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COMPLETE CHARACTERISATION OF KRONECKER INVARIANTS OF A MATRIX
PENCIL WITH A PRESCRIBED QUASI-REGULAR SUBPENCIL*
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Abstract. In this paper, the possible Kronecker invariants of a matrix pencil with a prescribed quasi-regular subpencil are
determined.
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1. Introduction. Matrix and matrix pencils completion problems have been thoroughly studied in
the past. The General Matrix Pencil Completion Problem (GMPCP) consists of determining the possible
Kronecker invariants of a matrix pencil with a prescribed subpencil. For the motivation and most important
classical results, see e.g. [1,2,4,21,24,25,27,29-32]. There are also new insights to matrix pencils completion
problems coming from Representation Theory (see [22,28]), but still far away from the compact and explicit
form of solutions. However, these problem have been put away from the main stream of Modern Linear
Algebra, despite its connection to Control Theory and Linear Systems (both Singular and Regular), and
possible applications in engineering, see e.g. [3,7,20,23,26]. In the last decade, we have done significant
effort in bringing these problems back to light. Many new combinatorial structures and results were obtained
while trying to find the best path toward solution of GMPCP, see [5,8-10,13-16,19]. The results obtained
in [8,11,12] have made possible to obtain a solution to many important cases of GMPCP.

Overall, there are two different approaches in studying GMPCP. The minimal one is a novel approach
that deals with GMPCP by restricting the dimension of the completion. By following this approach, we have
used up all its force and solved minimal case completion of GMPCP in [8]. The other, classical approach
consists in restricting the number of invariants, i.e., by restricting the structure of the involved matrix
pencils. In this paper, we follow the classical approach and come close to GMPCP as possible, by studying
and solving the following problem:

PROBLEM 1. Characterise the possible Kronecker invariants of a matriz pencil with a prescribed quasi-
reqular subpencil.

In Theorem 3.1, we give a complete, explicit and constructive solution to Problem 1. In this way, we
generalize results in [1,2,4,6,9,10,13,16,22,24,27-31]. Indeed, for example in [9] and [13] we have solved
Problem 1 with additional restrictions on the resulting pencil — in [9], we have required that the resulting
pencil is without nontrivial homogeneous invariant factors, and in [13], we have considered it to be quasi-
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regular. In [10], we have studied and solved the minimal case of Problem 1, with restrictions on the size of
a completion. Also, in [6] and [16] Problem 1 with additional assumption on the prescribed quasi-regular
subpencil was solved — in [16], we assumed that it was without nontrivial homogeneous invariant factors,
while in [6], it was assumed to be regular. In this paper, by using powerful recent result on polynomial chains
from [12], we give a solution to Problem 1 in full generality. This solution naturally generalizes [6,9,10,13,16]
as well as many related classical results like [1,2,4,24,27,29-31].

The paper is organised in four sections and one appendix. In Section 2, we give definitions and auxiliary
results that will be used in the proof of the main result. In Section 3, we write Problem 1 as a combinatorial
problem, and we give the main result of the paper (Theorem 3.1). In Section 4, we prove the main result.
Also, there is an Appendix in which we prove that partitions f and w, appearing in the main result, are well
defined.

2. Auxiliary results. Let F be an algebraically closed field. All polynomials throughout the paper
are assumed to be homogeneous polynomials from F[A, u], and monic with respect to A. For details on
homogeneous polynomials see e.g. [5]. Let |- - |, be any chain of homogeneous polynomials, we assume
a; =1, for all i <1 and o; =0, for all ¢ > n. By d(«;) we denote the degree of a polynomial ;.

By a partition we mean a non increasing sequence of integers. For any integers a; > --- > a5 we define
a corresponding partition by a = (ay,...,as). Moreover, for any such sequence, we assume a; = 400, for
. ) . b
i <0, and a; = —oo, for i > s. Also, for any integers ci,...,¢,, we put Y . ¢; = 0 whenever a > b.

