 ow (% + L) =

(67
-« .
(21 F(ran)) Tm ok 2a1+1 = Cr41, we further obtain

rank@) WN;ﬁ > NTQ — (2 +di + iCkak)N + %T_L — Ck+1N1+ak+l — 4 — 2y

N2 1
> 5 = C]H_lN Toktr _ dk+1N,
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where the last inequality uses the definition of di, the inequalities % < % and %ak < aj_1, and furthermore,

57 —4—2ay, >0 for n > 5. Defining Jg\lfﬂ) := Wy, completes the construction, with both (7.8) and (7.9)
satisfied. 0

THEOREM 7.4. For N > 1, we have

N2
(7.12) PN Z - (2log, log N + €*)N.

Proof. From (7.9), we deduce py > NTZ —2Nex —(2k —2)N for any k € N, using Corollary 2.2. Fixing
k := [logy log N'| leads to 2k — 2 < 2log, log N and

log N 2
o N < exp <0g) <

1 e
k > logylogN — < — -
= 1082708 ak_logN logN —1 2’

-1

-1
than the lower bound sy —N (V2N —2) given in (1.1). |

for N>71>exp (2_1223). For N €[1:70], we numerically check that the right hand side of (7.12) is smaller

In order to keep the proofs of Proposition 7.3 and Theorem 7.4 simple, we decided for rather crude
lower estimates at some places at the risk of having not the best possible constants in Theorem 7.4. To
illustrate what can be gained with some more effort, we consider N = 50 in some detail. The estimate from
Theorem 7.4 is psg > (% — (2 log, log 50 + 62)50] = 684, which is just a bit larger than the Drew-Johnson-
Loewy lower bound L%J = 625. Now assume that we employ a more straightforward, yet harder to analyse,

recursive construction than that in Proposition 7.3, with Wy, as in (7.10),

IV =1y, for NeN

jgl\;ﬂ)e arg max {rank(Q) M : MG{]E\I,C)}U{WN,n :nodd, ne [5:N]}}, for k, NeN.
That is, we have ]S\]fﬂ) := Wy, in the large N case, where n* = n*(k, N) maximizes rank® Wy, from
(7.10), rather than just being an approximate maximizer of a lower bound of rank(® Wy n, as in the proof
of Proposition 7.3. Note that the construction is not sensitive to the choice of a particular element from a
non-singleton arg max.

With computer assistance, these discrete optimization problems can be easily solved for small k, N. See
Table 1 for some results on by := max rank(? jg\]f), with k& = k(N) := min{k : by = rank® js\]?)}, and Figure 1

for a comparison of lower bounds, which suggests that with by we just gain an improvement of the constant
e? in (7.12). The table includes in particular entries for those N where k(IN) has its first four jumps. In the
table, the matrix encoded by a,,b,—m, with m € [0:n—1], is the matrix @Un(Jg’”, e ,._Jl(lk), ._J,()k), cee ]}()k) )

m times n—m times
Note that the arg max above has indeed sometimes cardinality greater than one: Both matrices 4532 and 3g2;

lead to the same bound bog = 256, further examples being the pairs (534¢,4635) and (5546, 77). Returning
now to N = 50, we obtain Jé%) = Ru, (Jéz),](f),](f),j$2),];2),j$2),](72))7 with ](72) = @u,(l2, 12,11, 11,17)
and jg) = @u; (l2,12,12,11,1;). These matrices have generating polynomials P (x) = 1+ 62 + 5a? + 23,
Py (x) = 14 Tz + 922 + 323, and Py (r) = 1+ 492 + 100322 + O(z?), leading7t0 pso > bso := 1053. Note
that the lower bounds derived from ]g) and ]g) just listed are worse than the lower bounds py > 14, pg > 18
derived in [9, Examples 1 and 3] from ad hoc constructed matrices.
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TABLE 1

Lower bounds by = rank(? ]5\),;) for pn; see text.

FIGURE 1. Comparison of lower bounds from (7.12), see labelling on the upper left, and by from Table 1, see labelling on

the right, for N in a set of powers of 10.

The lower bounds derived from optimal matrices J
lower bounds in [10, Table 2] for N € {10,11} and for N > 48: rank® @u, (I, 12, l2,12,12) = 30 and
rank(® Bu. (I3, 12,12, 12, 13) = 37 improve the previous lower bounds p1g > 28,p11 > 35 by 2 in both cases.

(k)

NI on | B N | I8 By [B||N| 3P (o k]| N 3P b 2
1 Iy 1 [1({17]3324]| 99 33| 4633 |432|2 49 5546 1008 2
2| l2 2 183423 (113 34| 4732 | 461 50 8176 1053 3
3| I3 3 193522 | 128 35| 4831 491 60 9483 1558
4| g 4 20 (3621|144 36| 49 |[522 70 107 2163
5| Is 5 (|1(|21] 37 |161 37| 5148 | 553 80 9881 2867
6 (2114 7 [2(|22(4136|178 38| 5247 [ 585 90 109 3672
7 |2213] 12 23 (4235|196 39| 5346 |618 100 101910 4572
8 (2312 | 17 24 (4334|215 40| 4734 | 653 1000 2812736 494240
912411 |23 2514433235 41| 4833 | 689 2354 45994431 2755812 3
10| 25 |30 26 (4532|256 42| 4932 | 726 2355 68106725 2758160 4
113124 | 37 27| 39 |279 4341031 | 764 10* 1306712919 49933229
123223 |45 284138 (302 44| 411 | 803 10° 441120440107 4999253405
133322 | 54 294237326 45(51410 | 842 108 1346665134578 | 499991776396
143421 | 64 30|4336 | 351 46| 5249 | 882 2319293 | 18374251836538 | 2689540338451 |4
15| 35 |75 31 (4435|377 47| 5348 923 2319294 | 33283753327322 | 2689542657736 |5
16413486 2324534 | 404 48| 5447 |965|2 107 62709456269650 | 49999913368315 | 5
|
15 F :
14
18
13
17
12
16
11
15
10 ® 2log,log N +¢2 | 4
: 1 (N? i
i o5 (T-n)
2 |> | | A‘\ | | ] 2

IL
AS

n turn out to be superior to the previous best

Note that the witnesses ]g\%) for the lower bounds in the present paper always have full rank, while in [10]

witnesses for lower bounds where allowed to be rank deficient.
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We finally remark that in the construction used in Proposition 7.3 one could choose different initializa-

tions of the set {Jﬁ) : N € N} with full rank matrices. Choosing {Jx : N € N} as in [10, Table 1] instead of

{In

: N € N} would result in slightly better lower bounds, but an estimate such as py = NTQ +o(Nloglog N),

if true at all, seems to call for different methods.

Acknowledgements, The author would like to thank an anonymous referee for valuable suggestions

that helped to improve the presentation of the paper.
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