In [16], we have introduced the concept of generalized majorization:

DEFINITION 2.1. Let di > -+ > dpyk—s, 91 = -+ = Gm+tk, @1 > -+ > as be integers. Consider
partitions d = (dy, ..., dmik—s), &= (91, -- -, gmrr) and a = (aq,...,as). If

(21) ding_s, 7;:1,...,7’77,4-]{3—5,
h hj—j J
(2.2) >gi= D di<> ai, j=1,...s
- m+lZ:1 m+l:ii s
(2.3) Z gi = Z d; + Zai,
i=1 i=1 i=1
where

hj = min{i|di_j+1 < gi}7 j=1,...,s,

then we say that g is majorized by d and a. This type of majorization we call the generalized magjorization,
and we write

g <’ (d,a).

Notice that, if (2.3) is satisfied, then (2.2) is equivalent to the following:

m+k m+k—s s
(2.4) Z 9i = Z d; + Zai, j=1,...,s.
i=h;+1 i=h;—j+1 i=j+1

DEFINITION 2.2. If partitions a, d and g in Definition 2.1 satisfy (2.1), (2.4) and

m-+k m—+k—s s

(2.5) gz Y di+ ) a,
=1 =1 =1
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then we say that g is weakly majorized by d and a, and we write
g <" (d,a).

REMARK 2.3. We note that (2.4) for j = s, and (2.1) together imply:

m-+k m+k—s m+k—s
E 9i > E d; > E Jits)
i=hs+1 i=hs—s+1 i=hs—s+1

ie.,
d;i = givs, forall i=hs—s+1,....m+k—s.

Let hg := 0, then (2.2) is trivially satisfied for j = 0. In addition, if (2.5) is valid, then (2.4) is also
trivially satisfied for j = 0.

Let ¢ = (c1,...,¢m) and d = (dy,...,dmtz—s) be two partitions of nonnegative integers, and let
a=(ay,...,as) and b = (by,...,b,) be partitions of integers.
Let Q(c,d,a, b) be the following condition: there exists a partition g = (g1, ..., gms2) of nonnegative

integers such that
(2.6) g <" (d,a) and g <" /(c,b).
We shall use this condition in our main result.

In [13], we obtained the following result:

THEOREM 2.4. Let A(X) € FI\|"*("+™) be a quasi-regular matriz pencil. Denote by ay|- -+ |ay, and ¢; >

S > Ce > Cop1 = - = ¢y, = 0 its homogeneous invariant factors and column minimal indices, respectively.
Let Q(\) € F[N|(to)x(mtmta) pe o quasi-regular matriz pencil, s < m + x. Denote by Bi|---|Bnys and
di > >dg>dgi1 = = dpye—s = 0 its homogeneous invariant factors and column minimal indices,
respectively.

There exist matriz pencils X(\) € FIN™*®, Y(\) € FIN*>*t™) and Z(\) € F[N***, such that the
pencil

AR | XN
Y(A) | Z2(0)
is strictly equivalent to Q(N) if and only if
c<s+d,
BileilBitats, i=1,....m,
and there exists a partition of nonnegative integers & = (g1, ..., gm+xz) Satisfying:
(2.9) g < (c,b),
(2.10) g <’ (d,a),
where a = (ay,...,as) and b= (by,...,b;) are given by

a; :d(\l’sfj+1)—d(\llsfj)—17 j: 1,...,8,
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bj :d(q)jfl)—d(q)j), ]: 1,...,(,6,
with ¥ = H?:lj lem(¢;—j,B8:), 5=0,...,s, and ®; =[], lem(¢;, i—j), 5 =0,..., 2z, where

77/%‘ = ng(aiaﬁ’H—s)a 'L:].,,TL

Also, as a direct corollary of [18, Lemma 2.4], we have the following:

THEOREM 2.5. Let ¢ = (¢1,...,¢m), d = (d1,...,dmsis—s), a = (a1,...,as), and b = (by,...

partitions such that
m-+xr—s s m x

YIRS WIS WD 98
i=1 i=1 i=1 i=1
If there exists a partition g' = (g1, .., Grie) Such that
g <"(da) and g <"(c,b),
then there exists a partition g = (g1, ..., gm+=z) Such that

(2.11) g < (d,a) and g=<'(c,b).

Moreover, if g’ is a partition of nonnegative integers and ZZ’SIiS d; +Y.;_ja;+ > 0, then there exists a

partition g of nonnegative integers satisfying (2.11).

In [12], we have studied polynomial chains. We cite here a version of Theorem 1 from [12] as will be

used in the proof of the main result:

THEOREM 2.6. Let x, y and s be nonnegative integers such that y > s. Let « : aq|--|a, and 7 :

Y| [VYnts be polynomial chains. Let X1, ..., Xpys—1, Y1,---, Y,_s—1 and Z be nonnegative integers.
There exists a polynomial chain B : 1]+ |Bnts Satisfying
(212) Bi|ai|ﬁi+m+s, 1= 1,...,’)7,,
(2.13) YilBilVity—s, 1=1,...,n+s,
n+s

(214) > d(pi) = 2.

n+min(z+s—j,s)

(2.15) > dlem(e—p—s15,8) < X5, j=1,...,04+s—1,
i=1
n+s
(2.16) > dlem(Big,yi) < Ve, k=1,...,y—s—1
=1

if and only if

(2.17) Vil Yivaty, t=1,...,n,
n+min(s,z+s—j+k)
(2.18) Z d(lem(—o—stj—k, %)) < Xj + Vi — Z,
i=1

for j=0,...,0+s, k=0,...,y—s, suchthat j <z or k=0.

Here Xops = S0 d(ey), Xo =2, Yy_s = S0 d(v;) and Yo = Z.
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Also, we shall use the following result from [19, Lemma 10]:

LEMMA 2.7. Let A(\) € F]\|*+p)x(dmtD) gnd B(X) € FIAJP ™+ be matriz pencils, n = rank A(\).

Let M(X\) = { 28\\; ] and let s = rank M (\) —rank A()\). There exist matriz pencils X (\) € F[\]**(n+m+D)
A(N)
and Y (\) € FAJU=)x(4mtl) gych that | X(N)
Y (X)
has rank equal to n + s, and has the same row minimal indices as A(N), and the same column minimal
indices as M ().

is strictly equivalent to M(X), and such that [

3. Main result. Let A(\) € F[A\]"*("*™) be a quasi-regular matrix pencil, hence rank A(\) = n.
Denote by aq|---|a, and ¢; > -+ > ¢, its homogeneous invariant factors and column minimal indices,
respectively. Let us denote by ¢ the number of nonzero column minimal indices of A(\).

Let M()\) € F[\(+9)x(n+m+2) he a matrix pencil, with rank M(\) = n + s. Denote by v1|- - |[Ynys,
dy > >dmyz—s and 71 > - - > 7, its homogeneous invariant factors, column and row minimal indices,
respectively. Let us denote by d the number of nonzero column minimal indices of M ().

By the ranks of the pencils A(A\) and M (\), we have

n m n+s m+tx—s Yy—s
(3.19) STdla) +Y cits=>dy)+ Y di+ Y 7
i=1 i=1 i=1 i=1 i=1
Let us define integers f1,..., fs by
s n+s—j n
(3.20) Z fi = Z d(lem(oti—s4j,7)) — Zd(ai) —s+j, j=0,...,5s—1,
i=j+1 i=1 i=1
and integers wy, ..., w, by
x n+s y—s n—+s
(3.21) Z wi = _max Zd(lcm(ai_s_j—k,%)) - Z i — Zd(%) ;o J=0,...,2—1
i=j+1 1=1 i=k+1 i=1
In Appendix, we prove that if v;|a;, ¢ = 1,...,n, then f; > --- > fy > —1. Also, we prove that if the
condition
n—+s Yy—s n—+s
(322) Z d(lcm(ai—s—x—ka VZ)) < Z i + Z d(’}/Z)a k= Oa oYy —=S
i=1 i=k+1 i=1

is valid, then wyq > -+ > w, > 0. Thus, if v;|a,, i = 1,...,n, and (3.22) holds we have that both partitions
f=(f1,...,fs) and w = (wy, ..., w,) are well defined.
Now we can give the main result:

THEOREM 3.1. Let A(\) € FIN™(+™) be q quasi-regular matriz pencil and M(X\) € F[\](nFv)x(ntm+a)
be a matriz pencil, as above. There exist matriz pencils X (\) € F]A]"*®, Y (\) € FA]Y*+t™) and Z(\) €
F[AJY**, such that the pencil

(3.23)
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is strictly equivalent to M(X) if and only if

(¢) c<d+s,

(ZZ) ’7i|aih/i+x+ya 1= ]-7 sy Ny
n+s Yy—s n+s

(Z”) Z d(lcm(ai—s—w—ka 77/)) < Z T+ Z d(’}/l)a k= Oa Y =8,
=1 i=k+1 =1

(iv) Q(c,d, f,w) holds.
REMARK 3.2. Once [11] is published, the condition Q(c,d,f,w) in Theorem 3.1 can be replaced with
its explicit form (c, d, f, w) given in [11].
3.1. Properties of the pencil (3.23) and its subpencils. Since A()\) is a quasi-regular matrix
pencil, so is the pencil
(3.24) [ AN | X(A) ] e B vtmto)

and its rank equals n. Moreover, since the rank of (3.23) is n 4 s, by Lemma 2.7 we have that the pencil
(3.23) is strictly equivalent to the pencil

where the subpencil

AN XN

(3:25) Vi) Zi(V)

:| e ]F[)\](n-l-s)x(n—i-m-‘rw)
is such that its rank is exactly n + s, i.e., it is quasi-regular and its column minimal indices coincide with
the column minimal indices of (3.23) (d1 > -+ > dimyg—s)-

Let us denote the homogeneous invariant factors of (3.25) by B1|- - |Bn+s-

Next, let us consider the completion of A(A) up to (3.25). It is a completion from a quasi-regular up to
a quasi-regular matrix pencil, so we can apply Theorem 2.4:

A completion from A(X) up to (3.25) is possible if and only if there exists a partition of nonnegative
integers g = (g1, ..., gm+e) satisfying conditions (2.7)-(2.10). We note that from the ranks of the involved
matrix pencils we also have

n m n+s m-+tx—s
(3.26) dd(ei)+> eits=> dB)+ Y di
i=1 i=1 i=1 i=1

By the definition of the general majorization, (2.9) is equivalent to

(327) Ci Zgi-i—wa t=1,...,m,

(328) Z g9i — Z c > Z bia j:()?"'?xﬂ
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and

m—+x m x
(3.29) > gi=) ci+ Y b

i=1 i=1 i=1
where h; :=min{i|c;—j11 < g;}, j=1,...,2, and hg := 0.

By the definition of b;’s, if (2.8) is satisfied, then we have that

n+s n+s
Z b; _Zd (lem(ai—j—s, B:)) = > _d(Bi), j=0,...,2—1.
i=j+1 i=1
Hence, (3.28) becomes
n+s m-+tx m n+s
(330) Z d(lcm(ai,j,& ﬁz)) < Z g9; — Z c; + Z d(Bz)
i=1 i=h;+1 i=h;—j+1 i=1

for all j =0,...,2. Also, (3.29) becomes

m-+tx n+s n+s

(331) Z g; = Zcz + Z d lcm az D 51 - Z d(ﬂz)
i=1 1=1

Analogously, by the definition of the general majorization, (2.10) is equivalent to

(332) dizgi-ﬁ-sv izl,...,m+z—5,
m—+tx m-+tx—s
(3.33) >ooa— Y d>Zaz, j=0,.
i=vj+1 i=v;—j+1 i=j+1
and
m—~+x m—4x—s
o I SRS w8
=1
where v; := min{i|d;—;+1 < ¢g;}, 7 =1,...,s, and vg := 0.

By the definition of a;’s, if (2.8) is satisfied, then we have that

s n+s—j n
Z a; = Z cl(lclrn(ozifer]yﬁi))—Zd(ai)—s—i—j7 j=0,...,s—1
i=j+1 i=1 i=1

Hence, (3.33) becomes

n+s—j m-+tx m—+x—s

(3.35) Z d(lem(a;— sy, 6i)) < Z gi — Z d; +Zd a))+s—j, j=0,...

=1 i=v;+1 i=v;—J+1

IL
AS

436
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and (3.34) becomes

m+x m+x—s n+s n
(3.36) Ygi= Y di+d dlem(ai_y, B)) = Y d(e) — .
i=1 i=1 i=1 i=1

We note that if (3.26) is valid, then the righthand sides of (3.31) and (3.36) coincide, as needed.

Finally, let us consider the row completion from (3.25) up to (3.23). By Theorem 2 in [15] (see also
[14,19]), we have that this completion is possible if and only if the following conditions are valid:

(337) 'Yi‘,Bi|'Yi+y—57 1=1,...,n+s,
n—+s n—+s Yy—s
(3.38) dodB) =Y dv)+ > 7,
i=1 i=1 i=1
k k )
(3.39) dor <> b, k=1...y—s
i=1 i=1
where
k ) y—s n+s n+s
Zbi = T + Z d(y;) — Z d(lem(Bi—k, 7)), k=1,...,y—s.
i=1 i=1 i=1 i=1

Hence, (3.39) is equivalent to

n+s y—s n+s
=1 i=k+1 =1

REMARK 3.3. We note that if (3.37) and (3.38) hold, the inequality (3.40) is also trivially satisfied for
k=0.

Finally, as the result of the above analysis we conclude that our starting completion problem given
in Theorem 3.1 is equivalent to the existence of homogeneous polynomials S1|--|Bn+s and a partition
g = (g1,.-.,9m+=z) of nonnegative integers, which satisfy conditions (2.7), (2.8), (3.26), (3.27), (3.30),
(3.31), (3.32), (3.35), (3.36), (3.37), (3.38) and (3.40).

Now we pass to the proof of Theorem 3.1 given in the following section.
4. Proof of Theorem 3.1.

4.1. Necessity of the conditions (i) — (iv). Let us suppose that there exists the wanted completion.
As we have shown in Section 3.1 that is equivalent to the existence of homogeneous polynomials S1|- - |Bn+s
and a partition g = (g1,...,9m+e) of nonnegative integers, which satisfy conditions (2.7), (2.8), (3.26),
(3.27), (3.30), (3.31), (3.32), (3.35), (3.36), (3.37), (3.38) and (3.40).

Condition (2.7) is equal to condition (7). Conditions (2.8) and (3.37) give (i¢). Conditions (2.8), (3.38)
and (3.40) give (i4i).

Before proceeding with the proof of (iv), we shall write conditions (3.30), (3.35) and (3.40) in slightly
different equivalent forms, according to the notation from Theorem 2.6. Let

Yy—s n+s

(4.41) Z .= Z i+ Z d(v:).
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Consider condition (3.30). By (3.38), it is equal to

n—+s m-+tx m
(4.42) Z d(lem(a;—gtj—s,5i)) < Z gi — Z c+Z, j=0,...,x.
i=1 i=he_j+1 i=hy_j—atj+1

Let us denote by

m—+x m
(4.43) Xji= > gi— > ca+Z, j=0,...,
i:hzfj+1 i:hI,j7m+j+1
Then (4.42) becomes
n+s
(4.44) > dlem(eig—syj, Bi) < X, j=0,...,2.
i=1

Next consider condition (3.35). It is equal to

n+x+s—j m+x m4x—s n
(4.45) Yo dlem(ig—sri B S Y gi— Yoo di+ ) dlai)+s—jtw
i=1 i=vj_z+1 i=vj_p—j+ax+1 i=1

forall j =xz,...,z+ s. Let us denote by

m—+x m+x—s n
(4.46) X, = Z gi — Z di—i—Zd(ai)—&—s—j—Fm, j=x,...,x+s.
1=vj_z+1 i=vj_gz—J+x+1 =1
Now (4.45) becomes
n+xr+s—j
(4.47) > d(em(a oo, 8i) < Xj, j=a,. 3+,
i=1

Note that for j = x the definitions of X, from (4.43) and (4.46) coincide. Also, we note that Xg
and Xyps = >0y d(ay).

I
N

Finally, let us denote by

Yy—s n—+s

(4.48) Y = Z Fi—l—Zd('yi), k=0,...,y—s.
i=k+1 1=1
By Remark 3.3, (3.40) becomes
n—+s
(4.49) > dlem(Biog, i) < Ve, k=0,...,y—s.
i=1

Note that Yy = Z, and Y, s = >.077 d(7).
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Hence, (4.44), (4.47) and (4.49), together with (2.8), (3.37), (3.38) and (4.41), by Theorem 2.6 give that
the following is valid:

(4.50) YileiYitaty, 1=1,...m,
n+min(s,z+s—j+k)
(4.51) > d(lem(i—p—siji, 1)) < Xj + Y3 — Z,
i=1

for 7=0,...,z+s, k=0,...,y—s, such that j <z or k=0.

Due to restriction on the indices j and k (j < x or k = 0), condition (4.51) can be split into

n+x+s—j
(4.52) Z dlem(a—g—s45,%)) < Xj, j=2,...,x+s,
i=1
and
n—+s
(4.53) Z dlem(et;—g—stj-r,7)) < X;+Ye —Z, j=0,...,z, k=0,...,y—s.
i=1

Before proceeding we note that (4.52) for j = x coincide with (4.53) for j = = and k = 0.

From the definition of X, j = z,...,x + s, condition (4.52) is equal to

m+x m+x—s n+r+s—j n
(4.54) Z 9i — Z di > Z d(lem(ai—z—s+5,7%)) — Z d(a;) —s+j—ua,
i:?)j_m—i-l i:vj_z—j+r+1 i=1 =1

for j =x,...,x 4+ s. The last is equal to

m—+x m—+xr—s n+s—j n
(4.55) Z gi — Z d; > Z d(lem(a;—s4j,7)) — Z dlag) —s+j, 7=0,...,s.
i=vj+1 i=v;—j+1 i=1 i=1

Since the condition (i) is valid, from the definition of the weak generalized majorization, and by the
definition (3.20) of f = (f1,..., fs), we have that (3.32) and (4.55) are equivalent to

(4.56) g <" (d,f).

As for condition (4.53), by the definition of X;, j =0,...,z and Y3, k=0,...,y — s, it is equal to

m—+tx m n—+s Yy—s n—+s

(4.57) Z 9i — Z ¢ 2 Z d(lem(Qi—g—sj—ks Vi) — Z T — Z d(7i)
i=hg_j+1 i=hg_j—x4j+1 i=1 i=k+1 i=1

forall j=0,...,z, k=0,...,y —s.
The last is equal to

m—+tx m n+s Yy—s n—+s

(4.58) | > - | Z Ci 2 _max Zd(lcm(ai_s_j_k,w)) - Z i — Zd(%)
i=h;+1 i=h;—j+1 =1 i=k-+1 =1
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forall j =0,...,z.

Since the condition (ii¢) is valid, from the definition of the weak generalized majorization, and by the
definition (3.21) of w = (wy, ..., w,), we have that (3.27) and (4.58) are equivalent to

(4.59) g <" (c,w).
Finally, (4.56) and (4.59) give (iv) as wanted.

4.2. Sufficiency of the conditions (i) — (iv) . Let us suppose that conditions (i) — (iv) are valid. We
are left with proving the existence of homogeneous polynomials f1|- - - |8,+s and a partition of nonnegative
integers g = (g1, - -, gm+=) Which satisfy conditions (2.7), (2.8), (3.26), (3.27), (3.30), (3.31), (3.32), (3.35),
(3.36), (3.37), (3.38) and (3.40).

First note that (i) coincide with (2.7). Next, we have that condition (iv) implies the existence of a

partition g’ = (g1, ..., gm+s) of nonnegative integers such that
(4.60) g <" (c,w)
and

(4.61) g <" (d,f).

By the definition of the weak generalized majorization, together with the definition of w from (3.21),
we have that (4.60) is equivalent to

(462) Ci Zg£+w’ 1= 15"'ama
and
m—+x m n+s Yy—s n—+s
(4.63) Yoogi— > a=d dlem(eie i) — Y. Fi— Y dw)
i:h;+1 i:h;fj%»l i=1 i=k+1 i=1

forall j =0,...,2,k=0,...,y — s, where b} := min{ilc;_j+1 < gi}, i =1,...,2, hy = 0.

Also, by the definition of the weak generalized majorization, together with the definition of f from (3.20),
condition (4.61) is equivalent to

(4.64) di>girs i=1,...,m+xz—s,
and
m—+x m—+x—s n+s—j n
(4.65) SNogi— Y di= > dlem(eiegv)) — Y dlag) — s+, j=0,...,s,
i:v;-&-l i:v; —j+1 i=1 i=1
where v} 1= min{i|d;—j+1 < gj}, i =1,...,8, vy :=0.

Equation (4.63) is equal to

m+x m n+s y—s n+s

(4.66) SNoodi— Y =D dlem(igm i) — Y Fi— Y d(w)

i=h!,_+1 i=h{_ —z+j+1 i=1 i=k+1 i=1

=7



Electronic Journal of Linear Algebra, ISSN 1081-3810
A publication of the International Linear Algebra Society I I
Volume 36, pp. 430-445, July 2020.

441 Pencil with a Prescribed Quasi-regular Subpencil

forall j=0,...,2, k=0,...,y —s.

Equation (4.65) is equal to

m+tx m4x—s n+s—j+x n
(4.67) Z gi — Z d; > Z d(lem(oG—syj—a,7i)) — Z dloy)—s+j—x
i:v;_erl i:v;_mfj+z+1 i=1 i=1

forall j=x,...,z+s.

Let Yy, be as in (4.48), and let Z be as in (4.41).

Let
, m—+x ) m - Z o
(4.68) X = Z g; — Z a+2Z, 7=0,...,x,
i=h!,_,+1 i=hl_,—az+j+1
m-+x m+x—s n
(4.69) X = Z gi — Z di—i—Zd(ai)—&—s—j—i—x, j=x,...,x+s.
i:u;iwqtl i:v;imfj+x+1 i=1

We note that X{(=Yp) = Z, and X/, =" d(a;).

Then we write (4.66) and (4.67) together as

n+min(s,z+s—j+k)
(4.70) > d(lem(cti sz st ik, Vi) < Xj 4+ Yi — Z,

i=1
for j=0,...,xz+s, k=0,...,y—3s, suchthat j <z or k=0.

By Theorem 2.6, conditions (i7) and (4.70) give the existence of homogeneous polynomials 31| - - - | 8,+s which
satisfy

n-+s

(4.71) > d(p) =2,

conditions (2.8), (3.37), (3.40),

n+s m+x m n+s
(4.72) S dlem(aiosj, B) < Y gi— Y e+ Y d(B), i=0,...x
i=1 i=h'+1 i=h)—j+1 i=1
and
n+s—j m+x m+xr—s n
(4.73) > dlem(eig,B:) < Y gi— Y. di+ Y d(e)+s—j, j=0,...,5—1L
i=1 i=v)+1 =0} —j+1 i=1

We note that (4.73) is also trivially satisfied for j = s.

Condition (4.71) is equal to (3.38), and (4.71) together with (3.19) gives (3.26).
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If denote by
x n+s n+s
(4.74) > b= d(lem(aiosj, 8)) = > _d(Bi), j=0,...,x—1,
i=j+1 i=1 i=1
and by
s n+s—j n
(4.75) dodii= > d(lem(aiogy;, 8i) = > d(e) —s+j, §=0,...,5-1,
i=j+1 i=1 i=1

conditions (4.62) and (4.72), as well as (4.64) and (4.73), give
(4.76) g’ <" (c,b’) and g <" (d,a).
Here a’ = (a},...,a,) and b’ = (V),...,0)).

By (3.26), we have 31" ¢;+ >0, b = S0 4, +3°%_ @} > 0. By Theorem 2.5, we have that (4.76)

i=1"1
implies the existence of a partition g = (g1, ..., gm+z) of nonnegative integers such that
(4.77) g < (c,b’) and g<'(d,a).

By the definition of the generalized majorization condition (4.77) give conditions (3.27), (3.30), (3.31),
(3.32), (3.35) and (3.36), as wanted.

This finishes our proof.

Appendix. The following lemma is a simple generalization of [17, Lemma 2]:

LEMMA 4.1. Let @ : @y |@, and 7 : 31| - - |m be two chains of monic polynomials. Let
n+j
(4.78) m@y) =[] lem(@-;%). j<m-n
t=min(1,5+1)
and let
(4.79) oi(@, ) = (@A) g
o ﬂ-]—l(d’ ’7)’
Then

In this section, we shall prove that the integers fi,..., fs defined by (3.20) as well as the integers
wi,...,w, defined by (3.21) are both non-increasing, thus defining partitions f = (f1,...,fs) and w =

(Wi, ..., wa).
Let v;]ai, i = 1,...,n. By using definitions (4.78) and (4.79), from (3.20) we have

n+s—j5+1 n+s—j

fi= Z d(lem(a—stj-1,%)) — Z d(lem(ai—sij,7)) =1 = d(os—j11(,7)) = 1

i=1 =1
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forall j=1,...,s—1, and

n+s—j n+s—j—1
fj+1 = Z d(lcm(al 9+17'Yz Z d lcm O‘z 9+]+1a%)) -1= d(US—j (04»'7)) -1
=1 1=1

forall j =1,...,5—1. Thus, by Lemma 4.1, we get f; > fj+1, 7 =1,...,5 — 1, as wanted.
Let the condition (#i4) from Theorem 3.1 be valid, i.e., let (3.22) be satisfied.

From (3.21), we have

n—+s n+s
(4.80) Zwl = max Zd(lcm(ai_s_j_k+1,% Z 7y — Zd Vi)
' i=1 i=k+1 i=1
for all j =1,...,x. Let us denote by
n-+s n—+s
F(]? k) = Z d(lcm(aifsfj7k+17 ’YZ Z Tz Z d ’71
i=1 i=k+1 i=1

forall j=1,...,z,and k=0,...,y — s.

Forany j=1,...,z,let k; € {0,...,y — s} be such that

x n+s Yy—s n+s
(4.81) > wi =Y dlem(ai—oj_k,1,m) = Y Ti— Y d(yi) = F(i.k;),
i=j i=1 i=k;+1 i=1
i.e., for every j =1,...,x, we have
(4.82) F(j,k;) > F(j,k), k=0,...,y—s.
For every j =1,...,2 — 1, we have

wJ:Zwi Z w; = (7, ) F(j+17kj+1)
1=j

311
n+s n+s
> F(j,kjy1) —F(i+ 1, kj) = Z d(lem (o —s—jp1—k;p0%) — Z d(lem(o—s—j ;15 i)
=1 i=1
(483) = d(71'_s_j+1_k;j+1 (’Ya O{)) - d(ﬂ-—s—j—kjuﬂ (77 Oé)) = d(a—s—j+1—kj+1 (’Ya O{))

Also, for every j = 1,...,x — 2, we have

Wy = Z w; — Z w; = F(j+1,kjy1) — F(j+2,kj12)

i=j+1 i=+2
SFQG+ 1L ki) = FG+2,kj41)
n—+s n-+s
= Zd(lcm(aifsfjfkj+17’7i) - Z d(lem(a—s—j—1-k; 15 %i)
i=1 =1

= d(O'fsfj—kJurl (77 a))
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Moreover, by condition (3.22) for k = k,, we have

n+s Yy—s n+s
we =Y dlem(ei s gp,41,m) = Y, Ti— Y d(v)
i=1 i=kp+1 i=1
n+s n+s
<> dlem(ei g, 41,7)) — Y d(lem(0ti gk, Vi)
i=1 i=1

= d(0—s—pt1-k, (7,)).

Therefore, for all j =1,...,2 — 1, we have

(4.84)

Wj+1 < d(U—S—j—ijrl (rYa CY))

By applying Lemma 4.1, (4.83) and (4.84) give w; > wj4q forall j =1,...,2 — 1, as wanted.
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